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Preface v

PREFACE

The current, prolonged boom in the US and European stock markets has increased
interest in the mathematics of security markets most notably the theory of stochastic
integration. Existing books on the subject seem to belong to one of two classes.
On the one hand there are rigorous accounts which develop the theory to great
depth without particular interest in finance and which make great demands on the
prerequisite knowledge and mathematical maturity of the reader. On the other hand
treatments which are aimed at application to finance are often of a nontechnical
nature providing the reader with little more than an ability to manipulate symbols to
which no meaning can be attached. The present book gives a rigorous development
of the theory of stochastic integration as it applies to the valuation of derivative
securities. It is hoped that a satisfactory balance between aesthetic appeal, degree
of generality, depth and ease of reading is achieved

Prerequisites are minimal. For the most part a basic knowledge of measure
theoretic probability and Hilbert space theory is sufficient. Slightly more advanced
functional analysis (Banach Alaoglu theorem) is used only once. The develop-
ment begins with the theory of discrete time martingales, in itself a charming sub-
ject. From these humble origins we develop all the necessary tools to construct the
stochastic integral with respect to a general continuous semimartingale. The limita-
tion to continuous integrators greatly simplifies the exposition while still providing
a reasonable degree of generality. A leisurely pace is assumed throughout, proofs
are presented in complete detail and a certain amount of redundancy is maintained
in the writing, all with a view to make the reading as effortless and enjoyable as
possible.

The book is split into four chapters numbered I, II, III, IV. Each chapter has
sections 1,2,3 etc. and each section subsections a,b,c etc. Items within subsections
are numbered 1,2,3 etc. again. Thus II1.4.a.2 refers to item 2 in subsection a
of section 4 of Chapter III. However from within Chapter III this item would be
referred to as 4.a.2. Displayed equations are numbered (0), (1), (2) etc. Thus
I1.3.b.eq.(5) refers to equation (5) of subsection b of section 3 of Chapter II. This
same equation would be referred to as 3.b.eq.(5) from within Chapter II and as (5)
from within the subsection wherein it occurs.

Very little is new or original and much of the material is standard and can be
found in many books. The following sources have been used:

[Ca,Cb] 1.5.b.1, 1.5.b.2, 1.7.b.0, 1.7.b.1;
[CRS] I.2.b, I.4.a.2, 1.4.b.0;
[CW] II1.2.e.0, I11.3.e.1, I11.2.e.3;
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[DD] I1.1.a.6, I1.2.a.1, I1.2.a.2;
[DF] IV.3.¢;

[DT] 1.8.a.6, I1.2.¢.7, [1.2..9, IIL.4.b.3, IIL5.b.2;

[J] IIL.3.c.4, IV.3.c.3, IV.3.c.4, IV.3.d, IV.5.e, IV.5.h;

[K] IL1.a, IL.1.b;

[KS] 1.9.d, II1.4.¢.5, 111.4.d.0, IIL.5.a.3, IIL5.c.4, IIL5.£.1, IV.1.c.3;
[MR] IV.4.d.0, IV.5.g, IV.5.j;

[

RY] 1.9.b, 1.9.c, II1.2.a.2, I11.2.d.5.
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Notation xiii

SUMMARY OF NOTATION

Sets and numbers. N denotes the set of natural numbers (N = {1,2,3,...}), R the
set of real numbers, R, = [0, +00), R = [—00, +00] the extended real line and R"
Euclidean n-space. B(R), B(R) and B(R") denote the Borel o-field on R, R and R"

respectively. B denotes the Borel o-field on R.. For a,b € R set a Vb = maz{a, b},

aANb=min{a,b},at =aV0and a = —aA0.

II=[0,400)xQ . . . . .. .. .. . domain of a stochastic process

Py . . . . . . . . .. ... ... . theprogressive o-field on II (IIL.1.a).
P . . . ... ... ... .. ... . thepredictable o-field on II (IIL.1.a).
[S,T] ={(t,w) | S(w) <t <T(w)} . . . stochastic interval.

Random variables. (Q,F, P) the underlying probability space, G C F a sub-o-
field. For a random variable X set XT = X V0 = lx>qX and X~ = —X A0 =
—lix<q)X = (=X)*. Let £(P) denote the set of all random variables X such that
the expected value Ep(X) = E(X) = E(XT) — E(X ™) is defined (E(XT) < o
or E(X7) < o). For X € £(P), Eg(X) = E(X|G) is the unique G-measurable
random variable Z in £(P) satisfying E(16X) = FE(1gZ) for all sets G € G (the
conditional expectation of X with respect to G).

Processes. Let X = (X;);>0 be a stochastic process and T' : 2 — [0, oo] an optional
time. Then X7 denotes the random variable (Xr7)(w) = X7 () (w) (sample of X
along T, 1.3.b, L.7.a). XT denotes the process X; = X; 7 (process X stopped at
time T'). S, S+ and 8™ denote the space of continuous semimartingales, continuous
positive semimartingales and continuous R"-valued semimartingales respectively.
Let X, Y €S, t >0, A={0=1ty <t <...,t, =t} a partition of the interval

[0,t] and set A; X =Xy, — Xy, |, A)Y =Y, =Y, | and ||Al| = max;(t; —t;-1).
Qa(X)=3(A;X)2. . . . 19b,110.a, L1Lb.
QA(X,Y) =3 A;XA;Y . L10.a.
(X,Y) . . . . . . covariation process of X, Y (I.10.a, I.11.b).
(X,Y); = limj o[-0 Qa(X,Y) (limit in probability).
(Xy=(X,X). . . . . . . quadratic variation process of X (1.9.b).
ux .« . . . . .« . . . . (additive) compensator of X (I.11.a).
Ux . . . . ... ... . multiplicative compensator of X € S (II1.3.f).
H2 . . ... ... . . . spaceof continuous, L?-bounded martingales M

with norm || M||g2 = sup,>q | M¢l|2(py (1.9.2).
H:={MeH?|My=0}

Multinormal distribution and Brownian motion.

w ... ... ... . ... . Brownian motion starting at zero.

FY oo . . .. . . . ... ... Augmented filtration generated by W (IL2.f).

N(m,C) . . . . . . . . .. . . Normal distribution with mean m € R¥ and
covariance matrix C' (II.1.a).

N(d)=P(X <d) . . . . . X astandard normal variable in R*.

ng(z) = (2m) "%/ 2exp(—||z||?/2) . . Standard normal density in R* (IL1.a).
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Stochastic integrals, spaces of integrands. HeX denotes the integral process
(HeX); = fg H,-dX; and is defined for X € 8" and H € L(X). L(X) is the space
of X-integrable processes H. If X is a continuous local martingale, L(X) = L? (X)

and in this case we have the subspaces L*(X) C A*(X) C L? (X) = L(X). The
integral processes H e X and associated spaces of integrands H are introduced step

by step for increasingly more general integrators X:

Scalar valued integrators. Let M be a continuous local martingale. Then

Upm - - . . . Doleans measure on (II, B x F) associated with M (III.2.a)
unm(A) = Ep UOOO 1A(s,w)d<M>S(w)], AeBxF.
L?(M) . . . . space L2(II, Py, piar) of all progressively measurable processes H

For H € L*(M), HeM is the unique martingale in Hj satisfying (HeM, N) =
He(M,N), for all continuous local martingales N (II1.2.a.2). The spaces A%(M)
and L(M) = L?

satisfying ||H||%2(M) =Fp UOOO HZ2d(M),] < oco.

(M) of M-integrable processes H are then defined as follows:

loc
A%2(M) . . . . . . . space of all progressively measurable processes H satisfying
Ty H € L?(M), for all 0 < t < oo.
L(M) =L} .(M) . . space of all progressively measurable processes H satisfying

Lo, 1,1 H € L?(M), for some sequence (T5,) of optional times
increasing to infinity, equivalently fot H2d(M)4 < oo, P-as.,
for all 0 < t < oo (IIL.2.b).
If H € L?(M), then HeM is a martingale in H?. If H € A?2(M), then HeM is a
square integrable martingale (III.2.c.3).

Let now A be a continuous process with paths which are almost surely of bounded
variation on finite intervals. For w € Q, dAs(w) denotes the (signed) Lebesgue-
Stieltjes measure on finite subintervals of [0,+00) corresponding to the bounded
variation function s — Ag(w) and |dAs|(w) the associated total variation measure.

L'(A) . . . . . the space of all progressively measurable processes H such that
Jo° [Hs(w)||dAs|(w) < oo, for P-ae. w € €.
Lllo J(A) . . . . the space of all progressively measurable processes H such that

Ly,qH € L*(A), for all 0 < ¢ < oo.
For H € L}, (A) the integral process I; = (He A); = fot HydA; is defined pathwise

loc

as I;(w) = fot Hy(w)dAg(w), for P-ae. w € Q.

Assume now that X is a continuous semimartingale with semimartingale decom-
position X = A+ M (A = ux, M a continuous local martingale, I.11.a). Then
L(X) =L, (A)NLZ (M). Thus L(X) = L} .(X), if X is a local martingale.

For H € L(X)set HeX = He A+ H e M. Then H ¢ X is the unique continuous semi-
martingale satisfying (HeX)yp = 0, ugex = Heux and (HeX,Y) = He(XY),
for all Y € S (IlL.4.a.2). In particular (HeX) = (HeX,HeX) = H?e(X). In
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other words (HeX); = fg H2d(X),. If the integrand H is continuous we have the
representation
fot HydX, = lim)a|j—o Sa(H, X)

(limit in probability), where Sa(H,X) = > H;, ,(X;;, — X3, _,) for A as above
(I1I1.2.€.0). The (deterministic) process t defined by t(t) =t, t > 0, is a continuous
semimartingale, in fact a bounded variation process. Thus the spaces L(t) and
L} .(t) are defined and in fact L(t) = L}, .(t).

Vector valued integrators. Let X € S% and write X = (X!, X2 ..., X?)’ (column
vector), with X7 € S. Then L(X) is the space of all R%valued processes H =
(H',H? ... H?%)' such that H7 € L(X7), for all j = 1,2,...,d. For H € L(X),

HeX =Y HIeXI, (HeX)= [/ Hs-dX, =Y, [y HldX],
dX = (dX1,dX?,...,dX?%), Hs dXs= > HidX].
If X is a continuous local martingale (all the X7 continuous local martingales), the

spaces L?(X), A%(X) are defined analogously. If H € A?(X), then H X is a square
integrable martingale; if H € L*(X), then HeX € H? (II1.2.c.3, I11.2.£.3).

In particular, if W is an R%valued Brownian motion, then

L>(W). . . . . . . space of all progressively measurable processes H such that
||H||%2(W) =FEp fooo | Hs||?ds < oo.

A2(W) . . . . . . space of all progressively measurable processes H such that
Ly H € L*(W), for all 0 < ¢ < .

L(W) =L} (W) . . space of all progressively measurable processes H such that

fg | Hs|[?ds < oo, P-as., for all 0 < t < oco.

If H e L*(W), then HeW is a martingale in H? with ||[HeW | g2 = [[H| r2w). If
H € A*>(W), then HeW is a square integrable martingale (I11.2.f.3, I11.2.£.5).

Stochastic differentials. If X € 8", Z € S write dZ = H -dX if H € L(X) and
Z = Zyg+HeX, thatis, Z; = Z0+f()t H;-dX,, forallt > 0. Thusd(HeX) = H-dX.
We have dZ = dX if and only if Z — X is constant (in time). Likewise KdZ = HdX
if and only if K € L(Z), H € L(X) and KeZ = He X (111.3.b). With the process
t as above we have dt(t) = dt.

Local martingale exponential. Let M be a continuous, real valued local martingale.
Then the local martingale exponential £(M) is the process

Xt = gt(M) = emp(Mt — %<M>t)

X = &(M) is the unique solution to the exponential equation dX; = X;dM;,
Xo = 1. If v € L(M), then all solutions X to the equation dX; = X dM; are
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given by X; = Xo&(yeM). If W is an R%valued Brownian motion and v € L(W),
then all solutions to the equation dX; = v; X; - dW; are given by

Xy = Xo&(voW) = Xoeap(—2L [ |vsl2ds + [y vs - dW,)  (IIL4.b).

Finance. Let B be a market (IV.3.b), Z € S and A € ;.

Z7A =7y /Ay . . . Z expressed in A-numeraire units.

B(t,T) . . . . . Price at time ¢ of the zero coupon bond maturing at time 7.
By(t) . . . . . . Riskless bond.

Py . . . . . . . A-numeraire measure (IV.3.d).

Pr . . . . . . . Forward martingale measure at date 7' (IV.3.f).

WX . . . . . . . Process which is a Brownian motion with respect to Pr.
L(t,T;) . . . . . Forward Libor set at time Tj for the accrual interval [T}, Tj41].

L(t) . . . . . . . Process (L(t,Ty),...,L(t,T,_1)) of forward Libor rates.



Chapter I: Martingale Theory 1

CHAPTERI

Martingale Theory

Preliminaries. Let (£2,F, P) be a probability space, R = [—o00, +0cc] denote the
extended real line and B(R) and B(R") the Borel o-fields on R and R™ respectively.

A random object on (2, F, P) is a measurable map X : (Q, F, P) — (21, F1)
with values in some measurable space (21, F;). Px denotes the distribution of X
(appendix B.5). If Q is any probability on (€2, F) we write X ~ @ to indicate that
Px = Q. If (Q,F;) = (R", B(R")) respectively (1, F1) = (R,B(R)), X is called
a random vector respectively random variable. In particular random variables are
extended real valued.

For extended real numbers a, b we write aAb = min{a, b} and aVb = max{a, b}.
If X is a random variable, the set {w € Q | X > 0 } will be written as [X > 0] and its
probability denoted P([X > 0]) or, more simply, P(X > 0). Weset XT =X V0=
LixsoX and X~ = (=X)*. Thus X, X~ >0, XTX~ =0and X = XT — X,

For nonnegative X let E(X) = [, XdP and let £(P) denote the family of all
random variables X such that at least one of E(X ™), E(X ™) is finite. For X € £(P)
set E(X) = E(XT) — E(X™) (expected value of X). This quantity will also be
denoted Ep(X) if dependence on the probability measure P is to be made explicit.

If X € £(P) and A € F then 14X € E(P) and we write E(X;A) = E(14X).
The expression “P-almost surely” will be abbreviated “P-as.”. Since random vari-
ables X, Y are extended real valued, the sum X + Y is not defined in general.
However it is defined (P-as.) if both E(XT) and E(Y ') are finite, since then
X,Y < 400, P-as., or both E(X~) and E(Y ™) are finite, since then X,Y > —oo,
P-as.

An event is aset A € F, that is, a measurable subset of Q. If (A4,,) is a sequence
of events let [A,i.0] =, U5 An = {w € Q| w € A, for infinitely many n }.

Borel Cantelli Lemma. (o) If ), P(A,) < oo then P(A,i.0.) =0.
(b) If the events A, are independent and ), P(A,) = oo then P(Ayi.0.) = 1.
(c) If P(Ay,) >4, for alln > 1, then P(A,i.o.) > 0.

Proof. (a) Let m > 1. Then 0 < P(Ayi.0.) <> -, P(A,) —0,as m T oo.
(b) Set A = [An4.0.]. Then P(A°) = limmP(ﬂn_Zm AS) = limy, [1,,5,, P(AS) =

lim,,, Han(l — P(A;)) =0. (c) Since P(A,i.0.) = lim,, P(Uan Any. 1



2 1.a Forms of convergence.

1. CONVERGENCE OF RANDOM VARIABLES

1.a Forms of convergence. Let X,,, X, n > 1, be random variables on the prob-
ability space (Q,F,P) and 1 < p < oo. We need several notions of convergence
X, — X:

(i) Xp — X in LP,if || X,, — X||5 = E(]X,, — X|?) — 0, as n ] cc.
(ii) X,, — X, P-almost surely (P-as.), if X,,(w) — X (w) in R, for all points w in
the complement of some P-null set.
(iii) X, — X in probability on the set A € F, ifP(HXn—X\ > e} ﬂA) —0,n 1 o0,
for all € > 0. Convergence X,, — X in probability is defined as convergence in
probability on all of Q, equivalently P(|X,, — X| > €) — 0, n | oo, for all € > 0.

Here the differences X,, — X are evaluated according to the rule (+o00) — (+00) =
(—00) — (—00) = 0 and ||Z]|, is allowed to assume the value +o0o. Recall that the
finiteness of the probability measure P implies that ||Z]|, increases with p > 1.
Thus X,, — X in LP implies that X,, — X in L", for all 1 <r <p.

Convergence in L' will simply be called convergence in norm. Thus X,, — X
in norm if and only if | X, — X|1 = E(|X,, — X|) — 0, as n T co. Many of the
results below make essential use of the finiteness of the measure P.

1.a.0. (a) Convergence P-as. implies convergence in probability.
(b) Convergence in norm implies convergence in probability.

Proof. (a) Assume that X,, /4 X in probability. We will show that that X,, /A X
on a set of positive measure. Choose € > 0 such that P ([| X, — X| > ¢€]) /4 0, as
n T oo. Then there exists a strictly increasing sequence (k,) of natural numbers
and a number § > 0 such that P (| X, — X| >¢€) >4, for all n > 1.

Set A, = [| Xk, — X| > €] and A = [4,i.0]. As P(A,) > 4, for all n > 1,
it follows that P(A) > 6 > 0. However if w € A, then X}, (w) 4 X(w) and so
X, (w) /A X(w). (b) Note that P(|X,, — X| >¢) < e || X, — X||;-1

1l.a.1. Convergence in probability implies almost sure convergence of a subsequence.

Proof. Assume that X,, — X in probability and choose inductively a sequence
of integers 0 < n; < ny < ... such that P(|X,, — X|>1/k) < 27%. Then
S P(|Xn, — X| >1/k) < oo and so the event A = [|X,, — X[ > ti.0] is a
nullset. However, if w € A, then X}, (w) — X (w). Thus X, — X, P-as. |

Remark. Thus convergence in norm implies almost sure convergence of a subse-
quence. It follows that convergence in LP implies almost sure convergence of a
subsequence. Let L°(P) denote the space of all (real valued) random variables on
(Q,F,P). As usual we identify random variables which are equal P-as. Conse-
quently L°(P) is a space of equivalence classes of random variables.

It is interesting to note that convergence in probability is metrizable, that
is, there is a metric d on LY(P) such that X,, — X in probability if and only if
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d(X,,X) — 0,as n | oo, for all X,,, X € L°(P). To see this let p(t) = 1 A t,
t > 0, and note that p is nondecreasing and satisfies p(a+b) < p(a) + p(b), a,b > 0.
From this it follows that d(X,Y) = E(p(|X —Y])) = E(1 A |X —Y]) defines a
metric on L°(P). It is not hard to show that P(|X — Y| > ¢€) < e 'd(X,Y) and
dX,Y) < P(|IX —Y| > €) +¢ for all 0 < e < 1. This implies that X, — X
in probability if and only if d(X,,X) — 0. The metric d is translation invariant
(d(X +Z,Y +Z)=d(X,Y)) and thus makes L°(P) into a metric linear space. In
contrast it can be shown that convergence P-as. cannot be induced by any topology.

La2. Let Ay € F, k>1, and A =, Ax. If X, — X in probability on each set
Ay, then X,, — X in probability on A.

Proof. Replacing the Ay with suitable subsets if necessary, we may assume that the
Ay are disjoint. Let €,6 > 0 be arbitrary, set £, = (J;,, Ar and choose m such
that P(E,,) < é. Then

P([|Xn—X|>¢|NA) < Zkng ([ X, — X| > €] N Ag) + P(Ep),

for all n > 1. Consequently limsup, P ([|X, — X| > €] N A) < P(E,,) < . Since
here § > 0 was arbitrary, this lim sup is zero, that is, P ([|Xn - X| > e] N A) — 0,
asn T oo. q

1.b Norm convergence and uniform integrability. Let X be a random variable
and recall the notation E(X;A) = E(14X) = [, XdP. The notion of uniform
integrability is motivated by the following observation:

1.b.0. X is integrable if and only if limeoo E(|X|; [|[X| = ¢]) = 0. In this case X
satisfies limp(ay_o E(|X[14) = 0.

Proof. Assume that X is integrable. Then |X|1jx|<¢ T [X], as ¢ T oo, on the set
[[X] < 4o0] and hence P-as. The Monotone Convergence Theorem now implies
that E(|X|;[|X| < c]) T E(]X]) < oo and hence

B(X[: [1X] = d) = B(X]) - B(X[; [X] <) =0, asct .
Now let € > 0 be arbitrary and choose ¢ such that E(|X[;[|X|>¢]) <e. If A€ F
with P(A) < €/c is any set, we have
E(|X[1a) = E(X[; AN[IX] < d]) + E(X[; AN[|X] = ])
< cP(A)+E(IX[;[|X]| > d) < e+e=2e
Thus limp(a)—o E(|X|14) = 0. Conversely, if lim¢oc E(|X|; [|X| > ¢]) = 0 we can

choose ¢ such that E(|X|;[|X] > ¢]) < 1. Then E(|X|) < ¢+ 1 < co. Thus X is
integrable.

This leads to the following definition: a family F = { X, | i € I } of random variables
is called uniformly integrable if it satisfies

lim SupE(\Xi|; [|Xs| > C]) =0,
cloo jer1
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that is, lim.je E(|Xi|; [|X;] > c]) = 0, uniformly in ¢ € I. The family F is called
uni formly P-continuous if it satisfies

li E(14]X:]) =0,
pli S E AR

that is, limp(a)—o E(14]X;|) = 0, uniformly in i € I. The family F is called
L*-bounded, iff sup;¢; || X;i|l1 < +o0, that is, F C L'(P) is a bounded subset.

1.b.1 Remarks. (a) The function ¢(c) = sup;c; E(|X;|; [|Xi| > ¢]) is a nonin-
creasing function of ¢ > 0. Consequently, to show that the family F = { X, |i€ I}
is uniformly integrable it suffices to show that for each € > 0 there exists a ¢ > 0
such that sup;e; E(|X]; [ Xi| > ¢]) <e.

(b) To show that the family F' = { X; | i € I} is uniformly P-continuous we must
show that for each e > 0 there exists a § > 0 such that sup;c; F(14]X;|) < €, for
all sets A € F with P(A) < 0. This means that the family { ; | ¢ € I } of measures
w; defined by u,;(A4) = E(1A|Xl-|), A € F, i€ 1, is uniformly absolutely continuous
with respect to the measure P.

(c) From 1.b.0 it follows that each finite family F = { fi, f2,...,fn} € L'(P)
of integrable functions is both uniformly integrable (increase ¢) and uniformly P-
continuous (decrease ¢).

1.b.2. A family F ={ X, |i € I} of random variables is uniformly integrable if and
only if F is uniformly P-continuous and L' -bounded.

Proof. Let F be uniformly integrable and choose p such that E (|.X;[; [ X;] > p]) < 1,
for all i € I. Then || X;]l1 = E((|X;; | Xi| > p]) + E((IXs]; [ X:| < p]) <1+ p, for
each i € I. Thus the family F is L'-bounded.

To see that F' is uniformly P-continuous, let ¢ > 0. Choose ¢ such that
E((|X;|;[|Xi| = c]) <, forallie I. If A€ F and P(A) < €/c, then

BE(1alXi]) = E(1X:[; AN [|X] < o) + B(| X, An [1X3] > o)
< cP(A)+ E((|X;|; | Xi| > ¢]) <e+e=2¢ foreveryiecl.

Thus the family F' is uniformly P-continuous. Conversely, let F' be uniformly P-
continuous and L'-bounded. We must show that limec E((|X;]; [|Xs] > ]) = 0,
uniformly in ¢ € I. Set r = sup;c; || X;i|l1. Then, by Chebycheff’s inequality,

P(|X;| > o)) < M| X]l1 < r/e,

for all i € I and all ¢ > 0. Let now € > 0 be arbitrary. Find 6 > 0 such that
P(A) <6 = E(1a]X;|) <e, for all sets A € F and all i € I. Choose c such that
r/c < §. Then we have P([|X;| > ¢]) < r/c <6 and so E((|X;; [| Xi| = ¢]) <, for
allie .y



Chapter I: Martingale Theory 5

1.b.3 Norm convergence. Let X,,, X € L'(P). Then the following are equivalent:
(i) Xn — X in norm, that is, || X, — X|1 — 0, asn 1 co.

(i) X, — X in probability and the sequence (X,,) is uniformly integrable.

(1ii) X, — X in probability and the sequence (X,,) is uniformly P-continuous.

Remark. Thus, given convergence in probability to an integrable limit, uniform

integrability and uniform P-continuity are equivalent. In general this is not the
case.

Proof. (i) = (ii): Assume that || X, — X|1 — 0, as n T co. Then X,, — X in
probability, by 1.a.0. To show that the sequence (X,,) is uniformly integrable let
€ > 0 be arbitrary. We must find ¢ < +o00 such that sup,,>; E(|X,[; [|Xn| > ) <e
Choose § > 0 such that § < ¢/3 and P(A) < § implies E(14]X]) < ¢/3, for all sets
A € F. Now choose ¢ > 1 such that

B(IX[X|=zc-1]) <¢/3 (0)

and finally N such that n > N implies || X,, — X|[1 < < ¢/3 and let n > N. Then
| Xn| <X, — X|+|X| and so

E(|Xn|7 [|Xn| > C]) < E(|Xn _X‘Q HXn‘ > CD +E(|X|§ HXn| > C])
<X = X[+ E(IX [ X0l > ) < §+ E(IX[; [ Xn] > d).

Let A =[|X,| > Nn[X| <c—1] and B = [|X,,] > ¢|N[|X]| > ¢—1]. Then
| X — X| > 1 on the set A and so P(A) < E(14]X,, — X|) < || X,, — X|1 < & which
implies E(14]X]) < €/3. Using (0) it follows that

E(IX[;[1Xn] > ) = E(1a|X|) + E(1p]X]) < ¢/3 + ¢/3.

Consequently E(|Xy,[; [[X,| > c]) <, for all n > N. Since the X,, are integrable,
we can increase c suitably so as to obtain this inequality for n =1,2,..., N —1 and
consequently for all n > 1. Then sup,,»; E(|Xn|; [| Xn| > ¢]) < € as desired.

(b) = (¢): Uniform integrability implies uniform P-continuity.

(¢) = (a): Assume now that the sequence (X,) is uniformly P-continuous and
converges to X € L'(P) in probability. Let € > 0 and set A, = [| X, — X| > €].
Then P(A,) — 0, as n | co. Since the sequence (X,,) is uniformly P-continuous
and X € L(P) is integrable, we can choose § > 0 such that A € F and P(A) < §
imply sup,,>; E(14]Xn|) < € and E(14]X]) < e. Finally we can choose N such
that n > N implies P(A4,,) < 4. Since |X,, — X| < e on A¢, it follows that

na

n>N = ||X,— X[ =E(X,—X[;A,) + E(| X, — X|; A})
< E(|X,|;An) + E(|X]; An) + €P(A5) < e+ e+ e = 3e.

Thus [| X, — X1 — 0,asn T co. |
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1.b.4 Corollary. Let X,, € L*(P), n > 1, and assume that X, — X almost surely.
Then the following are equivalent:

(i) X € LY(P) and X,, — X in norm.

(i) The sequence (X,,) is uniformly integrable.

Proof. (i) = (ii) follows readily from 1.b.3. Conversely, if the sequence (X,,)
is uniformly integrable, especially L'-bounded, then the almost sure convergence
X, — X and Fatou’s lemma imply that |X||; = E(|X|) = E(liminf, |X,|) <
liminf, E(|X,|) < co.1

Next we show that the uniform integrability of a family { X; | ¢ € I'} of random
variables is equivalent to the L!-boundedness of a family {¢ o |X;| : i € I} of
suitably enlarged random variables ¢(|X1|)

1.b.5 Theorem. The family F = {X; | i € I} C L°(P) is uniformly integrable if
and only if there exists a function ¢ : [0, +oo[— [0, +oo[ such that

limg1ee @(2) /2 =400  and  sup;c; E(o(|X;])) < oo. (1)

The function ¢ can be chosen to be convex and nondecreasing.
Proof. (<): Let ¢ be such a function and C' = sup;c; E(¢(|X;])) < +oo0. Set
pla) = Infy>qap(x)/x. Then p(a) — oo, as a T oo, and ¢(z) > p(a)z, for all z > a.
Thus _
E(1X:|; [1Xi| > a]) = p(a) ™ E(p(a)| Xi; [| Xi| > a])
< p(a) "' E(e(|Xa); [1X3] > a])) < C/p(a) — 0,

as a T oo, where the convergence is uniform in i € I.

(=): Assume now that the family F' is uniformly integrable, that is
6(a) = sup;c; E(1X;];[| X4 > a]) =0, asa— oc.

According to 1.b.2 the family F is L'-bounded and so §(0) = sup;¢; || Xil[1 < oc.
We seek a piecewise linear convex function ¢ as in (1) with ¢(0) = 0. Such a
function has the form ¢(x) = ¢(ar) + ax(z — ax), ¢ € [ak, agt1], with 0 = ap <
a1 < ...<ap < apy1 — oo and increasing slopes oy, T oco.

slope o,

sope 0(a)/3 J— 0

Figure 1.1
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The increasing property of the slopes «j implies that ¢ is convex. Observe that
o(x) > ag(x — ag), for all x > ag. Thus ay T co implies ¢(z)/x — oo, as x T co.
We must choose ay and oy, such that sup;c; E(¢(|X;|)) < co. If i € I, then

E(o(|Xi])) = ZZO ( (1XiD)s [ax < |X5] < ar4])
= Zk 0 ak —|— Ozk(|X | — ak) [ak < |X | < ak+1])
<y {qs ) P(X| 2 ax) + ax (Xl [1Xi] 2 anl)}

Using the estimate P([|X;] > ax]) < a;,'E(|X;];[|X;] > ax]) and observing that
¢(ag)/ar < ai by the increasing nature of the slopes (Figure 1.1), we obtain

E((Xi) <Y 20 B(Xl 1] > a]) <30 2ar8(ax).

Since d(a) — 0, as a — 0o, we can choose the sequence ay 1 oo such that d(ag) <
37k, for all k > 1. Note that ay cannot be chosen (ag = 0) and hence has to be
treated separately. Recall that §(ag) = 6(0) < oo and choose 0 < ap < 2 so that
apd(ag) < 1=(2/3)%. For k > 1 set oy, = 2*. It follows that

EB(Xi]) <35°,2(2/3)F =6, forallicl.

1.b.6 Example. If p > 1 then the function ¢(x) = zP satisfies the assumptions
of Theorem 1.b.5 and E(é(|X;|)) = E(|X;?) = || X;||b. It follows that a bounded
family F' = { X; | i« € I} C LP(P) is automatically uniformly integrable, that is,
LP-boundedness (where p > 1) implies uniform integrability. A direct proof of this
fact is also easy:

1.b.7. Let p > 1. If K = sup;¢; || Xi|lp < oo, then the family { X; | i€ I} C LP is
uniformly integrable.

Proof. Let i € I, ¢ > 0 and g be the exponent conjugate to p (1/p+1/g =1). Using
the inequalities of Hoelder and Chebycheff we can write

1
E(1Xilyx,2a) < 1gxzalldl Xill, = P(1Xi] = ¢) * |1 Xl
_ 1 ) 2
< (PUXlE) * (1Xll, = ¢ KT e — 0,

as ¢ | oo, uniformly in i € 1.
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2. CONDITIONING

2.a Sigma fields, information and conditional expectation. Let £(P) denote the
family of all extended real valued random variables X on (Q,F,P) such that
E(XT) < oo or BE(X™) < oo (i.e.,, E(X) exists). Note that £(P) is not a vec-
tor space since sums of elements in £(X) are not defined in general.

2.2.0. (a) If X € E(P), then 14X € E(P), for all sets A € F.
(b) If X € E(P) and a € R, then aX € E(P).
(c) If X1,X5 € E(P) and E(X1) + E(X3) is defined, then X1 + Xo € E(P).

Proof. We show only (c¢). We may assume that F(X;) < E(X3). If E(X1) + E(X2)
is defined, then F(X;) > —oo or E(X3) < co. Let us assume that E(X;) > —oo
and so E(Xs3) > —oo, the other case being similar. Then X;, X5 > —oo, P-as.
and hence X; 4+ X is defined P-as. Moreover E(X; ), E(X5 ) < oo and, since
(X1+X2)” < X; + X5, also E((X1 + X2)7) < oo. Thus X; + X, € E(P).

2.a.1. Let G C F be a sub-o-field, D € G and X1, X5 € E(P) G-measurable.
(a) If E(X114) < E(X3214), VAC D, A€ G, then X; < X5 as. on D.
(b) If E(X114) = E(X214), VAC D,A € G, then X1 = X3 as. on D.

Proof. (a) Assume that E(X;114) < E(X314), for all G-measurable subsets A C D.
If P([Xl > Xo| N D) > 0 then there exist real numbers o < 3 such that the
event A = [X; > f > a > X3] N D € G has positive probability. But then
E(X114) > BP(A) > aP(A) > E(X214), contrary to assumption. Thus we must
have P([X; > X5]N D) = 0. (b) follows from (a). |

We should now develop some intuition before we take up the rigorous devel-
opment in the next section. The elements w € {2 are the possible states of nature
and one among them, say d, is the true state of nature. The true state of nature
is unknown and controls the outcome of all random experiments. An event A € F
occurs or does not occur according as 6 € A or § ¢ A, that is, according as the
random variable 14 assumes the value one or zero at .

To gain information about the true state of nature we determine by means
of experiments whether or not certain events occur. Assume that the event A
of probability P(A) > 0 has been observed to occur. Recalling from elementary
probability that P(B N A)/P(A) is the conditional probability of an event B € F
given that A has occurred, we replace the probability measure P on F with the
probability Q4(B) = P(B N A)/P(A), B € F, that is we pass to the probability
space (©, F,Qa). The usual extension procedure starting from indicator functions
shows that the probability @ 4 satisfies

Eg.(X)=P(A)"'E(X1,), for all random variables X € £(P).

At any given time the family of all events A, for which it is known whether they
occur or not, is a sub-o-field of F. For example it is known that () does not occur,
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Q does occur and if it is known whether or not A occurs, then it is known whether
or not A¢ occurs etc. This leads us to define the information in any sub-o-field G of
F as the information about the occurrence or nonoccurrence of each event A € G,
equivalently, the value 14(4), for all A € G. Define an equivalence relation ~¢g on
Q as wy ~g wo iff 14(w1) = 1a(ws), for all events A € G. The information in G is
then the information which equivalence class contains the true state ¢.

Each experiment adds to the information about the true state of nature, that
is, enlarges the o-field of events of which it is known whether or not they occur.
Let, for each ¢t > 0, F; denote the o-field of all events A for which it is known by
time ¢ whether or not they occur. The F; then form a filtration on €2, that is, an
increasing chain of sub-o-fields of F representing the increasing information about
the true state of nature available at time ¢.

Events are special cases of random variables and a particular experiment is
the observation of the value X () of a random variable X. Indeed this is the entire
information contained in X. Let o(X) denote the o-field generated by X. If A is an
event in o(X), then 14 = go X, for some deterministic function g (appendix B.6.0).
Thus the value X (0) determines the value 14(0), for each event A € o(X) and
the converse is also true, since X is a limit of o(X)-measurable simple functions.
Consequently the information contained in X (the true value of X) can be identified
with the information contained in the o-field generated by X.

Thus we will say that X contains no more information than the sub-o-field
G C F, if and only if o(X) C G, that is, iff X is G-measurable. In this case X
is constant on the equivalence classes of ~¢ since this is true of all G-measurable
simple functions and X is a pointwise limit of these. This is as expected as the
observation of the value X (d) must not add to further distinguish the true state of
nature 9.

Let X = X1+ X5, where X1, X5 are independent random variables and assume
that we have to make a bet on the true value of X. In the absence of any information
our bet will be the mean F(X) = F(X;) + E(X3). Assume now that it is observed
that X; = 1 (implying nothing about X» by independence). Obviously then we will
refine our bet on the value of X to be 1+ E(X3). More generally, if the value of
X1 is observed, our bet on X becomes X; + E(X>).

Let now X € £(P) and G C F any sub-o-field. We wish to define the condi-
tional expectation Z = E(X|G) to give a rigorous meaning to the notion of a best
bet on the value of X in light of the information in the o-field G. From the above it
is clear that Z is itself a random variable. The following two properties are clearly
desirable:

(i) Z is G-measurable (Z contains no more information than G).

(i) Z € E(P) and E(Z) = E(X).
These two properties do not determine the random variable Z but we can refine
(ii). Rewrite (ii) as E(Z1q) = E(X1q) and let A € G be any event. Given the
information in G it is known whether A occurs or not. Assume first that A occurs
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and P(A) > 0. We then pass to the probability space (2, F, Q) and (ii) for this
new space becomes Eg,(Z) = Eg,(X), that is, after multiplication with P(A),

E(Z14) = E(X14). (0)

This same equation also holds true if P(A) = 0 (regardless of whether A occurs or
not). Likewise, if B € G does not occur, then A = B¢ occurs and (0) and (ii) then
imply that E(Z1p) = E(X1g). In short, equation (0) holds for all events A € G.
This, in conjunction with the G-measurability of Z uniquely determines Z up to a
P-null set (2.a.1.(b)). The existence of Z will be shown in the next section. Z is
itself a random variable and the values Z(w) should be interpreted as follows: By
G-measurability Z is constant on all equivalence classes of ~g. If it turns out that
0 ~g w, then Z(w) is our bet on the true value of X.

If we wish to avoid the notion of true state of nature and true value of a random
variable, we may view the random variable Z as a best bet on the random variable
X as a whole using only the information contained in G. This interpretation is
supported by the following fact (2.b.1):

If X € L*(P), then Z € L*(P) and Y = Z minimizes the distance || X — Y|z over
all G-measurable random variables Y € L?(P).

Ezample. Assume that G = o(X1,...,X,) is the o-field generated by the random
variables X1,..., X,. The information contained in G is then equivalent to an ob-
servation of the values X;(d) = x1,..., X,(0) = z,,. Moreover, since Z = E(X|G)
is G-measurable, we have Z = ¢g(X1, X», ..., X,,), for some Borel measurable func-
tion g : R* — R, that is, Z is a deterministic function of the values Xi,..., X,
(appendix B.6.0). If the values X;(d) = x1,..., Xn(6) = z,, are observed, our bet
on the value of X becomes Z(8) = g(x1,xa,...,z,).

2.b Conditional expectation. Let G be a sub-o-field of F and X € &£(P). A
conditional expectation of X given the sub-o-field G is a G-measurable random
variable Z € £(P) such that

E(Z1A>:E(X1A), VA € g. (0)

2.b.0. A conditional expectation of X given G exists and is P-as. uniquely deter-
mined. Henceforth it will be denoted E(X|G) or Eg(X).

Proof. Uniqueness. Let Zi, Zy be conditional expectations of X given G. Then
E(Z11a) = E(X14) = E(Z214), for all sets A € G. It will suffice to show that
P(Zy < Z3) = 0. Otherwise there exists numbers o < [ such that the event
A=[Z; <a<p < Zy € has probability P(A) > 0. Then E(Z114) < aP(A) <
BP(A) < E(Z314), a contradiction.

Ezistence. (i) Assume first that X € L?(P) and let L?(G, P) be the space of all
equivalence classes in L?(P) containing a G-measurable representative. We claim
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that the subspace L2(G, P) C L?(P) is closed. Indeed, let Y,, € L?(G, P),Y € L?(P)
and assume that Y,, — Y in L?(P). Passing to a suitable subsequence of Y,, if
necessary, we may assume that ¥, — Y, P-as. Set Y = lim sup,, Y. Then Y is
G-measurable and Y = Y, P-as. This shows that Y € L?(G, P).

Let Z be the orthogonal projection of X onto L?(G, P). Then X = Z+U, where
U € L*(G, P)*, that is E(UV) = 0, for all V € L?(G, P), especially E(U14) = 0,
for all A € G. This implies that E(X14) = E(Z14), for all A € G, and consequently
Z is a conditional expectation for X given G.

(ii) Assume now that X > 0 and let, for each n > 1, Z,, be a conditional expectation
of X An € L*(P) given G. Let n > 1. Then E(Z,14) = E((X An)la) <
E(X AN(n+1)14) = E(Zp4114), for all sets A € G, and this combined with
the G-measurability of Z,, Z,1 shows that Z, < Z,1, P-as. (2.a.1.(a)). Set
Z = limsup,, Z,. Then Z > 0 is G-measurable and Z,, T Z, P-as. Let A € G. For
each n > 1 we have E(Z,14) = E((X An)la) and letting n 1 oo it follows that
E(Z14) = E(X14), by monotone convergence. Thus Z is a conditional expectation
of X given G.

(iii) Finally, if E(X) exists, let Z1, Z be conditional expectations of X, X~ given
G respectively. Then Z1, 75 > 0, E(Z114) = E(XT1,4) and E(Z314) = E(X™1,),
for all sets A € G. Letting A = Q we see that F(Z;) < oo or E(Z3) < oo and
consequently the event D = [Z; < oo] U [Zy < oo] has probability one. Clearly
D € G. Thus the random variable Z = 1p(Z; — Z5) is defined everywhere and
G-measurable. We have ZT < Z; and Z~ < Z and consequently F(Z1) < oo
or E(Z7) < oo, that is, E(Z) exists. For each set A € G we have F(Z14) =
E(leAﬂD) —E(ZzlAmD) = E(X+1AmD) —E(X_lAmD) = E(XlAmD) = E(XlA).
Thus Z is a conditional expectation of X given G. |

Remark. By the very definition of the conditional expectation Eg(X) we have
E(X) = E(Eg(X)), a fact often referred to as the double expectation theorem.
Conditioning on the sub-o-field G before evaluating the expectation E(X) is a tech-
nique frequently applied in probability theory. Let us now consider some examples
of conditional expectations. Throughout it is assumed that X € £(P).

2.b.1. If X € L?(P), then Eg(X) is the orthogonal projection of X onto the subspace
L?(G, P).

Proof. We have seen this in (i) above. j
2.b.2. If X is independent of G, then Eg(X) = E(X), P-as.

Proof. The constant Z = E(X) is a G-measurable random variable. If A € G,
then X is independent of the random variable 14 and consequently E(X14) =
E(X)E(1a)=ZE(14) = E(Z14). Thus Z = Eg(X).}

Remark. This is as expected since the o-field G contains no information about X
and thus should not allow us to refine our bet on X beyond the trivial bet E(X).

The trivial o-field is the o-field generated by the P-null sets and consists
exactly of these null sets and their complements. Every random variable X is
independent of the trivial o-field and consequently of any o-field G contained in
the trivial o-field. Tt follows that Fg(X) = E(X) for any such o-field G. Thus the
ordinary expectation E(X) is a particular conditional expectation.
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2.b.3. (a) If A is an atom of the o-field G, then Eg(X) = P(A)"*E(X1,4) on A.
(b) If G is the o-field generated by a countable partition P = {A1,As,...} of Q
satisfying P(A,) > 0, for allm > 1, then Eg(X) =Y., P(A,) 'E(X14,)1a,.

Remark. The o-field G in (b) consists of all unions of sets A,, and the A, are the
atoms of G. The o-field G is countable and it is easy to see that every countable

o-field is of this form.

Proof. (a) The G-measurable random variable Z = Eg(X) is constant on the atom
A of G. Thus we can write E(X14) = E(Z14) = ZE(14) = ZP(A). Now divide
by P(A). (b) Since each A, is an atom of G, we have Eg(X) = P(A,) 'E(X14,)
on the set A,. Since the A, form a partition of it follows that Fg(X) =
>, P(An) P E(X14,)14,.1

Remark. (b) should be interpreted as follows: exactly one of the events A,, occurs
and the information contained in G is the information which one it is. Assume it
is the event A,,, that is, assume that § € A,,. Our bet on the value of X then
becomes Eg(X)(0) = P(A,) tE(X14,,).

m

2.b4. Let G C F be a sub-o-field, P a mw-system which generates the o-field G
(G = o(P)) and which contains the set Q, XY € E(P) and assume that Y is
G-measurable. Then

(i) Y < Eg(X) if and only if E(Y14) < E(X14), for all sets A € G.

(1)) Y = Eg(X) if and only if E(Y14) = E(X14), for all sets A€ G.
(iii) If X,Y € LY(P), then Y = Eg(X) if and only if E(Y14) = E(X14), for all
sets A € P.

Remark. Note that we can restrict ourselves to sets A in some m-system generating
the o-field G in (iii).

Proof. (i) Let A € G and integrate the inequality ¥ < Eg(X) over the set A,
observing that E(Eg(X)14) = E(X14). This yields E(Y14) < E(X14). The

converse follows from 2.a.1.(a). (ii) follows easily from (i).

(iii) f Y = Eg(X), then E(Y14) = E(X14), for all sets A € G, by definition of the
conditional expectation Eg(X). Conversely, assume that E(Y14) = E(X14), for
all sets A € P. We have to show that E(Y14) = E(X14), for all sets A € G. Set
L={AecF| E(Y1ls)=E(X14)}. We must show that G C L. The integrability
of X and Y and the countable additivity of the integral imply that £ is a A-
system. By assumption, P C £. The m-A-Theorem (appendix B.3) now shows that
G=0(P)=AP)C L.
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2.b.5. Let X, X1, X5 € E(P), a a real number and D € G a G-measurable set.

(a) If X is G-measurable, then Eg(X) = X.

(b) If H C G is a sub-o-field, then Ey(Eg(X)) = Ey(X).

(¢) Eg(aX) = aFg(X).

(d) X1 < X5, P-as. on D, implies Eg(X1) < Eg(Xs), P-as. on D.

(e) X1 = Xo, P-as. on D, implies Eg(X1) = Eg(X3), P-as. on D.

(1) |Ee(X)] < Eg(IX)).

(9) If E(X1)+ E(X3) is defined, then X1+ Xa, Eg(X1+X3) and Eg(X1)+ Eg(X2)
are defined and Eg(X1 + X2) = Eg(X1) + Fg(X2), P-as.

Proof. (a) and (c) are easy and left to the reader. (b) Set Z = Ej(Eg(X)). Then
Z € E(P) is H-measurable and E(Z14) = E(Eg(X)14) = E(X14), for all sets
A € H. Tt follows that Z = En(X).
(d) Assume that X; < X,, P-as. on D and set Z; = Eg(X,). If Ais any G-
measurable subset of D, then E(Z114) = E(X114) < E(X214) = E(Z214). This
implies that Z; < Zs, P-as. on the set D (2.a.1).
(e) If X1 = Xy, P-as. on D, then X; < X5, P-as. on D and Xs < X;, P-as. on D.
Now use (e).
(f) —|X| < X <|X and so, using (c) and (d), —Eg(|X]|) < Eg(X) < Eg(|X]), that
Eg(X)| < Eg(|X]), P-as. on €.
(g) Let Z1, Zy be conditional expectations of Xi, Xo given G respectively and
assume that E(X;) + E(X3) is defined. Then X; + X5 is defined P-as. and is in
E(P) (2.a.0). Consequently the conditional expectation Eg(X; + X5) is defined.
Moreover E(X;) > —oo or E(X3) < +00.

Consider the case E(X;) > —oo. Then Z;, Z; are defined everywhere and
G-measurable and F(Z;) = E(X;) > —oo and so Z; > —oo, P-as. The event
D =[Z; > —o0] is in G and hence Z = 1p(Z; + Z3) defined everywhere and

G-measurable. Since Z = Z1 + Z5, P-as., it will now suffice to show that Z is a

is,

conditional expectation of X; + X5 given G.

Note first that E(1pZ1) + E(1pZs) = E(X;) + E(X3) is defined and so Z =
1pZ1+1pZs € E(P) (2.2.0.(c)). Moreover, for each set A € G, we have E(Z14) =
E(Z11anp) + E(Z21anp) = E(X11anp) + E(X21anp) = E(X114) + E(X214) =
E((X1+ X2)14), as desired. The case E(X3) < +00 is dealt with similarly.

Remark. The introduction of the set D in the proof of (g) is necessary since the
o-field G is not assumed to contain the null sets.

Since £(P) is not a vector space, Eg : X € E(P) — Eg(X) is not a linear
operator. However when its domain is restricted to L!'(P), then Eg becomes a

nonnegative linear operator.



14 2.b Conditional expectation.

2.b.6 Monotone Convergence. Let X,,X,h € E(P) and assume that X, > h,
n>1, and X, 1 X, P-as. Then Eg(X,,) | Eg(X), P-as. on the set [Eg(h) > —o0].

Remark. If h is integrable, then E(Eg(h)) = E(h) > —oo and so Eg(h)
P-as. In this case Eg(X,,) T Eg(X), P-as.

Proof. For each n > 1 let Z,, be a conditional expectation of X, given G. Especially
Z, is defined everywhere and G-measurable. Thus Z = limsup,, Z,, is G-measurable.
From 2.b.5.(d) it follows that Z, T and consequently Z, 1 Z, P-as. Now let
D = [Zy > —oo| and D, = [Zy = —m], for all m > 1. We have X, > h and so
Zy > Eg(h), P-as., according to 2.b.5.(d). Thus [Eg(h) > —oo] C D, P-as. (that
is, on the complement of a P-null set). It will thus suffice to show that Z = Eg(X),
P-as. on D.

Fix m > 1 and let A be an arbitrary G-measurable subset of D,,. Note that
—m < 147y < 147 and so 14Z € E(P). Moreover —m < E(14Zy) = E(14Xy).
Since 147, T 14Z and 14 X,, T 14X, the ordinary Monotone Convergence Theorem
shows that F(14Z,,) 1 E(1aZ) and E(14X,,) | E(14X). But by definition of Z,, we
have F(147,) = E(14X,), for all n > 1. It follows that E(14lp, Z) = E(14Z) =
E(14X), where the random variable 1p 7 is in £(P). Using 2.b.4.(ii) it follows
that Z = 1p, Z = Eg(X), P-as. on D,,. Taking the union over all m > 1 we see
that Z = Eg(X), P-as. on D. |
2.b.7 Corollary. Let v, be real numbers and X, € E(P) with an, X,, > 0, n > 1.
Then Eg (3, onXn) =Y, anEg(Xy,), P-as. |
Recall the notation lim = lim inf and lim = lim sup.

2.b.8 Fatou’s Lemma. Let X,,,g,h € E(P) and assume that h < X,, < g, n > 1.
Then, among the inequalities,

the middle inequality trivially holds P-as.

(a) Iflim, X,, € E(P), the first inequality holds P-as. on the set [Eg(h) > —oo].
(b) If lim, X,, € E(P), the last inequality holds P-as. on the set [Eg(g) < oc].
Proof. (a) Assume that X = liminf, X,, € £(P). Set Y,, = infy>, X;. Then
Y, T X. Note that Y,, may not be in £(P). Fix m > 1, set D,,, = [Eg(h) > —m] and
note that E(hlp, ) = E(Eg(h)lp,,) = —m. Thus E((hlp,)”) < oo. Moreover
Y, > h thus 1p,Y,, > 1p h and consequently (1p,Y,)” < (1p,, h)~. It follows
that E((1p,,Yn)") < oo especially 1p,Y;, € E(P), for all n > 1.

From 1p,, Yy > 1p,.h = h, P-as. on D,, € G, it follows that Eg(1p,,Yy) >
Eg(h) > —m, P-as. on D,,. Thus [Eg(leYQ) > —oo] D D,,. Let n T co. Then
1p,,Y, T1p, X and so 2.b.6 and 2.b.5.(e) yield

Eg (1DmYn) 1 Eg(leX) = E(K|Q), P-as. on the set D,,.
Moreover X,, > Y, = 1p, Y,, P-as. on D,,, and so Eg(X,,) > Eg(leYn), P-as.
on D,,, according to 2.b.5.(d). It follows that

lim inf Eg(Xn) Z lim inf Eg (]-DmYn) = lim Eg(leYn) = Eg(&),

>
> —00,

P-as. on D,,. Taking the union over all sets D,,, gives the desired inequality on the
set D =J,, D = [Eg(h) > —o0]. (b) follows from (a).
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2.b.9 Dominated Convergence Theorem. Assume that X,,, X, h € E(P), | X,| < h
and X, — X, P-as. Then Eg(|X,, — X|) — 0, P-as. on the set [Eg(h) < oc].

Remark. If E(X,) — E(X) is defined, then |Eg(X,)— Eg(X)| < Eg(|X, — X|), for
all n > 1, and it follows that |Eg(X,) — Eg(X)| — 0, that is Eg(X,) — Eg(X),
P-as.

Proof. We do have |X,, — X| < 2h and so, according to 2.b.8.(b),
0 < lim, Eg (| Xy, — X|) < Eg(lim,|X,, — X|) =0, P-as. on [Eg(2h) < oc].

2.b.10. IfY is G-measurable and X, XY € E(P), then Eg(XY) =Y Eg(X).

Proof. (i) Assume first that X,Y > 0. Since Y is the increasing limit of G-
measurable simple functions, 2.b.6 shows that we may assume that Y is such a
simple function. Using 2.b.5.(c),(g) we can restrict ourselvesto Y =14, A € G. Set
Z =YEg(X)=14Eg(X) € £(P) and note that Z is G-measurable. Moreover, for
each set B € G we have E(Z1p) = E(lAmBEg(X)) = E(lAmBX) = FE(XY1lp). It
follows that Z = Eg(XY).

(ii) Let now X > 0 and Y be arbitrary. Write Y = Y™ —Y~. Then E(XY) =
E(XY™) — E(XY ™) is defined and so, using 2.b.5.(c),(g) we have Fg(XY) =
Eg (XYJr) - Eg(XYi) = Y+Eg (X) - Yng(X) = YEg(X)

(iii) Finally, let both X and Y be arbitrary, write X = XT — X~ and set A =
[X > 0] and B = [X < 0]. Since XY € £(P) we have XY = 1,XY € £(P),
XY =-1gXY €&(P)and E(XTY)— E(X"Y) = E(XY) is defined. The proof
now proceeds as in step (ii). |

2b.11. Let Z = f(X,Y), where f : R® x R™ — [0,00) is Borel measurable and
X, Y are R" respectively R™-valued random vectors. If X is G-measurable and Y
independent of G, then

Bo(2) = Eg(f(X.V) = [ fXy)P(d). Peos 1)
Remark. The G-measurable variable X is left unaffected while the variable Y,
independent of G, is integrated out according to its distribution. The integrals all
exist by nonnegativity of f.
Proof. Introducing the function Gy(x) = [4. f(z,y)Py(dy) = E(f(x,Y)), z € R",
equation (1) can be rewritten as Eg(Z) = Eg(f(X,Y)) = Gs(X), P-as. Let C be
the family of all nonnegative Borel measurable functions f : R* x R™ — R for
which this equality is true.

We use the extension theorem B.4 in the appendix to show that C contains
every nonnegative Borel measurable function f : R™ x R™ — R. Using 2.b.7, C is
easily seen to be a A-cone on R™ x R™.

Assume that f(z,y) = g(z)h(y), for some nonnegative, Borel measurable func-
tions f : R™ — [0,00) and g : R™ — [0,00). We claim that f € C.
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Note that Z = f(X,Y) = g(X)h(Y) and Gy(z) = g(z)E(h(Y)), x € R", and
so W:=Gy(X) =g(X)E(R(Y)). We have to show that W = Eg(Z).

Since X is G-measurable so is W and, if A € G, then h(Y) is independent
of g(X)14 and consequently E(Z14) = E(g(X)h(Y)14) = E(g9(X)14)E(h(Y)) =
E(g(X)E(h(Y))1a) = E(W1y), as desired.

In particular the indicator function f = 14xp of each measurable rectangle
AxBCR"xR™(ACR"™ B C R™ Borel sets) satisfies f(z,y) = 1a(z)1p(y) and
thus f € C. These measurable rectangles form a m-system generating the Borel-o-
field on R™ x R™. The extension theorem B.4 in the appendix now implies that C
contains every nonnegative Borel measurable function f: R" x R™ — R. |

Jensen’s Inequality. Let ¢ : R — R be a convex function. Then ¢ is known to be
continuous. For real numbers a,b set ¢q4(t) = at + b and let & be the set of all
(a,b) € R? such that ¢, < ¢ on all of R. The convexity of ¢ implies that the
subset C(¢) = {(z,y) € R* | y > ¢(z)} € R? is convex. From the Separating
Hyperplane Theorem we conclude that

o(t) = sup{ ¢ap(t) | (a,b) € D}, VteR. (2)

We will now see that we can replace ¢ with a countable subset ¥ while still pre-
serving (2). Note that the simplistic choice ¥ =@Q? does not work for example if
¢(t) = at + b, with « irrational. Let D C R be a dense countable subset. Clearly,
for each point s € D, we can find a countable subset ®(s) C ® such that

¢(s) = sup{ ¢ap(s) | (a,b) € ®(s) }.
Now let W = J,.p ®(s). Then V¥ is a countable subset of ® and we claim that
¢(t) = sup{ ¢ap(t) | (a,0) € ¥}, Vi€ R (3)

Consider a fixed s € D and a,b € ¥ and assume that ¢, 5(s) > ¢(s) — 1. Combining
this with the inequalities ¢q (s + 1) < (s + 1) and ¢qp(s — 1) < ¢(s — 1) easily
yields |a| < |¢(s — 1) + |¢(s)| + |¢(s + 1)| + 1. The continuity of ¢ now shows:

(i) For each compact interval I C R there exists a constant K such that s € D

and ¢g45(s) > ¢(s) — 1 implies |a|] < K, for all points s € I.

Now let ¢ € R. We wish to show that ¢(t) = sup{ ¢us(t) | (a,b) € ¥}. Set
I =1[t—1,t+ 1] and choose the constant K for the interval I as in (i) above. Let
€ > 0. It will suffice to show that ¢4 (t) > ¢(t) — €, for some (a,b) € U. Let p >0
be so small that (K +2)p < e.

By continuity of ¢ and density of D we can choose s € IND such that [s—t| < p
and |¢(s)—o(t)| < p. Let (a,b) € U(s) C ¥ such that ¢, (s) > ¢(s)—p > o(t) —2p.
Since |¢a,b(s) _¢a,b(t)| = |a(s_t)| < K[), we have ¢a,b(t) > (ba,b(s) —KP > ¢(t) -
as desired. Defining ¢(f+oo) = sup{ ¢a(£0) | (a,b) € ¥} we extend ¢ to the
extended real line such that (2) holds for all ¢ € [—o0, 0.
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2.b.12 Jensen’s Inequality. Let ¢ : R — R be convex and X,p(X) € E(P). Then
¢(Bg(X)) < Eg(¢(X)), P-as.

Proof. Let ¢4 and ¥ be as above. For (a,b) € ¥, we have ¢, < ¢ on [—o0, ]
and consequently aX +b = ¢45(X) < ¢(X) on Q. Using 2.b.4.(c),(g) it follows
that

aEg(X)+b< Eg(¢p(X)), P-as., (4)

where the exceptional set depends on (a,b) € ¥. Since ¥ is countable, we can find a
P-null set N such that (4) holds on the complement of N, for all (a,b) € ¥. Taking
the sup over all such (a,b) now yields ¢(Eg(X)) < Eg(¢(X)) on the complement
of N and hence P-as. |

2.b.13. Let {F; | i € I} be any family of sub-o-fields F; € F, X € LY(P) an
integrable random wvariable and X; = Ez,(X), for all i € I. Then the family
{X; | i€} is uniformly integrable.

Proof. Let i € I and ¢ > 0. Since X; is F;-measurable [|Xl| > c] € F;. Integrating
the inequality | X;| = |Ex, (X)| < Ex, (] X|) over Q we obtain | X;||1 < || X]||;. Inte-
gration over the set [|X;| > c| € F; yields E(|X;];[|Xi| > c]) < E(IX[;[|X:] > ]),
where, using Chebycheff’s inequality,

P(|Xi] > ) <c Xl <Y X|l1 — 0, uniformly ini € I as ¢ T oo.

Let € > 0. Since X is integrable, we can choose § > 0 such that E(|X|14) <€, for
all sets A € F with P(A) < 6. Now choose ¢ > 0 such that ¢71||X||; < J. Then
P ([|Xi] > ¢]) < ¢! X[y <& and consequently

E(IX,: [1X:] > ) < B(X; [1X:| > ) <¢, forcachi € 1.

Thus the family { X; | ¢ € I } is uniformly integrable. j

Conditioning and independence. Recall that independent random variables X,
Y satisfy E(XY) = E(X)E(Y) whenever all expectations exist. For families A, B
of subsets of © we shall write o(A, B) for the o-field 0(A U B) generated by all the
sets A € A and B € B. With this notation we have

2.b.14. Let A,B C F be sub-o-fields and X € E(P). If the o-fields o(c(X), A) and
B are independent, then E,4,5)(X) = Ea(X), P-as.

Remark. The independence assumption is automatically satisfied if B is the o-field
generated by the P-null sets (B = {B € F | P(B) € {0,1}}). This o-field is
independent of every other sub-o-field of F. In other words: augmenting the sub-o-
field A C F by the P-null sets does not change any conditional expectation E 4(X),
where X € £(P).

Proof. (i) Assume first that X € L'(P) and set Y = E4(X) € L'(P). Then Y
is 0(A, B)-measurable. To see that Y = F,4,5)(X), P-as., it will suffice to show
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that E(1pY) = E(1pX), for all sets D in some 7-system P generating the o-field
o(AUB) (2.b.4).

A suitable 7-system is the family P ={ANB | A€ A, B € B}. We now have
to show that F(14ngY) = E(1ansX), for all sets A € A, B € B.

Indeed, for such A and B, 1p is B-measurable, 14Y is A-measurable and the
o-fields A, B are independent. It follows that 15 and 14Y are independent. Thus
E(1anpY) = E(1514Y) = E(15)E(14Y).

But E(lAY) = E(IAX), as Y = EA(X) and A € A. Thus E(lAmBY) =
E(1p)E(14X). Now we reverse the previous step. Since 1p is B-measurable, 14X
is o(0(X), . A)-measurable and the o-fields o(c(X),.A), B are independent, it fol-
lows that 1p and 14X are independent. Hence E(1g)E(14X) = E(1plaX) =
E(1anpX) and it follows that F(14npY) = E(1anpX), as desired.

(ii) The case X > 0 now follows from (i) by writing X = lim, (X A n) and using
2.b.6, and the general case X € £(P) follows from this by writing X = XT — X~

The conditional expectation operator Eg on LP(P). Let X € L'(P). Integrating
the inequality |Eg(X)| < Eg(|X|) over Q yields Eg(X) € L*(P) and ||Eg(X)]|)1 <
[IX||1- Thus the conditional expectation operator

Eg:X € LY(P) — Eg(X) € L*(P)

maps L'(P) into L'(P) and is in fact a contraction on L!(P). The same is true for
Eg on the space L?(P), according to 2.b.1. We shall see below that it is true for
each space LP(P), 1 <p < co.

If G is the o-field generated by the trivial partition P = {(}, Q}, then Eg(X) =
E(X), for P-as. In this case the conditional expectation operator E 4 is the ordinary
integral. Thus we should view the general conditional expectation operator Eg :
LY(P) — L'(P) as a generalized (function valued) integral. We will see below that
this operator has all the basic properties of the integral:

2.b.15. Let H,G C F be sub-o-fields and X € L*(P). Then

(a) H C G implies Ey Eg = Ep.

(b) Eg is a projection onto the subspace of all G-measurable functions X € L*(P).
(¢) Eg is a positive linear operator: X >0, P-as. implies Eg(X) > 0, P-as.

(d) Eg is a contraction on each space LP(P), 1 <p < 0.

Proof. (a),(c) have already been shown in 2.b.5 and (b) follows from (a) and
2.b.5.(a). (d) Let X € LP(P). The convexity of the function ¢(¢t) = [¢t|P and
Jensen’s inequality imply that |Eg(X)[P < Eg(|X|P). Integrating this inequality
over the set €2, we obtain || Eg(X)|b < [|X]5. 1
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3. SUBMARTINGALES

3.a Adapted stochastic processes. Let 7 be a partially ordered index set. It is
useful to think of the index ¢ € T as time. A stochastic process X on (Q,F, P)
indexed by T is a family X = (X;)ie7 of random variables X; on . Alternatively,
defining X (t,w) = X¢(w), t € T, w € £, we can view X as a function X : TxQ — R
with F-measurable sections Xy, t € 7.

A T-filtration of the probability space (2, F, P) is a family (F;):er of sub-o-
fields F; C F, indexed by 7 and satisfying s <t = Fs C Fy, for all s,t € 7. Think
of the o-field F; as representing the information about the true state of nature
available at time ¢. A stochastic process X indexed by 7 is called (F)-adapted, if
X; is Fi-measurable, for all t € 7. A T-filtration (F;) will be called augmented,
if each o-field F; contains all the P-null sets. In this case, if X; is F;-measurable
and Y; = X, P-as., then Y; is F;-measurable.

If the partially ordered index set 7 is fixed and clear from the context, stochas-
tic processes indexed by 7 and 7T -filtrations are denoted (X;) and (F;) respectively.
If the filtration (F;) is also fixed and clear from the context, an (F;)-adapted pro-
cess X will simply be called adapted. On occasion we will write (X, ;) to denote
an (F;)-adapted process (X).

An (F;)-adapted stochastic process X is called an (F:)-submartingale, if it
satisfies E(X:') < oo and X < E(Xt|]-'s)7 P-as., for all s < t. Equivalently, X is
a submartingale if X; € £(P) is Fy-measurable, E(X;) < oo and

E(X14) < E(Xyls), foralls<tand A€ F, (0)

(2.b.4.(ii)). Thus a submartingale is a process which is expected to increase at all
times in light of the information available at that time.

Assume that the 7T-filtration (G;) satisfies G C Fy, for all ¢t € T. If the (F)-
submartingale X is in fact (G;)-adapted, then X is a (G;)-submartingale also. This
is true in particular for the 7-filtration G; = o(X,;s < ). Thus, if no filtration
(F) is specified, it is understood that F; = o(Xs; s < t).

If X is a submartingale, then X; < oo, P-as., but X; = —oo is possible on a
set of positive measure. If X, Y are submartingales and « is a nonnegative number,
then the sum X + Y and scalar product aX are defined as (X +Y); = X; + Y}
and (aX); = aX; and are again submartingales. Consequently the family of (F;)-
submartingales is a convex cone.

A process X is called an (F;)-supermartingale if —X is an (Fy)-submartingale,
that is, if it is (;)-adapted and satisfies E(X; ) < oo and X, > E(X;|F,), P-as.,
for all s < t. Equivalently, X is an (F;)-supermartingale if X; € E(P) is Fy-
measurable, E(X;) > —oo and E(X 1) > E(X14), for all s <t and A € F;
(2.b.4.(i1)). Thus a supermartingale is a process which is expected to decrease at
all times in light of the information available at that time.

Finally X is called an (F;)-martingale if it is an (F;)-submartingale and an
(F¢)-supermartingale, that is, if X; € L*(P) is F;-measurable and X, = E(X;|F,),
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P-as., equivalently
E(X;1a)=FE(Xsla), foralls<tand A€ F;. (1)

Especially X, is finite almost surely, for all ¢ € 7, and the family of 7-martingales
forms a vector space. Let us note that F(X;) < oo increases with ¢t € 7, if X is a
submartingale, E(X;) > —oo decreases with ¢, if X is a supermartingale, and F(X})
is finite and remains constant, if X is a martingale. We will state most results for
submartingales. Conclusions for martingales can then be drawn if we observe that
X is a martingale if and only if both X and —X are submartingales. Let now 7 be
any partially ordered index set and (F;) a 7-filtration on (2, F, P).

3.a.0. (a) If Xy, Y: are both submartingales, then so is the process Zy = X; VY.
(a) If X; is a submartingale, then so is the process X, .

Proof. (a) Let X; and Y; be submartingales and set Z; = max{X;,Y;}. Then Z,
is Fi-measurable and Z;" < X;” +V;t, whence E(Z;') < E(X;") + E(Y;") < .
If s,t € T with s <t then Z; > X; and so Er (Z:) > Er,(X:) > X;. Similarly
Er (Zy) > Er,(Y;) > Ys and so Ex (Z:) > X VY, = Z;, P-as. (b) follows from
(a), since X;" = X; vV 0.}

3.a.1. Let ¢: R — R be convexr and assume that E(¢p(X;)T) < oo, for allt € T.
(a) If (X:) is a martingale, then the process ¢(X¢) is a submartingale.

(b) If X; is a submartingale and ¢ nondecreasing, then the process ¢(Xi) is a
submartingale.

Remark. Extend ¢ to the extended real line as in the discussion preceding Jensen’s
inequality (2.b.12).

Proof. The convex function ¢ is continuous and hence Borel measurable. Thus, if
the process X is (F;)-adapted, the same will be true of the proces ¢(X,).

(a) Let X; be a martingale and s < t. Then ¢(X,) = ¢(Ex, (X)) < Er, (¢(Xy)),
by Jensen’s inequality for conditional expectations. Consequently (¢(X;)) is a sub-
martingale.

(b) If X, is a submartingale and ¢ nondecreasing and convex, then ¢(X;) <
¢(Er,(X:)) < Ex, (¢(X;)), where the first inequality follows from the submartin-
gale condition Xg < Ez, (X;) and the nondecreasing nature of ¢. Thus ¢(X;) is a
submartingale. g

In practice only the following partially ordered index sets 7 are of significance:
(i) T ={1,2,..., N} with the usual partial order (finite stochastic sequences).
(i) 7 =N ={1,2,...} with the usual partial order. A 7-stochastic process X will
be called a stochastic sequence and denoted (X,). A 7-filtration (F,) is an
increasing chain of sub-o-fields of F. In this case the submartingale condition
reduces to E(X,,14) < E(X,+114), equivalently,

E(lA(Xn-H - Xn)) >0, Yn>1,AcF,,
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with equality in the case of a martingale.

(iii)) 7 = N = {1,2,...} with the usual partial order reversed. A 7T-filtration
(Fn) is a decreasing chain of sub-o-fields of F. An (F,,)-submartingale will be
called a reversed submartingale sequence and a similar terminology applies
to (F,)-supermartingale and (F,,)-martingales. In this case the submartingale
condition becomes E(Xn|.7-'n+1) > Xn+1, n > 1, with equality in the case of a
martingale.

(iv) T = [0,+00) = R4 with the usual partial order. This is the most important
case for us. A 7 -stochastic process X will simply be called a stochastic process
and denoted (X3).

(v) T the family of all finite measurable partitions of 2 and, for each t € 7, F; the
o-field generated by the partition ¢ (consisting of all unions of sets in t). We
will use this only as a source of examples.

(vi) The analogue of (v) using countable partitions in place of finite partitions.
Here are some examples of martingales:

3.a.2 Example. Let Z € L'(P), T any partially ordered index set and (F;) any
T-filtration. Set X, = E,(Z). Then (X,) is an (F;)-martingale. This follows easily
from 2.b.5.(b). The martingale (X;) is uniformly integrable, according to 2.b.13.

3.a.3 Example. Let (X,,) be a sequence of independent integrable random vari-

ables with mean zero and set
Sn:Xl-l-XQ-l--l-Xn, and fn:U(Xl,XQ,...7Xn), TLZl

Then (S,) is an (F,)-martingale. Indeed E(Sp4+1|Fn) = E(Sn + Xn+1|Fn) =
E(Sp|Fn) + E(Xny1|Fn) = Sn + E(Xpt1) = Sn, by Fp-measurability of S,, and
independence of X,,+1 from F,.

3.a.4 Example. Let 7 be any partially ordered index set, (F;) any 7 -filtration on
(Q,F,P) and @ a probability measure on F which is absolutely continuous with
respect to P. For t € 7, let P, = P|F;, Q: = Q|F: denote the restrictions of
P respectively @ to F;, note that Q; << P and let X; be the Radon-Nikodym
derivative dQ;/dP; € L'(Q, F;, P). Then the density process (X;) is (F;)-adapted
and we claim that X is an (F;)-martingale. Indeed, for s <t¢ and A € F, C Fy, we

have

E(Xs1a) = Qs(A) = Qu(A) = E(X14).

Numerous other examples of martingales will be encountered below.
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3.b Sampling at optional times. We now turn to the study of submartingale se-
quences. Let 7 = N with the usual partial order and (F,) be a fixed 7-filtration
on (,F,P), Fu =V, Fn = o(U,, Fn) be the o-field generated by J,, F,, and
assume that X = (X,,) is an (F,)-adapted stochastic sequence.

A random time T is a measurable function T': Q@ — N U {oo} (the value oo is
allowed). Such a random time T is called (F,)-optional, if it satisfies [T' < n] € F,,
for each 1 < n < oco. Since the o-fields F,, are increasing this is equivalent with
[T =n] € F,, for all 1 <n < oo and implies that [T = o0] € Foo.

T can be viewed as a gambler’s strategy when to stop a game. If the true state
of nature turns out to be the state w, then the gambler intends to quit at time
n = T(w). Of course it is never completely clear which state w the true state of
nature is. At time n the information at hand about the true state of nature w is
the information contained in the o-field F,,. The condition [I' = n] € F,, ensures
that we know at time n (without knowledge of the future) if w € [T = n], that is,
if T(w) = n, in short, if it is time to quit now.

Suppose now that T is an optional time. We call an event A € F prior to T,
if AN[T <n] € F,, for all 1 <n < oo and denote with Fr the family of all events
A € F which are prior to T. Equivalently, A € Fr if and only if AN[T =n] € F,,
for all 1 < n < oco. Interpret F,, as the o-field of all events for which it is known at
time n whether they occur or not. Then A € Fr means that, for each state w € €,
it is known by time n = T'(w), whether w € A or not. Alternatively, if § is the true
state of nature, it is known by time n = T'(§) whether A occurs or not.

Sampling X at time T. Assume that X, is some F,,-measurable random variable
(exactly which will depend on the context). The random variable X7 : Q — R is
defined as follows:

XT(w) = XT(UJ)(W), w € Q.

Note that X7 = X,, on the set [T = n] and X7 = X, on the set [T = +o0.
In case lim, X,, exists almost surely, the random variable X, is often taken to
be X = limsup,, X,, (defined everywhere, Foo-measurable and equal to the limit
lim,, X,, almost surely). Note that we have to be careful with random variables
defined P-as. only, as the o-fields F,, are not assumed to contain the P-null sets
and so the issue of F,,-measurability arises. For much that follows the precise nature
of X, is not important. The random variable X, becomes completely irrelevant
if the optional time T is finite in the sense that T' < co almost surely.

The random variable X7 represents a sampling of the stochastic sequence X,
at the random time 7T'. Indeed X7 is assembled from disjoint pieces of all the random
variables X,,, 0 <n < oo, as X7 = X,, on the set [T = n]. The optional condition
ensures that no knowledge of the future is employed. Optional times are the basic
tools in the study of stochastic processes.

If G,, G, 1 < n < oo, are o-fields, we write G, T G, if G C Go C ... and G =

V.G =0(U, Gn)-
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3.b.0. Let S, T, T,,, 1 < m < oo, be optional times, Y a random wvariable and
X = (X,) an (F,)-adapted stochastic sequence. Then

(a) Fr is a sub-o-field of F.

(b) Y is Fr-measurable < Y 1jp—p) is Fp-measurable, V1 < n < oo.

(¢) T and X1 are Fr-measurable.

(d) S <T implies Fs C Fr.

(e) SAT, SVT are optional times.

(f) [S < T[S =T] € Fsnr-

(9) A€ Fr implies AN[T < S|, AN[T = S] € Fsar-

(h) If T, 1 T < oo, then Fr, 1 Fr.

(i) If the filtration (F,) is augmented, then Fr contains the P-null sets.

Proof. (a) Q € Fr since T is optional. Let A € Fr. Then AN [T < k] € F, and
consequently A°N [T < k] = (QN[T <k])\ (AN[T <k]) € Fp, for each k > 1.
This shows that A¢ € Fr. Closure under countable unions is straightforward.
(b) Set Y, = Y=y, for all 1 < n < oco. If B is a Borel set not containing
zero we have [Y,, € Bl = [Y € BN [T = n] and so [Y € B| € Fr if and only if
[Y,, € Bl € F,, for all n > 1.
(c¢) Let 1 <m < oo. The set A = [T = m] satisfies AN[T =n] =0, if n # m, and
AN[T =n]=[T =n],if n =m. In any event AN[T =n] € F,, for all n > 1. This
shows that A = [T = m] € Fr and implies that T is Fr-measurable.

To see that Xp is Fp-measurable, note that ljg—p X7 = lip—p Xy is Fp-
measurable, for all 1 <n < oo (Xo is Foo-measurable), and use (b).

(d) Assume S < T and hence [T < k] C [S < k], for all k > 1. Let A € Fs.
Then, for each k > 1, we have AN[S < k] € Fj, and consequently AN [T < k] =
(AN[S <Ek)N[T < k] € Fy. Thus A € Fr.

(e),(f) Set R = SAT and let n > 1. Then [R <n] =[S < nJU[T <n] € F,. Thus R
is optional. Likewise [S < T|N[R=n] =[S <TIN[S =n] =[n < T|N[S =n] € Fp,
forallm > 1. Thus [S < T| € Fg. By symmetry [T' < S] € Frandso [S =T] € Fg.
(g) Set R=SATandlet A€ Frandn > 1. Then AN[T < S|N[R =n] =
ANT <SIN[T=n]=(AN[T =n])N[n < S] € F,. Thus AN[T < 5] € Fp.
Intersecting this with the set [S < T| € Fr we obtain AN [T = 5] € Fg.

(h) Set G =V, Fr,. We have to show that Fr = G. According to (d), Fr, C Fr,
for all n > 1, and consequently G C Fpr. To see the reverse inclusion, let A € Fr.
We wish to show that A € G. According to (c) all the T} are G-measurable and
hence so is the limit 7' = limy 7. Thus [T = n] € G, for all n > 1. Moreover
AN[T, =T) € Fp, C G, for all k > 1, according to (g). Since T is finite and the
T, are integer valued, the convergence T,, T T implies that T = T for some k > 1
(which may depend on w € ). Thus A=ANY, [T =T =U, AN[T, =T] €G.
(i) is left to the reader. |

Remark. The assumption in (h) is that T < oo everywhere on Q. If the filtration
(F,) is augmented, this can be relaxed to P(T < co) = 1.
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Let T be a bounded optional time, say T' < N, P-as. If E(X,) < oo, for
all n > 1, then E(XF) < oo also, since X = S0 1ip—iy X, , P-as. Likewise,
if E(X,) < oo, for all n > 1, then E(X7 ) < oo and, under either of these two
assumptions, X7 € E£(P). The boundedness of T also eliminates the necessity to

specify X7 on [T = +o0]. Thus we do not need any random variable X .

3.b.1 Baby Optional Sampling Theorem. Let X,, be a submartingale and S,T
bounded optional times with S < T. Then Xg,Xr € E(P) and E(XSIA) <
E(XTlA), for all sets A € Fg, that is, Xs < E(Xr|Fs). In particular E(Xg) <
E(XT).

Proof. We have E(X,I) < oo, for all n > 1, and so E(X4), E(XF) < oo, especially
Xg, X7 € E(P). The submartingale condition for the stochastic sequence X can be

written as

E(1a(Xp41 — Xi)) 20, Vk>1,A€F.
Assume now that S < T < N, P-as., where N is some natural number. For each
w € Q such that T'(w) < 400 (and thus for P-ae. w € Q) we have:

T(w)—1

X)) = Xs) (@) = Y (Xpr1(w) = Xg(w)) -

The bounds in this sum depend on w. The boundedness P([T' < N]) = 1 can be
used to rewrite this with bounds independent of w:

k=S (w)

N
Xr— Xg = Zk:l Lis<ker)(Xng1 — Xi)-

Consequently, if A € Fg is any set, then

1a(X7 — Xg) = ZN

k=1

As A e Fg, AN[S < k] € Fr and so theset AN[S <k <T]=AN[S < k|N[T < k|°
is in Fj. By the submartingale condition, E(lAﬁ[S§k<T] (X1 — Xk)) > 0, for all
k =1,2,...,N. Taking expectations in (0) now yields E(14(Xr — Xg) > 0, as
desired. |

Lanis<k<r)(Xpy1 — Xi), P-as. (0)

3.b.2 Corollary. Let (X,,F,) be a submartingale (martingale) and (T,,) a nonde-
creasing sequence of bounded optional times. Then (Xt ,Fr,) is a submartingale
(martingale).

Proof. The boundedness of T,, implies that E(X;:n) < 00. According to 3.b.0.(c)
Xr, is Fr, -measurable. Thus the sequence (Xr, ) is (Fr, )-adapted. Moreover 3.b.1
applied to the bounded optional times 7T, < T,,4; yields X7, < E(XTH+1|.7-'TTL).
Thus (Xr,,Fr,) is a submartingale. The proof for the martingale case is similar. |

Remark. It is the assumption of boundedness of the optional times S, T which
makes 3.b.1 so elementary although even this version of the Optional Sampling
Theorem is extremely useful.
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The following example shows that 3.b.1 does not hold for all finite optional
times and all submartingales: Let X,, denote the gambler’s fortune after n tosses of
a fair coin starting with initial capital 0 and betting 1 dollar on each toss (a negative
fortune is allowed). More precisely, let X,, = Y7 + Y2 + ... 4+ Y,,, where the Y; are
independent and identically distributed with P(Y; = 1) = P(Y; = —1) = 1/2. Then
(X,) is a martingale and E(X;) = 0.

Now let S be the constant optional time S = 1 and define T'(w) = inf{n > 1|
Xn(w) =1} (= 400, if no such n exists). The gambler intends to stop when he is
ahead by one. It is easy to see that T" < +o0o with probability one and that T is
an optional time. However, by the very definition of 7' we have X1 = 1, P-as., and
hence E(Xr) =1# 0= E(X;) = E(Xg).

Stronger versions of the Optional Sampling Theorem explore conditions on the
submartingale (X,) which imply that 3.b.1 holds for all optional times. It will
be seen later that the existence of a last element X, for the submartingale (X,,)
(which in turn follows from uniform integrability) is a suitable assumption. Finally,
let us record a simple consequence of 3.b.1:

3.b.3. Assume that T is an optional time bounded by the integer N > 1. Then
(a) BE(|X7|) <2E(X%) — E(Xy), if (X,,) is a submartingale.
(b) E(|Xr|) <2E(Xy) + E(X1), if (X,,) is a supermartingale.

Proof. (a) Assume that (X,,) is a submartingale. Then so is the sequence (X,).
Thus 7 < N implies that E(X;)) < E(X%) while 1 < T implies that F(X;) <
E(X7). Note now that |X7| = Xff + X7 and Xp = X} — X7 and so X} =
Xj'f — Xr. Tt follows that | Xp| = QXI‘Lr — X7 and consequently

E(|Xr|) =2E(X}) — E(Xr) < 2E(X};) — E(Xy1).

(b) If the sequence (X,) is a supermartingale then (—X,) is a submartingale
satisfying (—X,)* = X, . Replacing X with —X in (a) now yields E(|Xr|) <
2E(Xy) + E(X1)- 1

3.c Application to the gambler’s ruin problem. Let (X,,),>1 be an iid sequence
of random variable on (2, F, P) which assume only the values +1 and —1 with
respective probabilities P(X, =1) = p and P(X,, = —1) = ¢. Set

Sy, will be interpreted as the sum total of wins and losses of a gambler, betting 1
dollar on the outcome X,, = 1, at the nth game. The random walk (.5,,) is called
symmetric (unbiased) if p = ¢ and biased otherwise. Since the bets are limited
to exactly one dollar at each game, the random walk (S,,) is integer valued and
proceeds in jumps of unity, that is, it cannot jump over any integer.

A question of great interest to us, the gamblers, is the following: starting
with d > 1 dollars what is the probability that we win b > 0 dollars before we
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are bankrupt (lose all our d dollars)? This can be modeled as follows: We set
a := —d < 0 and examine how long S, (which starts at zero) remains in the
interval [a, b]. Note that a < 0 < b and let F,, = 0(X1, X3,...,Xy), for all n > 1.
Clearly the sequence (Sy,) is (F,)-adapted. We set

T=min{n>1] 5, ¢ (a,b)}.

It is easy to see that T is an optional time relative to the filtration (F,). At time
T the random walk leaves the interval (a,b) for the first time and since it cannot
jump over the boundary points a,b we have

St € {a,b}, on the set [T < x].

We will soon see that T < oo almost surely, and thus we do not need a random
variable S, for the definition of Sp. If S = a = —d we are bankrupt, while in
case St = b, we have won b dollars before going bankrupt.

The unbiased case. Assume that p = ¢ = 1/2. Then E(X,) = 0. Note that
E(S,|Fy) = Sn, by Fy-measurability of S,,, and E(X,,41|F,) = E(Xn41) = 0, by
independence of X,,;1 from F,. It follows that

E(Spt1|Fn) = E(Sn|Fn) + E(Xnt1|Fn) = Sn,

that is, (S,) is a martingale. Apply the conditional expectation operator Ex, to
both sides of the equation

S =82 +25, X1+ X724
= S,Ql + QSan_H +1

and recall that E(X,,11|F,) = E(X,41) = 0 and S, is bounded (|S,| < n) and
Frn-measurable. It follows that E(25, X, 11|Fn) = 25, E(Xpn41|Fn) = 0 and so

E(Sp1|Fn) = S + 1.

Consequently the sequence (S2 —n) is a martingale. Set Y;, = S2—n and T,, = nAT,
where T is as above. Then (Y7, ) is a martingale (3.b.2) and since a martingale has
a constant mean, we conclude that

E(S?,7 —nAT)=FE(Yr,)=EY7)=E(Y;)=0;

in other words, E(nAT) = E(S2 1), for all n > 0. However n AT < T and T is the
first time S,, leaves the interval (a, b). It follows that S,Ar € [a, b] and consequently
|Snar| < max{|al,|b|} ;== K. Thus E(n AT) < K2. Also 0 <n AT 1T and so, by
monotone convergence, it follows that E(n AT) 1 E(T), as n | co. Consequently
E(T) < K? < oo and this implies that T < oo almost surely.
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It follows that Sy is defined and, as we have seen above, St € {a,b} almost surely.
This implies that E(St) = ax + b3, where

a=P(Sp=a) and (= P(Spr=0»).

On the other hand, using 3.b.2 again, (S,ar) is a martingale and as such has a
constant mean. It follows that E(S,ar) = E(Siar) = E(S1) = 0, for all n > 0.
Also Spar — St on the set [T < oo], and hence almost surely, as n | oco. Because
of |Spar| < K the Dominated Convergence Theorem yields E(S,ar) — E(S7). It
follows that acw+ b6 = E(St) = 0. Also a+ 8 = 1, since St € {a,b} almost surely.
We can solve the equations ac + b3 = 0 and o + 8 = 1 to obtain

b b . .
a=—= brd (probability of ruin), and
8= e _ 4 (probability of success)

=9 Ta " b1d pr ility of su .

We can also compute the expected time E(T') to decision. We have seen above that
E(nAT)=E(S2,r). Letting n T co we conclude that

E(T) = E(S%) = ad® + fb* = —ab = bd.

The biased case. Assume now that p # ¢. Then E(X,) = p — ¢ # 0 and so
E(S,) = n(p — q). Note first that

E(Sn—&-l‘Fn) = E(Sn|-7:n) + E(Xn+1|-7:n) = Sn + E(Xn-‘rl) = Sn + (p - Q)'

Consequently Y, = S, —n(p—¢q), n > 1, is a martingale and hence so is the sequence
(Yoar) (3.b.2). In particular this sequence has a constant mean, that is,

E(Suar —(p—gn AT) = E(Yorr) = EY1) = E(S1) = (p—¢) =0. (0)

Note that Syar € [a,b]. Thus |Spar| < max{|a|,|b]} = K and so |p—q|E(nAT) =
|E(Spat)| < K that is, E(n AT) < K/|p—q| < oo. Since 0 < n AT 1 T we have
E(nAT) T E(T) and hence E(T) < K/|p — q| < oo, from which it follows that
T < oo almost surely. Also |[Spar| < K and Spar — St on the set [T < oo] and
hence almost surely. By bounded convergence it follows that E(S,ar) — E(ST).
Thus passing to the limit in the equation (p — ¢)E(n AT) = E(Suar), derived from
(0), we obtain

(p— @) B(T) = E(S7) = aa + b3, (1)

where o = P(St = a) and 8 = P(St = b), as above (note that Sy € {a,b} when
T < oo, and hence almost surely). In order to compute the unknown quantities
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E(T), o, 3 we must derive further equations. To do so let A > 0 and set Z,, = A",
Then
E(Zn 1| Fn) = E(ASn AXn1 | Fy) = AS B(AY 1| F,)

=Z,E(A*) = Z,(pA+qA™") = Z,B,

where B = pA + gA~!. From this it follows that (B~"Z,) is a martingale. This
is particularly simple, if B = 1, that is pA 4+ ¢gA~! = 1, which one solves easily
for A = 1,q/p. Thus we set r = ¢/p and use the fact that Z, = r» defines a
martingale. Using 3.b.2 the sequence (Z, 1) is also a martingale with Zi 7 = Z3
and thus has a constant mean. It follows that

E(Zunr) = E(Z) =pr+qr~' =1, foralln>1. (2)

Now Znar — Z7 on the set [T < o0], and so almost surely. Since S,ar € [a, b] this
convergence is bounded (|Z, 7| < C, where C' = SUPy¢la,b) r) and passing to the
limit in equation (2) yields F(Zr) = 1. But Sz € {a,b} and hence Zr € {r?,r’}
almost surely and in fact [Z7 = r?] = [Sp = a] and [Zr = 7] = [Sp = b].
Consequently 1 = E(Z7) = r*P(St = a) +r°P(Sy = b) = ar® + r®. Combined
with the equation a + 8 = 1 this yields the system of equations

at+pf=1, aa+pb=(p—qE(T) and ar®+pr’=1,

which one solves for

1—rb r¢—1 1 br¢ —ar’ +a—b
« ra _ pb’ ﬁ ra _ pb’ ( ) p—q ra _ pb
In terms of our original data d = —a and b we obtain
pd _ pbtd
P(Sy=a)=a= T (probability of defeat),
P(Sp=b) = p— =1 bability of
(St = )_ﬂ_m (probability of success),
1 [b+dr®td — (b4 d)r?

E(T) = +ar (b+d)r (expected time to decision).

D—gq 1 pbtd

Here d is our initial capital, b the amount we want to win (in addition to our initial
capital), p = P(X; = 1) the probability in our favour and ¢ = P(X; = —1) the
odds against us on each individual bet and finally r = ¢/p # 1.



Chapter I: Martingale Theory 29

4. CONVERGENCE THEOREMS

4.a Upcrossings. Let (2, F,P) be a probability space, (F,)n>1 a filtration on
(Q,F, P) and (X,,) an (F,)-submartingale. For w € Q the sequencen € N — X,,(w)
is called the sample path associated with the point w. We are now interested in
the oscillatory behaviour of sample paths, especially in the number of times such a
path crosses up from a value X;(w) < « to a later value Xy (w) > 5.

4.a.0. Let N > 1, B a Borel set and S an optional time. Set
Tw)=NAf{l1<k<N]|k>Sw) and Xx(w) € B}.

Then T is an optional time.

Remark. Recall the convention inf()) = +oo. It follows that T'(w) = N, if there
does not exist k such that S(w) < k < N and Xi(w) € B, and T(w) is the smallest
such k, especially T'(w) < N, if such k exists.

Proof. Since the sequence X is (F,)-adapted, we have [ X} € B] € Fy, for all k > 1.
If n > N, we have [T < n] =Q € F,. Let now n < N. Then T(w) < n if and
only if there exists k such that S(w) < k < n and Xj(w) € B. Necessarily then
S(w) e{l,2,...,n—1}. Thus

[T <n] == UpjalS = 41N [Xk € Bl € Froy

Fix N > 1 and —o0 < a < # < 400. A segment (X;(w), X;41(w),..., Xp(w))
of the sample path (X, (w)) will be called an upcrossing of the interval (o, 3) if
we have X;(w) < «, k is the smallest index n > j such that X,,(w) > 8 and the
difference k — j is maximal subject to these constraints. In other words j < k is the
smallest index for which X;(w) < « and k has the preceding property. This fixes
the starting point j of an upcrossing as the time of the first dip below « since the
last upcrossing and in consequence any two distinct upcrossings are disjoint. The
upcrossing (X;(w), Xj41(w), ..., Xp(w)) is said to occur before time N, if k < N.
The times j, k at which upcrossings start and end can be defined recursively and
will then be seen to be (F,)-optional. For w €  set

Si(w)=NAnf{l1<k<N|Xpw)<a} and
Ti(w)=NAnf{1<k<N|k>S(w)and Xi(w) > 5}

Assuming that S, (w), Ty, (w) have already been defined, we set

Spriw)=NAf{1<k<N|k>T,(w) and Xi(w) <
Thii(w)=NAnf{l1<k<N|k>S1(w)and Xg(w) > 5}

Note that

S1(w) <Th(w) < Sa(w) <Th(w) <...< {
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that is, the sequence (Sy,T}, S2, T, ...) is strictly increasing until one of its terms
hits the value N, when all the following terms stabilize at N. Moreover S;(w), T;(w)
equal N if and only if the condition for k£ in the defining infimum can no longer be
satisfied. Clearly Sy(w) = Tn(w) = N.

Figure 1.2

The upcrossings of the interval («, ) which occur before time N are exactly the
segments (Xsl(w)(w), . aXT1(w)(w))7~ .. >(XS,L(w) (W), ... 7XT"(w) (w)) with n > 1 the
largest integer such that T),(w) < N (see Figure 1.2). In particular

Un(a,B)(w) =sup{n >1|Th(w) < N}VO (=0,if nosuchn > 1 exists)

is the precise number of upcrossings of («, 3) by the sample path (X, (w)) which
occur before time N.

4.a.1. (a) The T,, Sy, n > 1, are bounded optional times.
(b) Un(a,B): Q@ —{0,1,2,...} is measurable.
(c) We have X1, () (w) — Xs, () (W) = B —a, forall j =1,2,...,Un(a, B)(w).

Proof. (a) This follows from 4.a.0 by straightforward induction.

(b) The increasing nature of the T;, implies that [Uy(«, 8) < m] = [Ti+1 = N] € F,

for all m > 0. Since Uy (e, ) takes values in {0, 1,2, ...}, it follows that Uy (c, 3)

is measurable.

(c) For k = 1,2,...,Un(a, B)(w), the segment (Xg, ()(w),..., X7 () (w)) is an

upcrossing of (a, 3) and thus in particular Xg, () (w) < o and X7, () (w) > 6.
The crucial step in the proof of our convergence theorems is the following

estimate of the expected number E(Uy (e, 8)) of upcrossings of (a, 3) by X before

time N:
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4.a.2 Upcrossing Lemma.

B(XY) +a|
B-a

Proof. For each n > 1 set Y,, = (X,, — @)*. Then Y,, > 0 is a submartingale and
we have

E(Un(a,B)) <

Xp<a < Y, <0 and XkZﬂ <~ YkZﬁfa.

Thus the upcrossings of («, 3) by (X, (w)) happen at exactly the same times as the
upcrossings of (0,5 — «) by (Y, (w)). Setting Ty = 1 and recalling that Ty = N we
can write

Yn2>2Yv-Y1 = Zivzl (YTk- - YTk—l) = legvzl (YTk - Ysk) + Zgzl (Ysk - Ykal) :

If Sk(w) < N, then Yg, (,)(w) = 0, and if Sp(w) = N, then T} (w) = N also. In any
case we have (Y, =Yg, )(w) > 0, forall k = 1,2,..., N. Moreover Uy («, §)(w) < N
and (Yp, —Ys, )(w) > B—a, forall k =1,2,...,Ux(a, B)(w), according to 4.a.1.(c).
Thus Zszl (Yp, — Ys,) > (6 — a)Un (e, B) at each point of © and consequently

Yn > (8- a)Un(o, B) + S0y (Y, — Y1) -

Taking expectations we find that

E(Yy) > (B—a)E(Un(e, 8) + Spy (B(Ys,) — E(Yz,_,)) -

Applying the Optional Sampling Theorem 3.b.1 to the submartingale (Y,,) and
bounded optional times Ty_1 < Sy yields E(Ys,) > E(Yrp,_,), forallk=1,... N.
We conclude that

E(Yn) > (8 —a)E(Un(a, B)),

equivalently, that E(Un(a, 8)) < E(Yn)/(6 — «). It remains to be shown merely
that E(Yn) < E(X) + |al. This follows immediately from Yy = (Xy — )™ <
X3 + |a| upon taking expectations. y

4.a.3 Submartingale Convergence Theorem. Assume that the submartingale (X,,)
satisfies K = sup,, E(X;") < co. Then

(i) Xo =lim,, X,, € R exists P-as. and satisfies E(X1) < oo.

(i) If E(X,) > —oo, for some n, then X, € L*(P).
(1ii) We have X,, < E(X|Fn), for allm > 1, if and only if the family {X;F|n > 1}

is uniformly integrable.

(iv) Assume that (X,) C LY(P). Then Xo € L*(P) and X,, — Xoo in LY(P), if
and only if the submartingale (X,,) is uniformly integrable.

Proof. (i) Set X, = liminf, o X, and X* = limsup,,;,, Xp- Then X., X* are
extended real valued random variables. We have to show that P(X, < X*) = 0.
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As [X. < X*] is the countable union of the sets A(a, ) = [X« < a < 8 < X*] over
all rational numbers «, § with a < 3, it will suffice to show that P(A(a,3)) = 0,
for all such « and g.

Now if w € A(a, ) then liminf, o Xp(w) < a < 8 < limsup,,;,, Xn(w) and
consequently the sample path (X,,(w)) must drop below « infinitely often and must
also exceed the value (3 infinitely often. In consequence it must cross up from below
« to above [ infinitely often, and so

U, B)(w) := ]\IIITHOIO Un(a, B)(w) = 4o0.

It will now suffice to show that this can happen only on a P-null set, equivalently,
that U(a, 8) < o0, P-as. As U(a, 3) = limpy1eo Un (v, 8) is measurable and nonneg-
ative, it will suffice to show that E(U(«, 8)) < oo. Indeed 0 < Un(a, 8) T U(e, 8),
and so E(Un(a, ) 1 E(U(a, B)), as N 1 co. However, according to the Upcrossing
Lemma, we have E(Uy(a, 3)) < (8 —a) (K +|al), for each N > 1, and it follows
that E(U(a,8)) < (8- a) YK + |a]) < .

Thus Xoo(w) = limy 00 Xn(w) € R exists almost surely. Extending Xo, to all
of Q by setting X, = limsup,, X,,, Xoo becomes a random variable (defined and
measurable on all of Q). Using Fatou’s Lemma, we see that

E(XL) = E(lim, X;) = E(liminf, X,7) <liminf, B(X;}) < K < .

(ii) Assume now that m > 1 and E(X,,) > —oo. Recall that the expectations
E(X,) are nondecreasing. If n > m, then |X,| = X, + X, = 2X,/ — X,, and
so BE(|X,|) = 2E(X;}) — E(X,) < 2K — E(X,,). Another application of Fatou’s
Lemma now yields

E(|X«|) = E(liminf, | X,|) <liminf, B(|X,|) < 2K — B(X,,) < cc.

(iii) Assume first that X,, < E(X|Fn), for all n > 1. Then the extended se-
quence (X,)i<n<oco is still a submartingale and hence so is the extended sequence
(X;F)1<n<oo (3.2.0). Consequently

0< X) <BEXL|F.,), n>1.

The uniform integrability of the family { X;© | n > 1} now follows from the uniform
integrability of the family { Ex, (XL)|n>1} (2.b.13).

Conversely, assume that the family { X;F | n > 1} is uniformly integrable (and
hence L'-bounded). Then E(X1) < oo, according to (i). We must show that
X, < E(Xw|Fn), equivalently

E(Xnla) €< E(Xoola), Vn>1,A€F,. (0)
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Fix r € Rand set X,,(r) = X,,Vr, n > 1. Then (X,,(r)), is a submartingale (3.a.0).
Fixn > 1 and let A € F, and m > n. Then E(X,(r)1a) < E(X;,(r)14). Letting
m 1 oo and observing that the uniform integrability of { X, | m > 1} implies the
uniform integrability of { X,,(r) | m > 1}, we obtain

E(X,(r)14) < E(Xs(r)la).

Letting r | —oo now yields (0), by decreasing convergence. Note that the families
{X,(r) | » € R} and { X(r) | » € R} are bounded above by the integrable
functions X, respectively XT.

(iv) If (X,,) € L'(P), then norm convergence X, — X, € L'(P) implies the
uniform integrability of the sequence (X,,). Conversely, the uniform integrability of
the sequence (X,,) and almost sure convergence X,, — X, imply that X, € L!(P)
and X, — X in norm (1.b.4). |

Remark. In general the limit X, will not be integrable. For a trivial example set
Fn={0,Q} and X,, = —o0, for all n > 1. The sequence (X, F,) is a submartingale

and X, = —oo on all of Q.

4.a.4 Corollary. A submartingale sequence (X,,) C L*(P) is norm convergent to an

integrable random variable X if and only if it is uniformly integrable. §

Let now (X,) be an L'-bounded martingale and K = sup,, || X,||1 < oo. Then
(X,) and (—X,,) are submartingale sequences with sup,, E(X,}),sup,, E((—X,)")=
sup,, E(X;)< oo. An application of 4.a.3, 4.a.4 to both submartingales (X,,) and
(=X,) now yields:

4.a.5 Martingale Convergence Theorem. Let (X,,) be an L'-bounded martingale.
Then Xo = lim, X,, exists P-as. and is an integrable random variable. Moreover
the following conditions are equivalent:

(i) Xn = E(Xso|Fn), for alln > 1.

(ii) Xp — Xoo in LY-norm.

(1ii) (Xp) is uniformly integrable. |

Remark. The reader will have noticed that the filtration (F,) does not enter the
argument. If (X,,) is a submartingale with respect to any filtration (F,,), then (X,,)
is a submartingale with respect to the filtration G,, = o(X3, Xa,...,X,,) and this,

conversely, is sufficient for all the results above.
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4.b Reversed submartingales. Recall that a reversed submartingale is a sequence
(Xn, Fn)n>1 which is a martingale when the natural order on the index set N is
reversed. In short Fy O Fy D F3 D ..., (X,,) is (F,)-adapted, E(X,) < oo and

Er, . (Xn) > Xyy1, foralln>1. (0)

If X,, € L'(P) and equality holds here for each n > 1, then the sequence (X, F,) is
called a reversed martingale. The reversed order on N has a last element, namely
1, and so X,, < E(X1|F,), n > 1, with equality in the martingale case. This has far
reaching consequences, as we shall see below. For example, if the sequence (X,,, F,,)
is a reversed martingale, then X,, = E(X;|F,), for all n > 1, and it follows that
(X,,) is uniformly integrable, especially L!-bounded (2.b.13).

Let (X,,F,) be a reversed submartingale and set Foo = (), Fn. The in-
creasing property of the mean in the reversed order on N means that E(X,) |,
as n T oo, and consequently M = lim,j F(X,) € R exists. Moreover, for each
finite N, the reversed sequence ((Xn,Fn), (Xn—-1,Fn=-1),--.,(X1,F1)) is a finite
submartingale sequence with the usual order to which the Upcrossing Lemma can
be applied. Thus, for a < 3,

X[l + o

B(Ux(0.8) < =,

(1)
where Uy (e, 8)(w) is the number of upcrossings of the interval (a,3) by the fi-
nite reversed sample path (Xy(w), Xn-1(w),...,X1(w)), which occur before time
N. Since the right hand side of (1) does not depend on N, almost everywhere
convergence follows without additional assumptions.

4.b.0 Theorem. Let (X,,, F,)n>1 be a reversed submartingale and M = lim,, E(X,,).
Then
(i) The family {X|n > 1} is uniformly integrable.
(11) Xoo = limy100 Xy € R exists for P-as. and satisfies E(X1) < oo.
(i11) Xoo < E(Xn|Fo), n > 1.
(iv) If M > —oo, then the sequence (X,,) is L'-bounded, and so X, € L*(P).
(v) If M > —oc0, then the sequence (X,,) is uniformly integrable.

Remark. Clearly (v) is stronger than (iv) but the proof is harder.

Proof. (i) According to 3.a.0, (X,;I, F,,) is a reversed submartingale. Consequently
0 < X;b < E(X{'|Fn), for all n > 1. By definition of a submartingale X;~ € L' (P).
The uniform integrability of the family {X;"|n > 1} now follows from the uniform
integrability of { E(X;"|F,) | n > 1} (2.b.13).

(ii) The existence of the limit X = lim,jo, X, € R, P-as., is shown exactly as in
the proof of 4.a.3 using estimate (1). By (i) the family {X,[|n > 1} is L'-bounded.
The finiteness of E(XJ) now follows by the usual application of Fatou’s lemma.
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(iii) Extend Xo to all of Q by setting X, = limsup,,;,, Xn. It is easy to see that
then X, is F,,-measurable, for all n > 1, and consequently X, is Fo.-measurable.
Thus it will suffice to show that

E(Xsclp) < B(Xu1a), Yn>1,A€ F,. 2)

Fixr € Rand set X,,(r) = X,,Vr,n > 1. Then (X,,(r)), is areversed submartingale
(3.a.0). Fix n > 1 and let A € F,, and m > n. By the reversed submartingale
property E(X,,(r)1a) < E(X,(r)la). Letting m T oo and observing that the
uniform integrability of { X}, | m > 1} implies the uniform integrability of { X, () |
m > 1}, we obtain

E(Xo(r)la) < E(Xp(r)la).

Letting r | —oo now yields (2), by decreasing convergence. Note that the families
{Xn(r) | m € R} and { X(r) | » € R} are bounded above by the integrable
functions X, respectively X 1.

(iv) Assume that M > —oo. From (i) it follows that K = sup,, E(X,I) < oo. Let
n > 1. Then E(X,) > M (since E(X,) | M) and |X,| = 2X,/ — X,,. Tt follows
that F(]X,|) < 2K — M < co. The usual application of Fatou’s lemma now shows
that F(|Xs|) < 2K — M < oo also.

(v) Assume that M > —oco. Because of (i) it will suffice to show that the family
{ X, | n>1} is uniformly integrable, that is,

E(X,;[X, >a]) — 0, uniformly in n > 1, as a T occ. (3)
Let a > 0. Recall that E(X,) | M, especially E(X,,) > M > —oo, n > 1
Combined with sup,, E(X,I) < oo (from (i)) this shows that C' = sup,, F(X,,) < .

According to Chebycheff’s inequality

P(X, >a) < E(X ) <

2|Q

and consequently P(X; > a) — 0, uniformly in n > 1, as @ T co. Now let
1 < m < n. By the reversed submartingale property we have

E(Xp14) < E(Xmla), VYA€ F,. (4)

Note that the event A = [X,7 < a] is in F,, and X,, = —X,, on the set [ X, > al.
Thus
X lixrsa = Xl sa) = Xnlix; <a = Xn-

Using (4), it follows that
0< E(erl[x,;>a]) = E(an[X*<a]) - E(X,) < E(Xml[xgga]) - E(Xy)
= E(Xm) — — E(Xmlix; sa)
< EB(X,,) — )+ E(|Xm|lx-q)-
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Now let € > 0 be arbitrary. Since M = lim,, £(X,,) is finite, we can choose m such
that n > m = E(X,,) — E(X,,) < e. Moreover the integrability of X,, combined
with the convergence P(Xg > a) — 0, uniformly in n > 1, as a T oo, shows that
sup,, E(|Xm|1[x,j>a]) — 0, as a T co. We can thus choose a such that

sup,, E(|Xm|1[X;>a]) <e€, VYa>ag.

Then OgsuanmE(Xgl[Xfxl}) <e+e=2 Va>ap.

Increasing ag we can obtain sup,,>; E(X,;[X,, > a]) < 2¢, for all @ > ag. Thus
the family { X7 | n > 1} is uniformly integrable. |

4.c Levi’s Theorem. Let F,, G be sub-o-fields of F, n > 1, and write F,, T G,
if F, CF CF C...and Foo = 0 (UnZI fn). Similarly, write 7, | G, if
Fi12F22F32 ... and Foo =(),51 Fa-

4.c.0 Theorem. Let (F,)n,>1 be a sequence of sub-o-fields of F, X € L'(P) an
integrable random wvariable and X,, = Ex, (X), for alln > 1.
(i) If Fn 1 G, then the sequence (X,,, Fy) is a uniformly integrable martingale and
X, — Eg(X), P-as. and in norm.
(ii) If F, | G, then the sequence (X, Fyp) is a uniformly integrable reversed mar-
tingale and X, — Eg(X), P-as. and in norm.

Remark. The pointwise limit ¥ = lim, 100 X5, if it exists, must be G-measurable
and thus cannot be expected to be X itself.

Proof. (i) The martingale property follows from 2.b.5.(b). According to 2.b.13
the martingale (X,) is uniformly integrable and hence L'-bounded. Set Y =
lim sup,, X;,. Then Y is defined everywhere and F.-measurable. By the Martingale
Convergence Theorem 4.a.5 we have X,, — Y, P-as. and in norm.

It remains to be shown only that ¥ = Eg(X) P-as. According to 2.b.4.(iii)
it will now suffice to show that F(Y14) = E(X14), for all sets A in the m-system
P = U,,>; Fn which generates the o-field G. Indeed, let A € P and choose m > 1
such that A € F,,. If n > m then A € F,, and the definition of X,, shows that

E(X,14) = E(X1,). (5)

On the other hand the norm convergence X, — Y implies that F(X,14) —
E(Y1,). Letting n T oo in (5) now shows that E(Y14) = E(X14).
(ii) The reversed martingale property follows from 2.b.5.(b) and the uniform inte-
grability of the sequence (X,,) follows from 2.b.13. Set Y = limsup,, X,,. Then Y
is defined everywhere and F..,-measurable. According to 4.b.0 we have X,, — Y,
P-as. and so, because of the uniform integrability, also in norm.

It remains to be shown only that Y = Eg(X), that is, E(Y14) = E(X1,4), for
all sets A € G. If A € G, then A € F,, and consequently

E(anA) :E(XIA)7 (6)
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for each n > 1. On the other hand the norm convergence X,, — Y implies that
E(X,14) — E(Y1y4). Letting n T oo in (6) now shows that E(Y14) = E(X14).}

Convergence for conditional expectations revisited. Levi’s Theorem allows us to
strengthen our dominated convergence theorem for conditional expectations: it will
now be possible to cope with varying o-fields also. Relatively weak assumptions
establish norm convergence:

4.c1. (a) IfF,1G and X,, — X in L', then Ex, (X,) — Eg(X) in L',
(b) If F, | G and X, — X in LY, then Ex, (X,) — Eg(X) in L.

Proof. (a) Note first that ||Ex, (X,) — Ex, (X)|1 < [|Xn — X||1 — 0. Moreover

|Ez, (X)—Eg(X)|1 — 0, by 4.c.0. Thus ||E£, (X,,)—FEg(X)|l1 — 0, by the triangle
inequality. The proof of (b) is similar. |

If we want to conclude P-as. convergence of the conditional expectations, we need
stronger hypotheses:

4.c.2 Ultimate Dominated Convergence Theorem. Let F,,,G C F be o-fields,
X, X,Z € L*(P) and assume that | X,,| < Z and X,, — X, P-as. Then

(i) If Fu 1 G, then Ex, (X,) — Eg(X), P-as., asn 1 co.

(i) If Fr, | G, then Er, (X,) — Eg(X), P-as., asn ] co.

Proof. For each n > 1 set W, = supy~,, | X — X|. Then 0 < W,, < 2Z and hence
W,, € L'(P). Moreover W,, | 0, P-as. on €.

(i) Fix N > 1. Forn > N we have | X,,—X| <W,, < Wy andso Er, (| X, — X]) <
Ex (Wy). By Levi’s theorem we have Ex, (Wy) — Eg(Wy), as n T oo, and so

limsup,, Ex, (| X, — X|) <lim, Ex, Wy) = Eg(Wy), for each N > 1.

Let N 1 oo. Since 2Z > Wy | 0 we have Fg(Wy) | 0, P-as., by monotone
convergence (2.b.6). It follows that limsup,, Ex, (|X,, — X|) =0, P-as. Thus

|Er, (X,) — Er, (X)| < Ef, (| Xn—X|) — 0, P-as., as n | co.
Again, by Levi’s theorem we have Er (X) — FEg(X), P-as., and it follows that
E]:n (Xn) = (E]-"n(Xn) — E]:n(X)) + E]:n (X) — Eg(X), P-as., asn T oo.

The proof of (ii) is quite similar. j

Remark. Note that our hypotheses imply that X,, — X in L'-norm (dominated
convergence theorem for functions), that is, the assumptions of 4.c.2. But the con-
clusion is now almost sure convergence of the conditional expectations, a strong
result with striking applications (even in its most elementary form; see the martin-
gale proof of Kolmogoroff’s Zero-One Law below) and does not follow from weaker
assumptions, not even if the o-fields F,, = G are constant:
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Ezample. [DT] If our assumption of dominated convergence 27 > |X,, — X| — 0,
P-as., is replaced with the following weaker assumption: (X,,) uniformly integrable
and X,, — X, P-as. (this implies X,, — X in norm), the almost sure conver-
gence Eg(X,) — Eg(X) no longer follows as the following example establishes.
Let (Y,,) and (Z,,) be sequences of independent random variables (the Y;, assumed
independent of the Z,, also) such that

1 with probability 1/n n  with probability 1/n
Y, = . Zp = .
0 otherwise, 0 otherwise,

and set X,, =Y,,Z, and G = o(Y1,Y5,...). Note first that the events [Y,, > 1/2] are
independent and satisfy >, P(Y,, > 1/2) = co. This implies P(Y,, > 1/2i.0.) =1,
especially Y,, 4 0, P-as. By independence of Y,, and Z,, we have

X - {n with probability 1/n2
" 0 otherwise.

Thus P(X,, > 0) = 1/n?. By the Borel Cantelli Lemma P(X,, > 0 i.0.) = 0 and so
X, — 0, P-as. Moreover

1 1
EXnaXnZ S 5 =
(Xals Xl > al) <oy =

for all @ > 0. This implies that E(|X,|; [|[X,| > a]) — 0, a T oo, uniformly in n > 1
(finitely many integrals for n < N can be handled by making a > 0 large enough).
In short the sequence (X,,) is uniformly integrable and X,, — 0, P-as. Nonetheless
Eg(X,) # 0, P-as., since the G-measurability of Y;, and independence of G of Z,

imply tha Eg(Xn) = Eg(YnZn) = YnEQ(Zn) = YnE(Zn) =Y. 40, P-as.)

4.d Strong Law of Large Numbers. As striking applications of Levi’s theorem we
prove the Kolmogoroff Zero One Law and the Strong Law of Large Numbers. Let
X = (X,) be a sequence of random variables. The o-field

T = ﬂnZl U(Xna Xn+17 Xn+2, .. )

is called the tail-o-field with respect to the sequence X. A function f : Q — R is
called a tail- function of X if it is measurable with respect to the tail-o-field 7 of
X.

The events A € 7 are called the tail events with respect to the sequence X.
Clearly A is a tail event with respect to X if and only if the indicator function 14
is a tail function of X.

Let f be a tail function of X and n > 1. Then f is 0(X,,, X, 41, ...)-measurable
and hence f = ¢,(X,, Xnt1,...) for some measurable function g, : R — R (R™®
equipped with the product o-field). Thus a tail function of X should be thought
of as a measurable function of X which does not depend on any finite collection of
the X,,. Obvious examples are f = limsup,, X,, and f = liminf,, X,,.

Likewise A € o(X) is a tail event if, for each w € Q, it does not depend on
any finite collection of values X (w), Xo(w), ..., Xn(w) whether w € A or not, but
merely on the values X,,(w), n > m, where m T co. We will frequently use the
following fact:
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4.d.0. Assume that A and B are independent o-fields and X, Y random variables.
If X is A-measurable and 'Y is B-measurable, then X and Y are independent.

Proof. Then we have o(X) C A and ¢(Y) C B and the independence of o(X) and
o(Y) follows. j

4.d.1 Kolmogoroff Zero One Law. Assume that X = (X,,) is a sequence of inde-
pendent, integrable random variables. Then

(i) Every integrable tail function f of X is constant, P-as.

(ii) Ewery tail event A with respect to X satisfies P(A) =0 or P(A) = 1.

Proof. (i) Let f be an integrable tail function of X. Set F,, = o(X1, Xa,..., Xn),
for each n > 1, and Foo = 0 (Un>1 fn) = o(X), as usual. We note that f is
Foo-measurable and hence Ex_(f) = f, P-as.

By independence of the sequence (X,,) the o-fields F,, = o(X1, Xa,..., X,) and
0(Xp+t1, Xnto,...) are independent. Since f is o(X,41, Xpto,...)-measurable, it
follows that f is independent of the o-field F,,. Consequently Z,, := Ex_ (f) = E(f),
P-as., for each n > 1 (2.b.2). On the other hand Levi’s Theorem implies that
Zyn — Er_(f) = f, P-as. Thus f = lim,1 Z,, = E(f), P-as.

(ii) Let A be a tail event with respect to X. Then the indicator function 14 is a tail
function with respect to the sequence X and is thus constant P-as. This implies
that 14 = 0, P-as., or 14 = 1, P-as., that is, P(4A) =0 or P(A) =1. j

For the proof of the Strong Law of Large Numbers we need some preparation.
Let X = (X,,) be a sequence of independent and identically distributed (iid) in-
tegrable random variables. For n > 1 set S, = X1 + Xo + ... + X,, and let Y,, be
the R™-valued random vector Y,, = (X1, Xs,...,X,). By the iid property of X the
distribution of Y,, is the product measure

Py,

n

—Y,(P)=vorve.. o, (0)

where v is the common distribution of the X on R. For1 <j <nletT: R" — R"
be the (linear) map which interchanges the first and jth coordinate and 7; : R* — R
the jth coordinate projection (m;(t) =t;, t = (t1,t2,...,tn) € R™). An application
of T to the measure Py, merely interchanges the first and jth factor in (0) and
consequently the image measure T'( Py, ) satisfies

T(Py,) = Py,. (1)
Note also that we have m; = m o T. We claim that

E(Xj;[Sn < a]) = BE(X1;[S, < a]), Va€eR. (2)
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Let a € Rand set A=[S, <aland B={t€ R" |t1 +ta+...+t, <a}. Then
A=Y, € B] =Y, }(B). Using the image measure theorem (appendix B.5), it now
follows that

fAdeP = v.en] ﬂj(Yn)dP = /Bﬂ'jdpyn

:/(WIOT)dPyn :/ mdT(Py,) :/ mdPy, :/deP,
B B B A

as desired. For random variables Z € E(P), Wy, W, ... write E(Z|Wy,Ws,...) =
E(Z|o(W1,Ws,...)). With this notation we claim that

Set Y = E(X;|S,). We want to show that Y = E(X;|S,,). According to 2.b.4.(iii)
it will suffice to show that E(Y14) = E(X;14), equivalently E(X;14) = E(X114),
for all sets A in some 7-system generating the o-field o(S,). In fact, according to
(2) the sets [S,, < a], a € R, form such a w-system.

4.d.2 Strong Law of Large Numbers. Let (X,,),>1 be a sequence of independent,
identically distributed, integrable random variables and S, = X1 + Xo + ...+ X,.
If 1 denotes the common mean of the X,,, we have

S
— — u, P-as. and in norm.
n

Proof. Let n > 1. As E(X,|S,) = E(X1|S,), for all j =1,2,...,n, we have
RB(X1|S0) = Sy B(X;180) = B (S X180) = E(SalSh) = Sa.

and so S,,/n = E(X1|S,) = E(X1|A) with A = 0(S,,). Let B =0(Xn41, Xnt2s--.)-
By independence of the sequence (X,,) the o-fields o(X7, Xs,...,X,,) and B are
independent. Since o(0(X1),A) C 0(X1, X2,...,X,), the o-fields o(c(X1),.A4) and
B are independent also. According to 2.b.14 this implies that

Sn
7 = E(X1|Sn) = E(X1|.A) = E(Xl‘O'(.A, B)) = E(X1|Sn,Xn+1,Xn+2, .. )

Since 0(Sy, Xn+1, Xnt2,-..) = 0(Sn, Snt1,Snt2,-..), it follows that

Sn
7 = E(X1|S’I’La S’n+laS’n+27 .. ) = E]:n(Xl)a

where F,, = 0(Spn, Sn+1,Sn+2,-..). But these F,, form a decreasing chain of sub-o-
fields of F. By Levi’s theorem (S,,/n, Fy,) is a reversed martingale which converges
P-as. and in norm to some integrable limit Y € L!(P). Moreover we can take
Y = limsup,,j, Sn/n (which is defined everywhere).
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We claim that Y is a tail function with respect to the iid sequence (X,,), that
is, Y is o(Xg, Xg+1, - . .)-measurable, for each k > 1. Let k > 1 be arbitrary. Then
we have

Sn . X1+ .+ X Xp+...+ X,
Y = limsup — = limsup 1t kol L

ntToo n nloo n n
. (Xk + ...+ Xn)
=limsup ————=,
nToo n

at each point of . It follows that YV is o(Xg, Xg+1,-..)-measurable. Thus YV is a
tail function with respect to the sequence (X,). By the Kolmogoroff 0-1 Law, YV
is constant P-as. and hence Y = E(Y), P-as. As S, /n — Y in norm, it follows
that E(S,/n) — E(Y). But E(S,/n) = u, for all n > 1, and so E(Y) = u, hence
Y = p, P-as. It follows that S, /n — u, P-as. and in norm. |
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5. OPTIONAL SAMPLING OF CLOSED SUBMARTINGALE SEQUENCES

5.a Uniform integrability, last elements, closure. A last element for the partially
ordered index set 7 is an element oo € 7 satisfying ¢ < oo, for all t € 7. Such an
element is uniquely determined, if it exists. A submartingale X = (Xy, Fi)ie7 1S
called closed, if the index set 7 has a last element. In this case the random variable
X is called the last element of X and satisfies

X, < BE(Xo|F), VteT.

Closed supermartingales and closed martingales are defined similarly. The last
element X, of a closed martingale X satisfies X; = F(X|F:), for all t € T. The
existence of last elements has strong consequences:

5.a.0. (i) If the submartingale X = (X;) is closed, then the family { X, |t € T } is
uniformly integrable.
(ii) If the martingale X = (X;) is closed, then X itself is uniformly integrable.

Proof. (i) Let X = (X;) be a submartingale with a last element. Then so is the
process (X;"), according to 3.a.0. Thus 0 < X, < E(XX|F), t € 7, and the
uniform integrability of the family { X;" | + € 7'} now follows from the uniform
integrability of the family { Ex, (X%) |t € T} (2.b.13). (ii) follows directly from
2.b.13. 4

Consider now a submartingale X = (X;, F;)ie7, where the index set 7 does
not have a last element. Choosing oo € 7 and decreeing that ¢t < oo, for all t € 7,
7T can be enlarged to a partially ordered index set 7 U {oo} with last element co.
The filtration (F;) can also be extended by setting

Foo =0 (User }'t) .

The question is now if the submartingale X can be extended also, that is, if
there exists a random variable X, such that the process (Xtyft)tETU{oo} is still
a submartingale, that is, such that X is Fe-measurable, F(X1) < oo and
Xt < E(Xx|F:), for all t € T. A random variable X, having these proper-
ties will be called a last element for the submartingale X. The submartingale
X will be called closeable if there exists a last element X, for X. In this case
(Xt, Ft)teTuioo} is a closed submartingale extending X.

A last element for the supermartingale X is not uniquely determined: If X is
a last element for X and Z > 0 is F.-measurable with F(Z) finite, then X, + Z
is also a last element for X.

Closeable supermartingales and martingales and last elements for these are
defined similarly. Note that X, is a last element for the martingale X if and only
if Xoo € LY(P) is Foo-measurable and X; = E(X|F;), for all t € 7. Equivalently
X is a last element for the martingale X if and only if it is a last element for X
both as a submartingale and as a supermartingale.
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Note for example that each nonnegative supermartingale X = (X;) has a last
element, namely X, = 0. However, if X happens to be a martingale, then X, =0
will be a last element for the martingale X only if X; =0, for all t € 7.

In the case of martingale sequences, that is, 7 = IN with the usual order,
Foo = O'(Un>1 Fn) and the convergence theorems yield the following:

5.a.1. (i) The submartingale sequence X = (X,,, Fy,) is closeable, if and only if the
sequence (X,;1) is uniformly integrable. In this case X = lim,, X,, exists P-as. and
is a last element for X.

(i) The martingale sequence (X,,Fp) is closeable, if and only if it is uniformly
integrable. In this case the last element X, is uniquely determined as Xoo =
lim,, X,,, P-as.

Proof. (i) From 5.a.0 it follows that the sequence (X,I) is uniformly integrable,
if X is closeable. Conversely, if the sequence (X,I) is uniformly integrable (and
hence L'-bounded), then, according to the Submartingale Convergence Theorem
4.a.3.(1),(iil) Xoo = limsup,, X,, (defined everywhere and Fo.-measurable) is a last
element for the submartingale X.

(ii) This follows similarly from 5.a.0 and 4.a.5. Only the uniqueness of the last
element X, requires additional argument. Indeed, let Z be any last element for X,
that is Z € L'(P) Fa-measurable and X,, = E(Z|F,), for all n > 1. Then, from
Levi’s theorem, X,, — Z, P-as., that is, Z = lim,, X,,, P-as. |

Remark. The uniform integrability of the sequence (X;F) follows, for example, if
X, < Z,n > 1, for some integrable random variable Z.

5.a.2 Example. Here we construct a nonzero, nonnegative martingale X = (X,,)
which converges to zero almost surely. The nonnegativity implies that | X,|1 =
E(X,) = E(X;) > 0, for all n > 1. Thus the martingale X is L'-bounded and
does not converge to zero in norm. It follows that X is not uniformly integrable.
Consequently X does not admit a last element, although it converges almost surely.

To obtain such X let Q be [0, 1] equipped with the Borel sets and Lebesgue mea-
sure. Inductively define a sequence (P,,) of partitions of €2 into intervals as follows:
Py := {[0,1]} and the intervals in P, arise from those in P,, by bisection. In short,
P,, consists of the dyadic intervals I}} := [k/2",(k+1)/2"[, k=0,1,...,2" — 1.

Now let F,, := o(Py,) and set X,, := 2"1pp = 2"1jg,1/2n- Clearly X,, > 0
and X,, — 0 at all points w # 0. We have to show that (X,,,F,) is a martingale.
Since I} € F,, X, is Fp-measurable. It remains to be shown that E(X,1114) =
E(X,14), for all sets A € F,,. Since each set A € F,, is a (finite) union of intervals
I, k=0,1,...,2" — 1, it will suffice to show that E(X,11rr) = E(X,17), for all
k=0,1,...,2™ — 1. Indeed, both integrals equal one, if £ = 0, and both are equal
to zero, for all other k.
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5.b Sampling of closed submartingale sequences. Let (F;,) be a filtration on
(Q,F,P), Foo =V Fn =0 (U, Fn) and set Ny := N U {oo}. Assume that X =
(Xn, Fn)i<n<oo is a submartingale sequence. Recall that a last element Z for the
submartingale X is an Fo-measurable random variable Z such that E(Z1) < oo

and X, < E(Z|F,), 1<n<oo. (1)

Thus, if we set Xoo = Z, then (X,,)1<n<co is again a submartingale. Inequality (1)
is reversed in the case of a last element of a supermartingale and replaced with an
equality in the case of a martingale.

We have seen in 5.a.1 that a submartingale sequence has a last element if and
only if the sequence (X;‘ ) is uniformly integrable. In this case X, = lim,, X,, exists
P-as. and is a last element for X. More precisely, since F is not assumed to contain
the P-null sets, Z = limsup,, X,,, which is defined everywhere, F,-measurable and
equals the limit lim,, X,, almost surely, is a last element for X.

A last element Z provides a random variable X, := Z which closes the sub-
martingale (X,,)1<n<co, that is, the extended sequence (X, )1<n<oo is still a sub-
martingale (and hence a closed submartingale). Moreover the random variable Xt
is now defined for each optional time T : 2 — N,,. Here we set X7 = X = Z on
the set [T = oo].

We will now show that a closed submartingale X = (X,,)1<n<oo satisfies the
Optional Sampling Theorem 3.b.1 for all optional times S, T :  — N,. The
general case will be put together from the following two special cases:

(i) X has the form X,, = E(Z|F,) (5.b.0).
(ii) X is a nonnegative supermartingale and thus a supermartingale with last ele-

ment X, =0 (5.b.1).

5.b.0. Let Z € E(P) with E(Z1) < oo and set X,, = E(Z|F,) for 1 < n < oo.
Then for any two optional times S,T : Q2 — Ny we have

(a) E(XZ) < oo and Xs = E(Z|Fs).

(b) S <T implies Xg = E(Xr|Fs).

Remark. If Z € L'(P), then (X,,) is a martingale with last element Z.
Proof. (a) We have X, < Ex, (Z7) (2b.12) and so E(14X,7) < E(14Z7), for all
sets A € F,,. It follows that
E(X{)= ) E(XHS=n)< Y BE(Z%[S=n])=E(Z") <o
1<n<oo 1<n<oo

Thus Xg € E(P). As Xg is Fg-measurable (3.b.0.(c)), it will now suffice to show
that E(14Xg) = E(14Z), for all sets A € Fg. If A € Fg, then AN[S =n] € F,,
for all n € N4, and it follows that

E(14Xs) = Zlgngm E(XsiAN[S=n]) = Zlgngm E(X,; AN[S =n))
= meo E(Z;ANn[S=n]) =E(142).

(b) If S<T,then Fg C Fr and so, using (a), E(Xr|Fs) = E(E(Z|Fr) | Fs) =
E(Z|Fs) = Xs.1
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5.b.1. Assume that (X,)1<n<co S @ nonnegative supermartingale. Then Xo, = 0
is a last element for X. If S,T : 2 — Ny are any optional times with S < T, then
Xs, X1 € LY(P) and we have Xg > E(X7|Fs).

Remark. Here we set Xg = Xoo = 0 on the set [S = oo] and the same for Xp.

Proof. Let us first show that Xg is integrable. For n > 1 apply the Optional
Sampling Theorem 3.b.1 to the bounded optional times 1, S An > 1 to conclude
that E(XSML) < E(Xj). Since X,, > 0 = X, we have Xg < liminf,, Xgan
and Fatou’s Lemma now shows that E(Xg) < liminf, E(Xga,) < E(X1) < oc.
Combined with the nonnegativity of Xg this shows that X5 € L!(P).

Assume now that S < T. To see that Xg > E(Xr|Fg) we must show that
E(lAXs) > E(lAXT), for all sets A € Fg. Let A € Fg and n > 1. Then
AN[S < n] € Fsan (3.0.0.(g)). Thus the Optional Sampling Theorem 3.b.1 applied
to the bounded optional times S An < T A n yields

E(Xsan; AN[S <n]) > E(X7an; AN[S € n]) = E(Xpan; AN [T < n]),

the second inequality following from AN[S < n] 2 AN[T < n] and Xppa, > 0.
Since Xgan = Xg on the set [S < n] (and a similar fact for Xpa,,), this can be
rewritten as F(Xg; AN[S < n]) > E(X7; AN[T < n]). Letting n T co and using
increasing convergence it follows that

E(Xs;Aﬂ [S < OO]) > E(XT;AO [T < OO])

As Xg = Xo = 0 on the set [S = oo] and X7 = 0 on the set [T = o], this can be
rewritten as E(14Xs) > E(14X7), as desired. j

5.b.2 Discrete Optional Sampling Theorem. Let X = (X,)i1<n<co be a closed
submartingale sequence. Then we have E(X;:) < oo and Xg < E(X7|Fs), for all
optional times S, T : Q0 — Ny, with S <T.

Proof. Let Z = Xo. Then E(Z7) < oo and X,, < E(Z|F,). Set A,, = E(Z|F,).
Then A, and —X, are supermartingales and so B, = A, — X,, is a nonnegative
supermartingale satisfying X,, = A,, — B,,. Defining A = E(Z|Fx) = Z = X
and By, = 0 we have X, = Ao — Bso- Here 5.b.0 and 5.b.1 apply to A and B
respectively: If S, T : Q — N, are optional times with S < T', then By € L!(P) and
Xg=Ag — Bg, X7 = Apr — By. Moreover Bg > E(Br|Fs) and As = E(Ar|Fs)
and thus
Xs = Ag — Bs < E(Ar|Fs) — E(Br|Fs) = E(Xr|Fs).

It remains to be shown only that E(X;) < oo. Since By > 0 we have X <
AL = liar>0AT. Moreover, according to 5.b.0, Ax = E(Z|Fr) and integrating
this equality over the set [Ar > 0] € Fr yields

E(X}) < E(A}) = E(ljar>0A71) = E(Lja;502) < E(ZT) < 00.§
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Remark. Xg is Fs-measurable (3.b.0.(c)). According to 2.b.4.(i) the inequality
Xg < E(X7|Fs) is thus equivalent with E(14Xg) < E(14X7), for all sets A € Fg,
and implies in particular that E(Xg) < E(Xr). The corresponding fact for closed
supermartingales (all inequalities reversed) follows easily from this. If X is a closed
martingale, then it is both a closed supermartingale and a closed submartingale
with the same last element. The conclusion of 5.b.2 then becomes Xt € L*(P) and
Xs = E(Xr|Fs), for all optional times S,T : Q@ — Ny, with S <T.
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6. MAXIMAL INEQUALITIES FOR SUBMARTINGALE SEQUENCES

6.a Expectations as Lebesgue integrals. Let X be a random variable.
6.2.0. Assume that X > 0 and that h : [0,400) — [0,+00) is continuously differen-

tiable, nondecreasing and satisfies h(0) = 0. Then

FRR@P (X > t)dt = [T WP (X > t)dt.

E(hoX)= [oh( P(dw) =
Proof. For each w € Q

h(X (@) = h(X (@) = h(0) = [;*) ' (t)dt
= [y WOl x (Odt =[5 B (610 x ().

The last two integrals are equal, since they are integrals with respect to Lebesgue
measure on the line and their integrands differ only at the point ¢ = X(w). As
Lio,x ()] (1) = Ix>g(w) and 1jg x(w)[(t) = 1jx>¢(w) we can write this as

BX W) = [ W (Olxsg@)dt and B(XW) = f;7 W (O)lxsg@)dt.  (0)

Using the first equality in (0) we can show E(hoX) = O+°° W ()P ([X > t])dt by an

application of Fubini’s theorem (justified by the o-finiteness of Lebesgue measure
and the positivity of the integrand h’(t)1[x >4 (w) below):

= Jo X @)P(d) = fo (Jo W ()1 peg(w)dt) Pld)

= [N @) (Jo Lixsg (W) P(dw)) dt = [,7 B ()P (X > 1)) dt.

The proof of the equality F(ho X) = 0+°° R ()P ([X > t])dt is exactly the same
starting from the second equality in (0). |

Remark. 6.a.0 applies for example also to the function h(t) = \/_ , which is not

differentiable at the point 0, since this function h also satisfies h(x fo h(t
for all z > 0. We will need this in 9.d below.
6.l (a) If X >0 then E(X) = [, X = [P P(X > t)dt.

(b) Ifp =1 then | X} = E(|X|?) =

Proof. (a) Apply 6.a.0 with h(t) = ¢t. (b) Apply 6.a.0 to the nonnegative random
variable | X| and the function h(t) = t¥.

O ptP 1P(|X| > t)dt.

6.b Maximal inequalities for submartingale sequences. Let (X;)I_, be a (finite)
submartingale and set 7, = 0(X;;j < k) and X}, = maxi<p<n Xi.

For A > 0 we have the trivial inequality AP (X3 > ) < E(Xj; [ X3y = ).
Since the submartingale (Xk) ; has a tendency to increase we would expect the
random variable Xy to play a large role in the computation of the maximum Xy, .
Indeed, in the previous integral, X3, can be replaced with the smaller X y:
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6.b.0. AP ([X} > A])) < E(Xn; [ X3 > A)) < E(X}), for all A > 0.

Proof. The second inequality above being clear, we concern ourselves only with the
first. Set X, = Xn and Fj, = Fn, for k > N. Then (Xj)r>1 is a submartingale
sequence. Let A > 0 and define

T(w) =min{k € {1,...,N} | Xu(w) > A} A (N +1)

(= N + 1, if no such k exists). We claim that T : Q@ — {1,2,...,N + 1} is an
optional time for the filtration (F). Indeed, for k < N,

[T<kl=[X1 >ANU[X2 > AU...U[Xg > )] € Fp, (0)
while for & > N we have [T < k] = Q € F. Let now A be the event
A=[XN>A=[X1 2 AU[Xa > NU...U[Xy >N =[T <N

Since T is Fp-measurable (3.b.0.(c)), we have A € Fp. By definition of T' we have
X7 > A on A. Recalling that Xxy41 = Xn and applying the Optional Sampling
Theorem 3.b.1 to the bounded optional times 7' < N + 1 it follows that

AP (X3 = A)) = AP(A) < E(14X7)

6.b.1. Assume that (X)N_, is a martingale and p > 1. If E(|Xy|P) < oo, then
N . ,
(|X;€|p)k:1 is a submartingale.

Proof. Assume that F(|Xn|P) < co. Since the function ¢(¢) = |¢|P is convex, it will
suffice to show that E(|Xy|P) < oo, for all k =1,..., N (3.a.1). By the martingale
property |Xi| = |Ex, (Xn)| < Ex, (| Xn|) and so, by Jensen’s inequality and the
convexity of ¢,

1 XilP < B, (|1Xn])" < Ex, (| Xn|P), P-as.

Integrating this inequality over the set Q, we obtain E(| X% |?) < E(|Xn|P) < oo, as
desired. |

6.b.2. Assume that (Xy)h_, is a martingale and set S* = maxi<p<n | Xi|. Then
P(S* > < )\_pE(|XN\p), for all A >0 and p > 1.

Proof. We may assume that E(|Xn|P) < oo (otherwise the inequality is trivial).

Set Vi = | Xi|P and Y3 = maxj<p<n Yi. Then (Y3)N_, is a submartingale (6.b.1).

Moreover [S* > A\] = [Y > AP]. Applying 6.b.0 to (V%) and AP now yields

N P(S* > X) = N P(Y) > \) < B(YY) = E(Yn) = B(|Xn[")- 1
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6.b.3. Let (Xi)N_, be a martingale and set S* = maxi<p<n | Xx|. Then
* p
1Xnllp < 1571y < 2= 1 Xnllp, VP> 1.

Proof. If || Xn||, = oo, there is nothing to prove. Thus assume that Xy € LP(P).
Then X € LP(P), 1 <k < N (6.b.1) and so S* € LP(P) also. Moreover (| X;|)&_,
is a submartingale sequence and thus, according to 6.b.0,

tP([S* >1]) < / | Xn|ljge>y, t2>0. (1)
Q
Using 6.a.0 with h(t) = tP, we can now write

+00 Foo
%E((S*)p):/o tP=1p(s* 2t)dt:/0 P72t P(S* > t)dt < (using (1)) <

g/om [/Qtp2|XN(w)|1[S*>t](w)P(dw)} dt = (Fubini) =

+oo oo
:/Q [/ XN 10,50 ) (t)dt} P(dw)=E |XN|/ tp2dt]
’ 0

- ]%E (1xxl(s9)e ).

Now let ¢ denote the exponent conjugate to p, given by % + % =1andsoq= %.
Multiplying the above inequality with p and using Holder’s inequality we obtain

1

B((5")7") < ¢ (IXn1(8")#7V) < gB(Xnl")F B ((57) 11"

= ql|Xn ], B ((5)7)7 .

Divide by E((S*)p)% using 1 — 2 = & to obtain E((S*)P)7 < QHXNHp' This is the
second inequality in 6.b.3. The first inequality is trivial. j
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7. CONTINUOUS TIME MARTINGALES

7.a Filtration, optional times, sampling. We now turn to the study of martingales
indexed by the set 7 = [0,00) with the usual order. A 7-filtration (F;)¢>0 on
(Q,F, P) is called right continuous if it satisfies

Fi =ysy Fsr andall £ > 0;

equivalently, if s, | ¢ implies that F,, | F3, for all sequences (s,) C R and all
t > 0. Recall also that the filtration (F;) is called augmented if Fy (and hence
each o-field F;) contains the family of P-null sets. As in the discrete case we set
Foo = U(Ut>0 }}). The theory now proceeds under the following

7.a.0 Assumption. The probability space (Q,F,P) is complete and the filtration
(Fi)e=0 on (Q,F, P) right continuous and augmented.

Augmentation eliminates measurability problems on null sets. Let X = (X;), Y =
(Yz), X(n) = (Xt(n)) be stochastic processes on (2, F, P) indexed by 7 = [0, c0)
and t > 0. If X; is Fy-measurable and Y; = X;, P-as., then Y; is F;-measurable.
Likewise, if X;(n) is Fi-measurable, for all n > 1, and X;(n) — X, P-as., asn | oo,
then X; is F;-measurable. If w € €, the function

t€1[0,00) — X(w) € R

is called the path of X in state w. The process X is called (right, left) continuous if
X is (F;)-adapted and P-ae. path of X is finitely valued and (right, left) continuous.
Let us call the processes X, Y wversions of each other and write X = Y if they
satisfy

X;=Y;, P-as.,forallt>D0. (0)

Since the filtration (F;) is augmented, each version of an (F;)-adapted process is
again (F)-adapted.

The exceptional null set [X; # Y] in (0) is allowed to depend on ¢. If this null
set can be made independent of ¢ > 0, that is, if there is a P-null set N C €2 such
that X¢(w) = Yi(w), for all w € @\ N and all ¢ > 0, then we call the processes X
and Y indistinguishable. Clearly X and Y are indistinguishable if and only if the
paths ¢t € [0,00) — Xi(w) and ¢ € [0,00) — Yi(w) are identical, for P-ae. w € Q.
These notions of equality agree for right continuous processes, to which mostly we
shall confine our attention:

7.a.1. Assume that the right continuous processes X and Y are versions of each
other. Then they are indistinguishable.

Proof. For each rational number r» > 0 choose a null set E,. C Q such that X, =Y,
on the complement Ef and let E O (J, E, be a null set such that the paths t —
Xt(w) and t — Y;(w) are right continuous, for each w € E°. If w € E° then the
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paths t — X;(w) and ¢ — Y;(w) are right continuous and satisfy X, (w) = Y,.(w),
for all r € [0,00) N Q and so X¢(w) = Yi(w), for all ¢ > 0. |

Recall that an (F;)-optional time is a function T : Q — [0, +-00] satisfying
T <tleF, 0<t<oc. (1)

The value T' = oo is allowed. It follows easily that (1) also holds for ¢ = co. The
right continuity of the filtration (F;) implies that condition (1) is equivalent with

T<teF, 0<t<oo. 2)

Indeed, assuming (1), the set [T' < t] = (), -,[T < s] is in F;., for each > ¢, and
thus [T" < t] € F;. Conversely, assuming (2), the set [T' < t] = {J,,[T < s] € F.
The equivalence of (1) and (2) is very useful and greatly simplifies the statements
and proofs of results below.

Let T be an optional time. Then all the sets [T" < t], [T' > t] and [T = ¢] are in
Fi, for each t > 0. We set

Fr:={AeFsx | ANT <t e F, VO <t < oo}
={AeFs | AN[T<tleF, YVO<t< x} (3)
={ACQ| AN[T <t €F, VO <t < o0},

the second equality again due to the right continuity of the filtration (F;) and the
last being trivial. Fr is the family of events of which it is known prior to time T
whether they have occurred or not. More precisely, for w € € it is known by time
T'(w), whether w € A or not, that is, the value 14(w) is known by time T'(w).

7.a.2. Assume that T,,, n = 1,2,... are optional times. Then each of the following
are optional times also:

(a) sup,, T,,, inf, T,,, Thy ATo, Th VT and Ty + Ts.

(b) limsup,, T,, and liminf, T,,.

Proof. (a) Set T = sup,, T),. For each t > 0 we have [T < t] = (,[T, < t] € F.
Similarly, if S = inf, T),, then [S < ¢] = |J,[Tn < t] € F;. Using the equivalent
conditions (1) and (2) for optionality, this shows that S and T are optional times.
The optionality of T3 A Ty and T7 V Ts follows as a special case. Finally set T' =
T1+T,. Then, foreach t > 0, [T' < t] = U, s rrs<t [T1 <7]N[T2 < 5] € F;. Thus
T is optional. (b) liminf, T,, = sup,, inf,,>, T}, and limsup,, T), = inf, SUp, >y, T'm

are optional, by (a). j
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7.a3. Let S,T,T,, n > 1, be optional times, T : Q — [0,00] and Z a random
variable. Then

(a) S <T implies Fs C Fr.

(b) Fr is a o-field and T is Fr-measurable.

(c) Z is Fr-measurable if and only if Z1ipoy is Fy-measurable, for eacht > 0.
(d) [S < T],[S = T) € Fsnr.

(e) If the filtration (Fy) is augmented, then Fr contains all the null sets.

(f) If Tn l, T, then an l -7:T-

(9) If T, 1T and J,,[T, = T| = Q, then Fr, T Fr.

(h) Fr contains the P-null sets.

(i) If T =T, P-as., then T is an optional time and Fq=Fr.

(5) If A€ Fs then AN[S <T] € Fsar.

Remark. The condition |J,[T,, = T] = Q in (g) means that the limit T’ = lim,, T},
is hit in finite time at each point w € . This condition is satisfied for example if
the T,, are of the form T,, = S A S,,, where S < oo and S,, T oo almost surely.

Proof. (e) is obvious. (a) Assume that S < 7. Then [T < t] C [S < ] and
[T <t] € Fy, foreach t > 0. Let A€ Fg and t > 0. Then AN[S < ] € F; and so
AN <tl=(AN[S<t)N[T <t] € F. Thus A € Fr.

(b) It is easy to see that () € Fr and that Fr is closed under countable unions. Let
A€ Frandt>0. Then A°N[T <] = [T <t]\ (AN[T < {]) € F. Thus A° € Fr
and Fr is closed under complements. One easily verifies that [T < r] € Fp, for
each r € R, and this shows that T" is Fp-measurable.

(c) (=) Assume that Z is Fr-measurable. We wish to show that Z1jp.y is Fi-
measurable, for each ¢t > 0. We follow the usual extension procedure from indicator
functions. Assume first that Z = 1p, where F' € Fr and let ¢ > 0 be arbitrary.
Then F N [T < t] € F4; equivalently, Z1ip<y = lpnr<y is Fi-measurable. By
linearity it follows that Z1;p.; is Fi-measurable, for each ¢ > 0, whenever Z is an
Fr-measurable simple function.

Next let Z be a nonnegative Fp-measurable function and ¢ > 0. Choose a
sequence (Z,) of nonnegative Fp-measurable simple functions such that Z, 1 Z.
Then Z, 17« T Z1j1<y. By the previous step, Z, 174 is Fi-measurable, for each
n > 1, and it follows that Z1ip.s is Fi-measurable. The extension to arbitrary
Fr-measurable Z is accomplished by decomposing such Z as Z = Z+ — Z~.

(«=) Assume now that Z1jpy is Fi-measurable, for each ¢ > 0. To see that Z is
Fr-measurable, it will suffice to show that [Z > r] € Frp, for all real numbers r;
equivalently, [Z > r]N[T < t] € Fy, for all ¢ > 0 and r € R. Indeed, for such r and
t we have [Z > 7] N [T < t] = [Zlr<y =] N[T < t] € F;, where we have used
[T < t] € Fi, by optionality of the random time 7'

(A) [S<TINSAT <t]=[S<TIN[S<t]=U{[S<q<T]:qeQnN0,{]} € F,
for all ¢ > 0. This shows that [S < T| € Fgar. By symmetry [T < S] € Fsar and
so[S=T]=([S<T|U[T < S))° € Fsnr-
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(f) Assume that Ty | T, as N T co. From (a) it follows that Fp, 2 Fp, 2 ... and
Fr €y Fry- Thus it remains to be shown only that (| Fry € Fr.

Let A € Fry, for all N > 1. Then AN[Iy < t] € F, for all t > 0 and
all N > 1. Lett > 0. AsTy | T, N T oo, we have [T < t] = Uy[Tn < ]
and so AN[T <t] =UyAN[Ty < t]) € Fr. Thus A € Fp. This shows that
Fr=yFrx-

(g) Set G = o (Uy Fry)- From (a) it follows that Fr, € Fr, € ... C Fr and so
G C Fr. Thus it remains to be shown only that Fr C G. Let A € Fpr. We claim
that Ay := AN [T =1Tn] € Fry, for all N > 1.

Since [T = Tn] € Frary € Fr we have Ay € Fr. Let ¢ > 0. Since T = Ty
on the set Ay, we have Ay N [Ty < t] = Ay N[T < t] € F;. This shows that
An € Fry € G. From Uy[T = Tn] = Q it now follows that A = |Jy Ax € G, as
desired. (h), (i) follow easily from the fact that F; contains the P-null sets, for each
t > 0 (assumption 7.a.0).

(j) Let A € Fg and r > 0. To verify AN[S < T] € Fsar we must show that
ANS<TIN[SAT <r] € F,. Indeed AN[S < r] € F,, the optional times T A,
S Ar are Fp-measurable (7.a.3.(a),(b)) and so [S Ar < T Ar] € F,.. Consequently
AN[S <TIN[SAT <r]=AN[S <T|N[S <r]=AN[S <r|N[SAr <TAr] € F,,
as desired.

Remark. Measurability with respect to Fp should be interpreted as follows: A
random variable Z is Fp-measurable, if the value Z(w) is known by time T'(w), for
each w € Q.

Sampling a process X. Let now X = X;(w) = X(¢,w) be any adapted process on
the filtered probability space (£, F,(F:),P) and T : Q — [0,00] a random time.
The random variable X7, to be interpreted as the process X sampled at time T, is
defined as follows

(X7) (W) = Xp()(w), wel.

Here provisions have to be made for the case T(w) = co. We set X7 = X, on
the set [T = oo, where X is some previously specified, F-measurable random
variable (exactly which will depend on the context).

The most common choice for X, is X = limsup,, X,, in case limsjoc Xt € R
exists almost surely. Then X, is defined everywhere, F,-measurable and satisfies
Xoo = limyro0 Xy € R, P-as. On occasion the choice X, = 0 is made. This is the
case in particular if X7 is to be interpreted as the reward for quitting a game at
time 7' (no reward if we have to wait infinitely long).

At present it is not even clear that X7, so defined, is measurable. We will
turn to this problem several times below. The following lemma is the basic tool
which will allow us to reduce many questions from continuous time martingales to
martingale sequences: It approximates arbitrary optional times by optional times
with countable range. Recall that [z] denotes the greatest integer not exceeding z.
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7.a.4 Discretization Lemma. Let T be an optional time. For each N > 1 set
Tn(w) == (2NT(w)] +1)/2Y (=00, if T(w) =), w e (4)

Then each Ty is an optional time and T | T, pointwise on €, as N T oo.

Proof. For N > 1 set Dy := {k2™" | k = 0,1,2,...}. The points in Dy are
the endpoints of dyadic intervals [k/2V,(k + 1)/2V) of degree N, which form a
partition of the interval [0, 00). For ¢ € [0, o] set

bN(t) = 1nf{ﬁ € Dy | 8> t} and aN(t) = bN(t) —2 N,

Thus, if t < 00, t € [an(t),bn (1)) and so [an(t), by (t)) is the unique dyadic interval
[k/2N ) (k+1)/2N) of degree N which contains the point ¢. If t = oo, then by (t) = 0o
also. One verifies easily that by (t) = ([2V¢] +1) /2" and so

Tn(w) =bn(T(w)), we. (5)

Note that t < by (t) < t+27N and Dy C Dy, which implies by 1(t) < by(2).
Consequently by (t) | ¢, as N T oo, for each t € [0,00]. From (5) it now follows
that Ty | T pointwise everywhere on (2. It remains to be shown only that the Ty
are optional. Let N > 1, w € Q and ¢t > 0. Then Tn(w) = by (T(w)) < ¢ if and
only if the degree N dyadic interval containing ¢ is to the right of the degree N
dyadic interval containing T(w) and this is equivalent with an(t) > T'(w). Thus
Ty < 1] = [T < an(t)] € Fayi € Fion

7.a.5. Assume that the process X = (X;) has right continuous paths almost surely,
Xoo 15 any Foo-measurable random vartable and that T is an optional time. Then
X1 is Fr-measurable.

Proof. Let Ty be as in 7.a.4. If w € Q is such that the path ¢t — X;(w) is right
continuous, then the convergence T (w) | T(w) implies that

(X173 ) (W) = X1y () (W) = Xp()(w) = (X7)(w), as N T oo.

Thus we have X7, — Xr, as N T oo, P-as. Moreover the random time 7' has
countable range in the set Dy = {k2™N | k = 0,1,2,...}. Thus the random
variable X7, can be viewed as a sample of the sequential process (Xyo-n~)k>1
at time Tn. It follows from the sequential theory (3.b.0.(c)) that Xp, is Fry
measurable, for each N > 1. According to 7.a.3.(f) we have Fr, | Fr. It is easily
verified that the limit ¥ = limsup,, X7, = limsup,,~ 5 X7, is Fr,-measurable, for
each N > 1. B

Since Fr = n>1 F1y it follows that Y is Fr-measurable. Finally, since
Xr =Y, P-as. and the o-field Fr contains the null sets, it follows that X is
Fr-measurable. |
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7.a.6 Examples. (1) It is easy to see that the constant time T = t is optional.
To get a more interesting example, let A € F, 0 < s <t and set T = sl gc + t1 4.
Then, for each real number r we have

0 ifr<s,
[T<7"]:{Ac if s <r<t,
Q ifr>t

Thus the requirement for optionality of T', [T < r] € F,., r > 0, translates into the
condition A€ € Fy. In other words, T is an optional time if and only if A € F,. In
particular the random time T = t1 4 is optional if and only if A € F.

(2) Let P = {41, As,...} be a countable partition of 2 and 0 < t; <t < ... and set
T =73, tyla,. If Tis optional, then A; = [T' < t;] € Fy,, AjUAy = [T < to] € F,
and so Ay € Fi,. Continuing in this fashion we see that A, € F; , for all n > 1.
Conversely this condition implies that T is optional. This characterizes all optional
times 7" with countable range. If X is any process, then X7 = 3" 14, X, .

(3) Hitting times. Let E be a Polish space (complete separable metric space), €
the Borel o-field on E and assume that the process X = (X;) takes values in the
(E, ). More precisely we assume that X; : (Q,F) — (E, ) is measurable, for each
t > 0. For a subset A C E we define the hitting time T4 and first exit time Ta
as follows:

Ty:=inf{t>0] X, € A}

Ta=inf{t>0]| X; £ A}.
Then 74 = T4-. From the definition it is clear that A C B = Ty > Tg.

7.a.7. Assume that the process X is adapted and has continuous paths, P-as. Then
the hitting time T4 is optional, for each open and each closed subset A C E.

Proof. We may assume that all paths ¢ — X;(w) are continuous. Otherwise we can
replace X with a process which has this property and is indistinguishable from X.
This affects hitting times only on P-null sets and has no effect on optionality since
the filtration (F%) is augmented.

Assume first that the set A is open and ¢ > 0. The path continuity of X implies
that [Ta <t] =U,cq q<:[Xq € A € Ft, for all t > 0. Thus T4 is optional.

Assume now that the set A is closed and set G,, = {z € F | dist(z,A) <1/n},
n > 0. Then G,, | A, since A is closed. Since each set G,, is open, T, is optional,
for each n > 0. According to 7.a.2.(b) it will now suffice to show that T, T T4, as
n T oo.

Indeed, G, | implies Tz, T and consequently T, T T, where T' = sup,, 1g,,-
It will thus suffice to show that T4 = 7. From G,, O A it follows that T, < Ta,
for each n > 0, and consequently T' < T4. Thus it remains to be shown only that
Ta <T.

Indeed, let w € 2 and r > T'(w) be arbitrary. Then, for each n > 0, we have
r > Tg, (w) and consequently there exists ¢, < r such that X;, (w) € G,. Replacing
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the sequence (n) with a suitable subsequence (k) if necessary (this maintains the
relationship G,, | A), we may assume that ¢, — ¢ < r. The continuity of the path
s — Xs(w) now implies that X, (w) — X¢(w). From this and dist(X;, (w), A) < 1/n
it follows that dist(X¢(w),A) = 0, that is, X;(w) € A, by closedness of the set
A. Thus Ta(w) < t < r. Since here r > T(w) was arbitrary we conclude that
Ta(w) < T(w), as desired. j

7.b Pathwise continuity. The Upcrossing Lemma implies certain continuity proper-
ties of submartingale paths. Indeed, we will see below (7.b.3) that every martingale
has a right continuous version.

7.b.0. Let (X¢)i>0 be a submartingale and S C [0,400) a countable dense subset.
Then, for P-ae. w € €,
(i) the limits limgs, | X (s,w) and limgse X (s,w) exist in [—oo,+00) for each
t > 0 respectively t > 0.
(i) The set { X (s,w)|s € INS} C[—00,400) is bounded above, for each bounded
interval I C [0, +00).

Remark. (a) Here the value of the limits in (i) does not depend on the countable
dense subset S C [0, +00) (given any two such sets the union is another such set)
but the exceptional null set on which the limits may fail to exist does depend on
the set S. Thus it is in general not true that lim, ; X (s,w) exists, for each ¢ > 0,
P-as. This question of right continuity of the paths will be dealt with later.

(b) We claim that the limits in (i) are less than +o00. Note that this property follows
from (ii).

(¢) In the supermartingale case the limits exist and are bigger than —oo and the
set in (ii) is bounded from below. In the martingale case the limits exist and are
finite and the set in (ii) is bounded both above and below.

Proof. (i) Let m > 1. For a finite subset T' = {t] <tz < ... <1, } C.SN[0,m]
and real numbers a < § let Ur(«, 8)(w) denote the number of times the sample
path (X, (w), X¢, (w), ..., X¢, (w)) crosses from below « to above 5. Applying the

Upcrossing Lemma to the finite submartingale sequence (X, , Xy, ..., X, , X;n) we
obtain
E(Xt
E (Ur(a,8)) < w, for all finite subsets T C S N [0, m). (0)
-«

Now write the countable set S N [0, m] as the increasing union S N[0, m| = {J,, Tn,
for some increasing sequence of finite subsets T,, € S N [0,m]. Then the sequence
of random variables Ur, (a, 3) increases at each point of 2 and we set

USﬂ[O,m] (avﬁ)(w) = lel,glo Ur, (a,ﬁ)(w), w €,

to be interpreted (vaguely) as the number of upcrossings of the sample path ¢ €
SN[0,m] — X¢(w) from below « to above 5. If T'C S N[0, m] is any finite subset,
then T' C T,,, for some n > 1, and consequently

Ur(a, B) < Usnjo,m)(a, B) on €, for each finite subset 7" C S N [0, m]. (1)
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By monotone convergence we have

B(XS) +lol _
08—«

and in particular thus Ugnomj(a, 3) < oo, P-as., where the exceptional set may

still depend on m > 1. Since a countable union of null sets is again a null set, it
follows that there exists a null set N C Q such that

Usnio,m)(a, B)(w) < oo, forallwe Q\ N, m>1,

and all pairs of rational numbers (¢, §) with a < 3.

E (USO[O,m] (avﬂ)) = hrILnE (UTn, (azﬂ)) < (2)

(3)

Let w € Q\ N. We claim that the one sided limit limgss); X (s,w) exists for each
t > 0 and the one sided limit limgs s X (s, w) exists for each ¢t > 0. Indeed let ¢t > 0
and assume that limgs ¢ X (s, w) does not exist. Then there exist rational numbers
a < 3 such that

liminf X (s,w) < o < B < limsup X (s,w).

SosTt S3sT1t
Fix m >t and let N > 1. Then there exists a finite subset T'C SN[0,t) C SN[0, m]
such that the sample path t € T — X;(w) crosses from below « to above  more
than N times. Thus, using (1), Usnjo,m)(a, 3)(w) > Ur(a, 3)(w) > N. Since here
N was arbitary, it follows that Ugnjo,m)(a, 3)(w) = oo in contradiction to (3). The
existence of the limit limgssj; X (s,w), for ¢t > 0, is shown similarly.

(ii) We still have to show that the limits in (i) are less than 4+oco but this will follow
from (ii), that is, the existence of a further null set F' C Q such that for every point
w € Q\ F the subset { X(s,w) | s € INS} C [—00,+00) is bounded above, for each
bounded interval I C [0,400). Clearly it will suffice to have this boundedness for
all intervals I = [0,m], m > 1. Since a countable union of null sets is again a null
set, it will suffice to show that for each m > 1 the set { X(s,w) | s € SN[0,m]} is
bounded above, for P-ae. w € €; equivalently,

P(sup;egnpo,m Xi = +00) =0, m>1 (4)

Letm>1land T ={t; <tz <...<ty,} CSN[0,m] a finite subset. The maximal
inequality 6.b.0 applied to the finite submartingale sequence (X;7, X;5, ..., X", XF)
yields

P (supyer Xi7 > X) S ATLE(X), VA > 0. (5)

Fix A > 0 and write the set S N [0, m] as the increasing union S N [0,m] = |, T,

for some increasing sequence of finite subsets 7,, C S N [0, m]. Then

n

[supteTn XtJr > )\] T [SuptESﬁ[O,m] Xt+ > )\] , asnToo.
Note the strict inequalities. From (5) we now conclude that
P (SuPteSm[om] XtJr > )‘) <ATE(XG).

Letting A T oo now yields (4). y



58 7.b Pathwise continuity.

7.b.1. Let (X;)i>0 be a submartingale. Assume that almost every sample path is
right continuous at each point. Then almost every sample path has left limits at
each point and is bounded above on each finite interval.

Proof. Choose a countable dense subset S C [0, 4+00). Continuing with the notation
of the proof of 7.b.0 we have Ugno,m) (a, 3) < oo, P-as., for all @ < 3, and the sample
path f(t) = X;(w) is right continuous at each point and has the property that the
set { X(s,w) | s € SNI} C [—00,+00) is bounded above, for each bounded interval
I C0,+0), for P-ae. w € Q. The right continuity of f and density of S now imply
that f itself is bounded above on any bounded interval I C [0, +00).

If f does not have a left limit at the point ¢, then there exist rational numbers
a < [ such that f(t) crosses infinitely often from strictly below « to strictly above
0 on the interval [0,¢) (in fact on each left neighborhood of the point ¢). The right
continuity of f and density of S now imply that the restriction f|gnjo+) crosses
infinitely often from below a to above 3. But then Ugnom)(a, ) = oo, for any
integer m with ¢ < m, and this is impossible P-almost surely. g

7.b.2. Let f:[0,400) — R and S C [0,+00) be a countable dense subset such that
f(t+) = limgss¢ f(s) exists for each t > 0 and f(t—) = limgsgpe f(s) exists for
each t > 0 and both are finite. Then the function g(t) = f(t+) is right continuous
and the function h(t) = f(t—) is left continuous on [0, +00).

Remark. Here h(0) = f(0—) := f(0).

Proof. We show merely the right continuity of g(¢t). Let ¢ > 0 and assume that
t, | t, as n T co. We have to show that g(¢,) — g(t) = limgss¢ f(s), as n T oo.

Let n > 1. As g(t,) = limgss)s, f($) we can choose s, € S such that ¢, <
Sn <tln+ L and |f(sn) — g(tn)] < 1. Then S 3 s, | ¢t and so f(s,) — g(t). This
implies g(t,) — g(t), as desired. j

7.b.3. Every martingale (X, Fi)i>0 has a right continuous version.

Proof. Let S C [0,+00) be a countable dense set and choose, according to 7.b.0, a
null set N C Q such that the right limit X (t+,w) = limgss): Xs(w) € R exists for
all w € Q\ N. Define

_JX@t+w) t>0andwe Q\N
Yt(”)_{o t>0and we N.

We claim that Y; is F; measurable: Since the filtration (F;) is augmented, 1y is
Fr-measurable, for each » > 0. Now if r > ¢, then Y; is the pointwise limit

}/t: 1NXS

lim
sES,s<r,s|t
on all of €, and thus is F,-measurable. Since this is true for each r > t, it follows
that Y; is measurable with respect to the o-field F; = ﬂr>t F,. This shows that
the process Y is adapted to the filtration (F).
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From 7.b.2 it follows that every sample path f(¢) = Y;(w) of the process Y is
right continuous on [0, +00). It remains to be shown only that ¥; = X;, P-as., for
each t > 0. Let ¢ > 0 and choose s, € S, n > 1, such that s,, | t. Then X, — Y;,
P-as.

Now choose any number r such that s, < r, for all n > 1 and set Z = X,..
Then, by the martingale property, X, = E(Z | Fs,), for all n > 1, and so the
family { X5, | n > 1} is uniformly integrable (2.b.13). It follows that X, — ¥; in
norm (1.b.4) and so, since the conditional expectation operators are contractions
on LY(P),

E(X,, |F:) — E(Yi|F:) =Y:, in norm, as n | oo.

On the other hand E(X, |F;) = X, for all n > 1, by the martingale property. Since
a limit in L!'(P)-norm is uniquely determined, it follows that X; = Y;, P-almost
surely. |

7.c Convergence theorems.

7.c.0 Submartingale Convergence Theorem. Assume that the right continuous sub-
martingale (X;) satisfies K = sup, F(X; ) < co. Then

(i) Xoo =limyroo Xy € R exists P-as. and satisfies BE(XL) < oo.

(i) If E(X;) > —o0, for some t, then X, € L*(P).
(i4i) We have X; < E(Xoo|Ft), for allt >0, if and only if the family { X;" |t >0}

is uniformly integrable.

(iv) If (Xy) is uniformly integrable then X € L*(P) and X; — Xoo in L*(P), as
t ] oco.

Proof. (i) Let S C [0, +00) be a countable dense set. With the notation of the proof
of 7.b.0 we set, for real numbers a < [,

Us(a, B) = sup{ Ur(a,B) | T C S finite }.

Since every finite subset 7' C S is contained in S N [0,m], for some m > 1, it
follows that Ugno,m)(a, 8) T Us(a, 3), as m T oo, at each point of 2. By monotone
convergence and 7.b.eq.(2) above, we have

7K+|a| < 00
08—«

In particular Ug(c, §) < oo, P-as. Assume now that w € Q is such that the sample
path f(t) = X;(w) is right continuous but limse Xi(w) does not exist (in R).
Choose real numbers «, 3 such that liminf;e X¢(w) < o < 8 < limsup,;,, X¢(w).
Then the sample path f(t) crosses infinitely often from strictly below « to strictly
above (3. By right continuity the restriction f|g crosses infinitely often from below «
to above (8 and this implies that Ugs(«, 3)(w) = oo. This is impossible for P-ae. w €
Q and so the limit Xoo(w) = limyjoo X¢(w) exists in R, for P-ae. w € Q. Moreover,
using Fatou’s lemma, E(X1) = E (liminf, X;/) < liminf, F(X,;5) < K < oo.

E (US(Oéaﬁ)) = I%HE (USH[O,m](aaﬂ)) <
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(ii) Note that F(X;) T and that X = lim, X,,. If E(X;) > —oo, for some ¢t > 0,
then E(X,) > —oo, for some n > 1, and (ii) now follows from the corresponding
result 4.a.3.(ii) in the discrete case.

(iii) Assume first that X; < E(Xs|F:), for all ¢ > 1. Then the extended process
(X¢)o<t<oo is still a submartingale and hence so is the process (X;")o<i<oo (3.2.0).

Consequently 0< Xt+ < E(X;ro|-7:t)7 t>0.

The uniform integrability of the family { X;" | ¢ > 0} now follows from the uniform
integrability of the family {E}-t (XLH) |t > 0} (2.b.13).

Conversely, assume that the family { X, |+ > 0} is uniformly integrable (and
hence L!'-bounded). Then E(XJ ) < oo, according to (i). We must show that
X < B(Xx|Ft); equivalently (since X, is Fy-measurable),

E(thA) SE(XOOIA), VtZO,AEf(). (O)
Fix r < 0 and set X;(r) = X; Vr. Then (X;(r)); is a submartingale (3.a.0). Fix
t>0andlet A€ F,and m > t. Then E(X(r)1a) < E(X,,(r)14). Letting m 1 oo
and observing that the uniform integrability of { X} | m > 1} implies the uniform
integrability of { X,,(r) | m > 1}, we obtain

E(X:(r)14) < BE(Xoo(r)1a).

Letting r | —oo now yields (0), by decreasing convergence. Note that the families
{Xi(r) | » <0} and { Xoo(r) | » < 0} are bounded above by the integrable
functions X" respectively X% .
(iv) Note that X; — X in L1(P), as t T oo, if and only if X;, — X, in L}(P),
as n T oo, for each sequence t,, T 0o, and apply 4.a.3.(iv). |

Remark. A converse of (iv) such as in 4.a.3 is no longer possible. Consider any
martingale (X¢);e[o,1) which is not uniformly integrable and satisfies X; < 0. Now
set Xy = 0, for t > 1. Then X = (X;)i>0 is a submartingale with X; — 0 in
norm, but X is not uniformly integrable. The converse can be established in the
martingale case. See 7.c.2.

7.c.1. The right continuous submartingale X = (X;) is closeable if and only if the
family { X;" |t > 0} is uniformly integrable.
Proof. (=) Let Z be a last element for X. Then F(Z%) < oo and the extended

process (X¢)o<t<oo, Where Xo, = Z, is still a submartingale. It follows that the
process (X; )o<i<oo is a submartingale (3.a.0) and consequently
0< X <E(ZYF), t>o.

The uniform integrability of the family { X," | ¢ > 0} now follows from the uniform
integrability of the family { E(ZT|F;) |t >0} (2.b.13).
(<) If the family { X;" | ¢ > 0} is uniformly integrable, then Xo, = lim;joo Xy
exists almost surely and is a last element for X, according to 7.c.0 (note that Foo
contains the null sets by assumption 7.a.0). j

Let now (X:) be a right continuous martingale with K = sup, || X¢|1 < oo.
Then (X;) and (—X;) are right continuous submartingales satisfying sup, E(X;"),
sup, E((—X;)")< K < oo. An application of 7.c.0 to both submartingales (X)
and (—X;) now yields:
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7.c.2 Martingale Convergence Theorem. Let X = (X,;);>0 be a right continuous,
L'-bounded martingale. Then Xoo = lim;joo Xy exists P-as. and is an integrable
random variable. Moreover the following conditions are equivalent:

(i) Xi = E(X|Ft), for allt > 0.

(i) (X¢) is uniformly integrable.
(iii) X¢ — Xoo in L-norm, ast 1 co.

Proof. (i)=>(ii): follows from 2.b.13.
(ii) = (iii): Note that X; — X, in L'-norm, as t T oo, if and only if X; — X in
L'-norm, as n T oo, for each sequence t,, T 0o, and use 1.b.4.
(iii) = (i): Assume that X; — X in L'-norm, as ¢ | co. Fix ¢t > 0. We wish to
show that X; = F(X|F:); equivalently (since X; is Fy-measurable), E(X;14) =
E(Xoo1a), for all sets A € Fy.

Let A besuch aset. Then F(X;:14) = E(X,,14), for all n > ¢, by the martingale
property. Let n T co. Then E(X,14) — E(Xsla), by the norm convergence
Xp — Xoo. It follows that E(X:14) = E(Xoola). 1

7.c.3 Corollary. Let Z € L*(P) and let X = (X;) be a right continuous version of
the martingale E(Z|Fy), t > 0. Then X; — E(Z|Fw), ast 1 00, almost surely and
in L1.

Proof. The martingale X; is right continuous and uniformly integrable. According
to 7.c.2, Xy — X, t ] 00, P-as. and in norm, for some integrable random variable
X isfyi

oo Satistying E(Z|F) = X = E(Xoo|F), t>0. (1)
In fact we can take X,, = limsup,, X,, which is defined everywhere and Fuo-
measurable. It remains to be shown that X, = E(Z|F). According to 2.b.4 it
will now suffice to show that E(X.14) = E(Z14), for all sets A in some 7-system
P which generates the o-field Foo. From (1) it follows easily that the m-system
P = ;>0 F+ has this property. |

7.c.4 Corollary. For a right continuous martingale X = (X;)i>0 the following con-
ditions are equivalent:
(i) X is closeable.
(11) X is uniformly integrable.
(iii) Xy — Z in L'-norm, ast T oo, for some integrable random variable Z.

Proof. (i) = (ii): If X, € L(P) is a last element for X, then X; = E(X|F;), for
all £ > 0, and the uniform integrability of X follows from 2.b.13.

(ii) = (iii): follows from 7.c.2.

(iii) = (i): Assume that X, — Z € L*(P) in L'-norm, as t T co. We claim that
Xoo = E(Z|Fx) is a last element for X. Since X is Foo-measurable and satisfies
E(Xo|F) = E(Z|F), t > 0, it will suffice to show that X; = E(Z|F;), t > 0. The
proof is identical to the proof of (iii) = (i) in theorem 7.c.2.
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7.d Optional Sampling Theorem. Let us now extend the discrete parameter Op-
tional Sampling Theorem 5.b.2 to the case of a continuous parameter.

7.d.0 Optional Sampling Theorem. Let (X;)o<i<co be a right continuous, closed
submartingale. Then we have E(X$), E(X;) < oo and

Xs < E(X7|Fs) (0)

for all optional times S < T (not necessarily finitely valued).

Remark. A similar statement holds for closed supermartingales (the inequality in
(0) is reversed) and closed martingales (with equality in (0)).

Proof. Let S, T be optional times satisfying S < T.
(i) Assume first that F(X,) > —oo (equivalently that (X;) € L*(P)). The dis-
cretization lemma yields optional times Sy, T, : @ — {k27" | k > 0} U {oo} which
satisfy

S, <T,, S,|S and T, |T.

By the special nature of the range of S, T},, the variables Xg_, X7, can be viewed as
samplings of the closed submartingale sequence (Xgo—n)o<k<co. Thus the discrete
case 5.b.2 applies and shows that E(X;In),E(Xifn) < oo and

Xsn S FE (XTn|fSn) , Vn Z 1. (1)

Moreover we have Fg, | Fs, by right continuity of the filtration (F;) (7.a.3.(f)),
as well as Xg, — Xg and X7, — Xp, almost surely, by right continuity of X.
To pass to the limit as n 1 oo in (1) we need L!'-convergence (4.c.1) which follows
from almost sure convergence if we can show that the sequences (Xg, ), (X1, ) are
uniformly integrable.

Note first that the discrete Optional Sampling Theorem 5.b.2 applied to the
closed submartingale sequence (Xgo-n)o<k<oo and optional times 0 < S,, implies
that E(Xg, ) > E(Xp) > —oo. Moreover the filtration (Fg, ) is nonincreasing and
the inequality S, 41 < 5, and a similar application of 5.b.2 implies that

X5, S F (XSn|-7:Sn+1) .
Thus the sequence (Xg, ) is a reversed submartingale with F(Xg, ) > E(Xp) > —o0.
According to 4.b.0 this implies that the sequence (Xg, ) is uniformly integrable and
the same is true of the sequence (Xr,). Consequently the pointwise convergence
Xs, — Xg and X7, — Xr implies that Xg, X7 € L'(P) and Xg, — Xg and
X7, — Xp in LY(P). Tt follows that E (Xt |Fs,) — E(Xr|Fs) in L'(P) also
(4.c.1) and so, upon passing to a suitable subsequence, almost surely. Thus, letting
n 1 oo, (1) implies that Xg < E(Xr | Fs), as desired.
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(ii) In the general case let m < 0 be any integer and set X;(m) = Xy Vm, t > 0.
Then (X:(m)); is a right continuous submartingale with E(Xo(m)) > m > —oc.
Thus, according to (i), X7V m € L'(P) and

XSSXS\/mSE(XT\/m‘fS)~ (2)

Since X7 < (X7 VvV m)7, it follows that E(Xf) < oco. Likewise B(XJ) < oc.
Moreover the random variables X7 Vm, m < 0, are bounded above by the integrable
random variable X%L . Now let m | —oco. The Monotone Convergence Theorem for
conditional expectations (2.b.6) yields E(XT vm | .7-'5) l E(XT|.7-"S), P-as., and so
(0) follows from (2). y

Remarks. (a) If the right continuous submartingale X = (X;)o<t<oo is not closed,
then it is closeable if and only if the family { X;” | + > 0} is uniformly integrable.
In this case the limit X, = limyj X exists P-as. and is a last element for the
submartingale X (note that F., contains the null sets by assumption 7.a.0).

(b) If the optional times S, T satisfy S < T < oo, P-as., then we do not need X,
to define Xg, X7. Nonetheless we need the closeability of the submartingale X
for 7.d.0 to hold. See example 3.b.3 in the discrete case. However, if the optional
times S, T are bounded, say S < T < C < oo, the conclusion of 7.d.1 holds for all
submartingales X = (X;). Indeed the closed submartingale X ¢ = (ch)

satisifies Xg = Xg and X = Xg.
7.d.1 Corollary. Let X = (X, Fi)o<t<oo be a closed, right continuous submartin-

gale and (T})o<t<oo @ mondecreasing family of optional times. Then the family
(XTt’]:Tt)0<t<oo s a submartingale.

0<t<+o0

Proof. According to 7.a.1 the process (XTt)t is (th)—adapted. Let 0 < s < t. Then,
according to 7.d.0, E(XIJE),E(XE) < 400 and X7, < E(XTt|.7’:TS)7 as desired. |

Remark. It is assumed that the optional times T} satisfy s < ¢ = T; < T;. If the
T; are individually bounded, that is if T3 < Cy, P-as., for some constant C;, then
the assumption of closedness of X is not necessary. The proof remains the same.
7.d.1 will be applied primarily to bounded optional times T; of the form T; =t AT,
where T is a fixed optional time.

7.d.2 Corollary. Let X be a closed, right continuous submartingale and S, T any
optional times. Then E(Xp|Fs) > Xgar, P-as.

Remark. This generalizes the Optional Sampling Theorem in that it is no longer
assumed that S < T'. If the optional times S, T" are bounded, then the submartingale
X need not be closed. In the martingale case we have equality.

Proof. Since Xgar is Fs-measurable (7.a.5, 7.a.3.(a)) it is to be shown only that
E(X7;D) > E(Xgar; D), for all sets D € Fg, (3)

(2.b.4). Let D € Fg. Then DN [T > S| € Fsar (7.a.3.(j)). By the Optional
Sampling Theorem, E(Xr1|Fsar) > Xsar and so

E(XT;DH[TZS]) ZE(XSAT;DH[TZS]). (4)
Also E(X7;DN[T < 8)) =E(Xsar; DN [T < 8)), (5)
as X7 = Xgar on the set [T < S]. Adding (4) and (5) now yields (3). |
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7.e Continuous time LP-inequalities. We now turn to the continuous time version
of the maximal inequalities of 6.b.2, 6.b.3.

7.e.0. If (Xt)o<i<T is a right continuous process then S* := supg<;<r |Xi| is a
random variable, that is, measurable.

Remark. By completeness of (Q, F, P) it will show that S* = 5§, P-as., for some
random variable Sg.

Proof. Let D C [0,T] be any countable dense subset with T € D. Then S§ :=
sup,cp |X¢| is measurable. If the path t € [0,7] — X;(w) € R is right continuous,
it follows that S*(w) = S§(w). Here we are using that T € D, as right continuity
on [0, 7] has no implications at the point 7. Thus S = S*, P-as. |

7.e.1 LP-inequalities. Let (X:)o<i<r be a right continuous martingale and S* =
supg<i<r | X¢|. Then

(a) P(S* > X\) < A PE(|Xr|P) for all x>0, p > 1.

) 15"y < 51 X7 llp, for allp> 1.

Proof. Let D C [0,T] be a countable dense subset with T € D. Then S* =

sup,cp |X¢|, P-as. Enumerate the set D as D = {t,},>1. For N > 1, set Iy =
{t1,t2,...,tn, T}, Sy = maxser, |X:| and note that

Sy 18* P-as.,as N | oco. (0)

With the understanding that the index ¢ ranges through the elements of Iy in
increasing order, the finite sequence (X;);cr, is a martingale. From 6.b.2 we get

P(S% = N) S APE(X7]?), A>0, p>1. (1)

Let N 1 oo. From (0) it follows that [ S% > A] T [S* > A] on the complement of a
null set. Here the use of strict inequalities is essential. Thus (1) yields

P(S* > \) = Jim P (S5 > A) < APE(|Xr]?). 2)

Choose A, > 0 such that A, < A and A\, T A, as n | co. (2) applied to A, instead
of A yields
P(S*> X)) < P(S* >\, < (M) PE(|X7P).

Letting n T oo now yields (a). 6.b.3 applied to the finite martingale sequence
(Xt)tery vields [[Sxllp < (p/(p —1))|| Xz, for all N > 1. Let N 1 oo. Then
0< Sy 1S5* P-as., and so ||Sy|lp T11S*|lp. This establishes (b).
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8. LOCAL MARTINGALES

Recall that the filtration (F3)i>0 on (€2, F, P) is assumed to be right continuous
and augmented and that Fo = \/, 7y C F. The process of localization, described
below, is another interesting application of sampling (here stopping) a process by
optional times.

8.a Localization. Let X = X;(w) be an adapted process and T' : Q@ — [0,00] an
optional time (the value oo is allowed). The process X7, defined by X! := X;ar,
t > 0, is called the process X stopped at time T. If w € € then

[ Xi(w), if t <T(w)
X (w) = {XT(W)(M) it > T(w)

i.e., the path t — X,(w) is stopped at time t = T'(w), when it turns constant.
This justifies the terminology and shows that the process X7 inherits all continuity
properties of the process X: clearly, if the path ¢ — X;(w) is (left, right) continuous,
then the same is true of the path ¢ — X/ (w). Note that

(XS)T — XSAT (0)

and in particular (X7)T = X7T. Stopping X at a constant time 7' = a is equivalent
to redefining X; := X,, for t > a; equivalently, X = X,, for all ¢t > a.

8.a.0. The filtration (Fiar): is also right continuous. If X is a right continuous
submartingale then the same is true of the process XT relative to the filtration

(Fint)t-

Proof. Let us first show that the filtration (Fiar): is right continuous. It has to be
shown that (,o, Foar € Fiar, forall t > 0. Let t > 0 and A € (., Foar. We
wish to show that A € Fyar, that is, ANt AT <r] € F,, for all r > 0.

Let r > 0. Since A € Fspr, we have AN[sAT < r] € F,, for all s > t. Choose
a sequence (s,) such that s,, >t and s, | t, asn 1 co. Then s, AT | t AT pointwise
and consequently [s, AT < r] T [t AT < r], whence AN[s, AT < r| T AN[tAT < r], as
n 1 oo. Since AN[s, AT < r] € F., for all n > 1, it follows that AN[tAT < r] € F.,
as desired. This shows the right continuity of the filtration (Fiar):.

According to 7.a.5 the process X7 = (X;,7)¢ is adapted to the filtration
(Finr)t- The right continuity is inherited from the process X. The rest now follows
from 7.d.1 applied to the bounded optional times T; =t AT. |

Let A € F be a measurable subset of Q. If X = (X;) is a stochastic process
we define the stochastic process Y = 14X as Yi(w) = 1a(w)Xi(w), t > 0, w € Q.
Thus, multiplication of X by 14 affects the paths of X in a very simple way: the
path t — Y;(w) agrees with the path ¢ — X;(w), if w € A, and is identically zero
otherwise. If X is (F;)-adapted and A € Fo, then Y = 14X is (F;)-adapted also.
Now let T be an optional time. Then A = [T > 0] € Fy. Thus, if X is an adapted
process, then so is the process 1jp-gX.
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8.a.1 Definition. An optional time T is said to reduce the process X, if the process
1[T>0]XtT is an (Fiar)-martingale. The process X is called a local martingale if
there exists a sequence (T,) of optional times such that

(a) T, 1 oo, P-as., and

(b) T,, reduces X, for each n > 1.

In this case we will say that the sequence (T),) reduces X.

Remark. The definition of a local martingale depends on the underlying filtration
(Ft) and we should therefore speak more properly of (F;)-local martingales. How-
ever, unless varying filtrations are involved, we shall stick with the simpler term
“local martingale”.

If the process X is adapted and right continuous, then the process 1;7- XTI is
adapted to the filtration (Fiar) (7.a.5). We use this filtration rather than (F;) to
facilitate the application of the Optional Sampling Theorem 7.d.0 and streamline
the development. However, this is not crucial. See the remark following 8.a.2 below.

The special provision on the set [T' = 0] (cutoff to zero) is designed to be able
to handle nonintegrable X but is also useful otherwise (see proof of 8.a.5 below).
If X, is integrable, then T reduces X if and only if X is a martingale (see 8.a.2.(b)
below), that is the factor 1750 can be dropped in definition 8.a.1.

Assume that X is right continuous and let (7)) be a reducing sequence of
optional times for X. Fix ¢ > 0. Then 1[Tn>0]X;T” is Fi-measurable, for all n > 1
(7.a.5), and 1[Tn>0]XtT" — X, P-as., asn T oco. It follows that X, is F;-measurable.
Thus a right continuous local martingale is automatically (F;)-adapted.

If X is a martingale, then E(]X;|) < oo and it follows that | X;| < oo, P-as., for
each t > 0. It is now easy to see that local martingales have the same property. In
consequence local martingales X, Y can be added by means of (X +Y); = X; + Y
and are easily seen to form a vector space. We will see below that this vector space
is not closed under multiplication. This will be the starting point of important
developments.

8.a.2. Let X, Y; be right continuous, adapted processes and S, T optional times.

(a) Let Yy = X{ or Yy = 1ip=qX{ . Then'Y; is an (Fiar)-martingale if and only
if it is an (Fy)-martingale.

(b) If X is an (F;)-martingale, then so are X} and 14X, for each set A € Fy. In
particular X is a local martingale.

(¢) If X is a local martingale, then so are X7, 14X and Y, = Xy — X, for each
set A € Fy.

(d) If X' is a martingale, then T reduces X. Conversely, if Xq is integrable and
T reduces X, then X! is a martingale.

(e) If T reduces X and S < T, then S reduces X.

(f) Let X be a local martingale. Then there exists a reducing sequence (T,,) for X

such that T, T oo at each point of Q and (1[Tn>o]XtT")t is a uniformly integrable

martingale, for each n > 1.

Remark. Assume that X is right continuous and adapted. From 7.a.1 it follows
that the process X/ is (Fyar)-adapted and hence so is Y; = 1j75qX{ . Applying
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(a) to this process, we see that it is irrelevant whether we use the filtration (Fiar)
or the filtration (F;) in definition 8.a.1.

Proof. (a) (<) The filtration (Fyar): satisfies Fyar C Fy, for all ¢ > 0. However,
if Y; is a martingale with respect to the filtration (), then it is also a martingale
with respect to any filtration (G;) which satisfies G, C F;, ¢ > 0, and to which
it is adapted. To see this, note that for 0 < s < ¢ the conditional expectation
E(Y;|Fs) =Y, is in fact Gs-measurable and so Yy = E(Y;|Fs) = E(Y; | Gs), as
desired.

(=) Assume now that Y; is a martingale relative to the filtration (Fiar):. To get
to the larger filtration (F;) we must show that

E(Y;;A) = E(Ys;A), 0<s<t, (1)

for all sets A € F,, and this is known to be true for all sets A € Fyar. Assume that
0<s<tandlet Ae F,. Split theset Aas A= (AN[T <s])U(AN[T > s]). The
set B=ANI[T > s]is in Fsar (7.a.3.(j),(d)) and so

B AN [T > ) = B(Yy AN[T > 8]). @)
On the set AN [T < s] we have X;ar = X7 = Xar and so Y; =Y. Thus
E(Yy; AN[T <s])=E(Yg;AN[T < s)). (3)

Adding (2) and (3) now yields (1).
(b) Let X be an (F;)-martingale. Then, by 7.d.1, X/ is an (F;a7)-martingale.
From (a) it follows that it is an (F;)-martingale. Now let A € Fy. The process
Y = 14X is defined by Y;(w) = 14(w)X¢(w). Thus the integrability of Y; follows
from the integrability of X;. Let 0 < s < t. Since the function 1,4 is bounded
and Fs-measurable, we have E(Yi|Fs) = E(14X:|Fs) = L4 E(X¢|Fs) = 1aXs =Y
(2.b.10). Thus Y; is an (F;)-martingale.
(¢) Let (7)) be a reducing sequence of optional times for X. Fix n > 1. Using (a),
iz, >0 X ™" is an (F;)-martingale. In particular 1j7, -0 Xo = 1[Tn>0]Xg"’ e L'(P).
Thus 1[Tn>o]Y;:T" = 1[Tn>0]Xf" — 17,501 X0 is a martingale (indexed by t) also.
Consequently the sequence (7T},) reduces Y.

Likewise, using (c), 1z, >o/(XT)™ = (17,500 X )7 is an (F;)-martingale.
Thus the sequence (7},) reduces X 7.

Now let A € Fy. For each optional time 7" we have (1,X)7 = 1,X7 and so
Lz, >0)(1aX)™ = 14 (17, 500X ™) which is an (F;)-martingale, according to (c).
Thus the sequence (7},) reduces 14X as well.
(d) If X is a martingale, then so is 1p~qX{, that is, T’ reduces X. Conversely
assume that X is integrable and T reduces X, that is, 1[T>0]XtT is a martingale.
Then X[ = 1p>q X7 + 1r=g X{ = 1ir>0X{ + 1jr=¢ X0 is a martingale also.
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(e) Assume that T reduces X and S < T. Then M; = 1750 X¢ar is a martingale
and [S > 0] C [T > 0] and thus 1jgs0) = l{g>0l[r>0. By 7.d.1 applied to the
optional times T3 =t A S and (c), 1ig>0)Xtns = l[g>0)Mias is a martingale, that
is, S reduces X.

(f) Let (R,) be a reducing sequence for X and choose a null set N C Q such that
Tn(w) T oo, for all w € N¢. Set S,, = nly + R,1ne. Then S, T oo at each point of
Q and S,, = R, P-as. Since the filtration (F;) is augmented, it follows that S, is
an optional time also. Let n > 1. Then 1[Sn>0]XtS" = 1[Rn>0]XtR"7 P-as., for each
t > 0, and it follows that 1[sn>0]Xf " is a martingale. Thus (S,,) reduces X.

Now set T}, = Sp An. Then T,, T oo everywhere. According to (e), the sequence
(T},) reduces X. Fix n > 1. Then Y; = 1[57L>0]th" is a martingale. We can write
1[Tn>0]XtT” = l[Tn>0]YMn. Since Y;a, is a martingale with last element Y, and
hence uniformly integrable, the same is true of 1[Tn>0}XtT". 1

Remark. Local martingales are considerably more general than martingales. If in-
tegrability is understood in the extremely strong form of uniform integrability in
8.a.3 below, then a local martingale is a martingale if and only if it is integrable.
However, weaker forms of integrability do not suffice. A local martingale can be
contained in LP(P) for each p > 1 without being a martingale. It can be uniformly
integrable without being a martingale. See example 8.a.6 below. The correct in-
tegrability condition which forces the martingale property on a local martingale is
given as follows:

For each a > 0 let 7, denote the class of all optional times T": Q — [0,a]. The
right continuous and adapted process X is said to be of class DL, if the family
of random variables (X7)rec7, is uniformly integrable, for each a > 0. This is a
strengthening of the uniform integrability of the families (X¢);c[o,q], @ > 0.

8.a.3. A right continuous local martingale is a martingale if and only if it is of class
DL.

Proof. Let X = (X;) be a right continuous martingale. If T' € 7, is any optional
time, then the Optional Sampling Theorem 7.d.0 applied to the bounded optional
times T < a yields Xy = E(X,|Fr). The uniform integrability of the family
{Xr |T €7, } now follows from 2.b.13. Thus X is of class DL.

Conversely, let X; be a right continuous local martingale which is of class DL
and (7)) a reducing sequence for X. For n > 1 set Y;" = 1i7,50)X¢aT,. Using
8.a.2.(a), (Y"), is an (F;)-martingale, for each n > 1. Fix n > 1 and 0 < s < ¢.

Then Y = B(Y)"|F). (4)

Let n T oo. Then Y — X, and Y;* — X; almost surely. Since X is of class DL, the
sequences (Ys”)n, (Yt”)n are uniformly integrable. Consequently X,, X; € L'(P)

and Y — X, and Y¥;” — X; in norm. Thus E(Y;"|F,) — E(X:|Fs) in norm and it
follows from (4) that X, = E(X¢|Fs). 1

Remark. For a > 0 set S; = sup,<, |X¢|. If E(S;) < oo, for each a > 0, then X
is of class DL, as 0 < |Xp| < S, for all optional times T € 7,. Especially if X is
uniformly bounded, then X is of class DL.



Chapter I: Martingale Theory 69

8.a.4. If the right continuous local martingale X is uniformly bounded or satisfies
E (suptga |Xt|) < 00, for each a > 0, then it is a martingale. |

The next fact shows that there is always a canonical reducing sequence for a
continuous local martingale:

8.a.5. Let X be a continuous local martingale. Then T, :=inf{t >0 | | X¢| >n}
defines a reducing sequence (T,) of optional times for X. In fact, any sequence
(Sn) of optional times which satisfies Sy, 1 0o and Sy, < T, reduces X and satisfies

S’IL

(5,50 X" | < n. (5)

Thus the martingale (1[57L>0]th")
tegrable, for each n > 1.

, 18 uniformly bounded and hence uniformly in-

Proof. Let us first show that T, is an optional time, for each n > 1. Let ¢t > 0.
Then T, (w) < t if and only if | X4(w)| > n, for some rational number ¢ < ¢. Thus
(T < 1] = UL [1X,] > 0] | a€ QN[0,6) } € 7.

Let now (S,) be any sequence of optional times such that S, < T, for all
n > 1. Fix n > 1. The left continuity of the process X implies that |Xf"’| <mn, as.,
on the set [T;, > 0] and hence on its subset [S,, > 0], which implies (5). According to
8.a.2.(c) the process (1(g, >0 X", is a local martingale, which is uniformly bounded
and hence is a martingale. Thus the sequence (.S,,) reduces X. j

8.a.6 Example. Our example uses Brownian motions which are introduced in
chapter II. Here we need only the following properties: if B is a Brownian motion
in R? starting at z, then the distribution of B; has density

hit,y) = (2mt)"te le=vl?/2t -y € R2, (6)

and the process X; = log||B:|| is a local martingale (IIL.3.g below). We will see
that this process is highly integrable in the sense that X; € LP(P), for all p > 1,
t >0 and yet F(X;) — 00, as t | oo. Thus X; does not have a constant mean and
hence cannot be a martingale. Indeed, using the density (6),

B(X:) = E(log||B||) = (2mt) ™" /RQ h(t, y)logllyll dy, (7)

if this latter integral exists. Integration by parts shows that fol rlog(r)dr > —oc.
Integration using polar coordinates now shows that the function f(y) = log|ly|| is
integrable near zero:

1
/ loglylldy = 27r/ rlog(r)dr > —o0.
0

B1(0)
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As the exponential kills off everything near infinity, the integral on the right of
(7) exists and is finite. Fix n > 1 and write B,(0) = {y | ||yl < n}. Since
loglly|| > log(n) on R?\ B, (0), we have

/ h(t, y)logllyll dy = / h(t, y)logllyll dy + / h(t, y)logllyll dy
R2 R2\B,, (0 )

n Bn

> log(n) / Wt y)dy + / h(t, y)logly| dy.
R2\ B, (0) B, (0)

Multiply with (27r¢)~! and let ¢ T co. The second integral converges to zero, by the
integrability of log||y|| near zero and the boundedness 0 < h(t,y) = e-lle—vl*/2t < 1,
Thus

. e 1
i inf E(X;) = limint 5= [ h(t.)toglly] dy

1
> log(n)liminf — h(t,y)d
> log(n) e . (t,y)dy

= log(n)lim infi/ h(t,y)dy
2 R2

tToo it

1
— log(n) lim inf —— / oIzt g,
R2

tToo 2t

Integration using polar coordinates yields

(o]
/ eI /2t gy, — 277/ re"/?tdr = 2.
Re 0

Thus liminfyyoo E(X;) > log(n) and this is true for all n > 1. It follows that
liminfyqo, E(X;) = 400, that is, E(X;) — 400, as ¢t T co. Similarly, for each p > 1
and 0 < € <t < a we have

B(X,J") = E (Jfog|Bul[") = (2nt)™* [ e+ 2 (1) dy

< (2me)! / el =vI* 2 og |1y ) P dy.
RZ

The last integral is finite (integrability of |log(||ly||)|P near zero) and independent
of t. It follows that (X¢)¢ele,q) € LP(P) is bounded and hence uniformly integrable
(1.b.7). If a is chosen large enough the mean E(X;) will not be constant on the
interval [0, al.
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8.a.7. Let X; be a monnegative local martingale. Then X is a supermartingale.
Consequently X is a martingale if and only if it has a constant mean.

Proof. Since E(X,; ) = 0 we have to show only that E(X:|Fs) < X, for all
0 < s <t. Consider such s and t and let (T,) be a reducing sequence of optional
times for X. Then T}, T oo, P-as., as n | oo, and 1j7, 50 X¢aT, is a martingale
(indexed by t), for each n > 1. Fix such n. Then

E(Li, >0 Xint, |Fs) = 11,501 XsnT, - (8)

Letting n T co and using Fatou’s Lemma 1.2.b.8 for conditional expectations (with
h = 0), we obtain

E(Xy|Fs)=F (limninf L, >0 XiaT,

.7-;) < liminf E (17, >0 XiaT,
n

F)

= liminf 1[Tn>0]Xs/\Tn = X.
n

Thus X is a supermartingale. If X is a martingale, then it has a constant mean.
Assume conversely that ¢ > 0 +— FE(X;) is constant. By the supermartingale prop-
erty we have E(X;|F,) < X, P-as., for all 0 < s < ¢. If X were not a martingale
we would have P (E(X:|F,) < X5) > 0, for some 0 < s < t. Integration over
then yields E(X;) = E (F(X¢|Fs)) < E(X;) in contradiction to the constancy of
the mean. |

Remark. If Xy € L*(P) then the inequality E(X,|Fy) < X, integrated over (2 yields

E(X;) < E(X() < co. Combined with X; > 0 this shows that X, € L(P), for all
t>0.

8.b Bayes Theorem. The Bayes theorem handles the elementary aspects of changing
from the probability measure P to another probability measure (). Assume that
(Q,F, (Fi)i>0, P) is a filtered probability space, ) another probability measure on
F and let P, = P|F; and Q; = Q|F; denote the restrictions of P and @ to the
o-field F;, for all t > 0.

The probability measures P and @ are called (F;)-locally equivalent, if the
measures P; and @; on F; are equivalent, for each ¢t > 0. This does not imply that
P and @ are equivalent on F. In fact P and @ can even be mutually singular on
Foo- Examples will be encountered in II1.4.c below. Set

dQ;  d(Q|F)
M, = =2t — >
YT AP, d(PIFR) t=20

Then, for each ¢ > 0 and each set A € F;, we have Q(A) = Qi(A) = Eg,(14) =
Ep,(M14) = Ep(Mi1,4). The usual extension procedure now implies that

Eq(f) = Eq.(f) = Ep,(M:f) = Ep(M:f), (0)

for each nonnegative F;-measurable function f. Thus, if f is any JF;-measurable
function, then f € L'(Q) <= M, f € L*(P) in which case Eg(f) = Ep(M.f). The
following theorem generalises this relation to conditional expectations:
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8.b.0 Bayes Theorem. Assume that P and Q are locally equivalent. Then
(a) My is a strictly positive P-martingale.
(b) For 0 <t <T and each function f € L*(Q,Fr) we have

Ep (M7 f|F:)  Ep (Mt f|Ft)

Eq (f17:) = My ~ Ep(Mp|F) "

Proof. (a) Fix 0 < t < T. The equivalence of P; and @Q; on F; implies that
M; = dQ./dP; > 0, P-as. and My € L*(P,F;), especially M, is F;-measurable, by
definition of the Radon-Nikodym derivative. Moreover for A € F; C Fr we have
Ep(1aM;) = Q(A) = Ep(14Mr) (see (0)). This shows that My = Ep (Mr|F;).
(b) Let 0 <t < T, fe LYQ,Fr)and h = Eg(f|F:). We want to show that
Mih = Ep (M7 f|F:). Let A € F; and note that h is Fi-measurable and satisfies
Eq(1ah) = Eg(1af). Using the Fi-measurability of 14h, the Fr-measurability of
1af and (0), we can now write this as Ep(1aMih) = Ep(1aMyf). Since M;h is
Fi-measurable this implies that Myh = Ep (My f|F;), as desired. |

Remark. Recalling that My = dPp/dQr, (b) can also be written as

Ep ((dQr/dPr)f | Ft)
Ep (dQr/dPr | Fy) ’

We are mainly interested in the following

8.b.1 Corollary. The adapted process (Xi) is a Q-martingale (Q-local martingale)
if and only if the process (M Xy) is a P-martingale (P-local martingale).

Proof. Regarding the martingale case we have, using 8.b.0.(b),

(X;) is a Q-martingale <= X, € L'(Q) and X; = Eg (X7|F), VO<t<T
— M;X; € LY(P) and M;X; = Ep (M7 Xr|F:),
vo<t<T
< (M X;) is a P-martingale.

Turning to the case of local martingales, assume that X = (X;) is a Q-local martin-
gale and let (T;,) be a reducing sequence of optional times for X such that T,, T co at
each point of 2 (8.a.2.(f)). Then 17, 50 X¢a7, is a Q-martingale (indexed by t) and
so Yy = M1, >0 X¢aT, a P-martingale and hence so is YtT" = Lz, >0 Miat, Xeat,
for each n > 1. Thus (T,) is a reducing sequence for the process (M;X;) with re-
spect to the probability measure P. Consequently (M;X;) is a P-local martingale.
The converse can be shown similarly or follows from this by interchanging P and
Q and observing that dP;/dQ; = M *.
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9. QUADRATIC VARIATION

9.a Square integrable martingales. A martingale (M) is called square integrable if
it satisfies E(M?) < oo, that is, My € L?(P), for all t > 0. In this case M? is a sub-
martingale (3.a.1) and hence the function ¢ — E(M?) nondecreasing. The martin-
gale M, is called L2-bounded if it is square integrable and satisfies sup, E(M?) < oo.
In this case the martingale M; is uniformly integrable (1.b.7) and consequently has
a last element M, which satisfies My, = limj My, P-as. (7.c.2). Fatou’s lemma

now implies that — p a2y _ B (liminf, M2) < lim inf, E(M2). (0)
On the other hand, using Jensen’s inequality (2.b.12) for conditional expectations,

M? = E(My|F)? < E(MZ2|F,). Integration over Q yields E(M?) < E(M?2).
Combining this with (0), we see that

E(M2%) = sup, E(M}) = lims oo E(M?), (1)

especially My, € L?(Q, Fso, P). Let H? denote the space of all L?2-bounded, right
continuous martingales and set

1Mz == sup, | M2 = || Ml 2, M € H2.
Identifying martingales which are versions of each other, we see that || -||2 is a norm
% and th
on H* and the map M e H2 My, € L(Q, Fou, P)

is an isometry. It is also surjective: if f € L?(Q,Fu,P), then the martingale
M, = E(f|F:) has a right continuous version (7.b.3). From Jensen’s inequality
for conditional expectations, M? < E(f?%|F;). Integrating this over €2, we obtain
E(M?) < E(f?). Taking the sup over all ¢ > 0, it follows that | M2 < | f|lr2 < oc.
Thus M € H2. Moreover M., = f, according to 7.c.3. Consequently the space H?
is isometrically isomorphic to the Hilbert space L?(€2, F.,, P) and so is a Hilbert
space itself. It follows that the inner product on H? is given by

(M,N)32 = (Moo, Noo) » = E[MoNs], M,N € H>.

For M € H? set M, = sup,;q |M;|. The right continuity of M implies that M7, is
measurable and hence a nonnegative random variable. MZ is called the mazimal
function of the process M. We claim that

[M][2 < [[MZ |2 < 2[[ M|z (2)

Since M} < (MZ)? we have E[M?] < E[(MZ)?]. Taking the sup over all ¢ > 0
shows the left inequality. Fix n > 1 and set M} = sup,,|M;|. By Doob’s L2-
inequality (7.e.1.(b)) we have E[(M})?] < 4E[M?] < 4||M|3. Letting n T oo it
follows that E[(MZ)?] < 4||M||3. The right inequality in (2) follows upon taking
square roots.

Consequently, for M € H?, the maximal function M7 is square integrable
and |M|| = ||[MZ||z2 defines an equivalent norm on ‘H?. However with respect to
this norm H? is no longer a Hilbert space. Let H? be the space of continuous
L2-bounded martingales and H3 = { M € H? | My = 0}. Clearly H2 C H? C H?
are subspaces of H.
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9.a.0. The subspaces H?, H2 are closed in H?.

Proof. We show closedness in ‘H? in the equivalent norm || M|| = || M2 ||z2 on H?.
Let (M (n)) C H?, M € H? and assume that || M (n)—M]|| = |[(M(n)—M)% ||z — 0,
as n | co. Replacing M (n) with a suitable subsequence if necessary we may assume
that (M (n) — M)}, — 0, P-as., equivalently that M (n); — M, uniformly in ¢ > 0,
P-as. on Q (1.a.0,1.a.1). Thus, for P-ae. w € 2, the path ¢t — M;(w) is the uniform
limit of the continuous paths ¢t — M(n)¢(w), and hence itself continuous. This
shows that M is continuous and hence M € H2. Thus H? is closed in H2. If in fact
(M(n)) € H3 and so M(n)o = 0, for all n > 1, then My = lim,, M (n)g = 0 and so
M € H3. It follows that H2 is closed in H2. |

A martingale M; will be called uni formly bounded, if it satisfies | M| < K < oo
P-as., for all t > 0 and some constant K. Clearly such a martingale is in H? with
IM]s < K.

9.b Quadratic variation. A process A will be called a bounded variation process, if
the path ¢ > 0 — A;(w) is of bounded variation on finite intervals, for P-ae. w € Q.
Clearly each increasing process A has this property.

Consider a continuous, square integrable martingale M. Then M? is a sub-
martingale but it is not a martingale if it is not constant in time (seen below).
It will now be seen that M? differs from a martingale by a uniquely determined
continuous, increasing process A; with Ay = 0, called the quadratic variation of
M. The root of much that is to follow is the following simple observation:

9.b.0. Let M, be a square integrable martingale. Then
E [(My — M,)?| Fo] = E[M? — M2|F,], 0<a<s<t (0)

Proof. Let 0 < a < s <t. Then E[Ms(M; — M)|Fs] = M E[M; — My|Fs] =0
(2.1.10). Conditioning on F,, we obtain E[My(M; — M,)|F,] = 0. Observing that
(M} — M2) — (My — M;)?* = 2My(M; — M,), equation (0) follows by taking the
conditional expectation.

Remark. Let 0 < a <b < s <t Asabove one shows that E[M, (M, — M,)|F,] = 0.
Integrating this over the set 2 we obtain F [Ma(Mt — MS)] =0,ie., M, L M;— M,
in the Hilbert space L?(P). It follows that M — M, 1 M; — M,. Unsurprisingly
this relation is referred to as the orthogonality of martingale increments.

9.b.1. Assume that the continuous local martingale M is also a bounded variation
process. Then M is constant (in time), that is, My = My, P-as., for each t > 0.

Proof. Replacing M, with the continuous local martingale M; — My we may assume
that My = 0 and must prove that M; = 0, P-as., for each t > 0. Let V;(w) denote
the total variation of the path s — Ms(w) on the interval [0,¢]. It is known that
the increasing function ¢ — V;(w) is continuous, whenever the path t — M;(w) is
continuous and of bounded variation on finite intervals, and so for P-ae. w € €.



Chapter I: Martingale Theory 75

(A) Assume first that M is a martingale satisfying |V;| < K, P-as., for all t > 0
and some constant K. Because of My = 0 we have |M;| = |M; — My| < V; < K,
P-as., for all t > 0, as well.

Fixt>0andlet A={0=1¢y <...<t, =t} be any partition of the interval
[0,t]. Set ||A|| = mazj<pnltj+1 —t;|. Then, using 9.b.0 integrated over 2,

E[Mtﬂ = E[Mt2 - M(?] =L [Z;l:l(Mt% - ng—l):| =F [Z?:l(Mtj o Mtjfl)z}
< B[V -suprgjcn| My — My, |] -

Now let ||A[| — 0. Then the integrand V; sup; | My, — My,_, | converges to zero at all
points w € Q for which V;(w) < oo and the path s € [0,¢] — M;(w) is continuous
(and hence uniformly continuous) on the interval [0,¢], and hence at P-ae. point
w € Q. Moreover this integrand is uniformly bounded by the constant 2K2. The
Dominated Convergence Theorem now shows that

E [V; - sup,| My, — My,_,|] — 0.

Thus E[M?] = 0 and hence M, = 0, P-as., as desired.

(B) Let now M; be a continuous local martingale as in 9.b.1 and set, for each

>1
neh T,=inf{t>0|V; >n} (= oo on theset [V, <n,Vt>0]).
According to 7.a.7, T, is an optional time. The finiteness of V; implies that T}, T oo,
P-as., as n T oco. Fix n > 1. Then the process MtT" is a local martingale with
Mg" = 0 and thus its variation process V}(MT") satisfies ’MtT"| < ’Vt(MT")‘ <n.
Thus MtT " is a uniformly bounded local martingale and hence a martingale as in
step (A). It follows that M = 0, P-as., for each t > 0. Letting n 1 oo it follows
that M; = 0, P-as., for each ¢t > 0. |

Corollary 9.b.2. Let X; be any process. Then there is at most one continuous
bounded variation process Ay such that Ag = 0 and the difference Xy — Ay is a local
martingale.

Proof. 1f A;, By are continuous bounded variation processes such that Ay = By =0
and both X; — A; and X; — B; are local martingales, then by subtraction, B; — A; is
a continuous local martingale which is also a bounded variation process. By 9.b.1
it follows that B; — Ay = By — Ag = 0, P-as., for each ¢t > 0. |
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The quadratic variation process. Let X be a process and 0 < a < b. For a partition
A={a=1ty<...<t,=>b} of the interval [a,d] let ||A|| = mazj<n|tj+1 —t;| and
define the random variable Qa(X) by

Qa(X) =20 (X, — Xy ,)" (1)

More generally, if A = {0 =ty < ... < t, < ...} is any partition of the interval
[0,00) which has only finitely many points in each finite interval, we define the
process Q2 (X) by

QP(X) = (Xp = X + 50 (X0, = X,1)", 120, 2)
where the index k(t) is defined by k(t) = max{k > 0| t; <t}. Thus

Q7 (X) = Qaw(X),

where A(t) is the partition A(t) = (AU {t}) N[0,¢] of the interval [0,¢]. If the
partition A contains the point ¢, then (2) simplifies to

QtA(X) = Z?:l (th - Xt171)27 (3)

where the index n is defined by ¢ = t,,. This is the case in particular if A is
a partition of the interval [0,t¢] which can be regarded as a partition of [0, 00)
containing the point ¢. In this case Q2 (X) = Qa(X).

9.b.3 Theorem. Let M be a continuous, uniformly bounded martingale. Then there
exists a unique continuous bounded variation process A such that Ag = 0 and the
difference M? — Ay is a martingale. The process A is called the quadratic variation
of M, denoted (M). The quadratic variation (M) is an adapted and increasing
process and we have (M), € L?*(P) and

(M) = Hii”rn OQA(M) in L*(P), for eacht >0, 4)

where the limit is taken over all partitions A of the interval [0,¢].

Proof. The uniqueness of the process A has already been dealt with in 9.b.2. If
M? — Ay is a martingale and hence adapted, the process Ay = M? — (M? — A;) is
automatically adapted also. Let us now turn to the construction of the process A;.
Choose a constant K < oo such that

|M;| < K, P-as.,Vt>D0. (5)

(a) Motivation. Fix t > 0 and consider any partition A ={0=ty < ... <t, =t}
of [0,¢]. If the process M? — A; is to be a martingale, a rearrangement of terms in
the martingale equation combined with 9.b.0 yields

E[Ar _As‘fs] = E [M72 - Mf']—;] = E [(M7 - Ms)2|~7:s] .
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Assume now that the increment r — s is small. The continuity of the processes A, M
and the right continuity of the filtration (F3) leads us to believe that the increments
A, — Ag and M, — M, are almost F,-measurable and so dropping the conditional
expectations will result in an approximate equality A, — As ~ (M, — M,)?.

Thus, if ||Al] is small, then Ay, — Ay, ~ (M, — M;,_,)* and summing over
j =1,...,n, telescoping the left hand side, observing that Ay = 0 and a healthy
dose of optimism lead to the approximate equality

Ay Y (My, = My, ,)? = Qa(M)

Jj=

with hopes that this will turn into an equality in the limit, as ||A]| — 0.

(b) LetA={0=ty<...<ty<...} beany partition of the interval [0, 00) which
has only finitely many points in each finite interval. Then the process M2 — Q2 (M)
is a continuous martingale.

Clearly the process Hy = M? — Q# (M) is continuous and satisfies H, € L'(P), for
all t > 0. After rearrangement of terms the martingale equation for H becomes

E[QF (M) — QY (M)|F,] = E [M} — M2|F.], (6)

for all 0 < s < t. Consider such s and ¢t and set m = k(s) = maz{k | t; < s} and
n = k(t). Then we have m < n,
QP (M) = (M — My, )* + Sy (M, = My, )",
m 2
QY (M) = (M — My, > + 37, (My, — My,_,)", and so
n 2
QP (M) = Q2 (M) = —(My = My, )* + 327y (M, — My, )" + (My = My, )

Using 9.b.0 and telescoping the sum on the right yields E [Qf (M) — Q2 (M)|F,] =
Er, (M2, = M2) + Sy (ME = MZ_,) + (M2 = M2)] = E [M? - M2|7],

1
as desired.

(¢) Forr >0 the limit A, = limya o Q2 (M) exists in L*(P).

Recall that a partition A of [0,7] can be viewed as a partition of [0, 00) containing
the point r. Consequently

n 2
QX)) =Qa(X) = > i1 (X, — Xi,_,)", where t,, =7. (7)
Fix r > 0. By completeness of L?(P) it will suffice to show that
QR (M) — Q2 (M)||z2 — 0, as Ayl + [|Az] — 0. (8)

Let now Ay, As be any two partitions of [0,7] andlet A={0=50 < ... < 8y, =7}
denote their common refinement. According to (b), the processes M2 — Q™ (M)
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and M? — Q22(M) are both martingales. Taking the difference we see that the
process
Xi = Q7" (M) - Qp* (M)

is a martingale also, which is again continuous and uniformly bounded. Applying
(b) to X instead of M we see that X? — Q2(X) is a martingale and hence has a
constant mean. Since X = 0, this process vanishes at ¢ = 0 and it follows that the
constant mean is zero. Thus

QP (M) — QP2 (M)|7. = B(X}) = E (Q7 (X)) (9)

Set Y; = Q21(M) and Z, = Q22(M). Then X; = Y; — Z; and thus Q2(X) is
a sum of squares of the form [(Y;, — Y, ,) + (Zs, — Zsj_l)}z. Using the estimate
(a—b)? < 2(a?+b?) on each summand we see that Q2 (X) < 2 [Q2(Y) + Q2(2)].
In view of (9) and by symmetry it will now suffice to show that

E(Q7(Y)) =0, as [|Ac] +[|Az] — 0. (10)

Note that QYY) =21 (Ve — Yo, )?

and denote the points of the partition Ay by t; with ¢, = r. To get an estimate for
Qf‘(Y), let £ < m and choose the index j such that ¢; < sp_1 < s < t;41. Thisis
possible since A refines A;. From definition (2) it follows that

Ysk - Ysk_l = QsAkl (M) - QsAkl_l(M) = (Msk - JMU)2 - (Msk—l - Mt]‘)Q
= (Msk - Msk—l) (MSk + Msk—l - 2Mtj)7
and so (Ve = Yoo )2 < C(1AL]) (M — M, ) (11)
Sk Sk—1 = 1 Sk Sk—1)

where, for § > 0, C(6) = sup [ M, + M, — 2Mt|2
and the sup is taken over all numbers s,q,¢t € [0,r] such that ¢ < ¢ < s and
s —t < 0. Because of the continuity of M we can restrict ourselves to rational
numbers ¢, ¢, s and it follows that C(4) is measurable and hence a nonnegative
random variable. Recall that |[M| < K. Thus |C(d)| < 16K?. If w €  is such that
the path ¢t € [0,7] — M;(w) is continuous and hence uniformly continuous, we have
C(6)(w) — 0, as § | 0. In particular

C(6) — 0, P-as.,as § | 0. (12)
Summing the inequalities in (11) over all subintervals of A we obtain

Qr(Y) < C(lIAl) QR (M).
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The Cauchy-Schwartz inequality now implies that

E(QA(Y)) < E[C2(IA])]? B [Q2(M)?)* . (13)

As ||A]] — 0 we have E [C2([|A1]])] — 0, by bounded, almost sure convergence of
the integrand. To verify (10) it will thus suffice to show that the second factor on
the right of (13) remains bounded by a constant independent of A; and A. Write
QP = Q2 (M). Recalling that r = s, we have

QF = (M =M, )"
Square this and note that the sum of the mixed products can be written as
21<k<j<m M., — My, ) (M, — My, _,)°
= Zk X M, 1)2 Z;n k+1(MSJ' - Msj_l)z
= Z,m M, = M, ) (QF = Q5) =" (@5 —Q5_,) (@ -Q5).
It follows that
QFM? =23 (@5 -Q5 )@ -@N)+Y, M,,)' (14)
Now take expectations. From the martingale property of M? — Q2 (M) and 9.b.0
E[QF - Qu|F.] = E[M? - M |F,,] = E[(M; — M,,)*|Fy,] -

Since the factor Qi — Q2 is bounded and Fs,-measurable 2.b.10 yields

Sk—1

B[(Q5 - Q5 )@ - Qa7 | = B[(Q4 - Q5 ) (M, = M,)*| 7, ] -

Integrating over ) and observing that (M, — M,)? < 4K? yields

B[(05-Q3 )@ -02)] = B[4 - @3 ), — ., Y]
2(HA A
<E {4K ( E Sk—l):|’
where we have used that QSA)C — sA,C,l > 0. Thus, taking expectations in (14) and
telescoping the sum of differences QSAk — sA,C,l to the value Q2 — Q5 = Q2 yields

E[QX(M)?] < E [81(2@? 3 (M - M, ) }

Sk—1

2 ..
sn_1)  this becomes

Using the estimate (M, — M, ) < 4K?* (Mg, — M,

E[Q2(M)?] < E [8K?QR +4K?QR] = 12K*E[QR(M)).
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Since the process M? — Q# (M) is a martingale and thus has a constant mean, we
have E[Q2(M)] = E(M? — M3) < E(M?) < K% 1t follows that E[Q2(M)?] <
12K*, as desired. This proves (c).

We now have the existence of the limit A, = limya o QF (M) € L*(P), for
each t > 0, but this does not yet provide us with the desired process ¢t — A;.
We must show that the random variables A; can be chosen consistently within the
equivalence class A, in L? so that the resulting process t — A; has the desired
properties. The process A will be constructed path by path rather than random
variable by random variable.

Fix r > 0 and let A,, be a sequence of partitions of [0, r] such that A,, C A, 44
and J,, Ay, is dense in [0,7]. Necessarily then [|A,[ — 0, as n T co. Write QA =
Q2" (M). Then the sequence Q2 converges in L2(P) and, replacing (A,,) with a
suitable subsequence if necessary, we may assume that

Ay, ,
Zn ||QT - QTAH

2 < 00.

Fix n > 1, observe ||f||z1 < ||fl|z2 and apply Doob’s L?-inequality (7.e.1.(b) with
p = 2) to the martingale QtA"“ — Q" to obtain

Ay, An Ap Ap
B [¥, swpie, Q7 = QR0 1] < 52, supie, 1@ = QP2

A
<23, 1Qr™ = Qpr e < o0

and so suptST|QtA"“ - QtA"| < 00, P-as.

Let w € Q be in the set where the above sum is finite. As n | oo the continuous
paths t € [0,7] — Q2" (w) converge uniformly to some path ¢ € [0,7] — A (w),
which is therefore itself continuous.

It follows in particular that Q2" — A,, P-as., for each ¢ € [0, r]. For such ¢
E (M} - QP |F) = Mf —Qp, Vn>1. (15)

Let now n T oo. On the left Q2" — A,, P-as. Since the sequence Q2" also
converges in L?(P) it follows that A, € L?(P) and Q2 — A, in L?(P) and hence
in L*(P). Thus

E (M7 - Qp

Fi) — E (M} — A7)

in L'(P) and so P-as., if A,, is replaced with a suitable subsequence (1.a.0,1.a.1).
Likewise, on the right QtA " — Ay, P-as. Thus (15) implies that

E (M} — A|F) = M} — Ay, P-as.

Hence the process M? — A; is a martingale on the interval [0,7]. Finally, let us
establish the increasing nature of the paths ¢ € [0,7] — A;(w). The processes Q&
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are not increasing because of the last term in the summation in (2). However, if
s,t € A and s < t, then Q2 < Q2 (everywhere).

If now s,t € D :=J,, A, C [0,7] with s < ¢, then there exists an index ng such
that s,t € A, for all n > ng. For such n we have Q2 < QtA” and, letting n T oo,
Ay < A;, P-as. Here the exceptional set can depend on s and ¢ but, since the set
D is countable, it follows that

Ay < Ay, forall s,t € D with s<t, P-as.,

that is, P-ae every path ¢t € [0,7] — A;(w) increases on the subset D C [0,7]. By
continuity and density of D it must increase on all of [0, ].

Let us now verify the representation (4). Fix t € [0,r]. According to (c),
B = L?-lim)a| o Qa (M) exists, if this limit is taken over all partitions A of [0,¢].
From our construction, QtA” — A;, P-as. Note that QtA" = Qa, 1) (M), where
An(t) = (A, U{t}) N[0,1] is a sequence of partitions of [0,¢] with [|A,(¢)|| — 0. It
follows that Q2" — B in L2. Consequently

A, = B=L? lim M), P-as.
¢ HAH—»OQA( )

This gives us the desired process A; on each finite interval [0,7]. Because of the
uniqueness on each of these intervals, we can extend A; uniquely to a process defined
on [0, 00) with the desired properties. j

The definition of the quadratic variation will now be extended to continuous local
martingales using the localization procedure. For this we need

9.b.4. Let (M) be a continuous, uniformly bounded martingale and T any optional
time. Then

(a) E[(M)] = E[(My — My)?|, for all t > 0.

(b) M7T is a continuous, uniformly bounded martingale and (M™) = (M)T.

Proof. (a) The martingale M? — (M), has a constant mean. Thus E[M? — (M);] =
E[ME — (M)o] = E[MZ]. Using 9.b.0 it follows that E[(M),] = E[M? — M¢] =
E[(M; — My)?).

(b) According to 8.a.2.(b), M7 is an (F;)-martingale. It is clearly again uniformly
bounded. Thus the quadratic variation <M T> is defined and is the unique continu-
ous bounded variation process A such that (M7)? — A is a martingale.

Stopping the martingale M? — (M) at time T yields the martingale (M7)? —
(M)T. Since (M)7T is again a continuous, bounded variation process, it follows that
(M)T =A=(MT).y
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9.b.5 Theorem. Let X be a continuous local martingale. Then there exists a unique
continuous, bounded variation process A such that Ay = 0 and X? — A is a local
martingale. The process A is called the quadratic variation of X, denoted (X). The
quadratic variation (X) is an adapted and increasing process and we have

(X)) QA (X) in probability, for each t >0, (16)

= lim
lall—o
where the limit is taken over all partitions A of the interval [0, ).

Proof. The uniqueness of A follows from 9.b.2. The adaptedness of A is automatic,
if X2 — A is a local martingale and hence adapted. Let us now show the existence
of A.

As X is indistinguishable from a process every path of which is continuous,
we may assume that X itself has this property. Then the reducing sequence (T5,)
given in 8.a.5 satisfies T, T oo, as n | oo, at all points of €2, and the process
X(n) =15, >qX Tn is a continuous, uniformly bounded martingale, for each n > 1.

Thus, for each n > 1, there exists a unique continuous increasing process A(n)
such that the difference X (n)? — A(n) is a martingale. Since T}, < T, 1 we have
[T, > 0] C [Tq1 > 0] and so 1jp,>0)1[7,,,>0) = 11, >0]- It follows that

X(n)=1lp,sqX(n+1)". (17)

Fix n > 1 and stop the martingale X(n + 1) — A(n + 1) at T}, to conclude that
(X(n+ I)T")2 — A(n + 1)™ is a martingale. Multiplying this with 1(7, ~¢ and
observing (17) shows that X (n)?—1(7, >0 A(n+1)" is a martingale also (8.b.1.(b)).
From the characteristic property of A(n) we now conclude that

A(n) = Lz, s A(n+1)", (18)

along P-ae. path. A routine modification along paths indexed by points w in a
suitable null set yields this equality along every path, that is, as an equality of
functions on II = Ry x Q. Then (18) shows that A(n) = A(n + 1) on the set
I, ={(t,w) € Ry x Q| Tp(w) >0and t < T, (w)} C Ry x . The sets II,, are
increasing and so

An)=An+1)=An+2)=..., onll,.

Since II,, T II we can define a process A on II by setting
A=AMn)onIl,, n>1. (19)

Fix t > 0. If w € Q, then we have A;(w) = Ai(n)(w), for all n > 1 such that
Tp(w) > 0 and ¢t < T, (w), that is, for all but finitely many n > 1. Thus A;(w) =
lim,, A;(n)(w) and so A; is an Fr-measurable random variable. From (19) it follows
that

Iz, 50 A™ = 1ip, s A(n) ™ = A(n), (20)
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the second equality because of (18). It follows that

2 Ty
X(n)? = An) = (U >0 X ™) = 5 AT = 17,50 (X? = 4)

and in particular that this last expression is a martingale. Thus the sequence (T5,)
reduces the process X2 — A. It follows that X2 — A is a local martingale. Because of
(20) the process 1j7, 50} A™" is continuous and of bounded variation, for each n > 1.
It follows that the process A has the same property. Finally Ay = lim,, Ag(n) = 0.
This establishes the existence of A.

Fix t > 0. With A ranging through partitions of [0,¢] we have Q2 (X (n)) —
A¢(n), as ||A|| — 0, in L?(P) and hence in probability. Since X(n) = X and
A(n) = A on the set II,, C Ry x €, the process Q*(X (n)) satisfies Q* (X (n)) =
QA(X) on II,, as well. Thus Q2 (X (n)) = Q2(X) and A;(n) = A; on the t-section
Q,:=[T,>0N[t <T,] CQofIl,. It follows that

QF (X) — Ay, as |A[l -0, (21)

in probability on the set €,,. Since ,, T €2, the convergence (21) holds in probability
on all of © (1.a.2). j

9.b.6. Let X be a continuous local martingale and T an optional time. Then
(a) (X) is a contmuous increasing process with (X)o = 0. Especially (X) > 0.
) (x7) =

(c) (X)=0 zf and only if X is constant (in time).

(d) If A € Fy then (14X) = 14(X).

Proof. (a) Clear. (b) Stopping the local martingale X? — (X) at time T produces
the local martingale (XT)2 —(X)T (8.a.2.(d)). It follows that (XT) = (X)T, since
(X)T'is a continuous bounded variation process.

(c) If Xy = X, for all t > 0, then X? is a local martingale and hence (X) = 0.
Conversely assume now that (X) = 0. Then (XT) = (X)T = 0, for each optional
time 7. Since X can be reduced to a sequence of uniformly bounded martingales,
we may assume that X is itself such a martingale. Then 9.b.4.(a) implies that
E[(X; — X0)?] = E[(X){] = 0 and thus X; = X, P-as., for each ¢t > 0.

(d) This follows at once from the limit representation of (14X) in 9.b.5 and the
effect multiplication with A has on the paths of X. |

Remark. From the very definition of the process (X) it follows that X? is again a
local martingale if and only if (X) = 0. Thus (a) shows that X? is again a local
martingale if and only if X is constant (in time).

Let us now show a path by path version of property (c¢). To this end we
introduce the notation (X)b = (X), — (X),, whenever a < b. From 9.b.5 it follows
that

(X)) = Hgi\lm . QA(X) in probability, (22)

where this limit is taken over all partitions A of [a, b].
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9.b.7. Let X be a continuous local martingale. Then, for P-ae. w € Q we have, for
all0<a<b, (X)l(w)=0 <= X;(w) = X,(w), YVt € [a,b].

Remark. Recalling that (X) is an increasing process, this means that the paths
t— X;(w) and t — (X);(w) have exactly the same intervals of constancy, for P-ae.
w € €.

Proof. Fix 0 < a < b. For a suitable sequence A,, of partitions of [a,b] we have
almost sure convergence in (22). If w is in this set of convergence and the path
t — X;(w) is constant on [a,b], then it follows trivially that (X)%(w) = 0. This
shows (<) with an exceptional null set depending on the interval [a, b].

To see the other direction, set Ny = Xy, — X,. Then N is a continuous
(Fita)-local martingale with Ny — Ny = Xy, — Xsyq- Thus, for each partition A
of [0,t], we have Qa(N) = Qut+a(X), where a + A (translate of A) is a partition
of [a,a + t] which satisfies ||a + A|| = ||A||. Letting ||A|| — 0 we obtain

(N)y = (X)2T P-as., for each t > 0. (23)

Now consider the (Fiiq)-optional time T = inf{s > 0 | (N); > 0} (7.a.7). We
have (NT) = (N)” = 0. Thus N7 is constant in time. Since NJ = Ny = 0, we
have N7 = 0. That means that the path ¢ — X;(w) is constant on the interval
[a,a + T'(w)], for P-ae. w € Q. Consider such w which also satisfies (23) with
t=b—a. If (X)’(w) = (N)p_a(w) =0, then T(w) > b — a and consequently the
path ¢ — X;(w) is constant on the interval [a, b]. This establishes the direction (=)
again with an exceptional null set depending on the interval [a, b].

The dependence of the exceptional set on [a,b] is now removed as usual. By
countability we obtain an exceptional null set for simultaneously all intervals [a, b]
with rational endpoints. The rest follows from the almost sure continuity of the
paths t — X;(w) and ¢t — (X)¢(w). 1

Remarks. (1) If M is a uniformly bounded, continuous martingale (and hence also a
local martingale), then the quadratic variation of M viewed as a martingale agrees
with the quadratic variation of M viewed as a local martingale. This follows from
the limit representations

(M) = limy a0 QF (M)

in 9.b.3, 9.b.5. Note that convergence in L? implies convergence in probability
and that limits in probability are unique. In other words: if A is a continuous,
bounded variation process such that M? — A is a local martingale, then A = (M)
and consequently M? — A is a martingale.

(2) The limit representation (17) shows that the quadratic variation process (M)
is unaffected if the filtration (F;) is replaced with some other (right continuous
and augmented) filtration (G;) with respect to which X is still a local martingale.
The quadratic variation process (M) is also unaffected if the probability measure
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P is replaced with some absolutely continuous probability measure Q << P, with
respect to which X is still a local martingale. This follows from the fact that
convergence in P-probability implies convergence in Q-probability.

Example. Let us compute the quadratic variation process of a one dimensional
Brownian motion B = (B;) with associated filtration (F;). Brownian motions are
introduced in chapter II. Here we need only the following properties:

(a) B is a continuous square integrable martingale.

(b) The increment By — By is independent of F, for all 0 < s < t.

(¢) B;— B; is a normal variable with mean zero and variance t—s, for all 0 < s < ¢.
We claim that the process B? — t is also a martingale. To see this, we have to
show that E [B —t | Fs] = B2 — s; equivalently E [B} — B2 | F,| =t — s, for all
0 < s < t. Indeed, for such s and ¢t we have

E[B? - B?|F,| =E[(Bi— By)* | Fs] = E[(B, — B,)?] = Var(B, — B,) =t — 5.

Here the first equality follows from (a) and 9.b.0, the second equality from (b) and
the third from (c). The uniqueness part of 9.b.5 now shows that (B); =t for all
t > 0, that is, the quadratic variation of a Brownian motion is indistinguishable from
the nonrandom process V; = t. This can also be shown using the representation
(16), as follows: fix ¢ > 0 and consider, for each n > 1, the following partition A,
of the interval [0, t]:

Ap={0<tc <UDt it o oDt oyy

We will show that Qa, (B) — t in L*(P), as n | co. Set H; = Bjt/n — BGi—1)t/n

and note that Qa,, (B) —t =>"_, (H; — ). Thus

E[(Qa,(B) = 0% = B [(jo [1H2 - £])°] = B [(Z7-1 Z0)°] -

where Z; = H; — L, for all j = 1,...,n. The Z; are independent, mean zero
variables and consequently orthogonal in L?(P). Thus

E[(Qa,(B)—t)?] =E [(Z Zj) ] ZJ VE(Z3), where
E(Z3) = E[(H? - L") = B [H} - 212 + 5]

and the increment H; = By, — B(j_1)t/n 18 a mean zero normal variable with
variance 02 = t/n. Such a variable has moment generating function My, (s) =

exp(o®s®/2). Clearly E(H) = ¢® = t/n and the moment E(H}) can be found as
the derivative M 1% )(0) = 30* = 3t2/n?%. Consequently

and so E[(Qa,(B)—t)*] =37, E(Z3) = 22,0, asn | oco.

n

Thus (B); = limy 100 Qa, (B) =t, P-as., for each t > 0. |
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9.c Quadratic variation and L?-bounded martingales. Recall that H? is the space
of all continuous, L2-bounded martingales M with norm

[M|l2 = sup;>o| Mif| 2 = [[Moo| 22,

where My, = limjoc M, is the last element of M. For M € H? the maximal function
M3, = sup,>o|M;| is square integrable and satisfies || M|z < [|[MZ || < 2[| M.

The quadratic variation (M) is an increasing process and hence
(M) oo = limyoo (M) = limy, o0 (M)r

exists and defines an extended real valued, nonnegative random variable on 2. Let
us call the process (M) integrable, if E[(M)s] < co. We will see below (9.c.1)
that for M e H2 = {M € H? | My =0},

1M]l2 = [ Mecllz2 = E[(M)oo] * = [{M)L7]] ..

Note that a martingale M € H? need not be uniformly bounded and hence the
quadratic variation (M) has to be computed as the quadratic variation of a local
martingale.

9.c.0. Let M be a continuous local martingale. Then the following are equivalent:
(a) M is in H2.

(b) My € L? and the process (M) is integrable, that is, E[(M)s] < oc.

In this case M? — (M), is a uniformly integrable martingale.

Proof. Choose a sequence T;, of optional times such that M(n) = 1i7, >0 MTr is a
uniformly bounded martingale, for each n > 1, and T}, T oo, P-as., as n T co. Then
Zy = M(n)? — (M(n)); is a martingale and thus has a constant mean. Noting that
(M(n)) = 17, >0 (M)™" (9.b.6.(b),(d)), the equality E(Z;) = E(Zy) can be written
as

Elr,>qMig,] = E[lg,s0(M)int,] = E Lz, >0 Mg] - (0)

(a)=(b) Let M € H2. Then My € L% In fact M* € L?. Since (M )? dominates
1[Tn>0}M152/\Tnv we can go first with n T oo, to obtain E[Mﬂ — E[(M)t} =F [Mg]
and then with ¢ 1 0o, to obtain E[MZ2] — E[(M)] = E [M3] and thus

E[(M)x] = E[MZ] — E [Mg] = | M]3 — || Mo|[3 < oo

(b)=-(a) Assume that (b) is satisfied and set K = E[(M)s| + E [Mg] < co. Then
(0) implies
Ellir,sqMir,] < K. (1)
We have E(M}) = Eliminf, 17, »q M2y | < liminf, E[1p, ~q M2, | < K, for
all t > 0, by Fatou’s Lemma, and it follows that the local martingale M is L2-
bounded. It remains to be shown that M is a martingale. Fix 0 < s < t. Since
M (n) is a martingale, we have

E[lr, so)Miar, | Fs] = 1z, s0) Msnr, - (2)
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Because of (1), the sequence 1ir, > M7y, is L*-bounded, hence uniformly inte-
grable. Moreover 17, 0 Mia1, — M; almost surely and hence also in L'-norm (by
uniform integrability). We can thus pass to the limit in the conditional expectation
in (2) to obtain E[M;|F;] = M,, P-as. (4.c.1). Finally to show that the process
M? — (M) is uniformly integrable it suffices to note that

SUPy > | M7 — (M)e] < (MZ)? + (M),

where the right hand side is an integrable random variable. |

In general the norm and inner product on H? are given by
M|}z = [Ms|lzz and (M, N)u: = (Mo, Noo) 12 = E[MocNog].

However, on the subspace HZ C H?, the norm can also be written as follows:

9.c.1. For M € H3 we have | M|y = E[(M)o]? = [(M)?] .-

Proof. In the proof of 9.c.0 we have seen that E[MZ2] — E[(M)s]| = E [Mg]. If

My = 0 it follows that ) ) Lan2
IM)3 = [Muc|32 = E[(M)oo] = (M)}

Remark. All our results extend easily to local martingales (M;);c(o,q) defined on
a finite time interval. By simply setting M; = M,, for t > a, we extend M to a
local martingale M defined on [0, c0) satisfying My, = M, and (M) = (M),. For
example 9.c.0 becomes

9.c.2. For a continuous local martingale (M)c(0,q) the following are equivalent:
(a) M is an L*-bounded martingale.
(b) My € L? and E[(M),] < c0.

The following gives a glimpse of the significance of the quadratic variation process:

9.c.3. Let M be a continuous local martingale. Then limstoc M exists P-as. on the
set [ (M) < 00].

Proof. We may assume My = 0. Fixn > 1 and set T,, = inf{¢ > 0 | (M); > n } with
the usual provision that inf(f)) = co. Because of the continuity of the process (M),
T, is an optional time (7.a.7). Moreover (M™=) = (M)™ < n. Thus the process
<M T"> is integrable and hence M7» an L?-bounded martingale. Consequently the
limit lim¢y oo MtT " exists almost surely. The exceptional set can be made independent
of n and so, for P-ae. w € [(M)s < oo], the limit limgoo M (w) exists for all
n>1. If n > (M) (w), then T}, (w) = co and consequently M, (w) = M,(w), for
all £ > 0, and it follows that the limit limsjoo My (w) exists. §

For the construction of the stochastic integral we need the following result:



88  9.d Quadratic variation and L'-bounded martingales.

9.c.4. For a right continuous, adapted process X the following are equivalent:
(a) X is a martingale.
(b) Xt € L' and E(Xt) = E(Xy), for each bounded optional time T.

Proof. (a)=-(b) This follows from the Optional Sampling Theorem 7.d.0.
(b)=>(a) By assumption X; € L1, for all ¢+ > 0. Fix 0 < s < t. We must show that
E(X|Fs) = X,. Since X is Fs-measurable, it will suffice to show that E(X;14) =
E(X14), for all sets A € Fs.

Let A € Fs. Then T = tlac + sl is a bounded optional time (7.a.6). Note
that X7 = 14 X; + 14 X,. Likwise ¢ itself is a bounded optional time and so, by
assumption (b), we have

E(Xo) = E(Xr) = E(X;14c) + E(Xs14) and
E(Xo) = B(X;) = BE(X;1ac) + E(X;14).

By subtraction it follows that F(X;14) = E(X,14), as desired. 1

9.d Quadratic variation and L'-bounded martingales. Let M be a continuous local
martingale with My = 0 and (M)s = limyoo(M);. In section 9.b we have seen

that M is an L?-bounded martingale if and only if E((M)s) < oo. Now we will
see that the condition F ((M )%2) < oo implies that M is a uniformly integrable

martingale.

9.d.0 Lemma. Let X, A be (adapted) continuous, nonnegative processes with A
nondecreasing. Set X = supyeo ) Xs and assume that E(X.) < E(A;), for each
bounded optional time 7. Then

E(ﬁ)g%(@), t>0. (0)

Proof. Define Ao, = sup,sq As, let u,t > 0 and set o0 = inf{s| X, > u}. If 7 is any
bounded optional time then X* > v = ¢ < 7 and hence X;r, = X, > u on the
set B = [X* > u]. Thus

P(X:>u)=P(B) <u'E(Xrpolp) <u 'E(X;no) W
< uflE(AT/\U) < uilE(AT).

Now set p = inf{s|As > u}. If A, < u, then p > ¢, by the nondecreasing nature of
the process A, and so X = X, , on the set [4; < u]. Applying (1) to the bounded
optional time 7 =t A p, it follows that

P(X! >u, A <u) < P(X[,,>u) <u"E(Aip,) <u 'E(uAA;), thus
P(X; >u) <P(X; >u, Ay <u) + P(A > u) <u 'E(un Ay) + P(A > ).

Consequently, using 6.a.0 (and subsequent remark),
> 1
E(\/X):/ ——P(X] > u)du
k 0 2V (X7 > u)
1

1
< —F A ——P(A; > .
_/0 2u3/? (U/\ t)du+/0 2\/a ( t_U)du
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The second integral on the right is simply F (\/At). Using Fubini’s Theorem to
interchange the integral and expectation, the first integral becomes

CunA L\ Al * 1
=B (VA + A4, ) = 2B(V/Ay).

Thus (0) follows from (2). y

9.d.1. Let M be a continuous local martingale, Mo = 0 and M} = supg< <, |Ms].
Then

E(M;) < 3E (<M>j/2) . t>0. (3)

Proof. (a) Assume first that M is a uniformly bounded martingale. Then M2 — (M),
is a martingale vanishing at zero and so E(M? — (M);) = 0, that is, E(M?) =
E((M),), for all bounded optional times 7. Using 9.d.0 with X; = M} and A4, =
(M), and observing that \/X; = M;" now yields (3).

(b) Assume now that M is a local martingale and choose a sequence (T,) of op-
tional times such that 7, T oo and M7 is a uniformly bounded martingale, for
each n > 1 (8.a.5). Observing that (M), = M;, . , (a) implies that E (M}, ) <
3E(<MT">1/2) = 3E(<M>K2Tn) Letting n T oo and using the Monotone Conver-
gence Theorem now establishes (3). |

9.d.2 Corollary. Let M be a continuous local martingale with My = 0.
(a) If T >0 and E((M)lT/Q) < 00, then M is a martingale on the interval [0,T].
(b) IfE((M)cl,éz) < 00, then M is a uniformly integrable martingale.

Proof. (a) follows from (b) applied to the local martingale M7 .

(b) Assume E(<M>(1,é2) < 0o. Then, for all t > 0, E(M}) < 3E(<M>¥2), where
M} = supg<g<; |[Ms|. Letting t T oo we see that E(M;‘O) < oo. This implies that
M is a uniformly integrable martingale (8.a.4).



90 10.a Definition and elementary properties.

10. THE COVARIATION PROCESS

10.a Definition and elementary properties. Let X, Y be continuous local martin-
gales. Then the product XY is not in general a local martingale. However, using
the polarization identity

Xy = i (X +Y)? — (X - V)] (0)
we see that the process
(X,¥) = (X +7) (X =)

is a continuous bounded variation process such that (X,Y)g = 0 and the process
XY — (X,Y) is a local martingale. From 9.b.2 it follows that(X,Y") is the unique
continuous bounded variation process with this property. Moreover, the product
XY is a local martingale if and only if (X,Y) = 0. Note that (X, X) = (X) is the
quadratic variation process of X. Set

QA<X7Y) = Zj:l(th - th—l)()/%j - Yzj—l)’

for each ¢t > 0 and each partition A = {0 =1ty < ... <t, =t} of the interval [0, ¢].
The polarization identity (0) yields

1
Qa(X,Y) = 1 [QA(X +Y) —Qa(X —Y)].
From 9.b.3 and 9.b.5 it now follows that
QA(X,Y) — (X,Y):, in probability, as ||A|| — 0. (1)

Here the limit is taken over all partitions A of the interval [0,¢]. If X and Y are
uniformly bounded martingales, then the convergence is also in L?(P).

This limit representation shows that the covariation process (X,Y’) is not af-
fected if the filtration (F%) is replaced with some other (right continuous and aug-
mented) filtration (G;) with respect to which X, Y are still local martingales. The
covariation process (X,Y) is also unaffected if the probability measure P is re-
placed with some absolutely continuous probability measure @@ << P, with respect
to which X, Y are still local martingales. This follows from the fact that conver-
gence in P-probability implies convergence in @-probability.

The bracket (X,Y’) has many properties of an inner product: it is symmetric,
bilinear and nonnegative and even satisifies (X) = 0 = X = 0, if we restrict our-
selves to processes X with Xy = 0. The bilinearity of (X,Y’) is easily established
from the universal property. For example (aX)Y — a(X,Y) = a(XY — (X,Y))
is a local martingale. Since the process a(X,Y’) is a continuous bounded variation
process vanishing at time zero and (aX,Y’) is the unique continuous bounded vari-
ation process A vanishing at time zero such that (X )Y — A is a local martingale,
it follows that a(X,Y) = (aX,Y).
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10.a.0. Let X, Y be continuous local martingales and T an optional time. Then
(XTvT)y = (X" V) = (x,)".

Proof. (a) Stopping the local martingale XY — (X,Y) at time T we see that
XTyT — (X,Y)7T is a local martingale and thus that (X7, Y7) = (X,Y)T.
(b) To see that <XT,Y> = <XT,YT>7 it suffices to show that <XT7Y — YT> =0
equivalently, X7 (Y —Y7T) is a local martingale. Intuitively, the factor X7 is constant
after time 7' so that the product X7 (Y — Y7) is a constant multiple of the local
martingale Y — Y7 after time T, while before time 7" the factor Y — Y7 is zero.
More precisely set Z = X7 and W =Y —Y7. We must show that (Z, W) = 0.
Fix w € Q. Then the path s — Zs(w) is constant for s > T'(w) while the path
s +— Wi (w) is identically zero for s < T'(w).
Fix t > 0 and let A = {0 =1y < ... < t, = t} be a partition of [0,¢].
The preceding shows that the product (Z, (w) — Z;,_, (w)) (W, (w) = Wy, _, (w)) is
nonzero only if t;_y < T'(w) < t;. Thus, for w € 2, we have

0 it T(w)>t
QalZW)lw) = { (th (w) - thﬂ(w)) (Wt]‘ (w) = Wtj—l(w>) if T(w)<t’ )

where t; = t;(w) satisfies t;_1 < T'(w) < t;. It follows that Qa(Z,W)(w) — 0,
as ||A]] — 0, for each w € € such that the paths s — Z;(w) and s — Wi(w)
are continuous, and so for P-ae. w € . Replacing A with a sequence A, such

that ||A,]| — 0 and recalling that almost sure convergence implies convergence in
probability (1.a.0), it follows that (Z, W); = P-lim,Qa, (Z, W) = 0, as desired. j

10.b Integration with respect to continuous bounded variation processes. Recall
that (Q, F, P, (F;)) is a complete filtered probability space. Let A be a continuous
bounded variation process, which is adapted to the filtration (F;). For each ¢t > 0
let | A|; denote the total variation of A on the interval [0, t] defined pathwise, that is,
|Al:(w) is the total variation of the path s € [0,t] — Ag(w), for each w € Q. Then
|Al; is a continuous increasing (F;)-adapted process and the same is true of the
process |A|; — A;. Thus A; = |A]y — (JA|: — At) provides a canonical decomposition
of A as a difference of continuous increasing (F;)-adapted processes.

Let w € Q. If the path A, : s € [0,400) — Ag(w) is continuous and of
bounded variation on finite intervals, then it induces a unique signed Borel measure
ut, on each finite interval I = [0,t] such that p’ ([a,b]) = A, (b) — A, (a), for all
subintervals [a,b] C I. A, does not in general induce a measure on all of [0, +c0)
but the measures puf, satisfy u = Mﬁ;‘[o,r]a for all 0 < r < t. We shall thus drop
the dependence on ¢ and use the simpler notation pu,. It is customary to write

1w (ds) = dAs(w), that is, t t
| i) = [ o),
0 0

whenever this integral exists. If the path A, is nondecreasing, then it does induce a
unique positive Borel measure i, on [0, +00) satisfying p,([a,b]) = A, (b) — Au(a),
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for all finite intervals [a,b] C [0, +00). This is the case in particular for P-ae. path
s € [0,+00) — |A|s(w) of the variation process |A|. The corresponding measure is
the total variation || of the measure p,,. We use the notation |, |(ds) = |[dAs|(w),
that is, we write

/O £(5)|dA, (@) = / £() 1o (ds),

whenever this integral exists. Assume now that H is a process with measurable
paths s — H(w) satisfying

t
/ |Hs(w)||dAs|(w) < 00, P-as., for each ¢t > 0. (0)
0

Then, for each ¢ > 0, the stochastic integral I, = fg HydAg is defined pathwise as
I(w) = f; Hy(w)dAg(w), for P-ae. w € Q.

Let B, B; denote the Borel o-fields on [0, 00), [0, t] respectively. Call the process
H = H(s,w): Ry xQ — R (jointly) measurable, if it is measurable for the product
o-field B x F on Ry x Q. Call H progressively measurable, if the restriction of H
to [0,t] x Q is B; x Fy-measurable, for all ¢t > 0.

Since the measurability with respect to a product o-field implies the measura-
bility of all sections, it follows that a measurable process H has Borel measurable
paths s — Hg(w) and that a progressively measurable process H; is adapted to the
filtration (F%). Clearly a progressively measurable process H is measurable.

Let Lj,,
H satisfying (0). The subscript signifies local integrability, that is, the finiteness
of the integral over compacts, equivalently, over sufficiently small neighborhoods of
points. For H € LllOC(A) and t > 0 the integral I; = fot H,dA; is a function defined
P-as. on (.

10.b.0. Let H € L} (A). ThenI; = fot H.dA, is a random variable, that is, measur-

loc
able on Q) for eacht > 0. If H is progressively measurable, then I; is Fi-measurable,

for each t > 0, that is, the process Iy is (F;)-adapted.

(A) denote the family of all real valued, jointly measurable processes

Proof. Let us first show that I; is measurable. Recalling that the process A can
be written as a difference of continuous increasing (F;)-adapted processes we may
assume that A is itself increasing and hence the associated measures p,, positive.
It will then suffice to conduct the proof for nonnegative H. Linearity and the usual
approximation of H as an increasing limit of 5 x F-measurable simple functions on
R4 <€ shows that we can restrict ourselves to the case H = 1, where I' C R4 xQ is
a B x F-measurable set. Application of the m-A-Theorem (appendix B.3) now shows
that we can limit ourselves to measurable rectangles I" of the form I' = [a, ] X F,
where 0 < a <b < oo and F' € F. However, if H = 1, 4)xF, an easy computation
shows that I; = 1p (At/\b — AMG), P-as., for all £ > 0, which is measurable on 2.
Assume now that the process H is progressively measurable and fix ¢ > 0. In
the computation of the integral I; = fot H,dA, we make use only of the restriction
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Hjo4jx which is B; x Fi-measurable. Thus, in the preceding argument we can
stop the filtration F, and the process A, at time ¢ and replace the o-field F with
Fi. Then the preceding argument shows that I; is F;-measurable. |

Assume that H € L} (A). Then the process I; = fot H,dA, is also denoted He A,

loc
that is, we set

t
(HeoA), :/ H,dA,, t>0.
0

The integral process He A is a continuous bounded variation process. If H is pro-
gressively measurable, then this process is also adapted. The family of all jointly
measurable processes H satisfying the stronger condition

/000 |Hs(w)| |dAs](w) < 00, P-as., (1)

is denoted L'(A). Note L'(A) C L}, .(A). For H € L'(A) the stochastic integral
fooo H,dA, is defined pathwise as the limit fooo HydA; = limy fot H,(w)dAs(w),
for P-ae. w € Q. The existence of the limit is ensured by (1). The random variable
fooo HydAj is also denoted (HeA)q.

For an optional time 7" define the stochastic interval [0,T7] as the set
[0, 7] ={(t,w) e R+ xQ|0<t<T(w) } C Ry x Q.

Thus X = 1o77 is a stochastic process satisfying X;(w) = 1jo,p(y(t). It follows
that the process Z = 1o 71 H is given by Z;(w) = 1jo,7(u)(t)H¢(w). In short, mul-
tiplication by 1o 77 cuts the process H off to zero after time T'. Let us now gather
the properties of the integral process He A which are relevant for the definition of
more general stochastic integrals below:

10.b.1. Let A be a continuous, bounded variation process, H € L}, .(A) and T be

any optional time. Then

(a) He A = fo H,dA; is a continuous bounded variation process. If H is progres-
sively measurable, then the process He A is adapted.

(b) HeA is bilinear in H and A.

(¢) Ho(AT) = (Ijgr H) s A = (He A)T.

(d) Li,.(A) =L}, (A— Ay) and He A= He(A— Ay), for all H € L}, .(A).

(e) AT = Ag+ 1o 1y A, especially A= Ag + 1o A.

Proof. This follows from standard results in Real Analysis in a path by path manner.
(c) Note that the pathwise Lebesgue-Stieltjes measures corresponding to the paths
s — AT(w) do not charge the interval (T'(w),oc0) C R. Consequently the process
H ¢ AT remains constant on this interval. The same is obviously true of the processes
(1jo,rjH) A and (HeA)T. Moreover all three processes agree on the interval [0, T7.
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(d) Note that the pathwise Lebesgue-Stieltjes measures corresponding to A and
A — Ag coincide. (e) Note that for ¢ > 0,

(AO + 1[[O,T]] 'A)t<w) = AO(UJ) + /0 1[0’T(w)](8>d143(w)

tAT (w)
= Ao(w) +/ 1dAs(w) = At/\T(w)(w). 1
0

The following associative property is particularly important in the theory of stochas-
tic integration. It is this property which supports the formalism of stochastic dif-
ferentials developed in chapter III.

10.b.2. If K € Li (A) and H € L} (KeA), then HK € Li (A) and we have

loc loc loc

He(KeA) = (HK)eA.

Proof. The equality (KeA);(w) = ft

o Ks(w)dA,(w) implies that

d(KeA)(w) = Ki(w)dA(w) (2)

for P-ae. w € ). This equality is to be interpreted as follows: For P-ae. w € ,
the function t — K;(w) is the Radon Nikodym derivative of the Lebesgue-Stieltjes
measure corresponding to the path t — (K e A);(w) with respect to the Lebesgue-
Stieltjes measure corresponding to the path ¢ — A:(w). Recall that this implies the
same relation |d(KeA):|(w) = |K¢(w)||dA¢|(w) for the associated total variation
measures. Thus, for ¢ > 0, we have fOt|H5K5| |[dAs| = fot |Hg||d(KeA)s| < o0,
P-as., since H € L}, (Ke+A). It follows that HK € L}, .(A). Moreover, using (2),

loc
(HK)»A), = /t H K, dA, = /t Hyd(KeA), = (He(K+A)), P-as. onQ.y
0 0

10.b.3 Remark. If the integrator A is a continuous increasing process, and hence
the associated Lebesgue-Stieltjes measures nonnegative, then the stochastic integral
fooo H,dAg is defined also for each jointly measurable process H > 0 and is a random
variable, that is, measurable. Likewise the integral process He A is defined and
satisfies 10.b.2, 10.b.3 with proofs similar to the above.

10.c Kunita-Watanabe inequality. Let M, N be continuous local martingales and
t > 0. The considerations of 10.b will now be applied to the continuous bounded
variation processes A = (M, N),(M),(N). For w € Q let p,, v,, o, denote the
following Lebesgue-Stieltjes measures

tw(ds) =d{M,N)s(w), vu,(ds)=d{M)s(w) and o,(ds)=d(N)s(w)

on the Borel subsets of finite intervals [0,¢]. Let us now study the relation of the
measures i, Y, and o,. Note that all these measures vanish on singletons as the
path s — A(w) is continuous, for all A as above. Recall that |y, | denotes the
absolute variation of the signed measure p,,.
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10.c.0. For P-ae. w € Q we have |u,|([a,D]) < vi([a,b]))? o, ([a,b])Y/?, for all
subintervals [a,b] C [0,¢].

Proof. Step 1. Fix a subinterval [a,b] C [0,¢]. We show that |u,([a,b])| <
vo([a, D)2 0, ([a,b])'/2, equivalently, by definition of the measures pu,, v, 0w,
that

[(M,N)%(w)] < (M)} (w)?(N)2(w)'/?,  for P-ae. w € Q. (0)

a

Choose a sequence (A,,) of partitions of [a,b] such that |A, || — 0, as n T co. Then

Qa,(M,N) = (M,N)o Qa,(M)— (M) and Qa,(N)— (N, (1)

a’

in probability. Replacing (A,,) with a suitable subsequence the convergence will be
almost sure. Consider any w € § such that the convergence (1) holds at the point
w. fA={a=1ty <t <...<t, =>b} is any partition of the interval [a,b], then,
using the Cauchy-Schwartz inequality,

|Qa(M, N)|2 = ’Z(Mtj = My, )(Ni; — Ni, ) i
< Z(Mtj - Mtj—l)Q Z(th - th—l)Q = QA(M)QA(N)

Taking square roots, replacing A with A,,, evaluating the inequality at the point w
and letting n 1 co, we obtain (0).

Step 2. We observe that the exceptional P-null set in step 1 can be made inde-
pendent of the interval [a, b] C [0,¢]. This follows by taking the countable union of
the exceptional sets for all intervals [a,b] C [0,t] with rational endpoints a, b and
approximating the general subinterval [a, ] C [0, ¢] with these.

Step 3. Let [a,b] be a subinterval of [0,t] and A ={a=ts<t; <...<t,=0b}a
partition of [a,b]. According to step 1 we have

(b1, 65| < vo(tj—1, )% 0w ([tj-1, 15]) /2,

for P-ae. w € Q and all j =1,2,...,n. Summing and using the Cauchy-Schwartz
inequality, we obtain

S Ittty < {2 vttt} S oty notD)

= v ([a, 0]) o, ([a, B]) /2.

1/2

Here the exceptional set does not depend on the partition A (step 2). Taking the sup
over all such partitions A of [a,b] we obtain |u|([a,b]) < v, ([a, b))% 0. ([a, b])/?,
as desired. Recall that in the computation of the total variation |u,|([a,b]) of the
(continuous) Lebesgue-Stieltjes measure p,, on [a, b] it suffices to consider partitions
of [a,b] into subintervals (rather than general measurable sets). Note that the
exceptional set is independent of the interval [a, b] (see step 2). |
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10.c.1. For P-ae. w € Q we have |u,|(A) < v,(A)Y?6,(A)'/2, for all Borel sets
A C0,1].

Proof. Since the measures |u,|, v, 0, all vanish on singletons, it will suffice to
establish the claim for all Borel sets A C [0,¢). Let w € Q be such that 10.c.1 holds
for all intervals [a, b] C [0, t].

The family G of all finite disjoint unions of intervals of the form [a,b) C [0, 1)
is a field of sets which generates the Borel-o-field on [0,t). If A C [0,t) a Borel set
then, according to appendix B.9.0, there exists a sequence of sets A,, € G such that
(|pw| + v + 0w)(AAA,,) — 0 and consequently

|(An) = |1ol(4), vu(4An) — vu(A) and 04, (An) — 0w(A), asn T oo.

It will thus suffice to establish the claim for all sets A € G. Indeed, if A = [a1,b1)U
[az,b2) U ... U[an,by), where 0 < a3 < by < az <by <...<a, < by, then, using
10.c.1 and the Cauchy-Schwartz inequality,

ol (A) = Il (lag,07) <> wu(laz, b)) ?ou((a;, b;))
{ZVw aj, b }1/2{2% ([az b }1/2:%(14)1/2%(/1)1/2,.

10.c.2. For P-ae. w €  we have

t t 1/2 t 1/2
/ fgdluwé{ / fzde} { / deaw} ,
0 0 0

for all nonnegative Borel measurable functions f,g : [0,t] — R.

Proof. Let w € € be such that 10.c.2 holds for all Borel sets A C [0, ¢]. It will suffice
to establish the claim for Borel measurable simple functions f, g. Such f, g can be

written as
f=>a;la; and g=3 Bjla,,

where P = { A1, Aa, ..., Ay, } is a Borel measurable partition of [0,¢]. Then
=>02la, =304 and fg=>3 a;061a,.
Thus, using 10.c.2 and the Cauchy-Schwartz inequality,
/ Fodlpal = aiBilua| (A7) <> a;Bive(A)? ou(A))"?
) (S }”

([ ) ()"
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10.c.3 Kunita-Watanabe Inequality. Let M, N be continuous local martingales,
U, V be B x F-measurable processes and t > 0. Then

/0t|UsV%|Id<M,N>s|£{/OtU3d<M>s}1/2{/Otvfdwx}m, Pas. ()

Proof. Let w € Q be such that 10.c.3 holds for all nonnegative Borel measurable
functions f,g : [0,#] — R and let f(s) = Us(w) and g(s) = Vi(w). Recalling that
|pw|(ds) = |d(M, N)s|(w), v,(ds) = d(M)s(w) and o,,(ds) = d(N)s(w), 10.c.3 shows
that (2) holds at the point w. |
10.c.4 Remark. The special case U = V =1 (already contained in 10.c.1) is useful
and yields

(M, N)| < (M)}*(N)}/?, P-as. ¥t >0,
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11. SEMIMARTINGALES

11.a Definition and basic properties. Recall that (2, F, P, (F;)) is a filtered prob-
ability space with (F;) a right continuous and augmented filtration. The family of
continuous local martingales with respect to this probability space is a real vector
space but is not closed under multiplication. Indeed, if X, Y are continuous local
martingales, then even the square X2 is a local martingale only if X itself is con-
stant (X; = Xg). However the processes X2 and XY differ from a local martingale
only by a continuous bounded variation process. In fact

X?=M+A and XY =N + B,

where M = X? — (X) and N = XY — (X,Y) are continuous local martingales and
A = (X), B=(X,Y) are continuous bounded variation processes. This suggests
that we enlarge the class of continuous local martingales and define

11.a.0 Definition. The process X is called a continuous semimartingale if it can be
represented as a sum Xy = My+ Ay, t > 0, where M is a continuous local martingale
and A a continuous (adapted) bounded variation process satisfying Ag = 0.

Equivalently, X is a continuous semimartingale if and only if there exists a con-
tinuous bounded variation process A such that X — A is a local martingale. The
condition Ag = 0 can always be satisfied by replacing A with A; — Aj.

The requirement Ag = 0 ensures that the decomposition X = M + A is unique.
Indeed, using 9.b.2, A is the unique continuous bounded variation process such
that Ag = 0 and X — A is a local martingale, and M = X — A. The decomposition
X = M + A is referred to as the semimartingale decomposition of X, the process
M is called the local martingale part of X and the process A the compensator of
X, denoted A= uy.
Note that each continuous bounded variation process A is a semimartingale with
local martingale part M; = Ay and compensator u4(t) = Ay — Ag. More precisely,
a continuous semimartingale X is a bounded variation process if and only if its
compensator satisfies ux(t) = Xy — Xo. If Xg = 0, then X is a bounded variation
process if and only if ux = X and X is a local martingale if and only if ux = 0.
Ezample. If X, Y are continuous local martingales, then X? and XY are semi-
martingales with compensator uxz = (X) and uxy = (X,Y’) respectively.

Let & denote the family of all continuous semimartingales with respect to
(Q,F, P, (F:)). It is easily seen that S is a real vector space. However, at present it
is not even clear that S is closed under multiplication. Miraculously the Ito formula
of the Stochastic Calculus will show that S is in fact closed under the application of
all twice continuously differentiable multivariable functions. That is, if f € C%(R")
and if X1,...,X,, are continuous semimartingales, then Y = f(X1,...,X,,) is also
a continuous semimartingale. The Ito formula will also provide a formula for the
local martingale part and compensator uy of Y. It thus turns out that the choice
of the space S of continuous semimartingales is extremely fortunate.
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11.b Quadratic variation and covariation. If X, Y are continuous semimartingales,
we define the covariation process (X,Y) as (X,Y) = (M, N,
where M and N are the local martingale parts of X, Y respectively. In particular, if
A is a continuous bounded variation process, then A is a continuous semimartingale
with constant martingale part. It follows easily that (X, A) = 0, for each continuous
semimartingale X. The following justifies our definition of (X,Y):

11.b.0. Let X, Y be continuous semimartingales, A a continuous bounded variation
process and t > 0. Then

(a) Qa(X,A) — 0, P-as., as ||A]| — 0, and

(b)) Qa(X,Y) — (X,Y), in probability, as ||A|| — 0.

Here the limits are taken over all partitions A of the interval [0,t].

Proof. (a) Let w € Q be such that the path s — A;(w) is of bounded variation
and the path s — X (w) is continuous and hence uniformly continuous on the
interval [0,¢]. This is the case for P-ae. w € Q. Let |A|;(w) < oo denote the total
variation of the path s — A;(w) on the interval [0,¢] and set, for any partition
A={0=ty<t; <...<ty,=t} of the interval [0, 1],

Ca(w) = SUPj<j<n ‘th (w) — th—l(w)l'

The uniform continuity of the path s — X;(w) on the interval [0,¢] implies that
hmHAH_’O C’(A)(w) = 0. Thus

|Qa(X, A) ()] < D7 1Xe; () = Xy, ()] [Ar, (@) = Ay, ()]
< Caw) Y 1Ay W) = Ay, ()] < Caw)|Al(w) — 0,

as ||A]| — 0. This shows (a).

(b) Let X = M+ Aand Y = N 4 B be the semimartingale decompositions of
X,Y. Fixt>0andlet A={0=1ty <t <...<t, =t} bea partition of the
interval [0,¢]. By elementary algebra

QA(X’ Y) = Z [(Mtj - Mtj—l) + (Atj - Atj—l)] [(th - th—l) + (Btj - Btj—l)}
= Qa(AY)+Qa(M,N)+Qa(M, B).
Now let ||A|| — 0. Then we have QA(A,Y),QA(M,B) — 0 according to (a) and,

Qa(M,N) — (M, N),, according to 10.a.eq.(1), in probability, as n T co. It follows
that Qa(X,Y) — (M, N); = (X,Y)s, in probability.

Let X be a continuous semimartingale and X = M + A the semimartingale decom-
position of X. If T is any optional time X7 is again a continuous semimartingale
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with semimartingale decomposition X7 = M7T 4+ AT. Most properties of the co-
variation process (M, N) of continuous local martingales M, N extend easily to the
case of continuous semimartingales X, Y.

It is of course no longer true that X2 — (X) is a local martingale (it is a
continuous semimartingale, but this is no longer interesting, since much stronger
statements are true for the space §). Thus, it is also no longer true that ux: = (X).
Likewise (X) = 0 no longer implies that X is constant in time, merely that X is a
bounded variation process. We collect these results below:

11.b.1. Let X, Y be continuous semimartingales, T an optional time and C an

Fo-measurable random variable satisfying P(|C| < oo) = 1. Then

(a) If X is a local martingale, then so is the process CX.

(b) (X,Y) is a continuous bounded variation process and (X) a continuous increas-
ing process both vanishing at time zero.

(c) (X) =0 if and only if X is a bounded variation process.

(d) (XT.YT) = (XT.¥) = (X.Y)T.

(e) The bracket (-,-) is symmetric, bilinear and nonnegative.

(f) (X+AY+B)=(X,Y), for all continuous bounded variation processes A, B.

(9) (CX,Y) = C(X,Y).

Proof. (a) Set T, = inf{¢ > 0| |CX¢| V |X¢| > n.}. From the continuity of X and
the fact that C' is almost surely finitely valued, it follows that T, T oo, P-as. If X
is a continuous local martingale then the sequence (7),) reduces X (8.a.5), that is,
X(n) =1, 50X Tn is a martingale, for each n > 1. It will now suffice to show that
(T,,) reduces the process CX also, that is, the process iz, 5o (CX)™ = CX(n) is
a martingale, for each n > 1.

Fix n > 1 and note that |[CX(n)|] < n, by definition of the optional time
T,. Now let 0 < s < t. Then X(n);,CX(n); € E(P) and so, using the Fo-
measurability of C, 2.b.10 and the martingale property of X(n), it follows that
E(CX(n)Fs) = CE(X(n)Fs) = CX(n)s. Thus CX(n) is a martingale.
(b)-(f) now follow immediately from the definitions and 10.a.1.

(g) Since C is Fyp-measurable, C X is adapted. Let X = M+ A be the semimartingale
decomposition of X. According to (a), CM is a local martingale and C'A a bounded
variation process. Thus CX = CM + CA is a semimartingale. Let ¢ > 0 and A be
any partition of [0,¢]. Then QA(CX,Y) = CQa(X,Y). Letting ||A]| — 0 it follows
that (CX,Y); = C(X,Y):. 1

Remark. The useful property (e) shows that bounded variation summands can be
dropped from a covariation process. This is the case in particular if A, B are random
variables (viewed as processes constant in time).

If X, Y are continuous local martingales, then the process XY — (X,Y) is a
local martingale but it is known to be a martingale only if X, Y are uniformly
bounded martingales. In fact the following is true:



Chapter I: Martingale Theory 101

11.b.2. (a) If M, N € H?, then MN — (M, N) is a uniformly integrable martingale.
(b) If M, N are square integrable martingales, then MN — (M, N) is a martingale.

Proof. (a) We may assume that M, N € H3. Then the functions M7, = sup;sg |M],
Nz, (M)}Xé{ (N)éf are all square integrable (9.c.1). Let ¢ > 0. From 10.c.4 we
have [(M, N)| < <M>i/2<N>t1/2 and so

f = supso| MiNy — (M, N);| < MZNZ + (M)Y2(N)L/? s integrable.

Thus MyN; — (M, N), is a uniformly integrable local martingale of class DL and
hence a martingale.

(b) Let X = MN — (M,N) and a > 0. Then X¢ = M2N® — (M® N%), where
M® N% e H2 Thus X is a martingale by (a). It follows that X is a martingale. j

11.b.3. The Kunita- Watanabe inequality 10.c.4 still holds if the local martingales
M, N are replaced with semimartingales X,Y € S.

Proof. If X = L+ A, Y = M + B are the semimartingale decompositions of X and
Y then (X,Y) = (M, N), (X) = (M) and (Y) = (N).}

11.b.4 Remark. Let X,Y € §. The limit representation

(X, Y)e= lim Qa(X,Y)= Hm 3 (X, X, )%, =Yy, (0)

where the limit is taken over partitions A = {¢; } of the interval [0,¢], shows that
the covariation process (X,Y’) is unaffected if the filtration (F;) is replaced with
some other (right continuous and augmented) filtration (G;) with respect to which
X, Y are still semimartingales. We will see below that the family S of continuous
P-semimartingales is invariant under change to a locally equivalent probability mea-
sure (). Since convergence in P-probability implies convergence in Q-probability it
follows from (0) that the covariation (X,Y’) is unaffected if P is replaced with Q.

Let 0 <t < T. From (0) it follows that (X, V)T = (X,Y)r — (X,Y); has a
similar limit representation where the limit is taken along partitions of the interval
[t, T]. Thus this quantity is a measure of the aggregate comovement of the processes
X and Y over the interval [t, T]. Normalization (10.c.4) yields the quantity

(X, Y)f

Dt e [-1,1]
(XFvMT

which is a measure of the aggregate correlation of X and Y on the interval [¢,T].
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CHAPTER I

Brownian Motion

1. GAUSSIAN PROCESSES

Recall that (Q,F,P) is a complete probability space. The elements of Eu-
clidean space R* will be viewed as column vectors and we denote the dot product
on RF by (t,x) or t - x, that is,

k
(tx)=t-x=73_tz,

for all vectors t = (t1,t2,...,tx)", o = (21,29, ...,2x) € R*. Here the prime denotes
transposition as usual. Let {ej,ea,..., e, } denote the standard basis of R*.

1.a Gaussian random variables in R*. The normal distribution N = N(u,0?) on
R with mean p and variance o2 is defined by

1 (x — p)?
T exp (—7202 dx

The characteristic function (Fourier transform) of this distribution is given by

N(dx) =

N(t) = / " N(dx) = exp (iut — 502t2) , teR.
R
In the case of a mean zero normal distribution N = N (0, 02) this becomes

N(dz) = e /20° dz, and N(t) = 670%2/2, teRr

1
ovV2n
and the standard normal distribution N (0, 1) satisfies

1 2 - 2
N(0,1)(dx) = \/—2_71_6796 /2dz, and N(0,1)(t)=e""/% teR.

For 02 = 0 the distribution N(0,02) = N(0,0) is not defined by the above density
but is interpreted to be the point measure N(0,0) = ¢ concentrated at 0. With
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this interpretation the formula for the characteristic function N@O)(t) =é(t) =
2,2
1=e"91/2 holds in this case also.
The characteristic function of a random vector X : Q@ — RF is defined to be
the characteristic function of the distribution Px of X, that is, the function

Fx(t) = Px(t) = / ') Py (dx) = E(""X)), te RN
Rk

Recall that the components X7,..., X of the random vector X = (Xy,...,X})

are independent if and only if the joint distribution Px is the product measure

Px, ® Px, ® ... ® Px, . This is easily seen to be equivalent with the factorization

Fx(t) = Fx,(t1)Fx,(t2) ... Fx,(ty), Vt=(t1,ta,...,t;) € RF.

Covariance matriz. The k x k-matrix C defined by Cj; = E[(X; —m;)(X; —my)],
where m; = EX;, is called the covariance matriz C of X. Here it is assumed
that all relevant expectations exist. Set m = (mq,mg,...,mg)" and note that the
matrix ((X; —m;)(X; — m]—))ij can be written as the product (X —m)(X —m)’
of the column vector (X — m) with the row vector (X —m)’. Taking expectations
entry by entry, we see that the covariance matrix C' of X can also be written as
C = E[(X —m)(X —m)’] in complete formal analogy to the covariance in the
one dimensional case. Clearly C is symmetric. Moreover, for each vector t =
(t1,...,t) € R* we have

0 S Var(thl + ...+ thk) = Zij titjCO’U(Xin) = Zij Cijtitj = (Ctﬂf)

and it follows that the covariance matrix C' is positive semidefinite. Let us note the
effect of affine transformations on characteristic functions:

1.a.0. Let X : Q — RF be a random vector, A : R* — R™ a linear map and
Yo € R"™. Then the random vector Y = yo + AX : Q@ — R"™ has characteristic
function Fy (t) = e't¥0) Py (A't), for all t € R™.

Proof. For t € R™ we have Fy(t) = Elexp(i(t,Y))] = Elexp(i(t,yo + AX))] =

E [e®¥)exp(i(t, AX))] = et E [exp(i(A't, X))] = et¥0) Fx (A't).

la.l. Let X = (X1, Xo,...,X3)" : Q — RF be a random vector.

(a) If Fx(t) = exp(—%zyzl At2), t € R, then the components X, are in-
dependent normal variables with X; ~ N(0,);). In particular E(X;) = 0,
E(X?) =\ and E(X;X;) =0, fori #j.

(b) If Fx(t) = exp (i(t,m) — 1(Ct,t)), for some vector m € R* and some sym-

metric real k x k matriz C, then m = EX and C is the covariance matriz of X.

Consequently C is positive semidefinite.

Proof. (a) Assume that Fy(t) = E [e/Y)] = exp (—% > )\jtg) for all t € R™.

Let j € {1,2,...,n} and s € R. Setting t = se; = (0,...,0,s,0,...0) € R* in the
characteristic function of X yields

2

Fx,(s)=F [eisxf] = E[ei(sef’X)} = Fx(sej) = e NS
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and this is the characteristic function of a real valued normal N(0, \;)-variable.
Thus in particular E(X;) = 0 and E(X?) = Var(X;) = ;. Moreover, for each
t = (t1,ta,...,t1) € RF, we have

n n 1y 42 n
Fx(t) = exp (—% >, Ajtg) = T, e 385 = T, Py, (1),

and this shows the independence of the random variables X1, Xo,..., X;. In par-

ticular it follows that E(X;X,) = E(X;)E(X;) =0, for ¢ # j.

(b) SetY = X —m. We have to show that EY = 0 and E(Y;Y;) = Cj;. Indeed,
ing 1.a.0 )

Hsime St Fy(t) = e "™ Fx(t) = exp (—3(Ct, 1)), Vte R

The expectations E(Y;), E(Y;Y;) can be computed from the characteristic function

of Y as E(Y;) = —i(0Fy/0t;)(0) and E(Y;Y;) = —(0?Fy /0t;0t;)(0). Using the

product rule and symmetry of C we have (9/0t;)(Ct,t) = (Ce;,t) + (Ct,e;) =

2(Cey, t). Consequently repeated differentiation yields

OFy |0t; = —(Ce;, t)exp(—5(Ct,t)) and
O*Fy Jot0t; = — {(Cey,e5) — (Cey, t)(Cej, t)exp(—L(Ct1)) }
Setting ¢t = 0 now yields E(Y;) = 0 and E(Y;Y;) = (Ce;,e;) = Cij. 1

1.a.2. If m € R* and C is a positive semidefinite, symmetric real k x k matriz, then
there exists an R*-valued random vector X with Fx(t) = exp (i(t,m) — 1(Ct,t)),
for all t € R*. For such X the distribution Px satisfies Px(m + range(C)) = 1,
that is, X € m + range(C) almost surely.

Proof. Step 1. We show that there exists a random vector Y : Q — RF with
characteristic function Fy (t) = exp(—||t[[?/2), t € R*. Indeed, let (2, F, P) be any
probability space which supports independent standard normal real valued random
variables Y1,Ya,..., Y. Then Fy,(s) = exp(—s*/2), s € R. Let Y = (Y1,...,Y})".
By independence of the coordinates we have

Fy(t) = Fy,(t1) ... Fy (t2) = e 11/2 o=/ — o I7/2 for a1l ¢ € RE.

Step 2. Let now m € RF be a vector, C a real, symmetric, positive semidefinite
k x k matrix, write C = QQ’ as in appendix C and note that (Ct,t) = ||Q"t||?, for
all t € R*. According to step 1 there exists a random vector Y :  — R* such that
Fy (t) = exp(—||t]|*/2). Set X = m+ QY. Using 1.a.0 we have

Fy(t) = e By (@) = em) =192 — cop(i(t,m) — L(Ct, 1)),

for each t € R, as desired. Recall now from appendix C that range(C) = range(Q).
Thus X = m + QY € m + range(Q) = m + range(C) always. It follows that
Px(m + range(C)) = 1, at least for our special random vector X as above. If
now Z is any random vector in R such that Fyz(t) = exp (i(t, m) — %(C’t, t)), then
Pz(t) = Fz(t) = Fx(t) = Px(t), for all t € R¥ and since the Fourier transform
determines a measure uniquely, Py = Px. It follows that Pz(m + range(C)) = 1.}
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Definition. For any vector m € R* and real, symmetric, positive semidefinite k x k
matriz C the Gaussian measure N(m,C) is the unique probability measure P on
RF which has Fourier transform

P(t) = exp (i(t,m) — L(Ct, 1)), Vte Rk

Remark. This measure is concentrated on the affine space m + range(C). The
parameters m and C' are called the mean and covariance matriz of P respectively.
This terminology is justified by 1.a.1.(b). If X is any RF-valued random vector
such that Px = N(m,C), then m = EX = (EX;,EXy,...,EX}) € RF is the
mean of X and C;; = Cov(X;, X;). In this case the random vector X will be called
Gaussian and we write X ~ N(m, (). Each random vector X as in 1.a.2 has this
property and this shows the existence of the Gaussian measure N(m,C). Let us
now record some of the properties of Gaussian distributions:

1l.a.3. Let X : Q2 — R"™ be a random vector.

(a) If X is Gaussian, so is Y =y + AX, for every linear map A : R — RF and
every vector y € RF.

(b) X is Gaussian if and only if AX : Q — R is a normal variable, for each linear

functional A : R™ — R.

Proof. (a) Assume that X ~ N(m,C), that is, Fx(t) = exp (i(t,m) — 1(Ct, 1)),
t € R™, for some vector m € R™ and some symmetric, positive semidefinite n x n
matrix C. Let y € R*, A: R® — R* be a linear map and Y = y + AX. Using 1.a.0,

Fy(t) = Fypax(t) = e OV Fy(A't) = eWeap (i(A't,m) — J(CA't, A't))
= etWegp (i(t, Am) — 3(ACA't,t)) = exp (i(t,y + Am) — 3(ACA't, 1)),

for all t € R*. Here y+ Am € R¥ and AC A’ is a positive semidefinite k x k matrix.
It follows that Y ~ N(y + Am, ACA’) is Gaussian.

(b) (=). This follows from (a). («). Assume now that AX is a normal variable, for
each linear functional A : R¥ — R. We wish to show that X is itself Gaussian, that
is, Fx (t) = exp (i(t,m) — 1(Ct,t)), for all t € R*, where m = EX € R* and C;; =
Cov(X;, X;) (this matrix C' is automatically symmetric and positive semidefinite).
Fix t = (t1,t2,...,t;)’ € R¥, consider the linear functional A(z) = (t,z), z € R*
and let s € R. Since AX = (¢, X) = t:1 X1 + t2 X2 + ... + £, X is a normal variable,

Elexp(is(t, X)) = E[exp(isAX)] = Fax(s) = eis“*S%z/z, where

p=FEAX =AEX = (t,EX) = (t,m) and
02 =Var(AX) = Var(t1 X, + ... + t,X3.) = (Ct,t).

Setting s = 1, Fx (t) = E [exp(i(t, X))] = exp(ipn—o0?/2) = exp (i(t,m) — 3(Ct,1)),
that is, X ~ N(m,O). |
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Remark. Our results about Gaussian random vectors can be reinterpreted as results
about Gaussian measures: Recall that for any random vector X and measurable
map ¢ on the range space of X we have ¢(Px) = Py(x), where here ¢(Px ) denotes
the image of the measure Px under ¢. Since every probability measure Q on RF is
the distribution QQ = Px of some random vector in R¥, 1.a.3 can be reinterpreted as
follows: every affine image of a Gaussian measure is itself a Gaussian measure. A
probability measure @ on R™ is Gaussian if and only if the image A(Q) is a normal
distribution on R, for every linear functional A on RF.

la4. If X; : Q@ — R, j = 1,...,k are independent normal variables, then the
random vector X = (X1, Xa,..., X) is Gaussian.

Proof. Assume that X; ~ N(m;,07) and hence Fx, (s) = exp (ism; — 0]252/2). Let
t € RF. From the independence of the X it follows that,

Fx(t) =TI5 Fx, (t))

k —it;mj—o2t?/2
_ jm; ;
= | I],:1 e it

= exp (i(t, m) — 3 >t a?t?)

= exp (i(t,m) — 3(Ct,1)),

where m = (my,...,mi)’ € R* and C = diag(07). Thus X ~ N(m,C). }

1.a.5 Normal Correlation Theorem. Let X1,..., Xy : Q2 — R be random variables.
If the joint distribution of the X; is Gaussian (i.e., if X = (X1,...,Xy)" is a
Gaussian random variable), then the X; are independent if and only if they are
pairwise uncorrelated.

Proof. Since independence implies pairwise independence which implies pairwise
uncorrelatedness, we need to concern ourselves only with the converse. Thus assume
that X = (X1, Xa,..., X)) ~ N(m,C) is a Gaussian random variable and that the
X are pairwise uncorrelated: Then C;; = Cov(X;, X;) = 0, for all ¢ # j and hence
C = diag();) is a diagonal matrix. Let Z = X —m. Then Z ~ N(0,C), that is,

Fz(t) = exp (—%(C’t,t)) = exp (—% Z?Zl )\jt?> ,

for all t € R*F. According to l.a.1.(a) this implies that the components Z; are
independent and hence so are the X; =m; + Z;. |
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Standard Normal Distribution N (0,1) in R*. The Gaussian distribution N (0, 1)
with mean zero and covariance matrix I (the k x k identity matrix) is called the
standard normal distribution on RF. If X is a standard normal random vector in
R, then 2
Fk(@zze*WH/Q, t e R". (0)
According to 1.a.1.(a) it follows that the components X; ~ N(0, 1) are independent
standard normal variables in R and consequently their joint distribution Px =
N(0,7) is the product measure

N(0,I) = N(0,1) ® N(0,1) ®...® N(0,1).
Since N(0,1)(ds) = (2m)~2e~%"/2ds, it follows that N(0,I) has density

ng(z) = (27T)7k/267m?/267m§/2 T2 = (271')7]6/26_“:6“2/2, (1)

with respect to Lebesgue measure A, on R¥. The characteristic function (0) is
spherically symmetric, that is, invariant under orthogonal transformations of R¥.
Indeed ,
FUx(t) = Fx(Ult) = €7HU t”2/2 = 67HtH2/2 = FX t

It follows that UX is again a standard normal random vector in R¥. Thus the
standard normal distribution N (0, 1) on R* satisfies

U(N(0,1)) = U (Px) = Pyx) = N(0,1),

for every orthogonal transformation U of R¥. This can be used to give an easy
proof of the invariance under orthogonal transformations of Lebesgue measure Ay
on RF:

1.a.6. Lebesgue measure A\ on R* satisfies U(\y) = i, for each orthogonal trans-
formation U of RF.

Proof. From (1) we have N(0,1)(dz) = (2m)~*/2exp(—||z[?/2)Ar(dz) and so
Ai(dz) = f(z)N(0,I)(dz), where the function f(z) = (2m)F/2exp(||z||?/2) satis-
fies f(Uz) = f(x), * € R*, for each orthogonal transformation U of R. Tt follows
that for each nonnegative measurable function g on R¥ we have

J9@) U = [ 9(Uz) A (dz) fg Uz)f(x )N(Oaf)(dw)
ng Uz)f(Uz) N z) = [ g(x) U(N(O,I))](dx)
= [9(2)f(x)N(0,1 fg ) ( dx

Remarks. (a) Note that (U(\;))(A) = M (U1(A)) = M\ (U’ (A)). Thus the equality
U(Ar) = A means that A\ (U'(A)) = A\p(A); equivalently, A\ (U(A)) = Ax(A), for
each orthogonal transformation U of R* and each Borel set A C R*.

(b) For later use we note the following property of Gaussian random variables:
Let m be any permutation of {1,2,...,k}. If X = (X;,Xs,...,Xx)" is a ran-
dom vector in RF, then X is Gaussian if and only if the permuted vector X, =
(Xn1, Xn2, ..., Xak)" is Gaussian. This follows immediately from 1.a.3.(a) and the
fact that permutation of coordinates is an invertible linear map on RF.
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1.a.7 Integration with respect to Gaussian measures. It will suffice to consider
integration with respect to the distribution N(0,C) on R*. We might now be
tempted to derive the density of this distribution. It is however easier and more
elegant to reduce integration with respect to N (0, C) to integration with respect to
the standard normal distribution N(0,) on R* with known density

ng(x) = (27r)*k/2e*%“””‘|2, x € RE.

To this end we represent the symmetric, positive semidefinite matrix C as C = A’A
for some k x k matrix A, i.e., C;; = 60, -0;, where 6; = ¢;(A) denotes the jth column
of A. Then (Ct,t) = ||At||?, for all t € R*. Now let X be any N(0,I)-random
vector on R* (Px = N(0,1)). Then, using 1.a.0,

Fax(t) = Fx(At) = e 31417 = ¢=3(Ct0),
and so A’X is an N(0,C)-variable. Thus N(0,C) = Parx = A'(Px) = A/(N(0,1))

(image measure). The image measure theorem [appendix B.5] now shows that for
all nonnegative measurable functions f on R* and all f € L*(N(0,C)) we have

[ H@N0.0)de) = [ s )
= . f(br-x,00-2,...,0,-2)N(0,1)(dx)
= fbr-x,00-2,...,0, x)ng(x)de.
Rk

The representation C' = A’A can be effected as follows: Let A1, Aa, ..., \; be the
eigenvalues of C' (these are nonnegative) and uy,us ..., ux be an orthonormal basis
of eigenvectors of C satisfying Cu; = Aju;. Now let A be the k x k matrix with rows
r;(A) = /Aju;. We claim that C' = A’A. Tt will suffice to show that A’Au; = Cu,
forall j =1,...,k. Indeed, the orthonormality of the u; implies that Au; = \//\_jej
and so A'Au; = \/AjA'e; = \/Ajc;(A) = /Ajri(A) = A\juj = Cuj, as desired.

1.b Gaussian Processes. In order to be able to introduce isonormal processes, it
will be necessary to consider certain real valued stochastic processes indexed by a
set T without order. A real valued stochastic process X = (X;)¢er indexed by T
will now be viewed as a function X : w € Q — X(w) = (X;(w))ier € RT.

Thus X (w) is the path t € T — X;(w), for each w € Q. For each t € T
let m; : RT — R denote the tth coordinate projection, and let BT = o (my;t € T)
denote the product o-field on RT. Then the measurability of the individual random
variables X; = m, 0 X, t € T, implies that X : (Q,F) — (RT,BT) is a measurable
map. The process X = (X;)ier : (Q,F, P) — (RT,BT) is called Gaussian if the
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variable Xp := (X{)ier : Q — RI is Gaussian, for each finite subset F' C T, that is,
if all the finite dimensional marginal distributions of X are Gaussian. The absence of
order on the index set T is irrelevant, since the Gaussian property is invariant under
permutations of coordinates. If X is Gaussian the distribution of the random vector
Xp on R* is completely determined by its mean mp = E(Xp) = (E(X})),cp and
covariance matrix Cp = (C(S,t))s’tep‘ = (Cov(Xs,Xt))S’teF which is selfadjoint
and positive semidefinite. Thus the functions

m:teT — E(X;))eR and C:(s,t) €T xT — Cov(Xs,Xs) €R

completely determine the finite dimensional marginal distributions and hence the
distribution of X on (RT,BT). Conversely

1.b.0 Theorem. Let T be an index set, m : T — R, C : T x T — R functions and
assume that the matriz Cp := (C(s, t))s,teF is selfadjoint and positive semidefinite,
for each finite set F C T.

Then there exists a probability P on the product space (Q,F) = (RT,BT) such
that the coordinate maps X; : w € Q — Xy(w) = w(t), t € T, form a Gaussian
process X = (Xy)ier @ (Q,F, P) — (RT,BT) with mean function E(X;) = m(t)
and covariance function Cov(X,, X;) = C(s,t), s,t € T.

Remark. Our choice of € and X; implies that the process X : (Q,F) — (RT,BT)
is the identity map, that is, the path t € T +— X;(w) is the element w € RT =
itself, for each w € Q.

Proof. Fix any linear order on T" and use it to order vector components and matrix
entries consistently. For finite subsets F* C G C T let

mp = (2)ier € Q=R — (21)ier € R and

mor i @ = (z4)iec € RY — (2¢)ter € RY
denote the natural projections and set
mp = (m(t))er € R, Cp = (C(&t))sieF and Xp = (Xy)ier-

Let P be any probability on (2, F) = (RT,BT). Since X : (Q, F, P) — (RT,BT)
is the identity map, the distribution of X on (R, BT) is the measure P itself and
7 (P) is the joint distribution of Xp = (X;)ier on RF. Thus X is a Gaussian
process with mean function m and covariance function C' on the probability space
(Q,F, P) if and only if the finite dimensional distribution 7z (P) is the Gaussian
Law N(mpg,CFr), for each finite subset F' C T. By Kolmogorofl’s existence theorem
(appendix D.5) such a probability measure on (2, F) = (RT, BT) exists if and only if
the system of Gaussian Laws { N(mpg,Cr) : F C T finite } satisfies the consistency
condition
TGF (N(mg, Cg)) = N(mp, CF),
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for all finite subsets F¥ C G C T. To see that this is true, consider such sets F,
G and let W be any random vector in R“ such that Py, = N(mg,Cg). Then
WGF(N(mg,C(;)) = ngr (Pw) = Prgpowy and it will thus suffice to show that
Y = ngr(W) is a Gaussian random vector with law N(mp,Cr) in RY| that is,
with characteristic function

Fy (y) = exp (ily,mr) — 3(Cry,v)), y= (y)ier € RY.

Since W is a Gaussian random vector with law N(mg, Cg) on RY, we have
Fw(y) = exp (i(x,mg) — %(ngw)) , == (1)ec € RE,

and consequently (1.a.0), for y € R,

Fy(y) = Frooow) () = Fw (nipy) = exp (i(rgpy, ma) — 5 (Camapy, mapy)) -

Here 7j,p : RF — RC is the adjoint map and so (75py, mg) = (Y, Termeg) =
(y,mp). Thus it remains to be shown only that (Caongry, 7opy) = (Cry,y). Let
y = (yt)ter € RY. First we claim that 7,y = z, where the vector z = (z¢)1eq €

G .
R% is defined by v ifter B
2t = 0 lftGG\F’ Vy:(yt)tEFGR .

Indeed, if © = (z;)icc € RE we have (Y, mera) = Y 1cp Ytt = Y e 2101 = (2,2)
and so z = mgpy. Thus (Comgry,mory) = (Caz,2) = >, 1eq Cst)2sz =
Zs,tEF C(S’t)ysyt = (CFyvy) 1

1.c Isonormal processes. Let H be a real Hilbert space and (€2, F, P) a probability
space. An isonormal process on (2, F, P) indexed by H is a real valued Gaussian
process X = (X¢)ren : (0, F, P) — (R", BH) which satisfies

EX;=0 and Cov(Xy, X,) = E(X;X,) = (f,9)n,
for all vectors f,g € H.

1.c.0 Theorem. If H is a real Hilbert space then there exists an isonormal process
X = (X¢)sen indexed by H (on some suitable probability space (0, F, P)).

Proof. According to 1.b.0 it will suffice to show that the covariance function
C(f,9) = (f, 9)u has the property that the matrix

(Cfis £)) iy = ((Fis f)m) 1y

is symmetric and positive semidefinite, for each finite subset { f1, f2,..., fn } C H.
The symmetry of this matrix is an immediate consequence of the symmetry of the
inner product in a real Hilbert space. Moreover

i1 CUfis fi)tity = 220 oy titi (fis f)mr = (E?:l tifi, 25—y tjfj>H
=X, tifiH2 >0,
for all ¢1,...,t, € R. Thus the matrix (C’(flv, fj))

n

=1 is positive semidefinite. g
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2. ONE DIMENSIONAL BROWNIAN MOTION

2.a One dimensional Brownian motion starting at zero. Recall that (2, F, P) is
a complete probability space and let B = (By)er @ (2, F, P) — (RY,B) be a real
valued stochastic process with index set I = [0,00). Then B is called a Brownian
motion (starting at zero) if

(o) B is a Gaussian process.

(6) Bo =0 almost surely.

(v) E(B:) =0 and Cov(Bs, By) = E(BsB) = s At, for all s,t > 0, and

(0) For every w € Q the path ¢ € [0,00) — B,(w) € R is continuous.

Condition () is redundant (it follows from (v): E(BZ) = Cov(By, By) = 0) and
is included for ease of reference only. Brownian motion can be characterized by an
equivalent set of conditions:

2.a.0. The process B = (By)i>0 s a Brownian motion if and only if

(a) By =0 almost surely.

(b) For 0 < s < t the increment By — By is normal with mean zero and variance
t—s: By — Bs ~ N(0,t —s).

(¢) For all0 <t; <ty <...<t, the variables Bt,, By, — By,,..., B, — Bt
independent.

(d) For every w € Q the path t € [0,00) — Bi(w) € R is continuous.

are

n—1

Proof. (=). Assume first that B is a Brownian motion starting at zero. Because
of (8) and () we have to show only that (b) and (c) hold.

Let 0 < s < t. According to (y) we have E(Bs) = E(B;) = 0, E(B?) =
E(BsBg) = s As = s, similarly E(B?) = t and finally E(Bs;B;) = s. Moreover,
according to (1), (Bs, B:) is a two dimensional Gaussian variable and hence its linear
image B; — B; is a one dimensional normal variable with mean E(B;) — E(Bs) =0
and variance Var(B; — By) = E [(B; — B,)?| = E [B} —2B;B,+ B2] =t —s.
Thus B, — Bs ~ N(0,t — s). This shows (b).

(¢) Let 0 < ¢ < ... < t,. By (a) the random vector (By,, By,,..., B, ) is
Gaussian and hence so is its linear image (B, , Br,— B4, , - .., Bt, =B, _,). According
to 1.a.5 the independence of the variables By, , By, — By, , ..., By, — By, , follows if
we can show that they are pairwise uncorrelated, that is, E [Btl (B, — Btj,l)] =0
and E [(By, — By,_,)(By, — By,_,)] =0, for all j # k (recall that all these variables
have mean zero). Indeed, we may assume k < j and thus tx_q <t <t;_1 <t;. It
follows that E [By, (By, — By,_,)| = E(By,By,) —E(By, By, _,) = ti Atj—t1 Atj_q =
t; —t1 = 0 and similarly

E[(Bi, = Bi,_,)(By, — By,_,)] =tk — tk — te—1 + ti—1 = 0.

(«<). Assume now that (a)-(d) are satisfied. We must verify (a)-(d). In view of (a)
and (d) we need to show only () and (). Note first that B, = B; — By is a normal
variable, according to (a) and (b). Let now 0 < t¢; < ... < t,. According to (b), (c)
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and the preceding remark, B;,, By, — By,, ..., By, — By, , are independent normal
variables. It follows that (By,, By, — Bt,,..., By, — By, _,) is a Gaussian vector
(1.a.4) and hence so is its linear image (By,, Bt,, ..., B, ). Thus B is a Gaussian

process. This shows ().

To show (7), note now that (a) and (b) with s = 0 imply that B; ~ N(0,¢) and
thus E(B;) = 0 and E(B?) =t. Let 0 < s <t. Then E(BsB;) = E [Bs(B; — Bs)] +
E(B?) = E(Bs)E(B; — Bs) + s = s, where we have used the independence of B
and B; — By, according to (c). This shows (). |

Remark. Condition (b) implies that the increments By — B, are stationary, that is,
the distribution of this increment depends on s, ¢ only through ¢t — s. From (a) and
(b) it follows that B, ~ N(0,¢), for all ¢ > 0. Regarding the distribution N(0,0) as
the point measure €y concentrated at zero, this relation holds for ¢ = 0 also.
Brownian motion on (0, F,(F;),P). The reader will note that no filtration is
involved in the definition of a Brownian motion. However condition (c), the “in-
dependence of increments”, can be shown to be equivalent with the independence
of By — By from the o-field F? = o (B,;r < s), for all 0 < s < t (2.e.1 below).
This motivates the following terminology: the process B will be called a Brown-
ian motion on the filtered probability space (Q, F, (F), P) if it is adapted, satisfies
conditions (a),(b),(d) of 2.a.0 and the increment B; — B is independent of the o-
field Fg, for all 0 < s < t. Thus each Brownian motion B is a Brownian motion
on (Q,F, (F), P), where FP = o (By;r <t). Let us now show that a Brownian
motion starting at zero exists. We need the following

2.a.1 Lemma. Let a,d > 0. If the real valued random variable X has distribution
N(0,9), then P(X|>a)< éeﬂf/zé'

Proof. Recall that N(0,6)(dx) = (278)~/2 e=*"/23dz. Thus

+oo +oo
N(0,5) ([a, +o0)) = / (2m6)~1/2 =" /28 g < / = (978)~1/2 /2y
“+oo +00
< % %efﬁ‘/%dx _ g [76712/25}(1 _ 27:567&/25.

a

Assume now that X ~ N(0,d). From the symmetry of the normal distribution it
follows that

P(|X] > a) =2N/(0,8) (fa,+00)) < Leo"/2
2.a.2 Theorem. A Brownian motion B = (By)i>o exists.

Proof. Let H be the Hilbert space L? ([0, +00)) (with respect to Lebesgue measure
on [0,400)) and L = (L(f))sem an isonormal process with index set H. Set
Xy =1L (1[07t]), t > 0. Then X = (X;)¢>0 is a Gaussian process, since so is L. Also
E(X:) = 0 and Cov(X,, X)) = E[X:X¢] = (1[0,51,1[0’,5])11 = s A't, by definition
of an isonormal process. This implies that F(Xg) = 0 and hence X, = 0 almost
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surely. Thus X has all the properties of a Brownian motion except the continuity
of the paths. We note in particular that this implies that the increment X; — X
satisfies

X: — X5 ~ N(0,t —s), (0)
for all 0 < s < t (see proof of 2.a.0). We now show that a suitable version B of
the process X has continuous paths. The process B then satisfies B; = X; almost
surely, for each ¢t > 0, and this implies that B also has properties (a), (8), ()
above. Combined with the continuity of paths this will show that B is in fact a
Brownian motion starting at zero.

(a) Let us first observe that the map ¢ € [0, +00) — X} is continuous in probability,
that is, t,, — t implies X; — X, in probability. Set d,, = |[t,, —¢t|, n > 1. According
to (0), X, — X¢ ~ N(0,0,) and consequently, using 2.a.1, P (| X, — Xi| >¢€) <
(Vo /€)exp (—€2/26,) — 0, as 6, = |t, —t| — 0, for each € > 0.

(b) Fix n > 1,let D,, = {k/2" | k >0} and set a,(t) = max{r e D, | r<t}=
[2"t] /2™, for each t > 0. Thus a,(t) € D, and |a,(t) —t| < 27". Since D,, € Dy 11,
it follows that a,(t) T ¢, as n 1 co. Now let

An:{Xr+2_" _Xfr | TGDnﬂ[O,’n] }.

The set A,, consists of n2™ + 1 random variables Y all of which have distribution
N(0,27™). Set M,, = maxyea, |Y|. Using lemma 2.a.1 every random variable
Y € A, satisfies P (|Y| > 1/n?) < n?27"/2exp (=271 /n*) < n?exp (—2""1/n*)
and so
P (M, >1/n*) <Y yea, P(IY]>1/n?)
< (1+n2")n?exp (—2""1/n*) = p,.

We have 2”71 > n® and so p, < (1 + n2")n%e™", for all sufficiently large n. It
follows that

The Borel Cantelli Lemma now shows that P (Mn > 1/n2 z'.o.) = 0. In particular
the series > M, converges almost surely.

Now let n > ¢ > 0. Then a,(t), ant1(t) € Dpt1N[0,n+1] and ay41(8) —an(t) =
0,2="*Y and so |X,, ,,(t) — Xa,t)| < Mps1. Thus

St [ Xanin ) = Xan| < Xpsy Ma < 00, P-as., (1)

and it follows that Z; := lim,jc Xg, (1) € R exists on the set [ZMTL < oo] and
hence almost surely with exceptional set independent of ¢ > 0.

We have X, ) — Z; almost surely and hence in probability. Also a,(t) — t
and hence X, ) — X; in probability, according to (a). As limits in probability are
almost surely uniquely determined, we have Z; = X; almost surely. Next we wish
to show that almost every path ¢ — Z;(w) is continuous. Let D := J,, D, be the
family of all dyadic rationals and observe that
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(¢) If r € D is dyadic rational with » < m, then ‘X Xam(T)| < EJ>m

If r = ap(r) (equivalently if r € D,,), there is nothing to prove. If am(r) < r we
can write .
r=am(r)+ Y00 /2,

with e; € {0,1}, for all j = m+1, m+2,..., m+p. Set ry = am(r)+2?:tf+1 €j/27,
k=0,1,..,p. Thenry = an(r), r, =r, and rg41,7% € Dyptr+1N[0,m+k+1] and
i1 —re = 0,1/2%" and hence | X Xp| € Mypgppr, forallk =0,1,...,p—1.

Thus

Tht+1
‘XT - Xam(r)| = |X - 7"0| < ZPZl |X

Tk+1

< Zk 0 Mpyry1 < Z]>m M;.

(d) If r,s € DN[0,m] with |r — s| <27™, then | X, — X5| <23

_er’

]>m

If |r —s| < 27™, then an(r),am(s) € Dy, N[0, m] and |an,(r) —am(s)| =0,27"
and it follows that ‘Xam(r) — Xam(s)| < M,,. Thus, using (c),

|Xr _Xs| < ‘X’!‘ _Xam(r)’ + ‘Xa (r)y — am s)| + |thm(8) _X3’
<My 425, M; <23

j>m j>m
(e) The path ¢t € [0, +00) — Z;(w) is continuous, for almost every w € {2, indeed

for each w such that 3., M;(w) < cc.

Consider such w € © and recall from (1) that then X, 5)(w) — Zs(w), for each
s > 0. Fix t > 0 and consider any sequence of nonnegative numbers ¢; such that
tr — t. We want to show that Z;, (w) — Zi(w), as k T oo.

Let ¢ > 0 be arbitrary, choose m > t,sup,t; such that >°,, M;w) < €
and consider any k such that [t —t| < 27™. Since X, ,)(w) — Z;, (w) and
Xo,t)(w) = Zi(w), we can choose n > m such that | X, () (w) — Z, (w)| < € and
| Xa, (1) (W) = Ze(w)| < e. Then ay(ty),an(t) € DN[0,m] and [t —t| < 27™ implies
|an(tr) — an(t)] < 27™ and so | X, (1) (@) = Xa, 0y ()| < 23 om Mj(w) < 26
according to (d). It follows that

| Zs, (w) — Ze(w)| < |Z0p (W) = Xy (600 (@) + [ X (1) (@) = X1 (@)] +
| Xa,(0)(@) = Zi(w)]| < e+ 2+ e =4e.

Thus the path s +— Zs(w) is continuous at the point s = .

Finally we make a trivial modification which forces all paths to be continuous.
Choose a null set N C ) such that the path ¢ € [0, +00) — Z;(w) is continuous, for
each w € Q\ N and set B = (1 —1y)Z. Then the path t — B;(w) is continuous,
for each w € Q and B; = Z; = X; almost surely, for each ¢ > 0. It follows that
the process B = (By)¢>0 inherits properties (c)-(7y) of a Brownian motion from the
process X. Thus B is a Brownian motion starting at zero.
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2.b Pathspace and Wiener measure. Let B = (B,);>0 be a Brownian motion
starting at zero on the complete probability space (2, F, P) and let B denote the
Borel o-field on R. We can view B as a measurable map B : (Q, F, P) — (R!,BY),
where I = [0, +00) and B! is the product o-field, that is, B/ = ¢(X; : t > 0) is the
o-field generated by the coordinate maps

Xi:ix=(x)>0 € R — z, € R. (0)

The measurability of B follows from the measurability of the compositions B; =
Xi0B:(Q,F) — (R,B). The product space (R, B") exhibits many pathological
properties. For example it is not metrizable and the product o-field B is weaker
than the Borel o-field generated by the product topology on R!. The pathwise
continuity of B however allows us to restrict the range of B to a far smaller and
more managable space. Let

C:=C(,R)={f]| f:I=]0,+00) — R is continuous }.

Then C' is a real vector space (and obviously a miniscule subspace of the product
space R!). Equipped with the seminorms | f|,, := Supicpo,n If @), f€C, n>1,
C becomes a Fréchet space. The metric topology on C' is the topology of uniform
convergence on compact subsets of I and is far stronger than the trace of the product
topology (the topology of pointwise convergence) on R!. It is not difficult to see
that the metric space C' is in fact separable: Piecewise linear functions with graphs
whose vertices have rational coordinates and which are eventually constant form a
countable dense subset of C'. Thus C is a complete, separable metric space. For
t > 0 the evaluation functional

Xi:feC— f(t)eR (1)

is simply the restriction to C' of the coordinate functional X; in (0) and we let
C := 0(Xy;t > 0) be the o-field generated by these functionals. Then C = {CNA |
Ae BI} is the trace of the product o-field B’ on the subset C C R,

The subsets A C R! such that the indicator function 14 depends on only
countably many coordinates X; are easily seen to form a o-field G containing the
generators X; '(A),t >0, A € B(R), of the product o-field B’ and hence all of B'.
Since continuity is not a property depending on the value at only countably many
points, the subset C C R’ is not in G and hence not in B'.

On the product space R the product o-field B is weaker than the Borel o-
field generated by the product topology. However, on the smaller space C' the two
o-fields agree:
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2.b.0. C is the Borel o-field generated by the metric topology of the space C.

Proof. Let B(C) denote the Borel o-field generated by the metric topology on C.
Since each map X; : C — R is continuous (and hence Borel measurable), it follows
that C = o(Xy;t > 0) C B(C). On the other hand the Borel o-field is generated by
the closed balls

Buo(f) ={9€C | If—gll<r}, n>1r>0 feC.

Thus the reverse inclusion B(C) C C will be established, if we can show that
B, +(f) € C, for all such n, r and f. Indeed

B (f) =19 €C | supieon lg(t) — fF(O) <7}
={geC|lgt)—f(t)| <r, Vt€QN[0,n]}
={g9€C | Xu(g) €[f(t) —r f(t) +7], VE€QN[0,n]}
= [ X'®) —r ft) +r]) €o(Xst = 0)=C.y

teQN[o,n]

Terminology. The measurable space (C,C) is called path space. It is a complete,
separable metric space together with its Borel o-field C. We keep in mind however
that C is also the o-field generated by the evaluation functionals X; in (2). Due to
the continuity of all paths, our Brownian motion B : (©, F, P) — (R!, B!) actually
takes values in path space, that is, B : (2, F, P) — (C,C) is a measurable map.
Let Pp denote the distribution of B on path space (C,C), and set X = (X;);>0.
Then X : (C,C, Pg) — (C,C) is a stochastic process on (C,C, Pg) and in fact

X:felC—-(X(f))izo=feC

is the identity map. It follows that the distribution of X is identical to the dis-
tribution of B (Px = X(Pp) = Pp) and in particular X is another Brown-
ian motion starting at zero. By the special nature of X, the entire information
about the stochastic process X is concentrated in the underlying probability mea-
sure Q = Px = Pp on path space (C,C). This measure is called the Wiener
measure. The measure @ is easily seen to be independent of the probability space
(Q,F, P) and Brownian motion B : (2,F,P) — (C,C). It is completely deter-
mined by its finite dimensional marginal distributions. If FF C I = [0,+o00) is
a finite subset and 7r : C — RY the corresponding coordinate projection, then
1r(Q) = mp(PB) = PrpoB = PB,)cr = N(0,D), where the Gaussian measure
N(0,D) is completely determined by its covariance function D(s,t) = s At and is
thus independent of the special choices of (2, F, P) and B. In short we may assume
that our Brownian motion B is defined on the probability space (2, F, P), where

Q=C={w|w:I=]0,+00) — R is continuous },
Bi=X;:weQ=Cr—uw()€eR, t>0,
F=C=0(Xy;t>0) and

P = (@ is the Wiener measure.

(2)
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In this case we might be tempted to use the natural filtration F_ := o(Bs; s < t),
t > 0, to which the process B is adapted. This filtration however is not right
continuous, a very serious flaw: indeed the set {w € @ =C | limy o+ t'w(t) =0}
is in ;50 F? but not in FY. This problem will be overcome below, where it is
shown that augmentation of the o-field F and of filtration (F?) by the null sets
makes this filtration right continuous.

2.c The measures P,. Consider the Brownian motion B on the probability space
(C,C,Q), where @Q is the Wiener measure and By(w) = w(t), for all w € Q. Then
B: (C,C) — (C,C) is the identity map and By = 0 almost surely.

Often it is more desirable to start the Brownian motion at some other point
x € R, while maintaining properties 2.a.0.(b)-(d) above.

Set B* = x + B, that is, Bf = =+ B;, t > 0. Then obviously Bf = =,
P-as., while the process B” has the same increments as the process B and hence
the properties 2.a.0.(b)-(d) remain in force for B* with respect to the underlying
probability measure ). However it is better to leave the process B unchanged and
force the desired property by a change of the underlying probability measure Q.

Since B : (C,C) — (C,C) is the identity map, @ = B(Q) = @Qp is also the
distribution of the process B. The above suggests that we let P, = B*(Q) = Qp=
be the distribution of the process B*:

2.c.0 Definition. For x € R set P, = B*(Q) = Qp=, where B* =z + B.

Recalling that B is the identity map, we have B(P,) = P, = B*(Q), that is, the

distribution of the process B under the measure P, is identical to the distribution of

the process B* under the measure ). Thus, with respect to the probability measure

P,, the process B satisfies:

(a) Bp = z almost surely,

(b) For all 0 < s < t the increment B, — By has distribution N(0,¢ — s),

(¢) Forall 0 <t <ty <...<ty the variables By,, By, — By,,..., By, — By, _, are
independent,

(d) For every w € Q the path ¢ € [0,00) — B,(w) € R is continuous,

since this is true of the process B” relative to the probability measure (). In par-
ticular, relative to the underlying measure P, we have B, ~ N(z,t), that is, By is
normal with mean x and variance t. Note that, relative to P,, B remains a path
continuous process with stationary and independent increments.

2.d Brownian motion in higher dimensions. Let d > 1. A d-dimensional Brownian
motion B starting at 0 € R? on the probability space (Q,F,P) is an R-valued
stochastic process, B; = (Btl, Bz, ... ,Bf)/, such that the the coordinate processes

B (Q,F,P)— (C,C), j=12....d

are independent one dimensional Brownian motions on (2, F, P) starting at 0 € R.
The independence here is the usual independence of random objects and implies
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in particular the independence of the random variables fi(B?'), fo(B?),..., fa(B%),

for all measurable functions f; : (C,C) — R. One verifies easily:

(a) By =0 almost surely.

(b) The increment B, — B, is a Gaussian variable with distribution N (0, (t — s)I),
forall 0 < s < t.

(c) Forall 0 <t <ty <...<ty the variables By,, By, — By, ..., B, — By, _, are
independent.

(d) For every w € (2 the path t € [0,00) — By(w) € R? is continuous,

in close analogy to the one dimensional case. In particular B is a path continuous

process with stationary and independent increments. Note that the process B can

be viewed as a measurable map

B:(Q,F,P)— (C4c?) = (C,0)"

Let I = [0,+00). The product C? = C(I,R)? can be identified with the space
C(I, R%) of all continuous functions f : I — R%. With seminorms analogous to the
one dimensional case, C'(I, R?) is a Fréchet space, its topology the product topology
on C¢ and hence the product o-field C? the Borel o-field on C(I, RY).

Obviously properties (a)-(c) specify all the finite dimensional distributions of
the process B and consequently uniquely determine the distribution of B on the
space (Cd,Cd). Indeed, if 0 =ty < t; < ... < ty, then (a),(b),(c) specify the joint
distribution of the random vector (By,, By, — By, ..., B, — Bt,_,) and hence the
distribution of its (linear) image (By,, By, , - - -, Bz, ). Thus a Brownian motion in R?
starting at zero is characterized by properties (a)-(d) above, that is, (a)-(d) imply
that B is an R%valued Brownian motion starting at zero in R.

The existence of such Brownian motions follows easily from the existence in
the one dimensional case: if (€2, F, P) is the d-fold product space (C,C,Q)¢, where
Q is the (one dimensional) Wiener measure, then the identity map

B:(Q,F,P)— (C,0)*=(c%c?)

is such a process (the standard Brownian motion in R?). The coordinates with
respect to the product measure are independent and identically distributed and
hence one dimensional Brownian motions as required above.

Consider this process B and let z € R?. Then the process B* = x + B and
the probability measure P, := B?(P) satisfy B*(P) = P, = B(P.), that is, the
distribution of B under P, is identical to the distribution of B under P. As in
2.c this implies that, relative to the probability measure P,, the process B satisfies
By = x almost surely and (b)-(d) as above.

The shift operators. The special nature of the space (Q, F, P) = (C,C,Q ) provides
an additional useful structural element. On the set Q = C? = C(I, RY) we can
introduce the shift operators 0 : 2 — Q, s € I, as follows

Ow)(t) =w(t+s), we, s,te€l=]0,+00).
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The operator 6, shifts us s seconds into the future. If B is the standard Brownian
motion B(w) = w(t), w € @ = O(I,R?), then Byof, = B;1s. Y : Q — Ris
any function, then Y o 6, is the same function restricted to the future after time
s. Let for example Y = f(By,, Bty,..., B, ), where 0 < ¢ < t3 < ... < t, and
f:(RY" = R. Then Y 00, = f(Bi, 16, Biyts, -, Bi,+s). These relations will be
useful in the formulation of the Markov property.

For the remainder of chapter II we assume that our probability space (2, F, P)
and Brownian motion B are of the above special form: (Q,F,P) = (C,C,Q)%
and B : (Q,F,P) — (C? C%) the identity map. In consequence we have the shift
operators s, s € [0,+00), and measures P,, z € R?. Let E, = Ep, denote
expectation with respect to the measure P,.

2.e Markov property. Let B be a Brownian motion in R? and Fy := o(Bs; s < t),
t > 0, the associated filtration. We have noted above that this filtration is not
satisfactory as it is not right continuous. It will be replaced with a more satisfactory
filtration below.

At time s the development of the path ¢ € [0,s] — Bi(w) has already been
observed, that is, all the information in the o-field F? is at hand. A natural question
is now what this implies about the future development of the path ¢ — B;(w).

To investigate this, we study the conditional probabilities P(B; € A | F?),
for Borel subsets A C R%, or, more generally and more elegantly, the conditional
expectations E (f(By) | F?), for 0 < s <.

We will see that these depend only on the o-field o(Bs) and not on all of F?,
that is, the development of the path ¢ — Bi(w) from time ¢t = s onward depends
only on the present state (value of Bs(w)), but not on its past ¢t € [0,s) — Bi(w).

d
For t > 0 and z,y € R®, set gl y) = (27#)7(1/267“17%2/%.

From 1.a.7 it follows that the Gaussian measure N(0,¢/) with mean 0 € R¢ and
covariance matrix tI has density N(0,¢I)(dy) = (2mt)~%/2e=1vI7/2tqy Tt follows
that the Gaussian measure N (xz,tI) has density

N(z, tI)(dy) = (2rt)~Y2e=1o=vI/2t gy — g, (2, y)dy.

2.e.0. We have g(x,y) = qi(z + h,y + h), a(z,y) = @(y,z) = @(z — y,0) and
N (z,tI)(dy) = qi(z, y)dy especially [ qi(z,y)dy =1, for all z,y,h € R*.

Poisson kernels. Let b(R?) denote the Banach space of all bounded, measurable
functions on f : R* — R. For t > 0 define the linear operator P; : b(R?) — b(R?)

th luti
as the convolution Pif = f« NOH), feb(RY).

(P f)(x

Consequently, for € R?,
)= [ S =EGw). 0

where W is any random variable with distribution N (x,tI). We will use the notation
Pif = f*N(0,tI) = [pa f ,y)dy for all measurable functions f, for which the
correbpondmg 1ntegral ex1stb ebpemally for nonnegative f.
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From the Fourier transform N(/O:fl)(y) = exp (—(tly,y)) = exp(—t|y||?) we
infer the semigroup property N(0,sI) « N(0,tI) = N(0,(s + t)I), s,t > 0. The
associativity of convolution now yields Ps; o P; = Psy4; in other words the family
{P;}+>0 is a semigroup of operators on b(R?).

2.el. Let 0 < s < t. Then By — By is independent of the o-field F° under all
measures Py, x € R,

Proof. Let x € R*, 0 < 51 < 89 < ... < 8, < s and set A = B, — B,. Then the
variables By, Bs, — By, Bs, — Bs,,..., Bs, — Bs,_,, A are independent under P,
(2.d.(c)) and so A is independent of the o-field o(By, Bs, — Bo,...,Bs, — Bs,_,) =
o0(Bo, Bs,,...,Bs,).

Consequently Il = (J{o(Bs,,...,Bs,) | 0<s1 < ...<s, <s}C Flisa

S

m-system which generates the o-field 0 and satisfies P,(AN B) = P,(A)P.(B),

for all sets A € IT and B € o(A). 2.e.1 now follows by applying appendix B.10.0 to
each event B € g(A). |

2.2 Let0<s<t,zec R and f: R® — R a bounded or nonnegative measurable
function. Then

(a) E. (f(By) | FY) = (Pt of)( fRd Y)qi—s(Bs, y)dy.

(b) By (f(Br)) = (Pif) ( fRd y)a(x y)dy

(¢c) Eq (th | 77) = ( (Bt)lB)

(d) Ey (f(By) | FY) (w w) (f(Bi=s)), for P-ae. w e Q.

Remark. Here E(f (Bt) | B ) E(f(By) | 0(Bs)) as usual. The reader will note

that the right hand sides of (a),(c) and (d) do not depend on z explicitly. It does
not matter where B starts. It matters only where it is at time s.

Proof. (a) Note that the random variable By is F0-measurable while the random
variable B; — By is independent of the o-field 0 under the measure P, (2.e.1).
Using 1.2.b.11, we obtain

B (F(B) | ) = B (F(Bo+ (B = B) | 2) = [ 1B+ 9)Ps,p. ()

Since By — Bs; ~ N(0, (t — s)I) under P,, we have Pg,_p_(dy) = ¢:—s(0,y)dy. Thus
B, (f(Be) | 7)) /f +y)qt50ydy—/f )4:—s(0,y — Bs)dy

= /Rdf(y)qt—s(Bs,y)dy = (Pi—sf) (Bs)-

(b) Use (a) for s = 0 and note that the o-field FJ consists only of events of P,-
probability zero or one. Thus E, (f(B;) | F§) = E. (f(B)). Moreover By = ,
P,-as.
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(c) The right side of (a) is o(B,)-measurable. It follows that E (f(B) | F?) =
E(f(By) | 0(Bs))-

(d) Let w € Q. According to (b) with 2 = Bs(w) and ¢ replaced with ¢ — s, the
right hand side of (a) can be written as (P;_,f) (Bs(w)) = Ep, () (f(Bi—s)) and
thus (d) follows from (a). y

Remark. 2.e.2 deals with random variables Z : Q = C(I, RY) — R which are of the
particularly simple form Z = f(B;). Note that (c) says that E(Z | FV) = E(Z | Bs),
that is, the future, given the entire past up to time s, is the same as the future,
given the state exactly at time s: the past influences the future only through the
present.

Part (d) expresses this same fact in a more explicit way: At time s our path has
arrived at the point Bs(w). However, the process Y; = By, has all the properties
of a Brownian motion except Yy = 0. Thus we can view the path ¢t > s — By(w) as
the path of a Brownian motion starting at the point Bs(w) and consequently the
future after time s should be evaluated through the measure P,, where z = Bs(w).
The transition from time s to time ¢ is then accomplished through the increment
B; — Bs ~ N(0, (t — 8)I) ~ B;_s.

The Markov property is the generalization of (d) to arbitrary bounded or
nonnegative measurable random variables Y : Q = C(I,R%Y) — R. Let us see
what would be an appropriate formulation: if in (d) we set Y = f(Bi_s), then
f(By) =Y 06, and (d) becomes

E(Yob, | F))(w)=Ep, (Y), forP-ae weQ.

Notice that Y o, represents the random variable Y evaluated s seconds in the future
and that, after s seconds, the state B,(w) is reached, so that evaluation should now
proceed using the measure Ep_ (). Indeed we will be able to replace the o-field F, 0

with the stronger o-field F;- =, Fy. This will have useful consequences.

2.e3. Let X, Y be R™-valued random vectors and T : R™ — R™ an invertible

linear map. If X =T(Y) and Px(dx) = g(x)dzx then Py (dy) = g(T(y))|det(T)|dy.

Proof. For each Borel subset A C R™ we have

PYeA)=PXeT(4)= /

o(x)dz = / o(T ()| det(T)|dy,
T(A) A

where we have used the substitution formula for Lebesgue integrals and the fact
that the Jacobian Jr of a linear map T satisfies Jr(y) =T, for all y € R™.
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2.ed. Let zg € R, 0 =tg < t; < ... < ty, writey = (Y1,%2,-.-,Yn) € (R and
set yo = xo. Then with respect to the probability measure Py, the random vector
Y = (By,,Bi,,...,By,) in (RY)" has density

F) =TTy at,—t, 0 (51, 95)dy
= g1, (20, Y1) @to—t: (Y1, Y2) - - Qtr—tr 1 Yn—1, Yn)dy1dys . . . dyn.

Proof. Set X1 =Y1 =By, Xo=Y>-Y1,...,.X,, =Y, —Y,_1, in short X =T(Y),
where T(y1,y2, ., Yn) = (Y1,Y2 = Y1, -+, Yn — Yn_1). Note that T : (R?)" — (R4)"
is an invertible linear map with determinant one.

By stationarity of the increments of our Brownian motion B we have X; =
By, — By, ~ N(0,(t; —t;—1)I) and hence Px,(dzj) = q,—+,_,(0,z;)dx;, for
all j = 2,3,...,n, and X1 = By + (B, — By) with By, — By ~ N(0,t1]) and
By = zp. Thus Px, = N(zg,t11) and so Px,(dz1) = ¢ (xo,x1)dx;. Combining
this with the independence of X, Xs,...,X,, it follows that the random vector
X = (X1, Xo,...,X,) on (R?)" has density

9(x) = q1, (%0, 1) qty—1, (0, 22) . . . G, —¢,,_, (0, 2, )dor,
x = (21,29,...,2,) € (RO

Since X = T(Y) and T is a linear map with determinant one, 2.e.3 yields that the
random vector Y = (By,, By, ..., By, ) has density

fy) =9(Ty)dy = g, (€0, y1)qts—, (0,92 — Y1) - - Gty —t,, 1 (0,Yn — Yn—1)
= qt, (x()? yl)qtz—h (yla y2) sty —t, 1 (yn—h yn)a

as desired.

Finite dimensional cylinders. The sets A =[Bs, € A1,...,Bs, € An, | € F, where
0<s1 <...<spand A; C R% is a Borel set, for all j =1,2,...,n, are called the
finite dimensional cylinders. Note that 14 = 14,(Bs,)14,(Bs,)...14, (Bs,)-

Such a cylinder A is in the o-field .7-"9 ifandonly if 0 < 51 <89 < ...< s, <.
Note the stipulation s; > 0. It is crucial for the following arguments. Thus a finite
dimensional cylinder cannot put restrictions on the first coordinate By(w) = w(0).
Nonetheless the finite dimensional cylinders generate the o-field F. This is due to
the continuity of Brownian motion paths at ¢ = 0.

2.e.5. The finite dimensional cylinders form a w-system which generates the o-field
F = 0(Bs;s>0). For each t > 0 the finite dimensional cylinders in F, form a
w-system which generates the o-field F}.

Proof. Tt is easy to see that the intersection of two finite dimensional cylinders is
another such cylinder, that is, the finite dimensional cylinders form a 7-system.
Recall that 7P = o (Bs;0 < s <t) and let G be the o-field generated by all
finite dimensional cylinders A € F. Then G C F and to show that G = F it suffices
to show that each projection B : 0 — R is G-measurable. For s > 0 this follows
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from the fact that the set A = [Bs € D] is itself a finite dimensional cylinder, hence
in G, for each Borel set D C R?. If s = 0, then B, = By = limp, 100 Bi/n, at each
point of €, because of the path continuity of our Brownian motion B. Since By,
is G-measurable, for each n > 1, so is By. The proof for the o-field F is identical. y

Remark. The indicator function Y = 14 of a finite dimensional cylinder A is an
example of a random variable Y : (Q, F) — R of the form Y (w) = H;.Lzl [i(By; (w)),
where the f; are bounded measurable functions on R and 0 < ¢t; < ... < t,. We
now turn our attention to such random variables.

2.e.6 Corollary. Let Y = [[;_, fj(B:,) : (% F) — R, where the f; are bounded
measurable functions on R 0O<ty<...<t, and x € R%. Then

Ey(Y) = /Rd dyx [qh(ﬂs,yl)fl(yl)/m dy2 {qtg—tl (Y1, y2) fa(y2) -
--/Rd dyn [qtntnl(ynhyn)fn(yn)]] }

Remark. The right hand side of 2.e.6 is an iterated integral with integration from
the right to the left.

Proof. From the form 2.e.4 of the joint density for the distribution P, By, ...B:,)
under the measure P, it follows that

E.(Y) Z/ Ji(yi) fa(y2) -+ fu(yn)
(B dyidys ... d
Qe (T, Y1)ty —t, (Y1, 92) - Gt —t s (Yn—1, Yn)dy1dya . . . dyp.

Integrating in the order dy,dy,_1 ...dy:, the right hand side can be written as the
iterated integral 2.e.6.

2.7 Lemma. Let Y = [[;", fu(Bi,) : (8, F) — R, where the fi are bounded
measurable functions on R* and 0 < t, < ... < t,,. Then

L, [(Y o 05)]—14} =L, [¢(Bs+ha h)lA] ) (1)

for all x € R and all sets A € F2,, with s >0 and 0 < h < t1, where
Py, h) = /ddyl Qtl—h(yvyl)fl(yl)/d dyo qt,—t, (Y1, y2) f2(y2) - -
R R
/ dym th—tm_l(ymaym—l)fm(ym)-
Rd

Proof. Assume first that A € Fsyp is a finite dimensional cylinder, that is, A =
[Bs, € A1,...,B;s, € A4,,] CQ, where 0 < 81 < ... < s, < s+hand 4; C R
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a Borel set, for all j = 1,2,...,n. Then 14 = H;‘L:1 14,(Bs;). Let s > 0. Then

Y o0, =TI, fu(Bi.+s) and consequently

IA(YOQS):H;L:1 1Aj(st)'1Rd( sth) * Hk 1fk(Btk+9)

where 0 < 51 <83 <...< 8, <h+s<t;+s<...<ty,+s. Likewise

1A¢( s+h> ) = 1A1 (le) s 1An (Bsn)¢(BS+ha h)

According to 2.e.6 both expectations E, [14(Y 0 6,)] and E, (14¢(Bs+n, h)) can be
written as

dx; qsq (33,],‘1) .- / dx, q$n—sn,1(xn—1axn) : / dth+s—sn(-Tnay) QS(Z/JL),
Ay A, R

with @(y, h) as above. In particular E, (Y 00y; A) = E; (¢(Bstn, h); A). Thus (1)
is verified for all finite dimensional cylinders A € F? - These cylinders form a -
system which generates the o-field 7, ,. Moreover the family of all sets A € F_,,
for which (1) is true is a A-system. An application of the m-A-theorem (appendix
B.3) now shows that (1) is true for all sets A € FQ .

Definition. For s > 0 set Ff = MNrss FP.

Remark. Then (F}), is a right continuous filtration which satisfies 70 C FF, for
all s > 0.

2.e8. Let Y : (0, F) — R be measurable and bounded or nonnegative. Then the
function gy (y) = E,(Y), y € R, is measurable on R%.

Proof. It will suffice to treat the nonnegative case. The family £ of all functions
Y : (Q,F) — [0, +00) such that gy is measurable on R? is easily seen to be a A-cone

n (Q,F). By the extension theorem (appendix B.4) and 2.e.5 it will now suffice
to show that 14 € L, for all finite dimensional cylinders A. The indicator function
14 of such a cylinder has the form 14 = H?:l 14,(B¢;) and an application of 2.¢.6
now yields the measurability of g(y) = Ey(14). |

2.e.9 Markov Property. LetY : (2, F) — R be any bounded or nonnegative random
variable and x € R*. Then we have E, (Y 065 | FJ) (w) = Ep,()(Y), for P-ae.
w € .

Remark. 1t is interesting that we can use the stronger o-field F instead of JFV.
This is possible because of the path continuity of Brownian motion (used in the

proof of 2.e.5).

Proof. The right hand side is g(w) = E,(Y) evaluated at w = Bs(w) € R%.
According to 2.e.8 the function g = g(w), w € R?, is measurable on R?. It follows
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that the function H(w) = Ep (,)(Y) = g(Bs(w)) is o(B,)-measurable and hence
FF-measurable on €. Thus we have to show only that

E,[(Yo0,)1lal =E, [H14] = E; [Ep,(y(Y)1a(w)], forall sets A e FF. (2)

Step 1. Assume first that Y has the form Y = [[,-, fi(By,), where the f; are
bounded measurable functions on R? and 0 < t; <ty < ... < t,,. If A€ F}, then
Ae ]—'&_m for all h > 0. If in addition 0 < h < t7, then, using 2.e.7,

E, (Y o#s; A) = E, (¢(Bsyn,h); A), where

Oy, h) = [pa qt—n(y,y1)¥(y1)dy;  and
V(1) = f1(y1) [ra Y2 qeo—e, (Y1, y2) f2(y2) - -

.. fRd dym At —tm—1 (ym7 ymfl)fm (ym)
is bounded, since the functions fx(yx) are bounded and the kernels ¢;(z, y) integrate
to one (2.e.0). Thus the function ¢(y, h) is seen to be continuous and bounded for
(y,h) € R? x [0, €], where 0 < € < t;.
Let h | 0 and note that the continuity of ¢ and path continuity of B imply that
¢<Bs+ha h) - (b(stO) everywhere and so Ey [¢(Bs+h> h)lA] — B, [¢(BS7 O)IA]v by
bounded convergence. It follows that

E,.[(Y005)14] = E; [¢(Bs,0)14], where (3)

O(y,0) = [ra dyr @, (v, y1) fr(v1) Spa Y2 Ga—t, (Y1, y2) f2(y2) - -
.. fRd AYm Qo —to—1 Yms Ym—1) fm(Ym) = Ey(Y)7

for all y € R?. Consequently ¢(Bs(w),0) = Ep () (Y), for all w € Q, and thus (3)
implies (2). This concludes step 1.

Step 2. Step 1 verifies (3) in particular for Y = 14 = 14, (B, )14,(Bt,) ... 14, (Bt,),
the indicator function of a finite dimensional cylinder A € F. These sets form a
m-system which generates the o-field F.

It is easy to see that the family £ of all random variables Y : (Q, F) — [0, +00)
satisfying (3) is a A-cone on (2, F). The extension theorem appendix B.4 now
implies that A contains every nonnegative measurable function Y : (2, F) — R.
The extension to bounded Y now follows by writing Y =Y —Y .

Remark. Let Y : (Q,F) — R be bounded and measurable. From 2.e.9

E, (Yol | Fl)(w)=Ep,(Y), ae well (4)

The function g(y) = E,(Y), y € R%, is measurable on R? (2.e.8) and so the function

Ep ()(Y) = g(Bs) i o’( s)-measurable and hence F?-measurable. Thus (4) implies
that

E,(Yob, |F})=E, (Yob,|F))=E,(Yob,|B,). (5)

Consequently the development Y o6 of Y after time s depends only on the present
state B, and not on any other information in the o-field F; including the infinites-
imal future. The fact that we can even disregard the infinitesimal future is due to
the path continuity of Brownian motion and has interesting consequences:
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2.810. If Z € E(P,) then By (Z | Ff) = Ey (Z | F2), Py-as., for all z € R* and
all s > 0.

Remark. Here Z is a random variable on d-dimensional pathspace Q = C(I, R?).
Proof. Clearly it will suffice to conduct the proof for nonnegative Z. Let 2 € R?
and s > 0. The family of all nonnegative measurable Z : (2, F) — R satisfying
E.(Z | FF)=E, (Z | FY), Py-as., is easily seen to be a A\-cone on (Q,F, P,). By
the extension theorem B.4 (appendix) it will suffice to verify 2.e.10 for all Z =14,
where A ranges through a m-system generating the o-field F.

The finite dimensional cylinders A = [Bs, € A;,...,B;, € A, ], where the
A; C R? are Borel sets and 0 < s; < ... < s, form such a 7-system (2.e.5). For
such A, Z =14 = H?Zl 14,(Bs;). We may assume that s, > s. Now choose k such
that 0 < s1 < ... <sp <85 <spp1 <...<spandset X =14,(Bs;)...14,(Bs,)
and Y =14,,,(Bs,1—s).--14,(Bs,—s). Then X and Y are nonnegative and mea-
surable and X is in fact F0-measurable. Moreover we have Z = X(Y o 6;). Using
(5) it follows that

Ez(Z|fj):EI(X(YOQS)‘fj):XEI(YOHS|fs+):XEz(Y005|.7:£)
:Ex(X(Yoes)‘fg):Ew(Z|]:£)~l

2.e.11 Corollary. Let = € R? and s > 0. For each set A € F there exists a set
B = B, € F; such that P, (AAB) = 0.

Proof. Let A€ Ff. Then g = E, (1a | Fs) = Ex (1a | F) = 14, Py-as. (2.e.10),
and so the function g is Fy-measurable and {0, 1}-valued P,-as. Thus g = 1p,
P,-as., where B = [g = 1] € Fs. It follows that 14 = g = 1p, P,-as., that is,
P, (AAB) =0.

Remark. The set B = B, depends on z € R’ Since P,([By = z]) = 1, the
measures P, are concentrated on the pairwise disjoint sets [By = z], € R?, and
hence are mutually singular. In consequence the P,-null sets and Py-null sets are
completely unrelated, for  # y. Note that, for = 0 € R?, P, = P = Q% is the
d-dimensional Wiener measure.

2.f The augmented filtration (F;). We have seen above that the filtration (F7) is
not right continuous. The filtration (F;") is right continuous by its very definition
and satisfies E (Z | FJ7) = E (Z | F?), P-as., for all Z € £(P) and all s > 0 (2.e.10
for z = 0 € RY). In other words passage to the larger filtration (F,") does not
change any conditional expectations. However we have seen in chapter I that it is
desirable to work with augmented filtrations, that is, we prefer the filtration (F%)
defined as
Fi=0(FPUN), t>0,

where N is the family of P-null sets. This filtration has all the desired properties:
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2£0. (a) F,={AeF | 3BeFY: P(AAB) =0}, for allt > 0.
(b) FOC F;F CFi, forallt > 0.

(c) The filtration (F:) is right continuous.

(d) E(Z|F,) = E (Z|F}), P-as., for all Z € £(P) and all t > 0.

Proof. (a) Let t > 0. Then G = {A € F | 3B € F? : P(AAB) = 0} is easily
seen to be a o-field which contains F and A and hence also F;. Conversely,
if A € G, then P(AAB) = 0, for some set B € F{ and it follows that A =
(BU(A\ B))\(B\A) € 0 (F) UN) = F, since here B € F and A\B, B\A € N.
(b) follows from (a) and 2.e.11 (with z = 0 € R?).

(c) We have to show that (.., F. C F, for all s > 0. Consider such s, let
A € ﬂr>8 F. and choose a sequence r,, | s. For each n > 1 we have A € F,.
and so, using (a), we can choose B, € F, such that P(AAB,) = 0. Set C =
[Brio.] =, Upsn Bm- Then C € Ff and AAC C |J,,(AABy) and consequently
P(AAC) = 0. Using 2.e.11 we can now choose D € F? such that P(CAD) = 0.
Then D € FO and P(AAD) =0 and so A € F;, according to (a).

(d) Augmentation of a o-field by null sets does not change conditional expectations
with respect to that o-field. See 1.2.b.14 and subsequent remark. j

2.g Miscellaneous properties. Let B be a one dimensional Brownian motion.

2.8.0. (a) By — B; is independent of the o-field Fs, for all0 < s < t,
(b) B is a continuous square integrable martingale and
(c) B? —t is a martingale and so (B); =t, t > 0, under all measures P,, x € R%.

Proof. Recall that P = @Q = Py is the Wiener measure. Since the distribution of B
under P, is the distribution of B* = z + B under P (2.c.0) it will suffice to verify
(a)-(c) for the process B® relative to the probability measure P and it is now easy
to see that we may assume z = 0 € R%.
(a) B, — B is independent of the o-field F0 (2.e.1). According to B.10.2 this implies
that B; — B; is independent of Fs = o(F2 UN).
(b) Let 0 < s < t and recall that E(B;) = E(Bs) = 0. Writing By = Bs + (B, — Bs)
and using (a) and 1.2.b.2 it follows that E(B;|F,) = Bs + E(B; — Bs) = Bs, P-as.
Thus B is a P-martingale.
(c) A; = (B); is the unique continuous increasing process A such that B2 — A
is a local martingale. It will thus suffice to show that the process B? — t is also a
martingale. To see this, we have to show that E [Bt2 —t| }'S} = B2 —s3, equivalently
E[B} —B%|F,] =t—s, for all 0 < s < t. Indeed, for such s and ¢ we have
E [Bf - B2 | .7-'5} =F [(Bt — B,)? | .7-'5] =F [(Bt — Bs)ﬂ =Var(B;— B;) =1t—s.
Here the first equality follows from the martingale property of B (1.9.b.0), the
second equality from the independence of the increment B; — By from the o-field
Fs and the third equality from the fact that B; — By is a normal variable with mean
zero and variance t — s. |

Remark. Since E(B?) = t, B is not L*-bounded. However if B is stopped at
any bounded optional time T, then it becomes L2-bounded, that is, Bf = Biar
is an L?-bounded martingale. Likewise, one dimensional Brownian motion is not
uniformly integrable; indeed the family { |B;| : ¢ > 0} is not L!-bounded.
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2.g.1Scaling. B; ~ \tB; (same distribution), t > 0.

Proof. If the real valued random variable Z is N (0, 1), then v/tZ ~ N(0,t). Apply
this to the coordinates of B; to obtain that the coordinates of /£B; are independent
and distributed as N(0,t). It follows that V/tB; ~ By.

2.g2. Ifa>1/2 thent=*B; — 0, ast ] oo, P-as.

Proof. Fix a > 1/2. Set My := supg<,<, |Bs| and recall that B is a continuous
martingale. It will suffice to show that t~*M, — 0. The increasing nature of M
now implies that it suffices to show that n™*M,, — 0, as n | co.

The LP-estimate 1.7.e.1 yields B(MP) < C,E(B?) = C,E(n?/2BY) = nP/2D,,
where C), is a constant depending only on p and D, = C,E(BY}). Here we have
used the scaling property 2.g.1. Multiplication with n=%? yields

E[(n*M,)"] <n?/?=)D, =n"*D,,
with k& = p(a — 1/2). Choose p > 1 so large that k = p(ov — 1/2) > 1. Then
E[Y, (n7*M,)"] <oo andso >, (n"°M,)" < oo, P-as.

It follows that n=*M,, — 0, P-a.s. |

Remarks. (a) The precise order of growth of | B;| is known to be /2t loglogt (Law
of the Iterated Logarithm), see [KS, 9.23].
(b) Our treatment of Brownian motion has been rudimentary. We have merely

assembled the necessary theory to support subsequent developments. For a fuller
account see [KS, RY].
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CHAPTER 1l

Stochastic Integration

1. MEASURABILITY PROPERTIES OF STOCHASTIC PROCESSES

Recall that (Q,F, (F;), P) is a complete filtered probability space with right
continuous and augmented filtration (%), Foo = (U, ;) and set I = [0, 00) x Q.
We can then view a stochastic process X = (X;) as a function X : II — R by
setting X (¢t,w) = X¢(w), for t € [0,00) and w € Q. To simplify the exposition we
introduce a further assumption on the filtration (F;):

1.0 Assumption. The o-field Fy is trivial (consists of the null sets and their com-
plements).

In consequence the random variable X is constant, P-almost surely, for every
adapted process X;. This allows us to rid ourselves of the cumbersome factor 17, -
in the reduction from local martingales to martingales (I.8.a.2.(b)). Assumption 1.0
is in accordance with our intuition that the value of each process at time zero (the
present) is known. We will now introduce several o-fields on the set II = [0, 00) x 2
and corresponding measurability properties of X.

1.a The progressive and predictable o-fields on II. Let B;, B and B denote the
Borel o-fields on [0, ], [0, 00) and R respectively, for each t > 0. The product o-field
B x F is the strongest o-field that will be considered on II. The process X will be
called jointly measurable, if it is measurable with respect to B x F.

Recall from 1.10.b that the process X is called progressively measurable, if
the restriction of X to the set [0,¢] x Q is B; x Fi-measurable, for each t > 0. A
subset A C II will be called progressive if 1 is a progressively measurable process.
This is equivalent with the requirement A N ([0,¢] x Q) € By x F, for all t > 0. It
is easily seen that the family P, of all progressive subsets of II forms a o-field, the
progressive o-field on II.

If BC R and t > 0, then (X|[07t]xg)71(B) =X"1(B)n ([0,7] x Q). It follows
that X is progressively measurable if and only if X is measurable with respect to
the progressive o-field.

Each progressively measurable process X is (F;)-adapted. This follows from
the fact that measurability with respect to a product o-field implies measurability
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of all sections. It is easily seen that a progressively measurable process X is jointly
measurable. The notion of progressive measurability has already proven useful in
1.10.b.0.

1.a.0. Let X be a progressively measurable process and T an (F;)-optional time.
Then the process X is progressively measurable and the random variable Xp is
Fr-measurable.

Remark. Here X7 = X on the set [T = o0], where X is any Foo-measurable
random variable.

Proof. Fix t > 0. The maps (s,w) € ([0,t]xQ, BixF;) — u=T(w)As € ([0,t], B;)
and (s,w) € ([0,t] X Q, B, x F;) = w € (Q, F;) are measurable and hence so is

(s,w) € ([0,1] x Q, By x Fy) — (u,w) = (T(w) As,w) € ([0,8] x Q, By x Fy).

Likewise the map (u,w) € ([0,¢] x Q, By x F;) — X(u,w) € (R, B) is measurable
by progressive measurability of X and hence so is the composition of the last two
maps, that is the map

(s,w) € ([0,8] x Q, By x Fy) — X(T(w) A s,w) = XT(w) € (R,B).

This shows that the process X7 is progressively measurable and hence in particular
adapted. To see that the random variable X is Fp-measurable let B C R be a
Borel set. We must show that [Xp € B] € Fr, equivalently [Xo € B]N[T <] € Fy,
for all 0 <t < oo.

Ift <oothen [Xr € BIN[T <t]|=[Xinr € BIN[T <t € F,as [T <t] € F
and the process X7 is adapted. This implies that [Xr € B] N [T < oo] € Fuo
and since [X7 € B]|N [T = 0] € Foo, by Foo-measurability of X, it follows that
(X7t € BIN[T <t] € F for t = oo also. |

A set R of the form R = {0} x F, where F € Fy, or R = (s,t] x F, where
0 <s<t<ooand F € F, is called a predictable rectangle. Note that the
predictable rectangles form a m-system. The predictable o-field is the o-field P
generated by the predictable rectangles on the set II. The sets in P are called the
predictable sets. The process X : I — R is called predictable, if it is measurable
relative to the predictable o-field P. The process X is called simple predictable, if
it is a finite sum of processes of the form

ZO(W)l{O} (t)v Z(w)l(a,b] (t)a (O)

where 0 < a < b, Zj is Fo-measurable and Z is an F,-measurable random variable.
If for example R is a predictable rectangle, then X = 1 is a simple predictable
process.
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La.d. (a) A simple predictable process X is predictable.
(b) A left continuous (adapted) process X is predictable.

Proof. (a) Since sums of measurable functions are measurable it will suffice to
consider X as in (0). Let X = Z(w)l(q(t) where Z is F,-measurable. If B C R
is a Borel set with 0 ¢ B, then [X € B] = {(t,w) | t € (a,b] and Z(w) € B} =
(a,b] x Z7Y(B). Here Z=Y(B) € F,, and so [X € B] is a predictable rectangle.
Thus X is predictable. The case X = Zy(w)10y(t) is handled similarly.

(b) Using (a) it will suffice to represent X as a pointwise limit of simple predictable
processes X V. For each N > 1set Dy = {k/2V | k> 0} and write rx(t) = 0, if
t =0, and

ry(t) =max{re€ Dy | r<t}, ift>0.

Thus ry(t) = k/2%, for all t € (k/2V, (k4 1)/2N]. Since Dy C D41, it follows
that ry(¢) < ryy1(t) and it is now easy to see that ry(t) 1 ¢, as N | co. Now set

Xt]V(QJ) = 1[O,N](t)X7‘N(t)(w)7 Vit S [O,OO)7 w € Q.

As rn(t) Tt the left continuity of X implies that X~ — X pointwise at each point
(t,w) € II, as N 1 co. Moreover

NaN —1
XN (w) = 103 (t) +Zk o Lok2n ke 2v () Xpg-n (W)

Since X is adapted it follows that X% is simple predictable. |

Remark. The paths t — X;(w) of the elementary predictable processes in (0) are
left continuous step functions. It follows that the same is true of the paths of all
simple predictable processes. The left continuity is due to our choice of intervals
(s,t], left open and right closed, in our definition of simple predictable process.
This choice is crucial also for the definition of the predictable o-field P. A left
continuous process is very benign as the behaviour of each path at time ¢ can be
predicted from its past via Xi(w) = lim,_,;- X (w).

1.a.2. Every predictable process X 1is progressively measurable.

Proof. We use the Extension Theorem (appendix, B.4). The family X of nonneg-
ative progressively measurable processes X = X(t,w) : Il = [0,00) x Q — R is a
A-cone on (II, Py). We wish to show that X contains every nonnegative predictable
process. Since the predictable rectangles R form a w-system generating the pre-
dictable o-field, it will now suffice to show that X contains the process X = 1, for
each predictable rectangle R.

Let X = 1g, where R = (a,b] x F', with F' € F,,. If t < a, then X|gxq =01s
B x Fi-measurable. If t > a, then X|jg x0 = L(a,prgxF, Where (a, DAt]XF € By x Fy
and so X |[0’t]>< q is again B; x Fiy-measurable. Thus X is progressively measurable.
The case R = {0} x F, F € Fy, is handled similarly. |
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1.b Stochastic intervals and the optional o-field. For optional times S,7T : 2 —
[0, 00] define the stochastic interval [S,T] to be the set

[S,T]={(t,w) el | S(w) <t <T(w)}.

The stochastic intervals ]S, T, [S, T'[ and ]S, T[ are defined similarly and are easily
seen to be B x F-measurable. A stochastic interval is a subset of IT and hence does
not contain a point of the form (co,w), even if T'(w) = oco. It is not assumed that
S <T. If S(w) > T(w) then the w-section of any of the above stochastic intervals
is empty. Note that
1[[S,T]] (tvw) = ]-[S(w),T(w)] (t)v

and similar relations hold for all stochastic intervals. Real numbers 0 < s < ¢ can
be interpreted as constant optional times. Then the stochastic interval [s,t] is the
set [s,t] x Q C 1L

Every predictable rectangle R is a stochastic interval. To see this, assume first
that R is of the form R = (s,t] x F, with F' € F5, 0 < s < t. Then we can write
R =]S,T], where S = s and T = slpc + t1p. For the optionality of T see 1.7.a.6.
Note that the simpler representation R =]S,T], where S = slg and T = ¢1p, does
not work since in general neither of these is an optional time. In a similar way a
predictable rectangle R of the form R = {0} x F, with F' € Fy, can be written as
R=1[5T] with T =0 and S = 1p.. S is optional since F € Fy.

The optional o-field O on II is the o-field generated by the family of all stochas-
tic intervals. The sets in O are called the optional sets. From the above it follows
that PC O C B x F.

A process X : II — R is called optional if it is measurable relative to the
optional o-field O on II. Thus every predictable process is optional.

A more thorough investigation of the measurability properties of processes
[CW] yields the following result (which we do not need):

1.b.0. (a) Every optional process is progressively measurable.
(b) Every right continuous process is optional. |

Certain stochastic intervals are predictable:

1.b.1. Let S, T be optional times. Then the stochastic intervals [0,T] and |S,T]
are predictable sets.

Proof. The processes X = 1o and Y = ljg 7y are left continuous and hence
predictable. j
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2. STOCHASTIC INTEGRATION WITH RESPECT TO CONTINUOUS
SEMIMARTINGALES

2.a Integration with respect to continuous local martingales. Let M be a contin-
uous local martingale. For suitable processes H and ¢ > 0 we want to define the
stochastic integral I; = fot H,dM;,. Here the process H will be called the integrand
and M the integrator.

Since the paths ¢ — M;(w) are no longer of bounded variation, a pathwise
definition I;(w) = fot H,(w)dMs(w) is not possible and we have to use a global
definition.

We could define the random variables I;, t > 0, one by one but we will instead
use a definition that introduces the process (I4)¢>o through a universal property.
First it is necessary to define the space of suitable integrands.

Doleans measure py and space L?(M). Recall that II = [0,00) x Q and B is the
Borel o-field on [0,00). For each measurable set A € B x F, the nonnegative
function [~ 1a(s,w)d(M)4(w) on  is measurable (1.10.b.3) and hence we can
set

umm:EpMmumm«Mum] (0)

Clearly pps is a positive measure on B x F. The usual extension procedure from
indicator functions to simple functions to nonnegative measurable functions shows
that, for each jointly measurable process K > 0, we have

[ Kas = 2 | [ st o] 1)

Although pps is defined on the large o-field B x F, we will work only with its
restriction to the progressive o-field P,. The reason for this will become apparent
during the proof of 2.a.1 below. Let now

L*(M) = L*(IL Py, o).

In view of (1) and since progressive measurability is equivalent with measurabil-
ity with respect to the progressive o-field, L?(M) is the space of all progressively
measurable processes H which satisfy

1|32 00, = B [/Ooo H§d<M>S] < 0. (2)

Let T be an optional time, K a nonnegative progressively measurable process and
t > 0. Letting ¢ | oo in the equality (Ke(M™")), = ((1jo,r1K)*(M)), (L.10.b.1.(c))
yields

/OOO st<MT>s = /000 Lo, (8) Kod(M)s = /OT K,d(M),.
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Thus, for any progressively measurable process H,
T
||HHL2(MT - Hlﬂo T]]HHL2(M) Ep [fo H3d<M>S]

2.a.0. Let T be an optional time. Then ppr(A) = par([0,T] N A), for each set
AeBxF and ) 9
||HHL2(MT) = ||1[[07T]]HHL2(M) (3)

and so H € L*(MT) <= 1ygryH € L*(M), for each measurable process H. In
particular L?>(M) C L*(MT).

Note that pa(IT) = Ep [ [;° 1d(M)s] = Ep [(M)so]. It follows that the measure
par is finite if and only if M € H? (1.9.c.0). In general py; is o-finite.

To see this note that M is indistinguishable from a process every path of which
is continuous and we may thus assume that M itself has this property. Then the
reducing sequence (7T},) of optional times given in 1.8.a.5 satisfies MT» € H?, n > 1,
and T,, T oo, at each point of Q. Consequently [0,7,] T I, as n | co. Moreover

M ([0,T]) = parra (IT) < 00, for each n > 1.

Recall that H? denotes the Hilbert space of continuous, L?-bounded martingales
N with norm [|N|ls = |[[Neo|lz2(py and inner product (I,N),, = Ep[IoNx),
where Noo = limyoo N denotes the last element of the martingale N € H? and
(N) oo = limy100 (V) is integrable (1.9.a, 1.9.c.0).

Recall also from 1.9.a.0 that H2 = { N € H? | Np = 0} C H? is a closed
subspace and hence a Hilbert space itself. On HZ the norm can also be written as

1.9.c.1
. N = Eo[(Ma] ", Ve

2.a.1. Let H € L>(M). Then H € L*((M,N)) and hence the process He(M,N) is
defined and is a continuous, bounded variation process, for all N € H2,

Proof. Let N € H?. Then (M,N) is a continuous bounded variation process
and the increasing process (N) is integrable, that is Ep[(N)s] < 0o (1.9.c.0). In
particular we have (N),, < oo, P-as. Similarly, from H € L?*(M) it follows that
JoS H2d(M), < oo, P-as. The Kunita-Watanabe inequality now shows that

/OOO|H||d<MN |<(/ HZ2d M>>1/2(/00012d<N>5>
N)L/2 </ H2d( >/2<oo, P-as.

Thus H € Ll(<]\47 N>) The rest now follows from I1.10.b.1.(a). |

1/2

The next theorem introduces the integral process I = He M for H € L*(M).



Chapter III: Stochastic Integration 137

2.a.2 Theorem. Let M be a continuous local martingale and H € L*(M). Then
there exists a unique continuous local martingale I vanishing at zero which satisfies

(I, N) = He(M,N), ()

for all continuous local martingales N. The process I is called the integral of H
with respect to M and denoted I = HeM = fo HydM,. In fact I € H3 and the
map H € L>(M) — HeM € H3 is a linear isometry.

Remark. Thus the defining property of the process I = H e M has the form

(HeM)p =0 and
(HeM,N)=He(M,N), for all continuous local martingales N.

Proof. Uniqueness. Assume that I, L are continuous local martingales satisfying
(5) and Iy = Lo = 0. Then (I — L,N) = (I, N) — (L, N) = 0, for all continuous
local martingales N. Letting N = I — L we see that (I — L) = 0. Thus I — L is
constant (I1.9.b.6) and so I — L = 0.

Existence. Let N € HZ and T be any optional time. Then H € L'((M,N)),
by 2.a.0, and so the process He (M, N) and the random variable (Hes(M,N)) =
I Hsd{M,N), are defined. Using (4) we have

o0 o0 1/2
rerw),| < [Tl < 002 ([T aaon.)
The Cauchy-Schwartz inequality now yields
0o 1/2
N sy < (B[N0 (80| [~ w2000 )
= INll2lH 1 £2ar)-

Here the equality | N|2 = (Ep[(]\f)oo])l/2 uses that N € H3 (1.9.c.1). Combining
the inequality |E(f)| < ||f|lzr with (6) for T'= oo shows that

Oy NeH2— Ep [/OmHsd<M,N>s] =Ep [(He(M,N))_]

defines a continuous linear functional on the Hilbert space HZ. Consequently there
exists a unique element I € H2 satisfying

®y(N)= (I, N)az = Ep[IcNs|, VN € HS.

It remains to be shown that the process I satisfies (5). Let us first verify (5) for
N € H2. Set A = He(M,N). Then A is known to be an adapted continuous
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bounded variation process vanishing at time zero. The progressive measurability
of H ensures the adaptedness of the process A (1.10.b.0). This is why we have to
restrict ourselves to progressively measurable processes H in our construction of the
stochastic integral. We have to show that (I, N) = A. By definition of the bracket
(I, N), it will suffice to show that

X=IN—-A=IN—-He+(M,N)
is a local martingale. In fact we will show that X is a martingale. According
to 1.9.c.4 it will suffice to show that Xy € L'(P) and Ep(Xr1) = Ep(Xo) = 0;
equivalently
Ep [ITNT] = Ep [(H' <M, N>)T] 3
for each bounded optional time T'. Indeed, according to (6), (He(M,N)) . € L'(P)
and the square integrability of the maximal functions IX , N% (1.9.a) now implies
that It Ny € LY(P). Thus X7 € L'(P). Furthermore N7 is another martingale in
H32 and consequently has a last element which clearly satisfies NL = Np. Thus

Ep[IrNr| = Ep [Ep[I|Fr|Nr] = Ep[IoNr] = Ep[IooNL]
= @ (NT) = Bp [(Ho(M,NT)) ] = Ep [(Ho(M,N)T)_]

= Ep [(H(M.N))__| = Bp [(H+(M,N)),],

where we have used the Fr-measurability of Np, 1.11.b.1.(¢) and 1.10.b.1.(c) to
justify the 2nd, 5th and 6th equalities respectively.

Thus I € H3 satisfies (5) for all N € HZ. Let now N be any continuous local
martingale with Ny = 0. According to 1.8.a.5 there exist optional times T;, T oo
such that NT» ¢ H%, for all n > 1. Then we have

(I, N)Tn = (I, NT») = He(M,N™) = (He(M,N))"™",
for all n > 1. Letting n | oo we obtain (I, N) = He(M, N). Finally, since replacing
N with N — Ny does not change the brackets (I.11.b.1.(e)), it follows that (5) holds
for all continuous local martingales N and settles the existence of the process I.
To see the isometric property of the map H € L*(M) — I = HeM € HZ, use
(7) with N = I = HeM to obtain
2
112 = Enli2] = 0uh) = Ep[(Hr+01.1)) . G

The characteristic property (5) combined with the associative law 1.10.b.2 shows
that He(M,I) = H?e(M). Thus (7) can be rewritten as

112 = B (2o an) ] = B0 | [ #2000, = [,

as desired. The linearity of the map H +— I follows from the linearity of the
covariation and uniqueness of I with regard to its defining property. |
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Remark. We now set f(f H,dM, = (HoM), t > 0.
This definition does not reveal why the random variable I; = (HeM); should
be called a stochastic integral (for this see 2.c.6, 2.¢.7) but has the advantage of
reducing all properties of the integral process I = HeM to the corresponding
properties 1.10.b of the integral process He A, where A is a continuous bounded
variation process.

As I = HeM € H} is an L*-bounded martingale and so has a last element I,
we can set [o HydM, = limyoo [i HedM = limyjoe I; = Io.

2.a.3. Let M, N be continuous local martingales, H € L*(M), K € L*>(N) and T be
any optional time. Then HeM, KN € H3 and

(@) || HodM,| oy = |1H oM = [l z2an).

(b) HeM is bilinear in H and M.

(c) MT = My + Ljo,rp* M, especially M = Mo + 1 M.

() HT o M7 = Ho(MT) = (197 H) s M = (He M)T.

(¢) (HeM,N), = [ Hyd(M,N),, t > 0.

(f) (HeM,KeN), = [} HK,d(M,N),, t > 0.

(9) (HeM), = Jg H(M),, ¢ > 0.

(h) HfoT HdesHL?(P) - ||1[[07T]]H||L2(M)'

Proof. (a) The last element I, = [ HodM, of I satisfies || I z2(py = [|I]|2- Now
use the isometric nature of H € L2(M) — I = HeM € H?.

(b) Follows from the bilinearity of the covariation the uniqueness of I = H ¢ M with
regard to its defining property. (c) Clearly 1jo 7 € L?(M). Since MT — M, is
a continuous local martingale which vanishes at zero, we need to show only that
<MT — My, N> = lpo,77* (M, N), for all continuous local martingales N. Indeed,
for such NV,

(M" — My, N) = (M",N) = (M,N)" = (1.10.b.1.(e)) = 1fo ry* (M, N).

(d) To show that He(MT) = (HeM)T set I = (HeM)T € HZ and let N be a
continuous local martingale. Using 1.11.b.1.(d) and the defining property of H e M
we have (I, N) = ((HeM)T,N) = (HoeM,NT) = Heo(M,NT) = He(MT N).
Thus [ = HeM?T. The proof of HT e MT = (HeM)T is similar and the equality
(1[[01T]]H) oM = (HeM)T is reduced to the corresponding equality 1.10.b.1.(c) when
M is a bounded variation process in much the same way.

(e) This is the defining poperty (HeM,N) = He(M,N) of the process HeM.

(f) The Kunita-Watanabe inequality implies that HK € L'((M,N)). Moreover,
according to (e) in differential form, d(HeM, N); = Hyd(M, N);. Thus, using (e)
again (HeM,KeN), = [ K,d(HeM,N), = [} H,K,d(M,N),.
(g) Let K = H and N = M in (e). (h) Replace H with 1o rjH in (a).

Remark. The following associative law is particularly important as it is the basis
for the future stochastic differential formalism.
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2.a4. Let M be a continuous local martingale, K € L?>(M) and H € L*(KeM).
Then HK € L?*(M) and we have He(KoM) = (HK)e M.

Proof. We have (KeM) = K?e(M) and so d(KeM),(w) = K2(w)d(M)4(w), for
P-ae. w e Q (2.a.2.(g)). Thus

|HE a0, = Be [fy7 HEK2A(M).] = Ep [[5° H2A(K +M),]

(M)

= HHHiﬁ(KOM) < 0.

Consequently HK € L*(M) and so [ = (HK)eM € H? is defined. For each
continuous local martingale N, we have (I, N) = (HK)e(M,N) = (1.10.b.2) =
Ho(Ko<M7N>) =He(KeM,N), and so I = He(KeM), as desired. |

2.b M-integrable processes. Let M be a continuous local martingale. We now
define a larger space of integrands H as follows:

2.b.0. A process H is called M -integrable if there exists a sequence (T,) of optional
times such that T,, T oo, P-as., and H € L? (MT"), for alln > 1. Let L} (M)
denote the space of all M -integrable processes H .

Remarks. (a) Obviously L*(M) C L? (M) (let T,, = 00).
(b) The sequence of optional times (7},) in 2.b.0 can always be chosen so as to
satisfy T,,(w) 1 0o, as n T 0o, at each point w € .

Indeed, let (7},) be as in 2.b.0 and E C Q a null set such that T, (w) T oo at
each point w € E°. Set 7, = T,1gc +nlg, n > 1. Then 7, T co everywhere. Let
n > 1. Then 7, = T, P-as., and since the filtration (F;) is augmented it follows
that 7, is again an optional time. Finally M™ is indistinguishable from M™» and
so L2(M™) = L2(M™) (see (0)).

(c) If H € L} (M) then H is progressively measurable and H € L?(M”"), that is,
1o, H € L*(M), n > 1, for a sequence (T;,) as in (a). Then |H| < oo, pp-as.
on the set [0,7},]. Letting n T oo it follows that |H| < oo, par-as. on II. This
latter property ensures that L? (M) is a vector space under the usual pointwise

loc
operations.

2.b.1. For a progressively measurable process H the following are equivalent:
(a) H e L? (M).

loc

(b) There exist optional times T,, T oo such that 1jo 1,1 H € L?(M), for allm > 1.
(c) fot H2d(M)s < oo, P-as., for each t > 0.

Proof. (a)=>(b): Since H € L*(M") <= 1y H € L*(M) (2.a.0).
(b)=(c): Let T}, be a sequence of optional times as in (b). Then

Ep[[)" H2d(M),] <oo andso [" H2d(M), < oo, P-as., Vn> 1.

Let t > 0 and w € 2 be such that this inequality holds simultaneously for all n > 1.
Choose n > 1 such that T;,(w) > t. Then fg H2(w)d{M)(w) < cc.
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(c)=(a): As the process H2e (M) is continuous and vanishes at zero, the optional
times

Tn:inf{tzO\fJH§d<M)s>n or |[M|>n}

satisty T}, T oo and T
Jo " H2d(M)s <n, P-as.

For n > | M|, M is a continuous local martingale with |M Tu| < n. Tt follows that
M7 is a martingale (1.8.a.3) and so MT» € H? and we have fOT" H2d(M), < n;
thus ||HHL2(MTn) = FEp Uo H2d(M)s] < n and consequently H € L*(M™"), for
all n > 1. This shows H € L} (M).

2.b.2. Let X(n) be a sequence of continuous martingales and T, a sequence of op-
tional times such that (a) T, T oo, P-as. and (b) X(n+1)T» = X(n), n > 1.
Then there exists a unique adapted process X such that X™T» = X (n), for alln > 1.
X is a continuous local martingale.

Proof. From (a) and (b) we can find a null set £ C Q such that T,,(w) T co and
X(n+ 1) (w) = X(n)i(w), forall t > 0, n > 1and w € Qy := Q\ E. Set
Iy = [0,00) x Q. Then the sets [0,T},] N1y increase to Iy and X (n + 1) = X(n)
at all points of [0, T, ] NIy, for all n > 1. We can thus define X : IT — R by setting
X =X(n)on [0,T,] NIy and X =0 on IT \ II,.

Let t > 0. Then X; = X(n); on the set t < T,,] N Qy C Q. Thus X; =
lim, 100 X(n); on Qg and consequently P-as. Since each X (n); is F;-measurable
and F; contains the null sets, it follows that X; is F;-measurable. Thus the process
X is adapted. The path ¢ — X;(w) agrees with the path ¢t — X(n);(w) and so
is continuous on the interval [0, T, (w)], for P-ae. w € Q. It follows that X is a
continuous process. From (b) it follows that X (n)”» = X(n) and the definition of
X now shows that X;" = X(n){" = X(n);, on Qo and hence P-as., for each t > 0.
Thus X7 = X (n) and so X7 is a martingale, for each n > 1. Consequently X a
local martingale.

This shows the existence of the process X. To see uniqueness assume that X,
Y are two processes satisfying X7 = X(n) = Y™ for all n > 1, and let ¢ > 0.
Then Xiar, = X(n): = YiaT,, P-as., for each n > 1. Letting n T oo we conclude
that X; =Y;, P-as. Thus X =Y.

We are now ready to introduce the stochastic integral of a process H € L% (M):
2.b.3 Theorem. Let M be a continuous local martingale and H € L? (M). Then
H e L},

unique continuous local martingale H e M vanishing at zero such that (HeM,N) =
He(M,N), for all continuous local martingales N.

((M, N)), for each continuous local martingale N, and there exists a

Proof. Let N be a continuous local martingale. If ¢ > 0, then

1/2
JETHL] (M, NY,| < (V)1 (fo H2d(M), ) < oo, Poas.,
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by the Kunita-Watanabe inequality and 2.b.1. Thus H € L, .((M, N)). Uniqueness
of the process H ¢ M is shown as in the proof of 2.a.2. Let us now show the existence
of He M.

Because of H € L, (M) we can choose a sequence T}, T oo of optional times
such that H € L?*(M™"), for all n > 1. Set I(n) = HeM™ € H3, n > 1. Then
I(n) is a continuous martingale with I(n + 1) = I(n), for all n > 1 (2.a.3.(d)).

According to 2.b.3 there exists a continuous local martingale I satisfying I7» =
I(n) = HeM™  for all n > 1. Then, for each continuous local martingale N we
have (I, N)T» = <IT",N> = <H-MT”,N> = H-<MT",N> = (H0<M,N>)T”7 for
all n > 1. Letting n 1 oo, it follows that (I, N) = He(M,N).

Remark. We set fot HidMy; = (HeM),, H € L? (M), t > 0, as in the case of
integrands H € L?(M). The integral process H ¢ M will also be denoted fo HydMs.
We should note that 2.b.3 produces an extension of the stochastic integral H e M,

where H € L*(M):
2.b4. If M € H?, then L>(M) C L? (M) and for each H € L*(M) the integral

loc

process He M of 2.b.3 coincides with the integral process He M of 2.a.1.

Proof. The process H e M of 2.b.3 satisfies the defining property 2.a.eq.(5) in 2.a.1.
The inclusion L?(M) C L? (M) follows immediately from definition 2.b.0. |

loc

2.c Properties of stochastic integrals with respect to continuous local martingales.

2.c.0. Let M, N be continuous local martingales, H € L} (M), K € L} (N) and
T any optional time.

(a) He M = fo HydM; is a continuous local martingale with (HeM)q = 0.

(b) HeM is bilinear in H and M.

(c) MT = My + Ljo,rp* M, especially M = Mo + 1e M.

(d) HT o M7 = Ho(MT) = (1 yy H) e M = (Ho M)T".

(¢) (HeM,N), = [ Hyd(M,N),, t > 0.

(f) (HeM,K+N), = [§ Hid(M,N)s, t >0,

(9) (HeM) = [y H2d(M),, t > 0.

Proof. Identical to the proof of 2.a.3 since the defining property of the process
H e M is the same. |

Remark. Let H € L}, (M) and let us rewrite the equality (1jorjHeM) = (HeM)”

loc
in a less abstract form. Set Y = He M, that is, Y; = fg’ H,dM,, t > 0. In analogy
to ordinary integration theory we define

tAT t
/ Hdes = / 1[[O,T]] (S)Hdes, t Z 0. (O)
0 0

Then fJAT H,dM, = (1[[07T]]H-M)t =Y," = Y;ar. Thus (0) produces the desirable

property
t AT
Y, = / HodM, = Y — / H,dM,.
0 0
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2.c.1 Associativity. Let M be a continuous local martingale. If K € L? (M) and

loc

He L} (KeM), then HK € L} (M) and we have He(KoM) = (HK)eM.

loc loc
Proof. From 2.c.0.(g) (KeM) = K2 (M) and so d{K e M),(w) = K2(w)d(M)s(w),
for P-ae. w € Q. Using 2.b.1 and H € L} (K¢ M) we have

t 1
/ H2K2d(M), = / H?d(KeM), < 0o, P-as., for eacht > 0.
0 0

Thus HK € L? (M) and consequently the process I = (HK)e M is defined and is

loc
a continuous local martingale. For each continuous local martingale N we have

(I,N) = (HK)s (M, N) = (110.b.2) = He (K +(M,N)) = He(K+M,N),

and so I = He(K e M), as desired. |

2.c.2 Review of spaces of integrands. Let M be a continuous local martingale.
The largest space of processes H for which the integral process I = H ¢ M is defined
is the space L} (M). Two processes H, K € L} (M) are identified if they satisfy
H = K, up-as. This is not equivalent with the usual identification of processes
which are versions of each other or which are indistinguishable and implies that
HeM = K+M (note that ((H — K)eM), = [5 |H, — K,|?d{M)).

We follow the usual custom of neglecting a careful distinction between equiv-
alence classes and their representatives. If H € L? (M), then the process [ is a
continuous local martingale with quadratic variation

(IYy = (He M), = [ H2d(M),, t > 0.
Thus (I)oe = [ H2d(M),. If now H € L*(M) then
Ep((I)oo) = [1H[|72(ar) < 20

and so [ = HeM € Hj with |||}z = Ep((I)oc) = [[H|72(p)- Although this has
already been established in 2.a.2, it points us to the following weaker condition
E((I);) < 00, 0 < t < 0o, which implies that I is a square integrable martingale.

This suggests that we introduce the intermediate space A?(M) of all progres-
sively measurable processes H satisfying

Ep [fot H2d{M),] < oo, Vt=>0, equivalently,
n 2
T2(H) = Ep|[, H2d(M),] = ||1[[0,n]H||L2(M) < oo, foralln>1.
Thus A?(M) is the space of all progressively measurable processes H such that
LpongH € L?(M), for all n > 1. If H € A?(M), then Lo H € L?(M) and so,

using 1.10.b.1.(c), (HeM)" = (1p,njH)eM € HG, for all n > 1. From this it
follows that H e M is a square integrable martingale.
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Two processes H, K € L?>(M) are identified if they satisfy HH - KHL?(M) =
0, equivalently H = K, up-as. Likewise two processes H, K € A?(M) will be
identified if m,(H — K) = 0, for all n > 1, which is again equivalent with H = K|
HAL-8S.

With this identification A%(M) becomes a Fréchet space with increasing semi-
norms 7,, n > 1, and L?(M) is continuously embedded in A?2(M) as a subspace.
From 2.b.1 it follows that

L*(M) C A*(M) C L, (M).

loc
We collect these observations as follows:
2.c.3. Let M be a continuous local martingale.
(a) If H € L*(M) then the increasing process (HeM) is integrable, HeM is a
martingale in H3 and the map H € L*(M) — HeM € H3 an isometry:

5™ HedMe [ oy = |H o M3 = [H[320p) = Ep [J5~ HZA(M).].

(b) If H € A2(M) then HeM is a square integrable martingale satisfying
¢ 2 2 ¢
Hfo HSdMS||L2(P) - Hl[[OatﬂHHm(M) =Ep [fo H3d<M>S} ; VE=0.

Proof. (a) has already been verified above (2.a.2, 2.a.3). (b) Replace H with 1} 71 H
in (a).
2.c.4 Example. If B is a one dimensional Brownian motion, then (B); = s and

consequently the space L%(B) consists of all progressively measurable processes H
satisfying Ep [ [,° H2ds] < oc.

2.¢.5. Let M, N be continuous local martingales, H € A>(M) and K € A*(N). For
0<r<tset (HeM): = (HoM), — (HoM), = [' HydM, and define (KoN)'
accordingly. Then

Ep [(HeM)'(KeN)t | 7] = Ep [f:HSKSd<M, N), \fr] . and

(1)
Ep [(He M)LK +N)] = Ep [ [ H,K.d(M,N),|.

Proof. Fixing 0 < r <t and replacing H and K with 1) 4 H and 14 K (this does
not change the above integrals), we may assume that H € L?(M) and K € L*(N).
Then X = HeM,Y = KeoN are martingales in H? and so Z; = X;Y; — (X,Y); is
a martingale (I.11.b.2.(a)). From 2.c.0.(f), (X, Y); = fot H,K,d(M,N),. Thus

Zy =X Y, — (X, Y)y = (HeM)(KeN); — fg H K d{M,N),.

As X is a martingale, Ep[(HeM)! | F,| = Ep[(HeM), — (HeM), | F,] = 0.
Since Z is a martingale, Ep[Z; — Z,. | F,.] = 0, that is,

Ep |(HeM)y(KeN); — (HoM),(K*N), — ['H K, d(M,N), \fr} =0.
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Writing (HeM),(KeN); = [(HeM), + (HeM)!][(KeN), + (K*N)!], multiply-
ing out and cancelling the term (H M), (K ¢ N), this becomes

Ep[(HeM).(K+N); + (Ko N),(HeM); + (He M), (KeN), | 7]
= Ep | [} HKA(M,N), | 7.

Distribute the conditional expectation, pull out the F,-measurable factors (H ¢ M),
(KeN), and use that Ep [(HeM)! | F,] = Ep [(KeN). | F.] =0 to obtain

Ep [(HeM).(KeN)! | 7] = Ep [fszst<M, N), yﬁ] .

The second equality in (1) follows by integration over . |

Our next result shows that the stochastic integral H e M agrees with pathwise in-
tuition, at least for suitably simple integrands H:

2.c.6. Let M be a continuous local martingale, S < T be optional times and Z a
real valued Fg-measurable random wvariable. Then H = Zljsr1) € L2 (M) and

Jo Z115.2y(s)AM = Z(Mynr — Mips), t > 0.

Proof. Let us first show that H is progressively measurable. Fix ¢ > 0. The
restriction of H to [0,t] x © can be written as Zljgas,7a] = Z1is<yljsat,raeg-
Since the random variable Z is Fg-measurable, the random variable Z1(g. is
Fi-measurable (I.7.a.3.(c)). Since the optional times S A ¢, T At : Q — [0,t] are
Fi-measurable, the stochastic interval |S A ¢, T A t] is By x Fy-measurable.

It follows that the restriction of H to [0,¢] x Q is B; x Fi-measurable. Thus the
process H is progressively measurable. From

t t
/ H2d(M), = Z2/ Lsrd(M)s = Z°((M)¢nr — (M)ias) < 0o, P-as.,
0 0

it follows that H € L} (M) (2.b.1). Our claim can now be written as HeM =
Z(MT — M®). Set Y = Z(MT — M®). Then Yy = 0. Let us show that Y is a
continuous local martingale. Writing ¥; = Z1 (g (MMT —Mt/\s) and recalling that
Z1|5<y is Fy-measurable, it follows that ¥ is adapted. It is obviously continuous.
Thus, by stopping we can reduce the claim to the case where both M and Y are
uniformly bounded. In this case M is a martingale (I.8.a.4) and we show that Y is
a martingale. Using 1.9.c.4, it will suffice to show that E(Y4) = 0, for each bounded
optional time A. Indeed, for such A,

E(Ya) = E[E(Ya|Fs)| = E[E(Z(Mpaa — Mspa) | Fs)]
= E[ZE(Mgpaa — Mspa | Fs)] =0,

where we use 1.7.d.2 for the last equality.



146 2.c Properties of stochastic integrals with respect to continuous local martingales.

Thus it remains to be shown only that (Z(M”* — M%), N) = He(M,N), for
all continuous local martingales N. Indeed, using 2.c.0.(d), (Z(MT — M®),N) =
Z(MT — M5 N) = Z({M,N)T — (M, N)S) = Z1jg77+(M,N) = He(M,N), for
all such N.

Remark. Let L2 _,(M) = L*(IL,P,un) € L?(M) be the space of predictable

pred
processes H € L2(M) and R C L?_ _,(M) denote the subspace generated by the

red
indicator functions of predictable rgctangles.

2.c.6 shows that the stochastic integral agrees with pathwise intuition for all
integrands H as in 2.c.6 and so, by linearity, for all H € R. The following density
result shows that the integral process I = He M is uniquely determined from this
and the continuity and linearity of the map M € L?(M) +— HeM € H?, at least

for predictable integrands H € L*(M):

2.c.7. R is dense in L2, ,(M).

Proof. We must show that for each predictable process H,
HeL’ (M) = Ve>03SeR:|H-S|r2) <e€ (2)

and it will suffice to verify this for nonnegative H. Let C denote the family of
all predictable processes H > 0 satisfying (2). Then C contains every nonnegative
process H € R and so in particular the indicator functions of predictable rectangles.
Since the predictable rectangles are a m-system generating the predictable o-field
P, the Extension Theorem (appendix B.4) shows that it will suffice to verify that C
is a A-cone on (II, P). Let us verify properties (a), (c) in the definition of a A-cone.
To simplify notation write || - {[z2(ary) = || - ||-
(a) Assume 1 € L*(M). Then pp(IT) = [|1]]* < co. Set S, = 1jg,)x0 € R. Then
1= Sull> = [1(n,00)xall* = par((n,00) x Q) | 0, as n T co. Thus 1 € C.
(c) Let H, € C and o, > 0, k> 1, and set H = )", oy Hy, and J,, = >, ., cu H,
n > 1. We must show that H € C. -
Assume that H € L?(M) and let € > 0. Then |H| < oo and so |H — J,|> — 0,
par-as., as n T co. Moreover this convergence is dominated by the uas-integrable

function H2. Thus
|H — J,||* = / |H — J,|?dups — 0
I

and so we can choose n > 1 such that |[H — J,|| < €/2. From H € L?*(M) and
ay > 0 it follows that Hy, € L?(M), k > 1, and we can thus choose Sj € R such
that ||Hy — Skl < €/a2"t!, for all k < n. Set S = Y, ., apSx € R. Then
[ — S| <3 g, arllHr — Skl| < €/2 and it follows that ||H — S|| < e. |
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2.d Integration with respect to continuous semimartingales. The extension of the
stochastic integral to integrators which are continuous semimartingales is now a very
small step. Let S denote the family of all (real valued) continuous semimartingales
on (Q,F,(F),P) and X € S with semimartingale decomposition X = M + A,
that is, M is a continuous local martingale and A a continuous bounded variation
process vanishing at zero. Then we define the space L(X) of X-integrable processes
as L(X) = L? (M)NL},.(A). Thus L(X) is the space of all progressively measurable
processes H satisfying

[y H2d(M)s + [} |Hy| |dAs| < o0, P-as., Vt>0.
For H € L(X) we set HeX = HeM + HeA and [ HydX, = (H+X);. In short
Jy HydX, = [ HydM, + [} HydA,, > 0.

Thus the case of a general integrator X € S can often be reduced to the cases
X = M a local martingale and X = A a bounded variation process by appeal to
the semimartingale decomposition.

Since H o M is a local martingale and H ¢ A a continuous bounded variation pro-
cess vanishing at zero it follows that H ¢ X is a continuous semimartingale with semi-
martingale decomposition HeX = HeM + HeA. In particular ugex = He A =
Heux and HeX is a local martingale if and only if He A = 0.

2.d.0. Let X,)Y € S, H/H € L(X), K € L(Y), S < T optional times, W an
Fs-measurable random variable, a > 0 and Z an F,-measurable random variable.
Then

(a) HeX = [ HydX, is a continuous semimartingale with (HeX )y = 0.

(b) HeX is bilinear in H and X.

(c) XT =X+ Ljo,rpe X, especially X = Xo +1eX.

(d) HT «XT = He(XT) = (1g gy H) X = (He X)7.

(¢) (HeX,Y), = [y Hid(X,Y),, t >0.

(f) (HeX,KoY); = [§ HKd(X,Y)s, t > 0.

(9) (HeX)e = [§ H2d(X),, t > 0.

(h) H(t,w) = 1¢3(t)Z(w) € L(X) and He X = 0.

(i) H=Wlysr € L(X) and He X = W(X7T — X5).

(5) If H and H' are indistinguishable then so are the processes HeX and H' e X.

Proof. All except (h),(i),(j) follow by combining 1.10.b.1, 1.10.b.2 and 2.c.0. Let us
show for example (e).

Here the claim is (HeX,Y) = He(X,Y). Let X =M +AandY = N+ B
be the semimartingale decompositions of X and Y. Then H € L? (M) N L}, (A).
By 2.b.3 we have (HeM,N) = He(M,N). As HeA is a continuous bounded
variation process and bounded variation summands can be dropped from covaria-
tions (I.11.b.1.(e)), we obtain (HeX,Y) = (HeM + HeA,N + B) = (HeM,N) =
He(M,N)=He(X,Y), as desired.
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(h) Since Z is F,-measurable, the process H is progressively measurable. If X is a
local martingale the equations (HeX )y =0 and (HeX), = f(f H2d(X)s; =0, P-as.,
for each t > 0, show He X = 0.

If X is a continuous, bounded variation process, standard Real Analysis argu-
ments lead to the same conclusion. The general case follows using the semimartin-
gale decomposition.

(i) The case where X is a local martingale has been treated in 2.c.6. If X is a
continuous bounded variation process the result is obvious by pathwise integration.

(j) Assume that the path ¢ — H;(w) is identically zero, for all w in the complement
of a null set £ C 2. We must show that H e X is indistinguishable from zero. By
continuity it will suffice to show that fot H,dX, =0, P-as., for each t > 0.

If X is a bounded variation process, the result follows from the pathwise defi-
nition of the stochastic integral. If X is a local martingale, the result follows from
2.¢.3.(b). The general case follows from the semimartingale decomposition of X. |

Likewise 1.10.b.2 and 2.c.1 yield:

2.d.1 Associativity. Let X € S. If K € L(X) and H € L(K +X), then HK € L(X)
and we have He(KeX) = (HK)eX. |

Although the definition of the process He X is global in nature, some pathwise
properties can be established:

2.d.2. Let X € S and H € L(X). Then, for P-ae. w € Q, the path t — (HeX):(w)
is constant on any interval [a,b] on which either

(a) Hi(w) =0, for allt € [a,b] or

(b) Xi(w) = Xo(w), for allt € [a,b].

Proof. If X is a bounded variation process, then this follows in a path by path
manner from the corresponding result from Real Analysis. If X is a local martingale
the result follows from 1.9.b.7, since (a) or (b) both imply that (HeX)’(w) =

(H?+(X))" (w) = 0.y

The space A; of locally bounded integrands. The space L(X) of X-integrable
processes depends on the semimartingale X. We now introduce a space A, of
integrands which is independent of the integrator X.

Call a process H locally bounded, if there exists a sequence T;, T oo of optional
times such that |[HT"| < C,, < oo on all of Il = R, x Q, for all n > 1, where
the C,, are constants. Let A, denote the space of all locally bounded, progressively
measurable processes H.

If every path ¢t — H;(w) of the adapted process H is continuous, then H is
locally bounded. Indeed T;, = inf{¢ > 0 | |H:| > n } is a sequence of optional times
T, T oo such that |[HT»| < n, for all n > |Hg|. Recall that by convention 1.0, Hy is
a constant.

If H is any continuous adapted process, then H is indistinguishable from a
process K for which every path is continuous. Replacing H with K does not affect
any stochastic integral He X (2.d.0.(j)).
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2.d.3. Ay C L(X), for each continuous semimartingale X .

Proof. Let X be a continuous semimartingale with semimartingale decomposition
X =M + A. Assume that H € A, and let T}, T oo be a sequence of optional times
such that \HT"| < (), < o, for all n > 1, where the C,, are constants. Fix ¢t > 0
and w €  such that the path s — Ag(w) is of bounded variation on finite intervals
and let V;(w) denote the total variation of this path on the interval [0,¢]. Then

tAT,, (w)
/ |H, ()] [dAL(@)] < CaVi(w) < oo,
0

for all n > 1. Choosing n such that T, (w) > ¢, we obtain fot |Hs(w)] |[dAs(w)| < o0
and this inequality therefore holds for P-ae. w € Q. Thus H € L, (A). Likewise

tAT),
/ H2d(M), < C2(M); < oo,
0

for each n > 1. As above, this shows that fot H2d(M)4 < oo, P-as. on . According
to 2.b.0 this implies that H € L} (M). Thus H € L(X).

2.d4. Let XY € § and H K € Ay. Then, for P-ae. w € ), the difference
(HeX)i(w) — (KoY)(w) is constant on any interval [a,b] satisfying

(a) Hi(w) = K¢(w), for all t € [a,b] and

(b) Xi(w) =Yi(w), for all t € [a,b].

In particular (He X)p(w) = (KoY)p(w), for P-ae. w € Q such that Hi(w) = K¢(w)
and X¢(w) = Yi(w), for all t € ]0,].

Proof. Use 2.d.2, 2.d.3 and the equation He X —KeY = He(X —Y )+ (H —K)eY.
The last claim follows if we let @ = 0 and note that (HeX), — (KeX), = 0.

We also have the following analogue of the Dominated Convergence Theorem for
stochastic integrals:

2.d.5Dominated Convergence Theorem. Let X € S and H(n) a sequence of locally
bounded, progressively measurable processes satisfying H(n) — 0 pointwise on I =
Ry x Q. If there exists a locally bounded progressively measurable process K such
that |H(n)| < K, for alln > 1, then (H(n)-X)t — 0 in probability, as n | oo, for
all t > 0.

Remark. To simplify the wording of the proof it is assumed that |H(n)| < K on all
of I = Ry x Q, for all n > 1. The result remains true if this inequality holds only
along paths t — H(n)¢(w), t — K¢(w), where w is in the complement of a null set E.
Simply replace H(n) with H'(n) = 1j o)xgH(n) (then H(n) is indistinguishable
from H'(n)) and use 2.d.0.(j).

Proof. Assume first that X is a local martingale, let H(n) and K be as above and

choose a sequence T, T oo of optional times such that simultaneously X7 ¢ H?
and |K7m| < Cp, < oo, for all m > 1, where the C, are constants.
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Fix m > 1. Then |H(n)™"| < |K"| < Cy, < 00 and H(n)™™ — 0 pointwise
on I, as n T oco. The ordinary Dominated Convergence Theorem implies that
H(n)T= — 0, in L? (H,Pg,uXTm) = L2 (XT’”) and consequently, by the isometric
property 2.a.1, (H(n)oX)Tm = H(n)TmeXTn — 0, in H?, as n | co. Now let
t > 0. Then (H(n)OX)tTm — 0 in L? and consequently in probability. Thus we
have (H(n)sX), — 0 in probability on the set [T}, > t]. Since here m > 1 was
arbitrary and |J,, [T, > t] = ©, it follows that (H(n)eX), — 0 in probability on
all of  (I.1.a.2).

The proof when X is a bounded variation process is quite similar. The con-
vergence (H(n)eX )T — 0 in L? is now obtained from the ordinary Dominated

t
Convergence Theorem. |

2.e The stochastic integral as a limit of certain Riemann type sums. Let X,Y € S
and H be a continuous adapted process. Recall that H € A, C L(X), by continuity.
Fixt>0,let A={0=ty <t <...<t, =t} be a partition of the interval [0, ¢]
and set ||A|l = maxi<;<n(t; —t;—1) and

SA(HaX) = Z:;l Htj—l(th - th—l)' (0)

Thus SA(H, X) is the A-Riemann sum for the integral fg HdX, which evaluates
the integrand H always at the left endpoint of each subinterval of the partition A.
Using 2.d.0.(h),(i) we can write

t
Sa(H, X) :/ Ra(H)sdX, = (RA(H)oX)t,
0
where Ra(H) is the following simple predictable process:
Ra(H, X) =10y Ho + ijl Hy, 1y 050

The first summand is superfluous but facilitates the proof of 2.e.0 below. The next
fact shows that the stochastic integral fot H,dX, is the limit in probability of these
Riemann sums:

2.e.0. Let X € § and H be a continuous, adapted process. Then f(f H,dX, =
lim, 100 Sa, (H, X) in probability, for each sequence (A,,) of partitions of the interval
[0,t] such that ||A,|| — 0, asn T co.

Proof. Replacing H with a suitable version from which H is indistinguishable, we
may assume that all paths of H are continuous.

(a) Assume first |[H| < C' < oo, for some constant C' and let A, be as in 2.e.0.
Then Ra,(H) — H pointwise on II = Ry x Q and |Ra,(H)| < C, for each
n > 1. The Dominated Convergence Theorem 2.d.5 now implies that Sa, (H, X) =
(Ra, (H)-X)t — (H e X); in probability, as n T co.
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(b) In general there exists a sequence T, 1 co of optional times with |H Tm| < m,
for all m > |Hp| (recall that Hp is a constant). For such m, according to (a),

Sa, (H™, X) — (H"™ +X), in probability, asn T co.

On the set [T, > t] we have Sa, (H'™,X) = Sa, (H,X) and (HT’"OX)t =
(HeX)]™ = (HeX); (2.d.0.(d)). Thus Sa, (H,X) — (HeX); in probability on
the set [T, > t]. Since |J,,,[Tm > t] = Q, it follows that Sa, (H,X) — (HeX); in
probability on all of Q. (I.1.a.2) y

2.el. Let 0 < a < b, Z an F,-measurable, real valued random variable, H an
adapted continuous process and X € S. Then f: ZH,dX, = Zf;7 H.dX,.

Proof. By shifting time we may assume that a = 0. Then the process t — ZH;
is continuous and adapted. For each partition A of [a,b] we have SA(ZH,X) =
ZSA(H, X). 2.e.1 now follows from 2.e.0 by letting ||A|| — 0. j

Let us now derive a result similar to 2.e.0 for integrals with respect to the covariation
(X,Y). For a partition A = {0 =1ty <...<t, =t} of the interval [0,¢] set

SQaA(H,X,Y) Z CHy (X = X, (Y, =Yy,
Similarly set SQa(H, X) = Qa(H, X, X), that is
SQa(H, X) Z CH (X = X, )P
Multiplying the equality
4Ky, = XL ) (Y, = Vi) = (X, +Y5) = (XL, +Y,))
— (X, = Y) = (Koo V)

with Hy, , and summing for j = 1,2,...,n yields

-1
SQA(H,X,Y):i[SQA(H,X+Y)—SQA(H,X—Y)]. (1)
2.e.2 Stochastic Product Rule. Let X,Y € S. Then
XY, = XY, + /Ot X, dYs + /OtstXs +(X,Y):, forallt>D0.
Proof. Let A={0=ty <t <...<t, =1t} be any partition of the interval [0, t].

Sum the equalities

X, Y, — Xy, Ve, = (Xy, — th—l) (Ytj Yi,_ 1) + Xt (Y - Y, )
+ Ytj—l (th - th—l)

over j = 1,2,...,n to obtain X;Y; — XoYp = Qa(X,Y) + SA(X,Y) + Sa(Y, X),
with Qa(X,Y) as in 1.10.a. Now let ||A]| — 0 and use 2.e.0 and 1.11.b.0.
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2.e3. Let X and H be as above and 0 < t. Then SQa,(H,X) — fot H.d(X)
in probability, for each sequence of partitions (A,) of the interval [0,t] such that
[An] — 0.

Proof. As in the proof of 2.e.0 we may assume that all paths of H and X are
continuous and localization leads to the case where both processes H and X are
bounded. The stochastic product rule with X =Y yields

t
X2 - X3 = 2/0 X dX, + (X)y.

Consequently, if A={0=1¢y <...<t, =t} is a partition of [0,¢] and 1 < j < n,

tj

X7 -X; =2 X dX+ ((X)i, — (X)¢,_,) andso

7 1

tj71

(th - th—l)Z = (Xth - X7 ) — 22Xy,

tj,1

tj
_y / XodX, + (X), — (X)) —2X,, (X, — X0, ,).
tj—1

Multiply this with Hy, ,, note that Hy, , [, X.dX, = [ Hy,  X.dX, =

fot Ly, 1 e,7(8)Hy;_, Xsd X (2.e.1) and sum over j = 1,...,n to obtain

SOA(H, X) = 2 /0 R (H) XodX + Sa(H, (X)) — 255 (HX, X).

Now let ||A|| — 0. By continuity Ra(H)X — HX, pointwise on IT = Ry x Q. The
stochastic Dominated Convergence Theorem now implies that fg RA(H)s X dXs —
fot H;X,dX, in probability. Likewise SA(HX,X) — fot H,X,dX, in probability,
according to 2.e.0. Finally Sa(H, (X)) — fot H,d{X)s in probability, according
to 2.e.0 applied to the process (X) instead of X. It follows that SQa(H,X) —
f(f H,d(X)s in probability. j

2.ed. Let X, Y, H be as above and 0 < t. Then SQa, (H,X,Y) — fot Hd({X,Y)s
in probability, for each sequence of partitions (A,,) of the interval [0,t] such that
|45 ][ = 0.

Proof. Using (1) and the equality (X,Y) = 1 ((X +Y) — (X —Y)) and multiplying
with 4, our claim can be rewritten as

SQa, (H, X +Y) = SQa,(H, X =Y) — [{ Hid(X +Y), — [y Hid(X = Y),

and is thus an immediate consequence of 2.e.3. |
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2.f Integration with respect to vector valued continuous semimartingales. It is
now a very small step to generalize the above integration theory to integrands and
integrators which are vector valued processes. Vectors in R? will be viewed as
column vectors and we write z = (z',22,...,2%), 2 € R? where the prime denotes
transposition. Let x -y = j 271y’ denote the inner product on R? as usual.

An Re-valued process X; = (X}, X2,..., X1) will be called continuous, a
(local) martingale, a semimartingale, if each component process th, j=1,...,d,
has the respective property. Let S denote the family of all R%valued, continuous
semimartingales on (€2, F, (F;), P). For X € 8¢ we define the quadratic variation
(X) as (X) = E?:1<Xj>- If X is a local martingale, then (X) is the unique
continuous bounded variation process A vanishing at zero such that || X||*> — 4 is a
local martingale. In fact (X) is an increasing process.

Call the process X square integrable if it satisfies E (]| X,[|?) < oo, t > 0, that
is, if all the component processes Xg are square integrable. If X is a continuous,
square integrable martingale, then || X||?> — (X) is a martingale, in analogy to the one
dimensional case (I.11.b.2). For X,Y € §% define the covariation process (X,Y) as

(X,Y) =0 (X7, V7). (0)

If X, Y are local martingales, then (X,Y") is the unique continuous bounded vari-
ation process A vanishing at zero such that X - Y — A is a local martingale. If X
and Y are square integrable martingales, then X - Y — A is a martingale (1.11.b.2).

Let X7 = M7 + A7 be the semimartingale decomposition of X7 (47 = uy;),
for all j = 1,...,d. Defining the compensator ux of X to be the R%-valued process
ux = (A', A2, ... A% ux is the unique continuous, R?-valued, bounded variation
process A vanishing at zero such that X — A is a local martingale.

If Z is a continuous scalar semimartingale, then the product ZX is the R%-
valued semimartingale ZX = (ZX', ZX?, ...,ZX%) and this suggests that we
define the covariation (Z, X) as the R%valued process

(Z,X) = ((Z, X1, (Z,X?),....(Z,XD)". (1)

If Z, X are local martingales, then (Z, X) is again the unique continuous bounded
variation process A vanishing at zero such that ZX — A is an (R%valued) local
martingale. In each of the above cases the uniqueness follows from 1.9.b.2.

We now define the space L(X) of X-integrable processes to be the space of
all R%-valued, progressively measurable processes H = (H', H?,..., H%)" such that
HJ € L(X), for all j = 1,...,d, that is, L(X) is the direct product L(X) =
L(X') x L(X?) x ... x L(X%). Setting A; = uxs, L(X) consists of all R-valued,
progressively measurable processes H = (H', H?,..., H%)’ such that

d t t
3 {/ (m2)a(x7), + [ ] |dAg|} < o0, Pas., V>0,
= Wo 0
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For H € L(X) we set HeX = Y0 | HieX7 and write (HeX), = [) H, - dX,.
Then

t d o
/Hs-dXS:Z‘ /Hgdxg, t>0.
0 =t Jo

Thus we view the stochastic differential dX as a vector dX = (dX!,dX?,...,dX?)
and consequently H - dX = Z?’:l H’dX7. Note that the quadratic variation (X),
the covariation (X,Y’) and the integral process H e X are scalar processes.

If X is a local martingale, then L(X7) = L? (X7),1<j <d, and so L(X) =
L} (X1) x...x L} (X%). This space will then also be denoted L? (X). We now
have the perfect analogues of 2.d.0, 2.d.1:

2£0. Let Z € S, X, Y € S H H' € L(X), K € L(Y) and T any optional time.
Then

(o) He X = [/ H,-dX, is a continuous scalar semimartingale with (HeX )y = 0.
(b) HeX is bilinear in H and X .

(c) XT = Xo+ Ljo,rpe X, especially X = Xo + 1 X.

(d) He(XT) = (1jorpH) e X = (He X)T.

(¢) (Z,HeX), = [| Hy-d(Z,X),, t >0.

(F) (HeX,KoY), =30, Jy HIKIA(X\Y)., £ > 0.

(9) If H and H' are indistinguishable then so are the processes HeX and H' e X.

Proof. (a)-(d),(g) follow immediately from 2.d.0.(a)-(d),(j).
(e) Here d(Z, X) = (d(Z,X"),d(Z,X?),...,d(Z,X%)" in accordance with defini-
tion (2). Using 2.d.0.(e) and the bilinearity of the covariation we get

<Z’H.X>t = Zj‘:l<Z7 Hj'Xj>t = Zj:l (Hj.<Z7 Xj>)t
=0, Jy Hid(Z,X9), = [} H, - d(Z,X),.

(f) Follows from 2.d.0.(f) and the bilinearity of the covariation. |

2.f.1 Associativity. Let X € S%. If K € L(X) and H € L(K*X), then HK € L(X)
and we have He(KeX) = (HK)eX.

Proof. Note that here K is an R%-valued process while H is a scalar process (since
KeX is a scalar semimartingale). Thus HK = (HK', HK? ... ,HK?) is an R’

valued process. The result now follows easily from 2.d.1. )
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2.£.2 The spaces L?(M) and A%(M). The spaces L*(M) and A%(M) of 2.c.2 also
have vector valued analogues. For an R?-valued continuous local martingale M =
(MY, M?2,... M%) welet L?(M) and A%(M) denote the spaces of all progressively
measurable R%-valued processes H = (H', H?,..., H%) satisfying H7 € L?*(M7)
respectively HY € A2(M7), for all j = 1,...,d. Thus L?(M) is the direct product
L*(M) = L3(M') x L3(M?) x ... x L*(M%) and so is a Hilbert space with norm

2 d — d o0 2 .
1y = 30 oy = X0, B [ ()00, 2

Similarly A2(M) is the direct product A2(M) = A2(M?Y) x A2(M?) x ... x A2(M?)
and is thus a Fréchet space. As in the one dimensional case A?(M) consists of
all R%valued processes H such that lp,gH € L?(M), for all t > 0, that is, all
R%valued, progressively measurable processes H such that

2 d 12
||1[[07t]]HHL2(M) = ijl||1[[0»tﬂHJHL2(Mj)’ for all £ > 0. (3)

The subspaces of predictable processes H in L?(M) respectively A%(M) are closed.
We have the inclusion 5 9 9
L*(M) CA*(M) C Lj,.(M)=L(M).

loc

Recall that HeM = Y7 | HIe M/, that is, [y H, - dM, = Y°0_, [ HIdMJ, for
all H € L? (M) and t > 0. If the components M/ of the local martingale M are

orthogonal in the sense (M, M7) = 0, for all i # j, then we have the analogue of
2.c.3:

2.£3. Let M be an R*-valued continuous local martingale satisfying (M*, M7) = 0,
for alli # j. Then
(a) For H € A2(M), HeM is a square integrable martingale satisfying

|G M)ll 2y = Ly H - M| 2y = g0 H | 2 ary:

(b) If H € L*(M) then HeM € H? is an L*-bounded martingale and the map
H € L?>(M) — HeM € H? is an isometry. If fOOOHS ~dMg = (HeM)oo
denotes the last element of the martingale H e M, then

1™ He - M| oy = |[H ] 2

‘O (M)

Proof. (a) For t > 0 set U;(t) = (H?eM7);, j = 1,...,d. Then U; is a square
integrable martingale with HUJ'(t)HL?(P) = Hl[[O’t]]Hme(Mj) and He M = E?Zl U;.
See 2.¢.3.(b). Thus H ¢ M is a sum of square integrable martingales and hence itself
such a martingale. Fix ¢ > 0. Using 2.c.5, for i # j

Ep(Ui(t)U(t) = Ep [(H'« MY),(H? s M), | = Ep [ [y HiHZd(M', M3),] = 0.
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Consequently the random variables U;(t) € L?(P) are pairwise orthogonal and so

2 2 2
H(H'M)th(P) = HZ?:l Uj(t)HL2(P) = Z?zanﬂ'(t)Hm(P)

= S5l a e sy = Mot Hll ey

(b) The last element Z, of a martingale Z € H? satisfies || Zwol|/zz = sup; || Z:||z-
Thus (b) follows from (a) and the equality SUPtzoul[[O,t]]HHLz(M) = |H||L2(an)- 1
2.f.4 Brownian motion. Assume that W is a d-dimensional Brownian motion.
Then W is a martingale and hence L(W) = L2 _(W). Moreover each component W7
is a one dimensional Brownian motion and so (W7), = s. It follows that the space
L(W) of W-integrable processes consists exactly of all R%-valued, progressively
measurable processes H which satisfy

t d o
/O | Hy|[?ds = Zj:1/0 (H?)?ds < oo, P-as., Vt>0.

Likewise L2(W) and A2(W) are the spaces of all R¢ valued, progressively measurable
processes H satisfying

o] t
Ep/ | Hq||?ds < oo, respectively, Ep/ | H||?ds < oo, ¥t > 0.
0 0

2.£5. Let W be an R*-valued Brownian motion. For an R%-valued, progressively
measurable process H the following are equivalent:
(a) He L(W)=L2 _(W).

loc
(b) There exist optional times T, T oo such that H™» € L? (WT”), for alln > 1.
(¢) There exist optional times T,, T 0o with Ep [fOT"’ HHSHst} < oo, for alln > 1.
(d) There exist optional times T, T 0o such that 1o 1,1 H € L?>(W), for allmn > 1.
(e) fot | Hs||?ds < 0o, P-as., for each t > 0.

Proof. This follows easily from 2.b.0, 2.b.1 if it is observed that (W7), = s, for all
1<j<d
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3. ITO’S FORMULA

3.alto’s formula. Let X = (X*,..., X9) be an R%valued process with continuously
differentiable paths and consider the process Y; = f(X;), where f € C%(R?). Let
us write

af 0% f
D= O, and - Dy f = Ox;0x;
j 0T

The process Y has continuously differentiable paths with

d d d j
2 =D Dif(Xe(w) 3 X} (@).

Fixing w € Q and integrating yields

Fe) ~ 10 = 0 [ D) X2 .

where this integral is to be interpreted pathwise. Written as

F(X0) — F(Xo / D, F(X,) dX3 (0)

this equation remains true if X is a continuous, bounded variation process. The
situation becomes more complicated if the process X is a continuous semimartingale
and hence no longer has paths which are of bounded variation on finite intervals in
general. Then a new term appears on the right hand side of (0) (Ito’s formula). We
will give a very explicit derivation which shows clearly where the new term comes
from.

3.a.0 Ito’s formula. Let G C R? be an open set, X = (X',...,X%) a continuous
semimartingale with values in G and f € C*(G). Then

F(X,) - /Df Jaxi 4 Z/Dmf V(X7 XT),, (1)

zj 1
P-as., for each t > 0.

Remark. Writing f(X) to denote the process f(X;) we can rewrite (1) as

FOO = fX0) = 30 D)X+ 537 Dyf(x)+(XLX7). (@)

Proof. We may assume that the path ¢ — X;(w) is continuous, for every w € Q.
If necessary the process X can be replaced with an indistinguishable version which
has this property and this will leave all stochastic integrals unchanged (2.d.5). Note
that the integrals exist by continuity of the integrands (2.d.4).



158 3.a Ito’s formula.

(a) Assume first that F, K are compact sets such that F C K° C K C G
and the range of X is contained in F. Fix ¢t > 0 and let (A,) be a sequence of
partitions of the interval [0,¢] such that ||A,| — 0, as n T co. For n > 1 write
Ap={0=tf <ty <...<tp ; <tp<..<tp =t} Sete=dist(F,K) >0
and

Qn ={we| ||Xt2(w) —th_l(w)H <e, VYn>m,1<k<k,}.

If w € Q, then the path s € [0,t] = X (w) is uniformly continuous and so w € {,,
for some m > 1. Thus Q,, T Q, as m T co. It will thus suffice to show that (1) holds
P-as. on the set Q,,, for each m > 1.

Fix m > 1. If w € Qp, then X (w) € B (thil(w)) and hence the line
segment from Xy (w) to Xir(w) is contained in the ball B, (thil(w)) C K, for
allm>mandall 1 < k <k,. Let n > m and write

PO = X) = 30 1K) = (X )] (3)

k=1

Consider k € {1,...,k,} and w € Q,,. A second degree Taylor expansion for f(x)
centered at x = Xy (w) yields

f(Xep) = f(Xep ) = Zj_l D'f(Xt" )(Xg;; - thkll)

—1

where the point &, = {ni(w) is on the line segment from X;» (w) to X¢»  (w). Note
that this line segment is contained in K and that D;; f is uniformly continuous on
K. Entering the above expansion into (3) and commuting the order of summation,

F(Xe) = Z A7 +3 Zz] 1 Bjj,

we can write

kn
where AT = Zkzl Djf(Xt;;_l)(XgZ — X} )
kn i . .
and B = b1 Dij f(&ni) (X{ tn = Xin 1)(thg - thg_l)a

at all points w € Q,. According to 2.e.1 we have A7 — fot D, f(X,)dX{ in proba-
bility, as n T co. Since limits in probability are uniquely determined P-as., it will
now suffice to show that B}, — fo D;; f(X5)d(X* X7), in probability on the set
Qum, as n | co. To see this we will compare B to the similar term

- k. ; ; ) )
B} = Zk:l Dy f(Xap_ ) Xip = X N (Xfn = Xin ),

k—1

which is known to converge to fg D f(Xs)d(X*, X7)4 in probability (2.e.5).
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It will thus suffice to show that |BZ — an]‘ — 0 in probability on the set €,,,
as n T co. Indeed, using the Cauchy Schwartz inequality,

-1

|BY; — Bj| = ‘Zkl(Dijf(fnk) - Dz‘jf(Xt;_l))(XtZ; = X (X = X )

kn ; i j
<O D00 iy = Xy | Xk - X | < By,

kn i i n kn j j
where  (B]")? = Zk:1(Xt” - th71)27 (B )2 = Zk:1(XtJZ - thgfl)Q

and C,Z = sup ’DUf fnk) f<Xt271)"
1<k<k,

From the uniform continuity of D;;f on K it follows that Cj; — 0, P-as. and
hence in probability on the set €2,,, as n T co. Moreover B} — <Xi>i/2 < 00
and B} — (Xj>i/2 < oo in probability, according to 1.11.b.0.(b). It follows that
|Bi”j — BZH — 0 in probability on €,,, as n T 0o, as desired.

(b) Let us now deal with the general case. Choose a sequence (K,,) of compact sets
such that K, C K3, and G = J,,, K, and set T;,, = inf{t >0 : X;, ¢ K., }. By
path continuity of X, (T,) is a sequence of optional times such that T}, 7 oo on all
of I, as m 1 oco. Since X is constant we can choose mg such that Xy € K7, and
hence XTm € K,,, for all m > mgy and ¢t > 0. Consider such m. Applying ( ) in
the form of equation (2) to the process X7 and observing that g(X7*) = g(X)7,

(YT, ZT) = (Y, Z>T (I.11.b.1.(c)) and using 2.d.1.(d), we have
FOO™ = £(X0) = Y (D)= X) ™ 4+ 53 (D (07 X))

Let m 1 oo to obtain

FOO = fX0) = 30 D)X 4 537 Dy () +(X,X7).

3.a.1 Ito’s formula. Let G C R? be an open set, T > 0, X = (X',..., X% a
continuous semimartingale with values in G and f € Ct 2([O,T] x G). Then

030 = £0.%0) = [ s xpas+ 37 [ D5t x,)axs

1 —d K .
- . i xi
+5 i,jzl/o Dy (s, X,)d(X*, X7),,
P-as., for each t € [0,T].

Remark. The notation f € C12([0,T] x G) is to be interpreted as follows: the
partial derivative 0f/0t exists on (0,7) x G and has a continuous extension to
[0,T] x G. Continuous partial derivatives D, f, D;; f with respect to the remaining
variables are assumed to exist on [0,7] x G. This ensures that all partial derivatives
are uniformly continuous on [0,7] x K, for each compact subset K C G.
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Proof. Consider a partition A, = {0 =1 <1} <... <t} <tp <...<ty =t}
of [0,t] and write

£, X0~ £, X0) = S (F Xep) — F(Ey X)) =
S (e xi) - s z_l,xtw) (£E0 X)) = £t 0 Xy )|

k=1

and FQy, Xer) — f(t_q, Xap) = af('r]nkth">( Ko1)s

for some 7, = Nk (w) € (ti_y, ;). The summands f(t 1, Xen) — f(H7_1, Xep )
are dealt with exactly as in the proof of 3.a.0 (second degree Taylor expansion of
g(x) = f(t}_,,z) around the point z = Xy» ).}

k—1

3.b Differential notation. Let us introduce some purely symbolic but nonetheless
useful notation. If X € S we write dZ; = H;dX; or more briefly dZ = HdX if and
only if H € L(X) and Z; = Zp + fot H.dX,, for all t > 0, equivalently iff H € L(X)
and Z = Zy+ He X.

The equality dZ = 0 is to be interpreted as dZ = 0d X, for some X € S. Clearly
then dZ = 0 if and only if Z; = Zj, t > 0, that is, if Z is a stochastic constant. By
the associative law 2.d.2

dZ = HdX and dX = KdY = dZ = HKdY. (0)

According to 2.d.1.(f), H € L(X), K € L(Y), Z = He X and W = K ¢Y imply that
HK € L}, ,((X,Y)) and (He X, KeY), = fot H K d(X,Y)s, t > 0. In differential
notation this can be written as

dZ = HdX, and dW = KdY = d{Z,W)=HKd{X,Y). (1)

If we define the product dZdW of the stochastic differentials dZ and dW as
dZdW = d(Z, W), (2)
then (1) assumes the form dZ = HdX, dW = KdY = dZdW = HKdXdY. In
particular dZ = HdX = d(Z) = (dZ)? = H?*(dX)?> = H?d(X). There is no
analogue for the differential products dXdY in classical integration theory on the

line: If X and Y are locally of bounded variation then (X,Y) = 0.

The above can be generalized to vector valued integrators X. If X € S
then we write dZ = H - dX, iff H € L(X) and Z = Zy + He X, that is, Z; =

Zy + Z;l:l [3 HidXi, for all t > 0. Note that then Z is a scalar semimartingale.
The associative law (0) now assumes the form

dY =KdZ and dZ =H -dX = dY =(KH) dX,

whenever X € 8% H € L(X), K € L(Z) = L(H*X) (2.d.2). Here X and H are
R¢-valued processes while Z and K are scalar processes. Thus K H is an R%valued
process also. Likewise 2.d.1 in differential notation yields:
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3.b.0. Let Z€ S, X,Y €8, He L(X), K<€ L(Y) and T an optional time. Then
(a) d(HeX)=H-dX.
(b) dXT =177 - dX.
(¢) d{Z, HeX)=H -d{Z,X).
(d) d(HeX, KoYy =30 | H'KId(X' V).,
Similarly Ito’s formula 3.a.0, 3.a.1 can be written in differential form as follows:
3.b.1. (a) df(Xt) =0 Dif(X)dX] + 5300 Dy f(Xp)d(X7, X7),.
(b) d f(t, X0) = GE(t, Xo)dt + 525, D;f(t, Xo)dX]

+2 Zi,j:l Dijf(t7Xt)d<Xian>t' 1
The assumptions are those of 3.a.0 in (a) and those of 3.a.1 in (b). Let us write
down the special case where X € § is a scalar semimartingale (d=1):
3.b.2. (a) df(Xt) f/(Xt)dXt 1f//(Xt) <X>
(b) df(t,X;) = (0f/0t)(t, Xy)dt + (Of /Ox)(t, X¢)d X + 5 (82f/8m ) (t, X)d(X ).
Remark. We do not assign any meaning to stochastic differentials HdX as individual
objects, only to certain equations between them. These equations correspond in
a precise manner to equations between stochastic integrals where the constituent
objects are well defined. There is therefore nothing nonrigorous in the use of such
equations between stochastic differentials in proofs and computations. The usual

algebraic manipulations of these equations are supported by the linearity of the
stochastic integral and the associativity property 2.d.2.

3.c Consequences of Ito’s formula. As a first consequence of Ito’s formula we show
that the family S of continuous semimartingales is not only a real algebra but is in
fact closed under the application of twice continuously differentiable functions:

3.c.0. Let G be an open subset of R?, X € 8% with values in G, f € C?*(G). For
each i = 1,...,d let X' = M® + A’ be the semimartingale decomposition of X,
especially A* = uxi. Then Z = f(X) is again a continuous semimartingale and its
local martingale part My and compensator uz(t) are given by

d .
M= Zy+ Z-,l Dif(X)eM' and
d 1 «d P
uz = Zi:l D;f(X)euxi + 3 Zi,j:l Dij f(X)e (X", X7).
Proof. Writing f(X) to denote the process f(X;) and using Ito’s formula
d o
Z=f(X)=Zo+) Dif(X)eX'+ Z Dij f(X)e (X", X7)
d
=Zo+y Dif(X)eM'
d ] d o
, oAl L = - o (X X
- {Z“ Dif(X)eA'+ 253" Dy f(X)e(X', X >}

=M+ A, where
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d .
M:ZO+Z D;f(X)eM" and

A= Z AZ Zij:1 Dijf(X)°<Xi,Xj>_

Here M is a continuous local martingale, since so are the M*, and A is a continuous
bounded variation process vanishing at zero. This shows that Z is a continuous
semimartingale with semimartingale decomposition Z = M + A, as desired.

Remark. In differential notation the formula for the compensator uz can be written

as
dug(t Z Dif(Xy)duy:(t) + ;ijzlpijf(xt)dw,xm.

Let S ={X € S| X; > 0, P-as., V¢ > 0} denote the family of strictly positive
continuous semimartingales on (2, F, (F3), P).

3.c.l. Let X, Y € S, G1,G2 C R be open sets such that X and Y take values in G
and Go respectively, and f € CQ(Gl) g € C*(Gy). Then

(a) (f(X )t —fo Yo)d(X,Y)s.

(b) (X, Q(Y)> =y 9 (Y)d<X Y>

(c) If M € S, then (X,log(M)); = fo M7 (X, M)s.

(d) If X € Sy, then fo 1ch log(Xt) —log(Xo) + (log(X));.

Proof. (a) By Ito’s formula we can write

F(X0) = F(Xo) + /f DdX, + L /f“ o = (f/(X)o X1 + Au,

where A is a continuous bounded variation process. A similar representation of
9(Yy), recalling that bounded variation summands can be dropped from a covariation
(I.11.b.1) and 2.d.1.(f), yields

(F(X), g(V))e = (F/ (X)X, g (V)oY), = / F(X0)g (Ya)d(X, ),

(b) now follows with f(z) = z. (c) follows from (b) with Y = M and g(y) = log(y).

(d) Since both sides of the equality in (d) are continuous semimartingales vanishing
at zero, it will suffice to show that

X, X, = dlog(X;) + 3d{log(X))s- (0)
Indeed, by the Ito formula
dlog(X;) = X; 'dX; — $ X 2d(X);. (1)

Using (a) with X =Y and f(z) = g(x) = log(x) yields d{log(X)); = X; 2d(X);.
Thus (1) can be rewritten as (0). y

Let us rewrite the formulas 3.c.1 in differential form:
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3.c.2. With X, Y, f, g as in 3.c.1 we have

(a) d{f(X),9(Y))e = f'(Xt)g' (Ye)d(X, Y ).

(b) d{X,g(Y)): = ¢'(Y2)d(X,Y):.

(c) If M € Sy, then d(X,log(M))y = M d(X, M);. y

The next result shows that S is closed under multiplication and division and com-
putes the compensator of a product of semimartingales. This is of course a special
case of 3.c.0, but we include a separate proof.

3.c.3. Let X, Y € S, G C R open, f € C*(G) and assume that X assumes values
in G. Then
(a) XY €8 and uxy(t fg(X duy( )—l—YvduX(s))—F(X,Y)t.

(b) f(X) €S and uyx)(t fo duX )+ 5 fotf”(Xs)d<X>s~
(c) If X €8, then1/X ES and Ul/x = —fo T2dux(s) + %fOtngd X

Remark. Equivalently duxy (t) = Xtduy(t) + Yidux (t) + d(X,Y)s, dugpx)(t) =
F(Xe)dux (t) + f"(Xe)d(X )¢ and duy)x (t) = —X; *dux (t) + 1 X, 2d(X),.

Proof. Let X = M + A, Y = N + B be the semimartingale decompositions of X
and Y (A =uyx, B=wuy). (a) The stochastic product rule yields
XiYs = XoYo + [y XodYs + [y Yed X + (X, V)
= XoYo + [y XodN, + fy YodM, + { [ X,dB, + [ YodA, + (X, V), }
=K+C,
where K, = XgYy + fot XdNg + fot YsdM, is a continuous local martingale and
Cy = fg X dB, + fot Y,dAs + (X,Y); is a continuous bounded variation process

vanishing at zero. This shows that XY is a semimartingale with semimartingale
decomposition XY = K + C, especially

uxy (t) =Cy = fot X.dB; + fot YidAg +(X,Y);, as desired.
(b) The Ito formula yields

f(Xt):f 0) + Jo J'(X)dXs + 5 [o £7(X)d(X),

= f(Xo) + Jy /(X)dM, +{f0 DdAs+ 5 [ (X <X>s}
=L+D,

where Ly = f(Xo)+ fo dM is a local martlngale and the continuous bounded
variation process D; = fo (X)dAs + 5 fo 1" (Xs)d(X)s vanishes at zero. This
shows that f(X) is a continuous semimartingale with semimartingale decomposition
J(X) =L+ D and so uyx)(t) = D;. (c) Use (b) with f(z) =1/z.
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3.c4. Let X,Y € S and assume that H € L(X) N L(Y). Then
(a) He L(XY) and
(b) If Y € S4, then H € L(X/Y).

Proof. (a) Since H is progressively measurable, it will suffice to show that
T T
/ H2d(XY)s < oo and / |Hy| |duxy (s)| < oo, P-as., (2)
0 0

for each T > 0. The stochastic product rule d(XY) = XdY + YdX + d(X,Y)
implies that the quadratic variation (XY') of the product XY satisfies

A(XY) = [d(XY)]* = X2d(Y) + Y2d(X) + 2XYd(X,Y).
The first integral in (2) will thus be finite, if the integrals
[T H2X2A(Y)s, [ HEY2d(X),, and  [] H2X,Y.d(X,Y), (3)

are all finite, P-as. on Q. Since H € L(Y) we have fOT H2d{Y)s < oo, P-as.,
and the finiteness of the first integral in (3) now follows from the fact that the
path t — X2 (w) is continuous and hence bounded on the interval [0, 7], P-as. The
finiteness of the second integral in (3) follows similarly. Using the Kunita-Watanabe
inequality on the third integral yields

‘fo (LX) (HY XYY < [T H2X24(7), [T H2Y2d(X), < oo,

P-almost surely, by the finiteness of the first two integrals in (3). Let us now turn
to the second integral in (2). Recall from 3.c.3.(a) that duxy (t) = Xduy(t) +
Ydux(t) +d(X,Y):. Consequently the associated total variation measures satisfy

lduxy| < [X[|duy|+ |[Y]|dux| + |d(X,Y)|.
It will thus suffice to show that the integrals
T T T
X duy (s)], fi [HLY] ldux(s)] and [ [HL]1d(X, V).

are all finite, P-as. The finiteness of the first integral follows from H € L} (uy)
and the path continuity of X. The finiteness of the second integral is established
similarly and, using the Kunita-Watanabe inequality on the third integral yields

(S 18] 11 )0) < T H2d00, T 1d(y
Tfo H2d({X)s < 0o, P-as.,

since H € L(X).
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(b) In view of (a) it will suffice to show that Y € S, and H € L(Y) imply that
H € L(1)Y). Assume that Y € S; and H € L(Y). We must show that the
integrals

Jo H2AQ/Y)s and [ [Hy lduyy () (4)

are both finite P-as. We have d{(f(Y)); = f(Y;)?d(Y);, for each function f €
C?(Ry) (3.c.1.(a)). Especially for f(y) = 1/y it follows that d(1/Y); = Y, *d(Y),.
Consequently

Jo H2d(1/Y)s = [ HYA(Y)..

The finiteness of this integral now follows from H € L(Y) and the fact that the
continuous, positive path ¢ — Y;(w) is bounded away from zero on the interval
[0,7]. To deal with the second integral we must first find the compensator u, /Y-
3.c.3.(b) with f(y) = 1/y yields duy,y (t) = =Y, 2duy (t) + Y; *d(Y);. Thus the
associated total variation measures satisfy

|dus/y ()] < Y;2|duy ()] + Y, 2d(Y ).

The finiteness of the second integral in (4) will thus follow if we can show that the
integrals
T —2 T -3
S VY 2 duy (5] and [ LY d(y),

are both finite, P-as. which is an immediate consequence of H € L(Y) and the
fact that the continuous, positive path t — Y;(w) is bounded away from zero on the
interval [0, T]. This shows (b). y

3.d Stock prices. Let S; denote the price of a stock at time ¢ > 0. In simple models
one views S as a continuous semimartingale satisfying the dynamics

dSt = /,LStdt + O'StdBt7 (0)

where B is a (one dimensional) Brownian motion and p and o are constants. Ac-
cording to our conventions regarding stochastic differentials, equation (0) is to be
interpreted as Sy = Sy + i fot Ssds + o fg SsdBs. Rewriting (0) purely formally as

s,

t

= pdt + odBy

suggests the following interpretation: g is the instantaneous mean of the rate of
return and o2 the instantaneous variance of the rate of return of the stock S. Being
optimistic we seek a solution S; of (0) which has the form S; = f(t, B:), for some
function f = f(t,z) € C?*(R?). Here we want f(0, By) = Sp, that is f(0,0) = S.
With this, (0) can be rewritten as
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By contrast, Ito’s formula 3.b.2.(b) yields

af of 10%f
df(t,B) = a(t’ By)dt + %(ta By)dB: + 5@(@ By)d(B):.

Since (B); = t, this amounts to

_|of 102f af

df(t,B:) = E(tht) + 5@(7«‘730 dt + %(tht)dBr

A comparison with (2) shows that we want our function f to satisfy

of of  18°f

(A) Pz =of and (B) a0 + 2922 =uf.

From (A) it follows that f(t,x) = C(t)e’® and this entered into (B) yields
C'(t)e’™ + %020(75)6‘”C =puC(t)e’, thatis, C'(t) = (n—0°/2)C(t)
with solution C(t) = Ce="/2t Thus f(t,z) = C(t)e”® = Ceh="/Dt+ow  From
f£(0,0) = Sy we obtain C' = Sy. Altogether
f(t,x) = Soexp{(n— ";)t + oz} and so
Sy = f(t,B:) = So exp{(u — ";)t + JBt}.

This approach does produce a solution of (0) but does not investigate the uniqueness
of this solution. Better and more general results will be derived below (4.b.1, 4.b.2).

(2)

3.e Levi’s characterization of Brownian motion.
3.e.0. Let B, = (B},B} ..., B{) be a Brownian motion on (0, F,(F;), P). Then
(a) B{B] is a martingale, for all i # j. (b) (B, B7) =0, for all i # j.
Proof. Each coordinate process Bg is a one dimensional Brownian motion and hence
a continuous, square integrable martingale (I1.2.g.0). Especially B{ € L*(P) and
hence BiB] € L'(P) for all 4,5 and ¢t > 0. The covariation (B%, B7) is the unique
continuous, bounded variation process A such that A9 = 0 and B*BJ — A is a local
martingale. Thus (b) follows from (a). 4

Let us now show (a). Assume that i # j. In order to see that B{Bj is a
martingale we must show that Ep[B{B] — BiBJ|F,] = 0. Write

B{B] - B;B] = (B} — B.)(B] — Bl) + B{(B] — Bl) + B{(B; - B)). ~ (0)

The first summand is a function of the increment B; — B, and hence independent
of the o-field F;. Since the two factors are themselves independent we obtain

Ep[(B; — B:)(B] — Bl)|F] = Ep[(B} - B)(B] — B)]
= Ep[B} — B{]Ep[B] - B]] = 0.
Moreover the Fs-measurability of B%, BJ implies that
B (BB BIF] = BB (B~ BII7] =0 and
Ep[BY(B; - B)\|F:| = B{Ep[B; — B| ] = 0.
Conditioning on the o-field F in (0) now yields Ep[B{B] — BiBI|F,] = 0.
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3.e.1 Levi’s Theorem. Let B = (B!, B2,...,B%) be a continuous, R*-valued local
martingale. Then B is a Brownian motion on (Q,F,(F), P) if and only if it
satisfies , o

<Bz>t =t and <B’,B3>t =0, (1)
forallt >0 andi,je{1,...,d} withi#j.

Proof. We have seen in 3.e.0 and I1.2.g.0 that every Brownian motion B satisfies
(1). Assume now conversely that the continuous local martingale B satisfies (1). We
have to show that B is a Brownian motion. Since B is continuous by assumption, we
have to show only that the increment B; — B, is multivariate normal with mean zero
and covariance matrix C' = (t — s)I and that B; — Bj is independent of the o-field
Fs, for all s, t with 0 < s < t. Fix a € R? and define the function ¢, € C?(RI*1)
as follows:

dalt,x) = expio- z + S||lo|?t), x€ R teR, (i*=-1).

Note that 0¢q/0z; = ia;jp and so 82¢a/8x? = fa?qba, for all 1 < j < d. Since
Opa /0t = L||al|?pq it follows that

0o  1x—d o
ot +§Zj:1 a2 =0 )

Set Xy = ¢u(t, B;). Using Ito’s formula and (1) and observing the cancellation
induced by (2) yields

dX; = Zd 09a —"%(t,B;)dB} andso X = X,+ Zd O¢a —%(t, By)s B’

i=1 Ox; i=1 Ox;

is a local martingale. Let a > 0. Then |¢q(t,x)| < exp(3]le]|*a) which implies
| X:| < exp(3llalla), for all t € [0,a]. Thus (X;);e[0,q] is uniformly bounded (and
hence a square integrable) martingale. Since here a > 0 was arbitrary, it follows
that X is a square integrable martingale.

This will now be used to verify the claims about the process B. Let 0 < s < t.
The covariance matrix and independence of By — B from F, will be investigated
by means of the characteristic function F(p,_p.)(e) = Eplexp (ia- (B — By))].
Indeed, the martingale property of X yields

Ep [exp (io- By + l|al’t) | Fs] = exp (i~ By + §[laf|?s) .

Multiply with ezp (—ia - B; — 1||a||?t). Since this random variable is bounded and
Fs-measurable it multiplies into the conditional expectation and we obtain

Ep [ea:p (ia- (Bt — By)) |.7-"s} = exp (—%HaHQ(t — 8)) . (3)
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Here the right hand side is a constant independent of w € 2. Integrating over (2
yields

Eplexp (ia- (By — By))] = exp (—3|a|?(t = 5)),
that is, the characteristic function of the increment B, — B, satisfies

Fp,~p.,)(@) = exp (—3llal*(t - 5)) . (4)
This shows that the increment B; — B, is multivariate normal with mean zero and
covariance matrix C' = (¢ — s)I. It remains to be shown only that the increment
B;— B, is independent of the o-field F;, or equivalently, that B; — B, is independent
of every Fs-measurable random variable Z. Consider such Z. It will suffice to
show that the characteristic function F(p, _p, z) of the R4 _valued random vector
(Bt — By, Z) factors as Fip,_p, z)(o, 8) = Fp,_p,(a)Fz (), for all a € RY BeR
(I1.1.a). Indeed, for such «, 3,

F(BthS,Z)(O“B) = EP [exp (’L(Bt - BS) Z) . (a76))]

= Eplexp (iBZ +ic - (B, — By))]

= Ep [Ep [e"Pexp (ia- (B, — By)) | F.]]

= Ep [e"?Eplexp (ia- (By — By)) | Fs]] = using (3) =
= Ep [¢"Zexp (—3llaf(t - s))]

xp( %HO‘H (t— S))EP [eiﬂZ} = using (4) =

P |€

Il
Q

Fip,—p,y(a)Fz(B), as desired. )

3.f The multiplicative compensator Ux.

3.£0. Let X € S;. Then there is a unique continuous bounded variation process A
such that Ag =1, A > 0 and X;/A; is a local martingale. The process A is called
the multiplicative compensator of the semimartingale X and denoted A = Ux.
The relationship to the (additive) compensator ux of X is as follows:

<t>=exp(/0tXisdux<s>) ot ux(t) = [ XadtogUx(s). ©

Proof. Uniqueness. Here we will also see how to find such a process A. Assume that
A is a process with the above properties and set Z = 1/A. Since the continuous,
positive bounded variation process A is P-as. pathwise bounded away from zero
on finite intervals, it follows that Z = 1/A is itself a continuous bounded variation
process with Zy = Ag = 1. Thus (Z,X) = 0 and uz = Z. As ZX is a local
martingale, uzx = 0 and formula 3.c.3.(a) for the compensator uyx yields

0 = dugx(t) = X;dZ; + Zydux (t), thatis, Z;'dZ, = —X'dux(s).
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Since Z is of bounded variation this can be rewritten as dlog(Z) = —X; 'dux(s).
Observing that log(Zy) = 0 integration yields

S

t t
log(Z;) = —/O Xidux(s) and so log(As) = —log(Z;) :/0 Xidux(s).

This shows that a process A with the above properties must be given by the first
formula in (0). In particular A is uniquely determined.

Existence. Set Ay = exp( fo X Ydux(s )) We verify that A has the desired prop-
erties. We merely have to reverse the considerations of (a) above. Clearly A is a
strictly positive, continuous bounded variation process with Ag = 1. Set Z = 1/A.
To show that ZX is a local martingale note that it is a continuous semimartingale
and Z; = exp(— fo s 'dux(s)) and thus dlog(Zs) = —X;'dux(s). Since Z is a
bounded variation process this can be rewritten as

Z7'dZ, = —X'dux(s) and so X.dZ,+ Zsdux(s) =0,

that is, duzx(s) = 0 and so uzx = 0. Thus ZX is a local martingale. It remains
to verify the second equation in (0), that is, dux (t) = X; dlog(Ux(t)). This follows
at once from the first equation in (0) upon taking the logarithm, differentiating and
multiplying with Xj;.

3.g Harmonic functions of Brownian motion. Let f be a C*°-function on R¢ and
write Vf = (8f/0x1,...,0f/0xq) and Af = Z L0 f)023 as usual. If B, =
(B},...,B{) is a d-dimensional Brownian motion, the relations (B', BY); = §;;t
combined with Ito’s formula yield

d f(By) =V (By) - dBy + Af (By) dt

If now f is harmonic, that is, Af = 0, then the second summand vanishes and it
follows that f(B;) is a local martingale. In case d = 2 the function f(z) = log(||z||)
is harmonic albeit only on R?\ {0}. Let B be a 2-dimensional Brownian motion
starting at some point x with ||z|| > 1. We have used in example 1.8.a.6 that
X = log||B|| is a local martingale.

To overcome the difficulty at the origin set D,, = {y € R? | ||y|| < 1/n} and
T,=inf{t >0]| By € D, }, forn > 1. Then T,, is a hitting time and hence optional
(I.7.a.6, example 2). Since the range of the stopped process B™» is contained in
R?\ D, Ito’s formula can be applied and yields df(B;‘F") =Vf (BtT") . dBtT" and
so the process f(B)™» satisfies

f(B)™ = f(B™) = f(z) + Vf(BT™)sB™

and is thus a local martingale. One can now show that the optional times T, satisfy
T, 1 oo, P-as. It follows that the process f(B) is a local martingale.
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4. CHANGE OF MEASURE

4.aLocally equivalent change of probability. Recall that (2, F, (F;), P) is a filtered
probability space with right continuous filtration (F;) and that Fy consists of the
null sets and their complements. A probability measure Q) on Fo, = 0(Ut>0 ft) is
called locally equivalent to P, iff the restriction Q|F; is equivalent to the restriction
P|F;, for each ¢ > 0; equivalently, iff the measures @ and P are equivalent on each
o-field F;, t > 0. This does not imply that P and @ are equivalent on F.,. In
fact they can be mutually singular on this larger o-field. Easy examples will be
encountered below (example 4.c.4). For f € L'(P), g € L*(Q) set
M, = Mo () = Bp(f1R) wa E2(e) = BllF). 120,
(P|F¢)
Let us recall from Bayes Theorem (I.8.b.0):
(a) M, is a strictly positive P-martingale with My = 1.
(b) For f € L'(Q, Fr) we have EZ(f) = Ef (Mrf) /M, = Ef (Mrf) /EF (Mr),
0<t<T.
(¢) The adapted process (Z;) is a @-martingale (Q-local martingale) if and only if
the process (M;Z;) is a P-martingale (P-local martingale).
The process M is called the density process associated with the measures P and
Q. For the remainder of this section we proceed under the following:

4.a.0 Assumption. The density process M is continuous.

Remark. More precisely we are assuming that M has a continuous version. Accord-
ing to 1.7.b.3 M always has a right continuous version. If (F;) is the augmented
filtration generated by some Brownian motion, we will see in 5.c.4 below that every
(Fi)-adapted local martingale has a continuous version. Consequently assumption
4.a.0 is automatically satisfied for such filtrations.

4.a.1 Girsanov’s Formula. Assume that Q is locally equivalent to P and let X be a
continuous P-semimartingale. Then X is also a continuous Q-semimartingale and

its compensator ug with respect to Q is given by ugg( =ufl + (X, log(M)).

Proof. Let B be any process and ¥ C Q the set of all w € Q such that the path
t — Byi(w) is continuous and of bounded variation on all finite intervals. Clearly
then ¥ = (), ¥,,, where ¥, is the set of all w € € such that the path ¢ — By (w)
is continuous and of bounded variation on the interval [0,n]. For n > 1, the set
U, is in F, and since P and @ are equivalent on F,, we have P(¥,) = 1 if and
only if Q(¥,) = 1. It follows that P(¥) = 1 if and only if Q(¥) = 1, that is, B
is a continuous bounded variation process with respect to P if and only if B is a
continuous bounded variation process with respect to Q.

Recall now that X is a Q-semimartingale if and only if there exists a contin-
uous bounded variation process B vanishing at zero such that X — B is a (Q-local

martingale in which case B = u)Q(



Chapter III: Stochastic Integration 171

Now let B be any continuous bounded variation process vanishing at zero. Then
X — B is a Q-local martingale if and only if (X — B)M is a P-local martingale,
that is, qu_B)M = 0, equivalently dqu_B)M = 0. Observing that u{, = 0 and
ul 5 =u% — B and using formula 3.c.3.(a) for the compensator of a product, the
equality
0 = dulx_pyp = Myduy _p(t) +d(X — B, M),
= Mydu¥ (t) — MydB; + d{(X, M),

is equivalent with dB; = du® (t) + M, d(X, M), = du} (t)+d(X,log(M)), that is,
By = vk (t) + (X,log(M)); which is indeed a bounded variation process vanishing
at zero. Thus X is a @)-semimartingale with u?{ =B =uf + (X,log(M)).

Let us now show that stochastic integrals are invariant under change to a locally
equivalent probability measure. With P, @ and M, = d(Q|F;)/d(P|F,), t > 0,
as above, let X be a continuous P-semimartingale, H € L(X) and [ = (HeX),
that is, I = fo H,dX,, where this integral process is computed with respect to the
measure P. To show that I = (HeX)® also, that is, the integral process HeX is
unaffected if we switch from the probability P to the locally equivalent probability
@, we first note the following universal property of the process I:

4.a.2. The stochastic integral I = (HeX)¥ is the unique continuous P-semi-
martingale satisfying

(a) Iy =0, uf = Heul} and

(b) (1,Y)Y=He(X,)Y), for each continuous P-semimartingale Y .

Proof. Let X = M 4+ A be the P-semimartingale decomposition of X. Then
I =HeX = HeM + He A, where here He M is a continuous P-local martingale
and HeA a continuous bounded variation process vanishing at zero. Thus [ is a
continuous P-semimartingale with u? = He A = HeuX . This shows (a). Property
(b) has already been verified in 2.d.1.(e).

Conversely it remains to be shown that (a) and (b) uniquely determine the con-
tinuous P-semimartingale I. Assume that I, I> are continuous P-semimartingales
satisfying (a) and (b). Then (I; — I3, N) = 0, for each continuous P-semimartingale
N and especially for N = I; — I, we obtain (I; — I3) = 0. Thus I; — I, is a con-
tinuous bounded variation process and since this process vanishes at zero we have

Il—Igzui_Ig:uZ—uZ:H-ui—H-uizo,thatis,Il:IQ.|

4.a.3. Let P, Q, X be as above. Then
(a) The space L(X) is the same when computed with respect to P or Q.
(b) For H € L(X) we have (HeX)¥ = (HeX)9.

Proof. Let us note first that the covariation (X,Y’) is invariant under locally equiv-
alent change of probability measure. This follows at once from the limit represen-
tation I1.11.b.0.(b) and the fact that convergence in P-probability is equivalent with
convergence in Q)-probability for sequences of random variables all measurable with
respect to the same o-field F;, for some t > 0.
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(a) Let X = L + A be the P-semimartingale decomposition of X (A =uf}). The
@-semimartingale decomposition of X is given by X = (X — u?() +u% + and since
ug = A+(X,log(M)) = A+(L,log(M)) (4.a.1), this assumes the form X = K+ B,
where K = L — (L,log(M)) and B = A+ (L,log(M)).
Thus L(X) = L} (L)NL},.(A), if computed with respect to P, whilst L(X) =
(K)N L}, .(B), if computed with respect to Q.

Since L and K differ by a continuous bounded variation process, we have
(K) = (L) and this implies L? (K) = L? (L) by 2.b.2.(c). By symmetry it will

loc
now suffice to show that L}, .(4) C L} (B).

loc

Let H € L} .(A), that is, H progressively measurable and fo |Hs||dAs| < oo,
P-as., for each t > 0. Fix t > 0. As B= A+ (X,log(M)), we have

LQ

loc

JEIH|[dB,| < [1[H,| |dAS| + [ |Ho| |d(X, log(M))].

Since the first summand on the right is P-as. and hence (Q-as. finite, we need con-
cern ourselves only with the second summand. By the Kunita-Watanabe inequality

(Jo [Ho||d(L, log(M))])* < (log(M))¢ fy |H,|*d(L) < oo,

P-as. and hence Q-as., since H € L? (L). Thus H € L, (B). This shows (a).

(b) Set I = (HeX)P. We claim that [ = (HeX)® also. According to 4.a.2, we

have to show that

(o) I is a continuous @-semimartingale vanishing at zero such that
(I,Y)=He(X,Y), for all continuous @-semimartingales Y, and

(8) uf = Heug.

Here () follows from the fact that this is true if @ is replaced with P, the spaces

of continuous semimartingales with respect to P respectively @ coincide and the

covariation is the same whether computed relative to P or relative to Q. It thus

remains to verify (). Indeed, using («), 4.a.1 and 4.a.2.(a),

uf = uf +(I,log(M)) = Heu + He(X,log(M))
= He(u} + (X,log(M))) = Heu$. y
Let P, Q and M; = d(Q|F:)/d(P|F:), t > 0, be as above. The following is the

analogue of Girsanov’s formula 4.a.1 for the multiplicative compensator Ux of a
positive continuous semimartingale X:

4.a4. Let X € S,. Then UYL = UL exp(({log(X),log(M))).

Proof. Taking logarithms and passing to differentials using 3.£.0 and 3.c.2.(c), the
equality 4.a.4 is seen to be equivalent with

X duS (1) = X7 N duly (1) + d(log(X),log(M))

= X, tduk (t) + X;'d(X, log(M)). ©

Multiply with X; and (0) becomes Girsanov’s formula 4.a.1 in differential form. |
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4.b The exponential local martingale. Let L be a continuous local martingale with
Lo = 0. The Doleans exponential Z = E(L) of L is defined as

Zy = &(L) = exp(L — (L)1)
We have a stochastic integral equation for Z:

4.b.0. The process Z = E(L) satisfies Z; = 1 + fot Z.dLs and Zog = 1. Thus Z is
a nonnegative local martingale and hence a supermartingale. Consequently Z is a
martingale if and only if E(Z;) =1, for allt > 1.

Proof. Set {; = Ly — 3(L)¢. Then (o = 0 and ( is a continuous semimartingale with
local martingale part L. Thus (¢) = (L). Ito’s formula applied to Z = exp({) now
implies that

A2, = exp(Cs)dCs + Leap(Co)d(Q)s = Zod(Ls — L(L)s) + 2 Z,d(L)s = Z.dL,.

Since Zy = 1, it follows that Z; = 1+ fg ZsdLgs and so Z is a local martingale. By
definition Z > 0. The rest follows from 1.8.a.7.

Remark. In differential form the equation for Z reads dZ; = Z,dL;. This is of course
analogous to the nonstochastic exponential differential equation dx(t) = x(¢)dt with
unique solution x(t) = x(0)e!. This justifies our terminology. In analogy to the
nonstochastic case we have:

4.b.1. Let L be a continuous local martingale with Ly = 0 and By = &(L) =
exp (Lt — %<L>t) Then each solution X € S of the exponential stochastic differen-
tial equation dXs = XsdLs has the form Xy = XoFEy, for all t > 0.

Remark. Conversely, since Ey = &£(L) is a solution of dXs = XsdLs, the same is
true of every process X; of the form X; = XoE;.

Proof. Assume that X € S satisfies dX; = Xy4dL;,. Then Uy = XtEt_1 is a
continuous semimartingale. Since Fy = 1, we have Uy = X and must show that
Ui = Uy, t > 0. Since U is a continuous semimartingale, this is equivalent with
dU; = 0. By the stochastic product rule

dU; = XedE; ' + B NdX + d(X, E7Y,. (0)

From dFE; = EidL; and dX; = X;dL;, thatis, E =1+ FEeL, X = Xg+ XeL, we
infer (using 3.c.2.(b) and 3.b.0.(d)) that

d(E); = Efd(L); and
dX,E™Y, = ~E?d(X,E); = —E;*X,E, d(L,L); = — X, E; 'd(L);.
Furthermore, using Ito’s formula and dE; = E;dL,,
dE; ' = —E;2dFE; + E; *d(E); = —E; "dL; + E; 'd(L);.

Consequently the term X;dE; " in (0) becomes — X E; 'dL;+X;E; 'd(L);. Because
of dX; = X;dLy, the term E; *dX; in (0) becomes X;E; 'dL;. Thus (1) shows that
all terms in (0) cancel to yield dU; = 0, as desired. |

(1)
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4.b.2. Let V be a continuous, R*-valued local martingale and v € L(V'). Then the
general solution X € S of the exponential stochastic differential equation

4X, = X (t) - dVi 2)
has the form Xy = Xo&(yeV).
Proof. Rewrite (2) as dX; = Xid(yeV); and use 4.b.0, 4.b.1 with L = yeV .|

We are now interested in conditions under which the Doleans exponential Z =
E(L) is not only a local martingale but in fact a martingale. We start with the
following easy condition:
4.b.3. Let L be a continuous local martingale with Lo = 0. If (L); < C(t) < oo
on Q, for some nondecreasing (deterministic) function C : [0,00) — [0,00), then
the Doleans exponential Z = E(L) is a martingale with Ep(Z?) < 4e“®). If more

strongly (L) < C, for all t > 0, where the constant C' does not depend on t, then
the martingale Z is L?-bounded.

Proof. For t > 0 set Y, = &(2L) = exp(2Ly — $(2L);) = exp(2L; — 2(L);). Then

we have
7 = exp(QLt — (L>t) =Yiexp((L);) < Y,eC®,

Moreover Z and Y are continuous local martingales (4.b.1). Let (T,) be a sequence
of optional times which simultaneously reduces Z and Y to a martingale. Fix ¢t > 0
and n > 1. The nondecreasing nature of the function C(t) implies that

2 C(tAT, ot
Zint, < Yinr,e tATn) < DYy,

where the factor ezp(C(t)) no longer depends on w € 2. Applying the L2-maximal
inequality (I.7.e.1.(b) with p = 2) to the martingale (Zsa1,)s we obtain

Ep (Supse[o,t] Zﬁm) <AEp (Z}h 1)) < 4D Ep(Yinr,) = 4e° W Ep(Yy) = 4™,

Let n T oo. Then T, 1 co and this implies that sup ¢ 4 ZZ 1 SUPe[0,4] 7?2 and
so
Ep(supycio g Zinr,) T Ep(supsep g Z2), P-as.
It follows that
Ep (sup,co22) < 4e°0. (3)

Thus Ep(Z?) < 4e“®, for all t > 0. Moreover (3) implies that SUPsefo, |Zs| €
LY(P), for all t > 0, from which it follows that the local martingale Z is in fact a
martingale (I.8.a.4). |

4.b.4 Example. Let W be a one dimensional Brownian motion, p a constant and
L= oW, thatis, Ly = [; pdW, = pW;. Then (L), = (u2e(W)), = [5 pu?ds = ;i
and this satisfies the assumption of 4.b.3. Consequently

Zy = &(L) = exp(Ly — $(L)¢) = exp (uW, — 34°t), >0,

is a martingale.

If L is a continuous local martingale adapted to the augmented filtration gen-
erated by some Brownian motion, we have the following stronger condition 4.b.4.
The proof will be postponed till section 4.d.
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4.b.5 Abstract Novikov Condition. Let M be a continuous local martingale with
My =0 and assume that Ep [exp(5(M)¢)] < 00, 0 <t < oo. Then Z = E(M) is a
martingale. |

4.c Girsanov’s theorem. Assume that the probability measure @ is locally equiv-
alent to P and set M; = d(Q|F:)/d(P|F:), t > 0. Let W be a d-dimensional
Brownian motion on (£, F, (F;), P). Clearly W cannot be expected to be a Brow-
nian motion with respect to @ also. We will see however that W differs from a
@-Brownian motion (a Brownian motion on (Q,F,(F;),Q)) only by a bounded
variation process. Indeed W is an (R%-valued) P-semimartingale and consequently
a Q-semimartingale. Thus
W =W — ug,

is a @-local martingale and since the compensator u% is an (R%valued) bounded
variation process, we have

(WH9), =(W"), =t and ((WH?,(W/)?), = (W' W), =0

forallé,j € {1,2,...,d} with ¢ # j. From Levi’s characterization of d-dimensional
Brownian motion (3.e.1) it follows that W is a Brownian motion with respect to
Q. Since W is a P-martingale we have uf;, = 0 and Girsanov’s formula 4.a.1 now
yields the compensator u% as

uf}y = ufy, + (W, log(M)) = (W, log(M)),
under the assumption 4.a.0 that M is continuous. Here
(W,log(M)) = (W, log(M)), (W2, log(M)), ..., (W¥, log(M))),  (0)
in accordance with 2.f.eq.(1). Thus, the Q-Brownian motion W® assumes the form
W = W — (W, log(M)). (1)
Assume now that the martingale M satisfies M = E(yeW), equivalently (4.b.2),

dM;

M,
for some process v € L(W). Let ; and W7 denote the components of the R%valued
processes v and W. Then M is automatically continuous and by definition of the
exponential local martingale we have log(M) = yeW —A = 2?21 ~vioWi— A, where
A is the continuous, bounded variation process A = %<7-W>. From (0) and

(W7, log(M)) = (W7, 5L 7o W)
= XL e (WL W) = [oai(s)ds = (Jy1(s)ds),

=7(t) - dWy, (2)

it follows that .
M%MMM=/7®%- (3)
0

Thus the Q-Brownian motion W< in (1) assumes the form W2 = W, — fot ~(s)ds.
We can summarize these observations as follows:
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4.c.0. Let W be a d-dimensional Brownian motion on (Q, F, (F;), P), Q a probability
locally equivalent to P and assume that the density process My = d(Q|F:)/d(P|F:)
satisfies M = E(ye W), that is, dM,

M,

:’y(t)th, tZO,

for some v € L(W). Then the process WS = W, — fg v(s)ds is a Brownian motion
on (0, F,(F1),Q)- 1

Remarks. (1) Note that yeW = . vjeW7. The bilinearity of the covariation,
2.c.1.(f) and (W, W), = §;;¢, now show that (yeW) is the process

(YoW) = (ye W,y e W) =37, vy o (W W) = 37 [y 75 (s)ds = [ v (s)[[*ds.
Thus our assumption on the martingale M can be written more explicitly as

My = E(yeW) = exp((ys W) — 5(veW)¢)
= cap (Jy 1) AW, = 5 Jy |2(s)|ds) , ¢>0,

for some process v € L(W), that is, v is R%valued, progressively measurable and
satisfies f(f l7(s)||?ds < oo, for all t > 0. In this case we have seen that W differs
from a @Q-Brownian motion W by some bounded variation process A, that is, there
exist a Q-Brownian motion W and a bounded variation process A such that W—A =
W. Here W is a continuous @-semimartingale and W a Q-local martingale. Thus
the process A is umquely determined as A = u% This also shows that the Q-
Brownian motion W is uniquely determined (as W = W — uW we).

In applications the process v is frequently at hand already. Since M is a
strictly positive P-martingale, theorem 5.e.1 below shows that v € L(W') with M =
E(yeW) always exists if the filtration (F;) is the augmented filtration generated by
the Brownian motion W.

(2) A frequent application of 4.c.0 is as follows. A process r(t) is given satisfying
the dynamics
dr(t) = a(t)dt + B(t) - dW, (4)

driven by some P-Brownian motion W. Additional considerations may now force
us to replace the underlying probability measure P with some locally equivalent
probability measure Q. The problem is to find the dynamics satisfied by the process
r(t) with respect to the new probability measure ). Finding a process ~y satisfying
(2) we have the Q-Brownian motion W® given by (1) with stochastic differential
thQ satisfying

AW, = dW2 + ~(t)dt.

This transforms (4) into dr(t) = [a(t)+ B(t)-y(t)]dt+ B(t) -dW, which represents
the dynamics of 7(t) under the new probability @, since W is a Brownian motion
with respect to Q.
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Conversely, starting with the dynamics (4) we may want to eliminate the so
called drift term a(t)dt. To do this we would look for a process v € L(W) such
that a(t)+ B(t) - v(t) = 0 and the question now becomes if there exists a probability
measure @, locally equivalent to P, such that W, =W, — fg ’Y(S)df is a Brownian
motion with respect to . In this case we would have dW; = dW; + ~(t)dt and
substituting this into (4) yields the dynamics of r(¢) under the probability measure
Q as dr(t) = B(t) - dW,.

In particular then the process r(t) would be a @-local martingale. Here we make
use of the fact that stochastic integrals (and hence stochastic differentials) are not
affected if we change from the probability P to a locally equivalent probability Q.
This naturally leads us to consider the

Converse of 4.c.0. Suppose we have a P-Brownian motion W and some bounded
variation process A. Is it possible to find a probability measure @, locally equivalent
to P, such that W — A is a Q-Brownian motion? A positive answer for a sufficiently
large class of processes A will be quite interesting, since a Brownian motion has
many pathwise properties almost surely with respect to the underlying probability
measure.

The measure @, defined on F,, will frequently have to be singular with respect
to P on F, despite being equivalent to P on all o-fields F;, 0 < t < co. See example
4.c.4 below. This points to the fact that the construction of the measure @ on the
o-field F, is nontrivial.

In the greatest generality we are given a P-Brownian motion W and a con-
tinuous, bounded variation process A and we seek a probability @ on F., lo-
cally equivalent to P, such that W — A is a @-Brownian motion. Reversing the
above steps, we need to find the martingale M which is to be the candidate for
My, = d(Q|F;)/d(P|F;) and thus are led to solve the equation A = (W,log(M)) for
M. In this generality it is not clear how M can be derived from A. However, in the
special case

Ay = fot v(s)ds, where v € L(W),

the above considerations lead us to define
M, = E(ye W) = & ([ 7(s)dW,) = eap (fotv(s)dWS i \w(s)||2ds) .

Then M is a supermartingale and is a martingale if and only if Ep(M;) = 1, for all
t >0 (4.b.0).

To simplify matters considerably let us assume that our time horizon T is finite,
that is, we are interested in all processes only on the finite interval [0,7]. Define
the measure Q = Qr on the o-field Fr by means of

dQ__ _ M ivalentl A)=Ep(Mrl AeF 5
m— T, equivalently, Q(A)=Ep(Mrla), A€ Fr. (5)
Since @ must be a probability measure, we must have Ep(Mr) = 1. Since M is a
supermartingale with My = 1 this is equivalent with Ep(M;) =1, for all ¢t € [0,T],
that is, M; = &(yeW) must be a martingale on [0, 7.
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4.c1. Let T > 0, W be a P-Brownian motion on [0,T] and v € L(W). Assume
that My = & (v - W) is a P-martingale on [0,T). Define the measure Q@ = Qr on
Fr by means of (5). Then the process

¢
W, =W, 7/ v(s)ds, t €[0,T]
0

is a Q-Brownian motion on [0,T).

Proof. Since the processes M and d(Q|F:)/d(P|F:) are both martingales on [0, 7]
which agree at time ¢t = T (by definition of @), we have M; = d(Q|F,) /d(P|Fy),
for all t € [0,7]. Thus 4.c.0 applies and shows that W is a -Brownian motion on
(0,77 y

The situation becomes more complicated, if we want our measure () to be defined
on the much larger o-field F,. We then have to assume that M = E(yeW) is a
P-martingale on [0, 00), equivalently (4.b.1) that Ep(M;) = 1, for all ¢ > 0. For
t > 0 define the measure @; on F; by

dQ¢/d(P|F;) = My, equivalently, Qy(A) = Ep(M;14), A€ F;. (6)

Since M is a martingale, the measures @Q;, t > 0, defined above are consistent
in the sense that Q¢ Fs = Qs, for s < t. Consequently they define a finitely
additive measure @ on the subfield G = |J,~, F: of the o-field Fc by means of
Q(A) = limyoo Q1(A), A € G. Since G generates the o-field Fao, Q will extend
uniquely to a probability measure on F, if and only if @ is countably additive on
G (Caratheodory’s Extension Theorem). This extension @ then satisfies Q; = Q|F:

and consequently dQIF)  dQ, "
d(PIF) — d(PIF) "

for all ¢t > 0. The proof of 4.c.1 then goes through for an infinite time horizon.
Unfortunately the countable additivity of @ on G is a nontrivial problem. It is
automatically satisfied, if the probability space (Q, F, (F;), P) is d-dimensional path
space (C4,C%) equipped with the Wiener measure P and the augmented filtration
generated by the Brownian motion W. We will not use this result. For a proof the
reader is referred to [PTH, theorem 4.2].

4.c.2 Girsanov’s Theorem. Let (Q,F,(F;), P) be path space with its canonical fil-
tration and the Wiener measure P, W the associated canonical P-Brownian motion
(identity map), v € L(W) and assume that My = E(yeW) is a martingale. For
t > 0 define the measure Q¢ on F; by means of (6). Then there is a unique probabil-
ity measure Q on Foo such that Q|F, = Q and hence d(Q|F;)/d(P|F,) = M, for
all t > 0. With respect to this measure @ the process W, =W, — fot v(s)ds, t >0,
is a Q-Brownian motion. |

4.c.3 Remark. We can think of this as follows: with respect to the original measure
P, our process W; is a Brownian motion with zero drift. With respect to the new
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measure Q, W, = W, + fg ~(s)ds is a Brownian motion plus a drift fo s)ds, which
can depend on the entire history of the path followed by W;. In dlﬂerentlal notation

dW, = y(s)ds + dW,.

It is common to refer to 7(s) as the drift coefficient. Note that the filtrations 7} and
FV generated by the Brownian motions W; and W, will in general be different. This
is a nuisance whenever we want to apply the martingale representation theorems to
be developed below, since these assume adaptedness with respect to the filtration
generated by the representing Brownian motion. The two filtrations do coincide,
however, if the drift process fo s)ds is deterministic (independent of w € Q).

4.c.4 Example. The following special case of 4.c.2 will be useful later: let W
be a one dimensional Brownian motion and p a real number and set v(t) = p,
that is, we consider the case of a nonstochastic, constant drift rate process. Then

(yoW); = fo s)dW, = pW; and (yeW), = (uW), = p?t and so

=& (yeW) =exp (fo s)dWy — % fo 7( ds) = exp(uW; — 1p?t)

isa martingale (4.b. 4) Consequently Girsanov’s theorem can be applied and yields
that W, = fo v(s)ds = W; — ut is Brownian motion with respect to the
probability measure Q* correspondlng to M, that is, the unique probability measure
on Fo satisfying Q#(A) = Ep(1a4M,), for all A € F; and ¢t > 0.

In other words, with respect to the probability measure Q*, the original process
Wy is a Brownian motion plus a drift ut: Wy = Wi+ wpt. Even in this simple example
the locally equivalent measure Q = Q" is singular with respect to the original
measure P on F,. Indeed Wi/t — 0, as t T oo, P-as., since W is a Brownian
motion with respect to P. On the other hand W;/t = W, /t + u — pu, as t T oo,
Q-as., since W is a Brownian motion with respect to @ (11.2.g.2). The measures P
and @ are thus mutually singular and concentrated on the disjoint sets [Wt Jt— 0]
and [Wt Jt— u] in F. It is no coincidence that these sets are in the o-field Fo,
but not in any F%, 0 < ¢t < oo. In fact P and @ are equivalent on each F;, t € [0, 00).
In our example d(Q|F:)

SEU M, = —1.2t), t>o0.
Pl = M exp(uWy — gp*t), t=>0

4.c.5Wald’sIdentity. Let M; and Q" be as in4.c.5 and T an optional time satisfying
P(T < o00)=1. Then Q"(T < o) = Ep(Mr) = Ep [eacp(,uWT - %;PT)}.

Proof. Let n > 1. Then the Optional Sampling Theorem yields Ep(M,, | Forr) =
M a7. Since [T < n] € Fuar C Fn, the definition of Q* yields

QUT <n) = Ep (lp<nMn) = Ep (1ir<nManr) = Ep (1iz<n Mr).

Letting n 1 oo it follows that Q*(T < c0) = Ep(Mr) = Ep[exp(uWr — £1°T)] .1



180 4.d The Nowikov condition.

4.d The Novikov condition. We now turn to a more powerful condition which
ensures that the Doleans exponential Z; = &(L) of a local martingale L is in fact
a martingale. Here it is assumed that L is adapted to the augmented filtration
generated by some Brownian motion.

4.d.0 Abstract Novikov Condition. Let L be a continuous local martingale with

Lo = 0 which is adapted to the augmented filtration generated by some Brownian
ti d that

motion and assume tha Ep [emp(%(L}t)] <o, V0<t< o0 )

Then Z; = E(L) = exp (Lt — %(L)t) is a martingale.

Proof. Tt will suffice to show that E(Z;) = 1, for all ¢ > 0 (4.b.0). Note first that
(0) implies P({L); < c0) = 1.

According to 5.a.4 below we can choose a Brownian motion W on a suitable
enlargement (Q1,G, P1, (G;)) of the original filtered probability space (£2,G, P, (G:))
such that L; = Wy, and such that each (L), is a (G;)-optional time. This will allow
us to reduce the general case Z; = exp (Lt — %(Lﬁ) to the special case of the well
known basic exponential martingale exp (th — % /ﬂt) (4.c.4) via an application of
Wald’s identity.

Let b < 0 and set T, = inf{s >0 | Wy —s =0b}. Then T} is a (G;)-optional
time. Since the process W — s has continuous paths and satisfies Wy — s — —o0,
as s 1 0o, we have P(T, < o0) =1 and T, | 00, as b | —oo, P-as.

Set u = 1. The process Wy, — s = Wy — us is a one dimensional Brownian
motion with respect to the measure Q* of example 4.c.4 and since one dimensional
Brownian motion hits all values we have Q* (T, < oo) = 1. Wald’s identity now
implies that

Ep (eWTb—%Tb) = QM(Ty < o0) = 1. (1)

Note that Wz, — T = b, by definition of the optional time 7}, that is

Wy, — 3T, = b+ 1T, (2)
and so Ep (exp(b + %Tb)) =1, that is,

Ep (exp(3Ty)) = e . (3)

Recall that Yy = ewp(uWS — %,uzs) = eWs=%/2 is a martingale and hence, by the
Optional Sampling Theorem, so is the process Ny = Ysar,.

Let us note that Yy = 1 and hence E(N;) = E(Ny) = E(Yy) =1, s > 0. Since
P(Ty, < o) =1 we have Noo = limygae Ny = Y, = W, ~3Th
with convergence P-as. According to (1) we have Ep(No) = 1. Let us now show
that N is a last element for the martingale N. Fix s > 0. Then Ny = Ep(Ng|Fs),
for all k > s. Fatou’s Lemma (1.2.b.8 with 2 = 0) yields

Ns = limk Ep(Nk|.7'-S) = liminfk EP(N]C‘.FS) § Ep(liminfk Nk | fs)
= EP(NOO|78)7 P—aS.
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Since Ep [Ep(Nwo|Fs)] = Ep(Noo) =1 = Ep(Ny) it follows that Ny = Ep(Neo|Fs).
Thus N is a last element for the martingale N which is thus uniformly integrable.
Consequently the Optional Sampling Theorem can be applied with all optional
times 7 to yield Ep (Yoar,) = Ep(N;) = Ep(Ny) = 1, that is,

Ep (exp(Wrnr, — 37 ATy)) = 1. (4)
Now fix t € [0,00) and apply (4) to the optional time 7 = (L), observing that

T on [T, < 7] = [Ty < (L)4]
TAT, = { (D) on[Th> ] = [T, > (Lh].

Using (2) it follows that

b+35T,  on [Ty <7]= [T} < (L)]

_1 —
Wont, = 3T A Ty {Lt SHLY, on [T > 7] = [T > (LY.

With the notation E(X; A) = E(14X) we can rewrite (4) as
Ep (exp(b+ 5 Tp); [Ty, < (L)) + Ep (exp(Ly — 3 (L):); [Ty, > (L)) = 1. (5)

Now let b | —oo. Then T} 1 oo and so 1j7,5(ry,] T 1, P-as. By Monotone Conver-
gence the second expectation in (5) converges to Ep (exp(L; — 5 (L):)) = Ep(Zy).
The first expectation satisfies

Ep (exp(b+ 5 Ty); [Ty, < (L)4]) < Ep (exp(b+ 5 (L)

t))
=¢e’Ep (exp(5 (L)1) —

0,
as b | —oo (recall (1)). Thus (5) implies that Ep(Z;) = 1, as desired. |

Application to Girsanov’s Theorem. It remains to apply this condition to decide
when the drift rate process v(s) satisfies the assumption of Girsanov’s Theorem
4.c.2. Here we are dealing with the special case of the continuous local martin-
gale L = oW, where W is some d-dimensional Brownian motion. For this local
martingale we have

t
L = [ ks
and consequently the Doleans exponential Z = £(L) assumes the form

2= E(1) = eap(Li — 5 (L)) = eap ( / (s) - dB, - ; / t ||7(8)|2d8) .

Thus 4.d.0 specialized to the above local martingale L = £(y - W) yields
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4.d.1 Novikov Condition. Let W be some d-dimensional Brownian motion and
v € L(W). Then the supermartingale Z = E(yeW) is a martingale if the following
(sufficient) condition is satisfied:

1 t
Ep [exp (5/0 ||7(s)|2ds)] <oo, Vt>0.]

Remark. In the context of a finite time horizon (4.c.1) Z = E(y*W) has to be a
martingale only on the finite interval [0, T]. This is ensured by the condition

T
cxp (; / ||7(8)||2d8>] < 0.

The proof in the case of a finite time horizon is similar to the proof of 4.d.0 with

Ep

some simplifications.
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5. REPRESENTATION OF CONTINUOUS LOCAL MARTINGALES

5.a Time change for continuous local martingales. Consider a uniformly integrable
martingale (M, ;) and let {T'(s) | s > 0} be a nondecreasing family of (F)-
optional times. Then (MT(S),]-'T(S)) is a martingale by the Optional Sampling
Theorem. The family {T'(s)} of optional times can be viewed as a stochastic process
T :Qx][0,+00) — [0,400) and as such can be considered to be a stochastic,
that is, path dependent time change for the martingale (M, F;). Conversely a
stochastic process T : Q x [0,+00) — [0,400) can serve as such a time change, if
it is nondecreasing and the random variable T'(s) is an (F;)-optional time, for each
s > 0. The nondecreasing nature of T" ensures that Fp) C Fr(, for s < ¢, that
is, the family {Fp(,)} is a filtration on (Q2, F, P).

5.a.0. Let T : Q x [0,400) — [0,+00) be a nondecreasing stochastic process such
that T'(s) is an (F;)-optional time, for each s > 0. If T is right continuous, then so
is the filtration (]—'T(S)),

Proof. We may assume that every path of T is right continuous. Indeed T'is in-
distinguishable from a process T which has this property and then T( ) is again
(Ft)-optional and Frpe,) = Fi(s)» for each s > 0, since the filtration (F;) is aug-
mented. Now let s, | s > 0. Then T'(s,,) | T'(s) and it follows that Fp(,,) | Fre)
(I.7.2.3.(f)). 1

We will now see that for each continuous local martingale M there exists a
suitable time change T such that (MT(S), fT(S)) is a Brownian motion W. Moreover
the local martingale M can be recovered from W via an inverse time change S =
S(t).

Let us try to find such a time change T'. Set Yy = M. Since Y is a Brownian
motion, T must satisfy (Y), = s. If M were an H2-martingale, then M? — (M),
would be a uniformly integrable martingale and so Y2 — (M) ;) = T( )y = (M)7(s)
a martingale, according to the Optional Sampling Theorem. Thus (Y')s = (M)p(s)
and so T" would have to satisfy (M), = s. This suggests that we define

T(s)=inf{t >0 | (M); > s}.
It will be seen in 5.a.3 below that this definition works in great generality. We need
some preparation.

5.a.1. Let f :[0,00) — [0,00) be continuous and nondecreasing with f(0) = 0 and
limyjeo f() = 00. Set T(s) =inf{t >0 | f(¢t) > s}, s> 0. Then
(a) T is nondecreasing, right continuous and satisfies f(T'(s)) = s and T(f(s)) > s.
(b) If ¢ : [0,00) — R is a continuous function which satisfies

0<a<b, fla)=f(b) = ¢(a)=0¢(b) (0)
then ¢(T'(s)) is continuous and we have ¢(T(f(s))) = ¢(s).

Remark. If f is strictly increasing, T is simply the inverse function of f. In general
T jumps through intervals of constancy of f, that is, if f is constant on the interval
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[a,0], then T'(f(a)) > b. Thus the assumption (0) on the function ¢ is needed
(consider the function ¢(z) = x).

Proof. (a) Let 0 < s < r and choose t, | T(r) such that f(¢,) > r. Then
f(T(r)) =lim, f(t,) > r, by continuity of f. On the other hand, if f(¢) > r, then
T(r) < tandso f(T(r)) < f(¢t). Thus f(T(r)) < inf{f@) | f(t) >r}=r. It
follows that f(T'(r)) =r.

As f(t,) > r > s we have T(s) < t,, and so T(s) < inf,, ¢, = T(r). To show
that T'(f(r)) > r choose ¢, | T(f(r)) with f(g,) > f(r) and so ¢, > r. It follows
that T(f(r)) = inf, ¢, > 7.

It remains to be shown only that 7" is right continuous. Assume that s, | s.
Then T'(sy,) | x = inf, T'(s,) > T'(s). We have to show only that < T'(s). Choose
tm | T(s) with f(t,) > s. Fix m > 1 and choose n > 1 such that f(t;) > sn.
Then z < T'(s,) < t,. Letting m T oo we conclude that x < T'(s).

(b) Let ¢ : [0,00) — R be a continuous function which satisfies (0). From (a) it
follows that ¢(T'(s)) is right continuous. To show that ¢(T'(s)) is left continuous, let
0 <s, Tsandset r =sup, T(sy,). Then T'(s,) 1 r and consequently ¢(T'(s,)) —
¢(r) and we need to show only that ¢(r) = ¢(T(s)). According to (0) this will
follow from f(r) = f(T(s)), i.e., f(r) =s.

Since T'(sy) 1 r, the continuity of f and (a) imply that s, = f(T(sn)) — f(r),
that is, f(r) = lim,, s, = s. This shows the continuity of ¢(T'(s)). It remains to
be verified that ¢(T(f(s))) = &(s). Using (0) it suffices to show f(T(f(s))) = f(s)
and this in turn follows from f(7(s)) = s upon replacing s with f(s).

5.a.2. (a) If M is a continuous square integrable martingale with My = 0, then
E(M?) = E((M),), for each bounded optional time T : Q — [0, 00).

(b) If M is a continuous local martingale with Mo = 0, then E(M?) < E((M),),
for each optional time 7 : @ — [0, 00) satisfying P(1T < 00).

Proof. (a) Let M be a continuous square integrable martingale with My = 0. Then
Ny = M?— (M), is amartingale (1.11.b.2.(b)). If 7 is any bounded optional time, the
Optional Sampling Theorem yields E(N,) = E(Ng) = 0, i.e., E(M2?) = E((M),),
as desired.

(b) Assume now that M is a continuous local martingale with My = 0 and let (T7,)
be a sequence of optional times such that 7,, T oo, P-as., and MtT = M, is
a square integrable martingale, for each n > 1 (I.8.a.5, note My = 0). If 7 is a
bounded optional time, then (a) yields

EB[(M5)7] = B[(MT) ],

T

for alln > 1. Let n 1 oo. Since the quadratic variation (M) is an increasing process,
we have 0 < (M) = (M)T» = (M) rr, T (M), and so

T

E((M™) )1 E(M),),
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by monotone convergence. Also M " — M, P-as., and so, using Fatou’s Lemma,

B(M2) = B (timinf, (M7")") < limint, £ ((17)?)
= liminf,, E (<MT">T) = E((M),).

This shows (b) for bounded optional times 7. If now P(7 < co) = 1, then the above

shows that

B(MZ,,) < E((M)n) < E((M),). ¥n> 1.

Letting n T oo it follows that E(M?) < E((M);) as above. |

5.a.3 Theorem. Let M = (M;,F;) be a continuous local martingale with My = 0

and (M)oo = limypoo(M); = 00, P-as. Set T(s) = inf{t > 0 | (M), > s} and

Gs = Fr(s), s 2 0. Then

(a) Each T(s) is an (F;)-optional time and the stochastic process T = T(s,w) is
nondecreasing and right continuous. (Gs) is a right continuous and augmented
filtration. Moreover (M) is a (Gs)-optional time, for each t > 0.

(b) The process Wy = My is a Brownian Motion on (2, F,(Gs), P) satisfying

My =W, for allt > 0.

Remark. Note that W is a Brownian motion relative to the filtration (G,) and not
the original filtration (Fy).

Proof. (a) The definition and nondecreasing property of (M) imply [T(s) < r] =
[(M), > s| € F,, since the process (M) is (F;)-adapted. Thus T'(s) is (F;)-
optional. From 5.a.1 applied to f(s) = (M)s(w) it follows that the path s — T'(s,w)
is nondecreasing and right continuous P-as. 5.a.0 now shows that (Gs) is a right
continuous and augmented filtration.

Recall that G, = Fpr) = {ACQ | AN[T(s) < 7] € Fr, Vr >0} and fix t > 0.
To see that the random variable (M), :  — [0, 00) is (Gs)-optional, we have to show
that [(M), < s| € Gs; equivalently, A = [(M), < s] N[T(s) < r] € F,, for each
r > 0. From [T'(s) < r] = [(M), > s] it follows that A = [(M), < s|] N [(M), > s].
This set is empty if ¢ > r and is in F,., if t < r. This proves (a).

(b) The process W, = My, is (Gs)-adapted and right continuous (by the continuity
of M and the right continuity of T'). To see that W is a Brownian motion on
(Q,F,(Gs), P) it will now suffice to show that W is a continuous local martingale
which satisfies (W) =t (3.e.1).

To deal with the continuity of W, fix w € §, set ¢(t) = M;(w) and consider the
path s — Wi(w) = Mp(syw)(w) = ¢(T(s)(w)). Using 5.a.1 with f(t) = (M)(w),
the continuity of the path s — W (w) = ¢(T(s)(w)) will follow if we can show that
¢ satisfies (0) above, that is,

0<a<b, (M)(w)={M)pw) = Mw)=Myw)

with probability one. This has been verified in 1.9.b.7. Thus W is a continuous
process.
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Next we show that W is a square integrable martingale. Fix r > 0 and set
Ny = Miar(ry, that is, N = MT() | Then N is a continuous local martingale with
respect to the filtration (F;) (I1.8.a.2.(c)) with Ng = My = 0. Note

(NYy = (M) ) = (M)iarery <7

for all ¢ > 0, by definition of the optional time T'(r). Thus (N)o < r and in
particular this random variable is integrable. According to 1.9.c.0 it follows that
N and N7 — (N),; are uniformly integrable martingales. Since {T'(t) }te[o) is an
increasing family of (F;)-optional times, the Optional Sampling Theorem applied
to the uniformly integrable martingale (Ny, F;) shows that

Wi = Mpuy = Mpwyare) = Nrwy, t€10,7],

is an Fp(;) = Gi-martingale.
Let ¢ € [0,7]. Then E(W?) = E(NZ,) < E((N)r@) <7 < 0o (5.2.2.(b)).
Thus (W, Gt)ielo,r) is a square integrable martingale. Moreover

(N)rey = (M) Lo = (M7 = (M)zarey = (Mhr) = 1,

by definition of the optional time T'(t). Let 0 < s < r. The Optional Sampling
Theorem applied to the uniformly integrable martingale (N7 — (N);, F;) now yields

BE(W:=r|G,)= E(N:%(r) - fT(s)) = E(N:%(r) — (N1 | ]:T(s))
= N7 — (N)psy = W2 —s.

Thus W2 — t is a G-martingale and it follows that (W), = ¢, as desired. |

If the condition (M) = limoo (M), = o0 is not satisfied, the filtered probability
space (2, F, (F:), P) has to be enlarged and the representing Brownian motion W
based on the enlarged space:

5.a.4 Theorem. Let M = (M, Fi): be a continuous local martingale with My = 0.
Then there exists a Brownian motion (W, Gs) on an enlargement of the probability
space (Q, F, (Ft), P) such that Giapy, 2 F, the quadratic variation (M) is a (Gs)-
optional time and My = Wy, , for allt > 0.

Proof. see [KS problem 3.4.7, p175]. |
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5.b Brownian functionals as stochastic integrals. Let W, = (W}, ..., W) be a d-
dimensional Brownian motion on the filtered probability space (92, F, (F;), P). Let
N denote the family of all P-null sets. We shall now assume that

Fo=F" =o(NUo(Wys <)

is the augmented (and thus right continuous) filtration generated by the Brownian
motion W. In particular Foo = FY = 0(N Ua(Wy;s > 0)).

A Brownian functional is a measurable function £ : (2, Fo) — R, that is, an
Fso-measurable real valued function of the Brownian path w € Q.

Recall from 2.£.5 that L%(W) denotes the space of all progressively measurable
processes H satisfying HH||%2(M) — By [fooo ||HS||2ds] .
If W is a one dimensional Brownian motion, then L?(W) is the Hilbert space
LZ(H,Pg, uw ) and so is complete. The subspace of all predictable processes H €
L?(W) is the Hilbert space L?(II, P, uy) and is thus a closed subspace of L?(W).
This fact remains true for general W since then L2(W) = L2(W?') x ... x L2 (W4).
Let H € L*(W). Then the last element (HeW),, of the martingale HeW € H?
satisfies (2.£.3.(b))

2 2 2 o
||(H°W)°OHL2(P) = |[H oW || = HHHL2(W) = Ep [[y" Hids| <oo.  (0)

Thus & = [, Hy - dW; is a Brownian functional which satisfies { € L?(€2, Fu, P)
and Ep(&) = 0. We will now see that conversely each square integrable Brownian
functional ¢ € L?(Q, Foo, P) can be represented as

g:EP(g)+/OOo H,-dWs = Ep(&§) + (HoW)e (1)

for some predictable process H € L*(W). First we exhibit some Brownian func-
tionals which can be so represented:

5.b.0. Let K be a bounded, left continuous, R%-valued process and t > 0. Then the
random variable Zy = E(KeW') can be represented as Zy = Ep(Zy) + (HoeW)oo,
for some predictable process H € L*(W).

Proof. Choose the constant C such that || K| < C. Then
t

(KoW), = / | Ks||2ds < Ct
0

and so Z = E(K W) is a martingale (4.b.3) satisfying Zy = 1 = Ep(Z;) and
dZ, = Zid(K eW)y = Z K, - dWy, that is, in integral form,

t )
Zt:1+/ ZsKs~dWS:E(Zt)+/ H,-dw,,
0 0
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where H, = 1p,4(s)ZsK,. Thus we need to verify only that H is a predictable
process in L2(W). The left continuity of K and the continuity of Z imply that
H is left continuous and hence predictable (1.a.1.(b)). According to 4.b.3 we have
Ep(Z}) < 4e“t. Moreover H2 = 0, for s > t, and H? < C?Z? and so Ep(H?) <
C?Ep(Z?) < 4C?e“*, for all s. An application of Fubini’s theorem now yields

t t t
2 S
#1130, = B [ 205 = [ Eptizias < [ ac2esis < o

Thus H € L2(W).
5b.1. Let x € R, A= (A1, \a,..., A\g) ER™ and 0 =ty < t; < ...<t,. Then

d n i %
exp (37 Z¢:1 Z]‘:1 )\(ifl)n+j(Wtj - Wtj,l)) € L*(P), VYp>O0.

Proof. Set f, = exp (x Zle > A(i_l)n+j(ng - W,jj_l)) Then f? = f,q, for
all p > 0. Thus it suffices to show that f, € L'(P), for all x € R. Recall that the
coordinate processes W/ of W are independent, one dimensional Brownian motions.
Thus the increments Wt’J — WZJ
it follows that

_»i=1,...,d; 5 =1,...,n, are independent and

Ep [H” exp(l')\(ifl)nJrj(Wtij - Wtij,1)>] =
Hi,j EP [exp(x)\(i—l)n-&-j(wtij - Wtij_l)):| .

As the increments Wtij — ijf , are one dimensional normal variables with mean
zero, it remains to be shown only that Fp [e’"N] = fR e"' Py (dt) < oo, for each such
variable NV and all r € R. The verification using the normal density is left to the

reader.
To simplify the technical details we conduct the proof of the representation result

indicated in (1) first for a one dimensional Brownian motion W:

5.b.2 Theorem. Let W be a one dimensional Brownian motion. If € € L*(Q, Fuo, P)
is a square integrable Brownian functional, then there exists a unique predictable
process H € L?(W) such that

€= Br(Q)+ [ HAW. = Bp(©) + (HeW)..

Remark. Uniqueness here means uniqueness as an element of the space L?(W).

Proof. Uniqueness. If H, K € L?>(W) satisfy (HeW)y =& — Ep(§) = (KoW ),
then ((H—K)eW)__ = 0 and the isometric property (0) implies || H — K|| 2y = 0.
Eristence. Let X denote the family of all random variables £ € L?(2, F,, P) which
can be represented as above. The linearity of the expectation and the stochastic
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integral imply that X C L?(Q, F, P) is a subspace. According to 5.b.0 we have
E=&(KeW) € X, for each t > 0 and each bounded, left continuous process K.
Let us show now that the subspace X C L?(2, Foo, P) is closed. Let (&,) C &,
€ € L?(Q, Fuo, P) and assume &, — &. We must show that ¢ € X'. Since convergence
in L? implies convergence of the means, we have Ep(,) — Ep(£). For each n > 1
let H™ e L?(W) be a predictable process such that &, = Ep(&,) + (H™ e W)
and hence (H™ eW),, = &, — Ep(&,). The isometric property (0) implies that

[ = HO| gy = [((H = HO) e W)
- H €n — EP fn)) - (fm - EP(gm))HLz(p)
< |60 = &nll papy + |BP(€n) — Ep(&m)|-

Thus (H(™) is a Cauchy sequence and hence convergent in L?(T). Since the
subspace of predictable H € L?(W) is closed in L?(W), there exists a predictable
process H € L?(W) such that H™ — H in L*(W).

Then (H™ eW)y, — (HeW)s, in L?(P), by the isometric property (0) on
the one hand, and (H™ W), = &, — Ep(&,) — & — Ep(€), in L?(P), on the other
hand. It follows that £ — Ep(§) = (HeW) and consequently £ € X, as desired.
Thus X is a closed subspace of L?(Q2, Fu, P).

It will now suffice to show that the subspace X C L?(Q,F., P) is dense,
equivalently X+ = {n € L%(Q, Fso, P) | Ep(n€) =0, V¢ € X} = {0}. Let n € X+,
Then

Ep(n&(KeW)) =0, (2)
for all bounded, left continuous processes K and ¢t > 0, since £ = E(KeW) € X,
for such K and t¢.

To exploit (2), let 0 =1tg <t; <...<tp,z € Rand A = (A1, Ag,...,\y) € R”
be arbitrary and consider the deterministic process K = Z?Zl xAjl,_y 1, Clearly
K is bounded and left continuous. Fix any real number ¢ > t¢,,. Then (KeW); =

a0 \(We, — Wy,_,) and

t tn
<K-W>t:/ Kgds:/ K?ds =D
0 0

where D is a constant, since the process K does not depend on w € €. It follows

that
Ef(KoW) =exp ((KoW), — (K eW),)

_Cexp( S AW, - WtH)), >t )

where C' = exp(—4D). Thus (2) implies that

Ep [neap (v X5y (Wi, = We, )| =0 (4)
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Let @ denote the (signed) measure on F, defined by d@Q = ndP. Then (4) can be

rewritten as

Eq [e:cp (x S AW - Wtj,l))] ~0. (5)
Let © be the map © : w € Q — (W, (w) — Wy (w), ..., Wy, (w) — Wi, _, (w)) € R™
and w denote the variable w = (wy,...,w,) € R™. Then (5) can be rewritten as

0= / exp(z(A-O(w))) Q(dw) = / exp(z(\ - w)) [O(Q)](dw), (6)
Q n
where O(Q) denotes the image of the measure () under the map © on R"™. Now the

function

6 = [ eaplz(n w) [O(Q))(dw), =€ C.

is easily seen to be an entire function. From the Dominated Convergence Theorem
it follows that ¢ is continuous. To get a dominating function, note that 5.b.1 implies
that the function f(w) = exp(xz() - w)) is in L}Y(O(Q)), for all z € R. Thus the
integrand is bounded by the function 1V exp(r|X - w|) € L'(0(Q)), for all [z < r.
Using Fubini’s Theorem, one then verifies that the line integral of ¢ over all smooth
closed curves in the complex plane is zero. Thus ¢ is analytic in the plane.
According to (6), ¢ vanishes on the real line and thus must vanish everywhere.

In particular for z = i we obtain

—

m@mzéwm@wmmmwwzm

—

where ©(Q) denotes the Fourier transform of the measure ©(Q) on R™. Since
A € R"™ was arbitrary, it follows that ©(Q) = 0. This in turn implies that @

vanishes on the o-field

n

O'(th — Wto,...,Wt — thil) = O'(th,WtQ — th,...,th — thil)
o

Recall that N denotes the family all P-null sets. Then  vanishes on N. Thus
@ vanishes on the union of A" and the o-fields o(W;,, Wy,,...,W;,) which is a 7-
system generating the domain F, of . The usual application of the m-A-theorem
(appendix B.3) now shows that @ = 0. From d@ = ndP we now conclude that
n =0, P-as., as desired. |

Let us now turn to the multidimensional case and indicate the necessary changes

in the proof:
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5.b.3 Theorem. If ¢ € L*(Q, Foo, P) then there exists a unique predictable process
H € L*(W) such that

€= En(Q)+ [ Ho-dW. = Ep(©) + (He W) (7)

Proof. Uniqueness. As in the proof of 5.b.2. Existence. Let X be the space of all
€ € L?(Q, Foo, P) which can be represented as in (8). As in the proof of 5.b.2 we see
that X is a closed subspace of L?(), Fo, P) which contains all the random variables
€ =& (KeW), wheret > 0 and K is a bounded, left continuous, R?-valued process.
It remains to be shown that X is dense in L2(f), Foo, P), that is, X+ = {0}. Let

X1, Th
7€ en Ep n&(K W) =0, (8)

for all bounded, left continuous, R%valued processes K and ¢ > 0. We must show
that n = 0, P-as., and introduce the measure @ on F., by means of dQ = ndP. It
will then suffice to show that @ vanishes on F,. Since the union of the P-null sets
and the o-fields
Fistotn =W, W W2 WE WL
=o(WL —WL,...oWw —w W W W - )

n tn—17 n tn—1

(note Wy, = 0), where 0 =tg < t; < ... < tp, is a m-system generating the o-field
Foo, it will suffice to show that Q|F:,+,..+, = 0, for all sequences of real numbers
0=ty <...<t, Fixsuch a sequence of real numbers and consider the random
vector © : Q — R"™ defined by

_ 1 1 1 1 d d d d
0= (th Wy We, = We o W =W W —Wt7l71).

To see that @ vanishes on Fi,;, ¢, = 0(0), it will suffice to show that the image
measure ©(Q) vanishes on R". To see this, we show that the Fourier transform

O(Q)() = /R enp(i( w)O(@)(dw) =0, for all A€ R,
From (8) and the definition of ) we have Eo[&(KeW) =0 )
t ® — Y%

for all bounded, left continuous, R?valued processes K and t > 0. Fix z € R,
A € R™ and consider the deterministic, bounded, left continuous process K =

(K',K?,...,K%) defined by _ N ‘
K" = Zj:l x)\(i_1)7L+j1(tj71,tj], 1= 1,...,d.
A computation similar to the one in the proof of 5.b.2 now shows that
E(K W) = Cexp (:c S Ay (Wi~ W;’j_l)) . t>t.,  (10)
for some constant C. From (9) and (10) we conclude
/ . ea:p(m()\ : w)) [@(Q)] (dw) = /Qexp(x()\ . @(w)))q(dw)
Rn

= Eq [exp (x Yy Sy Aty (W — Wtz}—l))} =01
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5.c Integral representation of square integrable Brownian martingales. Let W; =
(W}, ...,W¢) be a d-dimensional Brownian motion on the filtered probability space
(0, F, (F), P) and assume that 5, = 7}V is the augmented (and thus right contin-
uous) filtration generated by the Brownian motion W. In consequence an adapted
process is now adapted to the Brownian filtration (F}V). To stress this point a (lo-
cal) martingale adapted to the Brownian filtration (F}V) will be called a Brownian
(local) martingale.

Let us recall that L?(W) is the space of all progressively measurable processes

H which satisfy ) o0 ,
IH 72wy = EP/O | Hs|[?ds < oo.

If H € L3(W), then HeW € HZ and the map H € L*(W) +— HeW € H? is an
isometry and so [|[(HeW)eol|lz2(p) = | H e Wllg2 = ||H || 2(w)-

The space A2(W) consists of all progressively measurable processes H satisfying
loyH € LA(W), for all t > 0. If H € A*(W), then HeW is a square integrable
Brownian martingale satisfying (HeW ), = ((1jo,H)sW)__ (see 2.£.0.(d)) and so

[(HeW)illz2py = [1p0,0H 2wy, Yt =0, (0)

Finally L(W) = L? (W) consists of all progressively measurable processes H such
that 1j ., H € L*(W), for some sequence of optional times (7,) satisfying 7, 1 oo,
P-as., as n T oo (2.£5). We have L2(W) C A2(W) C L(W). In each of these
spaces two processes H, K are identified if they satisfy Ep [ |Hs — K,||*ds = 0;
equivalently, if H(s,w) = K(s,w), for A x P-ae. (s,w) € Ry x §, where A denotes
Lebesgue measure on R, .

If H € A>(W), then HeW is a square integrable Brownian martingale. We
shall now prove that conversely each square integrable Brownian martingale M can
be represented as M = H W, for some predictable process H € A2(W). According
to 1.7.b.3 the martingale M has a right continuous version and we will therefore
assume that M itself is right continuous. Let us now gather some auxiliary facts.

5.c.0. Let H e L*(W), n>1 and £ = (HeW ). Then E(&|F;) = (HeW),, for all
t>0.

Proof. Simply because ¢ = (H - W), is by definition the last element of the H2-
martingale HeW (2.£3).

5.c.1. Let 7, be a sequence of optional times such that 7, T oo, P-as., as n T oo,
and H™ ¢ L?(W), n > 1, a sequence of predictable processes such that

Lo H™ = 110 ) H" Y in L2(W), n>1. (1)

Then there exists a unique predictable process H € L(W) such that 1yg . 1H =
]-[[O,'rn]]H(n) in L>(W), for all m > 1. If the 7, are nonstochastic (constant) times,
then H € A2(W).

Remark. Uniqueness here means uniqueness as an element of L(W), that is, unique-
ness pointwise, A x P-as. on the set II = R, x Q.
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Proof. Choose a P-null set A C Q such that 7,(w) T 00, as n T oo, for all w € A°.
Then A € Fy and consequently the set Ng = [0,00) x A C II = R4 x € is predictable.
It is obviously a A x P-null set.

From (1) it follows that H™+) = H™ X x P-as. on the set [0,7,] C I
Consequently there exists a predictable A x P-null set N; C II such that H. M (w) =
H" ™ (w), for all (s,w) € N¢ with s < 7,(w) and all n > 1. Let N = Ny U N;.
Then N is a predictable A x P-null set. Cutting everything off to zero outside N,
we can define the process H as follows:

H =15.H™ on [0,7,].

If (t,w) € N¢ we have 7,(w) T 00, as n ] oo, and Ht(n)(w) = H;(w), whenever
Tn(w) > t, especially Ht(n) (w) — Hy(w), as n T oo. Thus 1y-H™ — H, pointwise
on all of II, and it follows that the process H is predictable.

Note that H = H(, X\ x P-as. on the stochastic interval [0,7,] and so
Lo, H = 1jo,-,, ] H™ € L2 (W), for all n > 1. Thus H € L(W) (2.£.5). }

5.c.2. (a) Let HHK € L(W). If HeW = KeW, then H = K in L(W).
(b)) If HK € L>(W) and (HeW)oo = (KoW ), then H = K in L*(W).

Proof. (a) By linearity it will suffice to show that HeW = 0 implies that H =0 in
L(W). Assume HeW = 0. Then 0 = (HeW), = fot | H|?ds, P-as., for all t > 0.
Thus Ep [, ||Hs||*ds = 0, that is, H = 0 in L(W).

(b) This follows from ||((H — K).W)OOHL2(P) = ||H = K||L2(w)-1

5.c.3 Theorem. Let M be a square integrable Brownian martingale with My = 0.
Then there erxists a unique predictable process H € A*(W) such that M = HeW,
that is, M; = fg H, - dW,, P-as., for allt > 0. The process H is in L*(W) if and
only if M is L?-bounded, that is, M € H?2.

Proof. The uniqueness of H follows immediately from 5.c.2 if we observe that
identification of processes in L(W) and A2(W) C L(W) is the same.

Eristence. Let n > 1 and note that E(M,,) = E(My) = 0. Then M,, € L*(Q, F,, P)
and according to 5.b.3 there exists a predictable process H™ ¢ L?(W) such that
M,, = (H™ eW).,. The martingale property of M and 5.c.0 imply that

My = E(M,|Fy) = (H™ e W), = (1o qgH™eW)_, VO<t<n,

and so (Lo H™eW) =M, = (1, H*™eW) . ¥n>1
The isometric property (0) now shows that l[o’n]H(") = 1[0,n]H(”+1) in L2(W).
Thus there exists H € A*(W) such that 1,1 H = 1[0,n]H(”), for all n > 1 (5.c.1),

and so M, = (HeW),, Vt>0.

If H e L*(W) then M = HeW € H?. Conversely, M = HeW € H? and (0) im-
ply [[HlL2(w) = supso I, Hl L2(w) = supiso [(HeW)illL2py = [[HeW|[m2 =
|| M||gz2 < oo (see (0)). Thus H € L*(W).

Remark. Thus the map H +— HeW identifies the space A?(W) with the space of
all (F}V)-adapted, square integrable martingales vanishing at zero. The restriction
of this map to L?(W) is an isometric isomorphism of L?(W) with H3.
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5.c.4 Corollary. Each Brownian local martingale M has a continuous version.

Proof. (a) Assume first that M is a square integrable martingale. Then there exists
a process H € A*(W) such that M; = (HeW);, P-as., for all ¢ > 0. Thus the
process HeW is a continuous version of M.

(b) Assume now that M is a martingale and fix T > 0. According to 1.7.b.3 M
has a right continuous version and we may therefore assume that M itself is right
continuous. It will now suffice to show that the restriction of M to the interval
[0, T; is in fact continuous. Choose a sequence of square integrable random variables
Mj(jn such that EP|M§1”) — My| < 27", for all n > 1. Then Lg") = Ep(M%n)U:t),
t € [0,7], is a square integrable Brownian martingale (Jensen’s inequality) and
hence has a continuous version Mt(n). Applying the maximal inequality 1.7.e.1.(a)
to the right continuous martingale X; = Mt(n) — M, we obtain

P (Supte[O,T]|Mt(n) — M| > 1/”) <nkEp <|Mq(ﬂn) - MT|) <n27",

for all n > 1. Since the sum of these probabilities converges, the Borel Cantelli
lemma yields P(supte[O’T”Mt(") — Mt‘ >1/n io.) =0, and so

SUD¢e(0,7] ’Mt(n) — M;| — 0, P-as., as n T oo.

Thus the sequence (M (")) of continuous martingales converges P-as. pathwise
uniformly on [0, 7] to the martingale M. It follows that M is continuous on [0, 7.
(¢) Finally, let M be a Brownian local martingale and (7,,) a reducing sequence of
optional times. Then T, T oo, P-as., as n | co and M ™ is a Brownian martingale
and hence has a continuous version K ("), for each n > 1. It follows that

K™ = Mg, = Mipt, ., = K™Y Poas. on the set [t < T),]. (2)

By continuity of the K™ the exceptional null set here can be made independent of
t and n and we can thus choose a null set N C Q such that T}, (w) 1 oo, as n T oo,
and Kt(n)(w) = Kénﬂ)(w)7 foralmn > 1, ¢t >0and all w € [t < T,]N N In
other words Kt(") = Kt("H) on the set [0,75,] N (R4 x N©). We can thus define the
process L as

L=1x.K™ on [0,T,], n > 1.

Then L has continuous paths. Let t > 0. Then L; = Kt(”) = MiaT, = M;, P-as.
on the set [t < Ty,], for all n > 1. Since the union of these sets is the complement
of a null set it follows that L; = M;, P-as., and hence L is a version of M. |

Remark. The proof of (b) shows that a right continuous Brownian martingale is
itself continuous.
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5.d Integral representation of Brownian local martingales. We now turn to an
analogue of 5.c.3 for Brownian local martingales, that is, local martingales adapted
to the Brownian filtration. Let W, = (W}, ..., W¢) be a d-dimensional Brownian
motion on the filtered probability space (Q,F, (F;), P) and assume that 7, = FV
is the augmented (and thus right continuous) filtration generated by the Brownian
motion W as above.

5.d.0 Theorem. Let M; be a Brownian local martingale with My = 0. Then there
exists a unique predictable process H € L(W) such that M = HeW | that is,

t
M, :/ H, -dB,, P-as., t>0. (0)
0

Proof. The uniqueness of H as an element of L(W) follows immediately from 5.c.2.
Ezistence. According to 5.c.4, M has a continuous version and we may therefore
assume that M is itself continuous. We can thus find a sequence (7,,) of optional
times such that 7,, 7 oo and M(n) = M™ is a uniformly bounded martingale and
hence a martingale in H?, for each n > 1 (1.8.a.5, note My = 0).

Fix n > 1 and note that M (n); = M., . Applying the representation theorem
5.c.3 we can find a predictable process H™ € L?(W) such that

M(n) = H™ eW.
Using 2.¢.0.(d) as well as M (n) = M(n)™ = M(n+ 1)™ we can now write

(1on g HO) W = (H™ e W)™ = M(n)™ = M(n)

1
— M(TL+ 1)7‘n — (1|IO7TH]]H(TL+1)).W ( )

The isometric property of the map H € L?(W) — HeW € H? now shows that we
have 1y, ) H™ = 1fg -, jH™*Y in L>(W), for all n > 1. According to 5.c.1 there
exists a predictable process H € L(W) such that

LjorgH = 1jo,r, H™ in L2(W),
for all n > 1. From (1) and 2.c.0.(d) we now have
M™ =M(n) = (Ljor, H™) e W = (1o, H) W = (HeW)™.
Letting n T oo it follows that M = HeW .

Let us note the following interesting consequence:

5.d.1. Let K € L(W) be any progressively measurable process. Then there exists a
predictable process H € L(W) such that K = H in L(W), that is,

K =H, X\xP-as. on the setIl = Ry x .

Proof. Simply represent the Brownian local martingale M = KW as in 5.d.0 and
then use the uniqueness result 5.c.2. |
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5.e Representation of positive Brownian martingales. We continue with the as-
sumptions of sections 5.c, 5.d. Let us call a martingale M positive if it satisfies
M; > 0, P-as., for every t > 0.

5..0. Let vy € L(W) and M € S. Then the equality M = E(yeW) is equivalent
with M() =1 and th = Mt’yt . th

Proof. See 4.b.2.

5.e.1. A positive Brownian martingale M can be represented in the form

t 1 t
Mt:é't(fyoW):exp(/ %.dWS—E/ ||75||2d8)7 t>0,
0 0

for some predictable, R*-valued process v € L(W).

Proof. According to 5.c.4, M has a continuous version and we may therefore assume
that M is itself continuous. According to 5.e.0 it will suffice to find a process
~v € L(W) satisfying dM; = My - dWy. Using 5.d.0 we can write M; = fg H,-dWs,
t > 0, for some predictable process H € L(W). Then

t
/ | Hq||?ds < o0, P-as., Yt >0, (0)
0

and dM; = H;-dW; = My, - dWy, where v, = M{lHt. It remains to be shown only
that + is a predictable process in L(W). Since M is continuous it is predictable.
Since H is also predictable, it follows that « is predictable. Thus it remains to be

shown only that t
/ Is][ds < 0o, P-as., Vt>0.
0

This follows immediately from (1) and the fact that the positive and continuous
paths s € [0,t] — M, (w) are bounded away from zero, P-as. on €. |

5.f Kunita-Watanabe decomposition. The representation results above assume
that the local martingale to be represented is adapted to the augmented filtration
generated by the representing Brownian motion. If this is not the case, we still have
a decomposition result. We shall thus no longer assume that our filtration (F;) is
the augmented filtration generated by some Brownian motion W.

Let us call two continuous local martingales M, N orthogonal (M L N) iff the
covariation process (M, N) is identically zero, that is, iff the product M N is a local
martingale.

If M and N are square integrable martingales, then M;N; — (M,N); is a
martingale (I.11.b.2). Thus M L N if and only if the product M N is a martingale.

Assume now that My = 0 or Ng = 0, that is, MyNy = 0. If 7 is a bounded
optional time and T > 0 a number such that 7 < T, then M, = Ep[Mp|F;].
Since all conditional expectation operators are contractions on L?(P) (1.2.b.15) it
follows that M, € L?*(P). Likewise N, € L?(P) and consequently M, N, € L'(P).
According to 1.9.c.4, M; N, is a martingale if and only if Ep [MTNT] = Fp [MONO] =
0, that is, M, L N, in L?(P), for all bounded optional times 7:
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5.£0. Let M, N be continuous, square integrable martingales with MgNy = 0. Then
M L N if and only if M, L N, in L?(P), for all bounded optional times T. y

In particular M | N implies that M; | N; in L?(P), for all t > 0. If M, N € H?
are L2-bounded martingales, this implies M, | N in L?(P), that is, M L N in
H2, since My — M., and Ny — N, in L?(P), as t T oo (square integrability of
the maximal function of an H?-martingale and Dominated Convergence Theorem).
Thus our notion of orthogonality of continuous local martingales M, N is stronger
than orthogonality in HZ, when specialized to martingales M, N € H3.

Let W be an R?valued Brownian motion. Recall that L2() is a Hilbert space
of progressively measurable, R%valued processes H, the subspace of all predictable

processes H € L?(W) is closed, the map
H e L*(W) — (HeW)y € L*(P) (0)

is an isometry and A%(W) is the space of all progressively measurable, R%-valued
processes H such that 1jg H € L*(W), for all t > 0. If H € A*>(W) and t > 0,
then (HeW); = (1[O=t]H.W)oo’ and so, using the isometry (0),

t
2 2 2
W)y = 008, = Eo [ 1] s
Fix T > 0 and set
Ir(W) = {(HeW)r | H € A>(W) is predictable } C L*(P).

If H € A2 (W) then (HeW)r = (HeW)e, where H = 19 H € L*(W) (2.£0.(d))
satisfies 1[07T]ﬂ = H. Tt follows that Zp(W) is the image under the isometry (0)
of the subspace L2, (W) = {H € L*(W) | H = 1o jH } € L*(W). As L7.(W) C
L?(W) is a closed subspace (H = 1jo 71H is equivalent with 17 o) H = 0) it follows
that the subspace Zr(W) C L?(P) is closed also. Letting

I(W)={HeW | H € A*(W) is predictable }

we have Zp(W) = { Iy | I € Z(W) }. Each integral process I € Z(W) is a continuous
square integrable martingale vanishing at zero. If the underlying filtration (F;) is
the augmented filtration generated by the Brownian motion W, then it follows
from 5.c.3 that conversely every continuous, square integrable martingale vanishing

at zero is in Z(W). In general we have the following decomposition result:
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5.£.1. Every continuous, square integrable martingale M has a unique decomposition
M = HeW + Z, where H € A*2(W) is predictable and Z is a square integrable
martingale which is orthogonal to every martingale in Z(W). If M € H2, then
He LX(W), Z € H? and | M| = [|H|22 00, + 123

Remark. Uniqueness of the decomposition here means that the process H is uniquely
determined as an element of A2(W) and Z is unique up to indistinguishability.

Proof. Let M be a continuous, square integrable martingale.
Uniqueness. Assume that HeW + Z = M = KeW + X, where H, K € A2(W) are
predictable and Z, X continuous, square integrable martingales orthogonal to each
martingale in Z(W). Then Zy = Xo = My and hence Zy — Xy = 0. Moreover the
martingale (H — K)eW = Z — X is orthogonal to itself, i.e., (Z—X) = 0. From this
it follows that Z — X is constant in time and so Z — X = 0. Thus HeW = KeW
and consequently H = K in A2(W) (5.c.2).
Ezistence. It will suffice to establish the decomposition My = (HeW), + Z;, t €
[0,T], for each finite time horizon T > 0. The independence of H and Z of T then
follows from 5.c.1 and the uniqueness above.

Fix T > 0. Then M7 € L?*(P) and since Zr(W) C L?(P) is a closed subspace,
we have a decomposition My = (HeW)r + Zr., (1)
where H € A2(W) and Zr L Zr(W). Now set Z, = E(Zr|F:), t € [0,T]. Since M,
HeW and Z are all martingales on [0, 7], (1) implies that

Mt:(H'W)t+Zt, te [O,T]

The continuity of the martingale Z now follows from the continuity of M and HeW.
The square integrability of Zp implies the square integrability of the martingale Z
on [0,7] (I1.2.b.15). Thus it remains to be shown only that Z L Z(WW) on [0,T]. Let
K € A?>(W). We must show that Z L KeW on [0, 7], equivalently (5.£.0)

Ep[Z:(KeW):] =0,

for all optional times 7 < T'. Consider such an optional time 7. Since conditional
expectation operators are contractions on L?(P) we have Z, = E(Zr|F,) € L*(P)
and likewise (KeW), € L?(P) and so Z.(KeW), € L'(P). Set K = 1jp K €
L?(W). Then ~
(W) (KeW), = (KeW)p € Ip(W)
(2.c.0.(d)). Note that Z, = Ep(Zr|F;) and the F -measurable, square integrable
factor (K W), satisfies Ep [Zr|F; ] (KeW), = Ep [Zr(K W), |F;] (1.2.b.10). It
follows that

Ep [ZT(KOW)T] = Ep [EP[ZT|.7:T](K'W)T} = Ep [EP[ZT(KOW)T|.7:TH
= Ep|Zr(KeW),] = Ep[Zr(K+W)r] =0,
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as desired. The last equality holds since (K¢ W)y € Zp(W) and Zp L Zp(W).

Assume now that M € H2. The orthogonality of HeW and Z implies that
(HeW); L Z; in L*(P) and so, using 2.f.3.(a),

2 2 2 2
HMHH2 Z HMtHH(P) = H(H'W)tHL2(P) + HZth(P)
t

2 2
= [P+ 120

for all ¢+ > 0. Taking the supremum over all t > 0, we see that H € L?(W), Z € H?
and we have M2 = 1 H Zagr, + 12120 1
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6. MISCELLANEOUS

6.a Ito processes A continuous semnnartmgale X is called an [to process if it
satisfies X (t) )+ fo s)ds + fo ) - dWy, equivalently

dX(t) = p(t)dt + v(t) - dWy, >0, (0)

for some d-dimensional Brownian motion W and processes p € L(t) and v € L(W).
Here t denotes the process t(¢) = t. The relation (0) is commonly referred to as the
dynamics of X. It follows from (0) that the compensator of X is given by

= [y ul(s)ds

The processes pu(t) and v(t) are called the drift and instantaneous volatility of X
respectively. This terminology will be justified in section 6.b. The Ito process X is
a local martingale if and only if its drift is zero. The following special case of (0)

dL(t) = Lt)u(t)dt + L) - dW,, (1)

with drift and volatility proportional to the size of the random quantity, is the basic
dynamics dealt with in finance. Since drift and volatility depend on the process L,
it is not immediately clear that a solution L exists, but 6.a.0 below shows that it
does under suitable assumptions on the processes p and .

The process A(t) is called the instantaneous proportional (or percentage)
volatility of L. We will see below that the dynamics (1) implies that the process
L(t) is strictly positive and that X (¢) = log(L(t)) is an Ito process.

6.2.0. Let u € L(t), A € L(W) and L be a continuous semimartingale. Then the
following are equivalent:
() 4L(0) = LOpe + LN v
(b) L(t) = ea:p(fo s)ds)E (Ao W).
(c) The process L is strictly positive and satisfies
dlog(L(t)) = (u(t) — HIADIP)dt +At) - AW

In this case the multiplicative compensator Uy, of L is given by
Ur(t) = exp(fo s)ds).

Proof. (a)=(b) Set B(t) = exp(— fo s)ds). Then dB(t) = —pu(t)B(t)dt. Thus
multiplying the equality dL(t) — L(¢t)u(t)dt = L(t)A(t)-dW; with B(t) it follows that
B(t)dL(t) + L(t)dB(t) = B(t)L(¢t)\(t) - dW;. Setting X (t) = B(t)L(t), observing
that B(t) is a bounded variation process and using the stochastic product rule, this
becomes dX (t) = X (t)A(¢) - dW; with unique solution (4.b.2)

X(t) = X(0)E(NeW) = X (0)exp(—L [TIIA(s)[Pds + [y A(s) - dW).
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Note now that X(0) = L(0) and divide by B(t) to obtain (b).
(b)=(c): Obvious. (c)=(a): Assuming (c) set Z(t) = log(L(t)). Then L(t) = eZ®
and Ito’s formula yields

dL(t) = eZ?WdZ(t) + Le?Wd(Z), = L(t)dZ(t) + SL(t)d(Z);. (2)

Here dZ(t) = (u(t) — 1| A(t)||?)dt + A(t) - dW;, by assumption, and consequently
d(Z) = || \(t)||?dt. Entering this into (2) we obtain

dL(t) = L(t) [(u(t) = 3IADIP)dt + A(t) - dWe] + L) A dt
= L(t)p(t)dt + L(EA(E) - dW,

asin (a). Assume now that (a)-(c) are satisfied and set U (t) = emp(fg p(s)ds). Then
U is a continuous bounded variation process with U(0) = 1. Moreover (b) implies
that L(t)/U(t) = L(0)E(AeW) is a local martingale. It follows that U(t) = Uy (¢)
is the multiplicative compensator of L. |

Remark. We are mainly interested in the equivalence of (a) and (c). However
the intermediate step (b) was necessary to see that the dynamics (a) implies the
positivity of the process L. If this were known beforehand, the equivalence of (a)
and (c) could be established by direct application of Ito’s formula. Rewriting (0) as
dL(t)
——= = p(t)dt + A(t) - AW,
suggests that p(t) should be interpreted as the instantaneous rate of return of L(t)
at time ¢t. This interpretation is also supported by formula 6.a.0.(b), if we recall
that the local martingale K; = & (AeW) is driftless.

6.a.1. Let Y be a continuous semimartingale satisfying dY (t) = Y (t)o(t) - dWy,
where W is a d-dimensional Brownian motion and o is a bounded, progressively
measurable R*-valued process. Then'Y is a square integrable martingale. Moreover,
setting Y = sup,ejo 4 Y (s) we have E[(Y{)?] < 0o and consequently

E (/Of a(s)QY(S)zds) < oo, t>0.

Proof. Choose a constant C with || < C. Using 6.a.0 with g = 0 we see that
Y(t) = Y(0)&(L), where L = oeW. Since (L); = fot lo(s)||?ds < C?t, YV is a
square integrable martingale (4.b.3). Now the L?-maximal inequality implies that
E[(Y})?] <4E[Y(t)?] < oo (I.7.e.1.(b)) and this in turn implies that

E (/Ota(s)QY(s)st) <FE ((Y;F /Ota(s)2d5> < CHE[(Y])?] < 00y

Next we consider the dynamics (0) with drift p(¢) = 0 and nonstochastic volatility
o(t). In this case the distribution of the random vector X (T') can be identified:
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6.a.2. Let W be a d-dimensional Brownian motion, T > 0 and o; : [O T] — RY,
1 < j < n, continuous functions. Then c; € L(W). SetY; = fo oj(s) - dWj
and Y = (Y1,...,Y,). Then the random vector Y has a multinormal dzstmbutzon
N(0,C) with covariance matriz C;; = fOT oi(t) - o (t)dt.

Proof. (A) Let n = 1, write o1(t) = o(t) and set ¥? = Cy; = fo llo(s)]|?ds. We
must show that Y has distribution N(0,%?). To do thls we compute the charac-
teristic function Y/(\) = E [eMY]. Set Z, = fot o(s) - dW; (thus Y = Zr) and note

that Z; is a mean zero continuous martingale with (Z); = fo lo(s)||?ds and hence
d(Z)e = |lo(t)]*dt.
Now fix A € R and set f(w) = e and u(t) = Z,(\) = E [e*2t] = E(f(Z)).
Since f'(w) = iAf(w) and f”(w) = —A2f(w), Ito’s formula yields
! ! 1 ! 1"
12) = @)+ [ 1zaze [ 5z
0 0

P X 2
1+ [ r@yiz.- 5 [ 1zle) s

Here fo s)dZ is a continuous mean zero martingale. Thus, taking expectations
using Fublm s theorem and the nonstochastic nature of the process ||o(s)]|? yields
U®EUMM1E</f Nlos)lds)
1= [l >Mﬁnr54w@%mw
The function u(t) is continuous and hence so is the integrand ||o(s H u(s). Thus,

upon differentiating we obtain the following differential equation for u:

w(t)  with solution  u(t) = u(0)ezp (-%2 /0 t|a(s)||2ds>.

Since f(Zo) =1 we have u(0) = E(f(Zo)) = 1. Now let ¢t = T. Then

y 7 2 T 2y2
Y@>Zﬂﬂuavmm<'2[;wﬂ@2@>ew(kf)7

which is the characteristic function of a one dimensional N (0, ¥?)-variable.

(B) Now let n > 1. To see that Y is a Gaussian random vector, it will suffice to
show that h(Y") is a normal variable, for each linear functional h : R" — R. Such h
has the form h(y) = a1y1 + ... + anyn, y € R™, for some scalars ay, ..., a,. Then

h(Y) = Ez 105Y; = Zz 1% fo oi(s) - dWs = fo ) - dWs,
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where p = Y"1 | @;0; is a process as in step (A). It follows that A(Y) is a normal
random variable. Thus Y is Gaussian. It remains to compute the covariance matrix
C of Y. Since the coordinates Y; are mean zero variables we have C;; = E(Y;Y;).
Using 2.c¢.5 it follows that

Cy=FE KfOTai(s)-dWS) (fOTJj(s)-dWS)} = [T oi(s) - o5(s)ds. y

Remark. Using 5.a.3 it is possible to shorten the proof of the one dimensional case:
Fix T > 0, define o(t) = o(T) +t — T, for t > T, and set Y (t) = fot a(s) - dWs,
for all ¢ > 0. Then Y is a continuous local martingale with deterministic quadratic
variation (Y); = fg o(s)?ds 1 oo, as t 1 oo. According to 5.a.3 we can write
Y (t) = B(y),, for some Brownian motion B = (B, G;), where the filtration (G;) is
defined as in 5.a.3. The nonstochastic nature of the quadratic variation 7Q’>t now
implies that Y (T') is normal with mean zero and variance ¥? = (Y)r = [ o(t)%dt,
as desired.

0

6.b Volatilities. Let 7' > 0 and S be a strictly positive continuous semimartingale
on [0,T]. Set Z; = log(S:) and

V(t,T) = {(S)r — (S) =/(S)], as well as
Nt.T) = V(Z)r — (Z)y =\/(2)], tel[0,T]

From the representation as the limit in probability

<S>;§T = hm (Stk - Stk,l)Q ) and

[|A]|—0
T . _ 2 _ . 2
(Z); = Hilllnioz (Ztk Ztkfl) ||i1|\~>0 (log (Stk/Stk,l)) 7

where the limits are taken over all partitions A = {¢;} of [¢,T], it is clear that
($YI' and (Z2)] = <log(Y)>tT are measures of the aggregate absolute respectively
percentage volatility of the process S; over the interval [¢, T).

Note that this quadratic variation does not change when computed with respect
to some equivalent probability measure. This fact will be important when applied
to models of financial markets. Here S; will be a security price. Realizations of the
paths of S are governed by the market probability P but the significant probability
measures in the theory are measures which are different from but equivalent to P.

It is thus useful to know that the volatility of S with respect to these measures
coincides with the volatility of S with respect to the market probability P and can
thus be estimated from market data. If S is an Ito process satisfying

dSt = M(t)dt + U(t) . th, t e [O,T‘]7

where W; = (W}, ..., W) is a d-dimensional Brownian motion on (2, F, (F;), P)
and v € L(W), then d(S); = ||v(t)||?dt and so

V2, T) = [ |v(s)|2ds andso dV2(0,t) = |[v(t)||dt.
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Thus |lv(t)]|? is a density for VZ(0,¢). We will refer to the process v(t) as the
volatility process of S. If S is a security price the Brownian motions W} should
be thought of as risk factors and the components v (t) as intensities with which
these risk factors affect the price S.

Assume that v(t) never vanishes and set u( (5)/|lv(s)|| and V = ueW.
Then ||v(t )||th = V( )-dW; and V is a contlnuous local martingale with V5 = 0.
Moreover (V); = fo |u(s)||?ds = t and hence V is a one dimensional Brownian

motion (3.e. 1) In short

6.b.0. If v(t) never vanishes, we can write v(t)-dW; = ||v(¢)||dV:, where the process
Vi is a one dimensional Brownian motion on (0, F,(F:), P).1

In terms of the one dimensional Brownian motion V', the dynamics of S now assumes

the form
as, = plt)dt + (1) dV;.

Similar observations apply to the proportional volatility. Here we start from a
dynamics ds,

S
where o € L(W). Recall that Z; = log(S;) and so, according to 6.a.0,

= u(t)dt + o(t) - dW,, te0,T],

dZy = (u(t) = 3o (®)])dt + o(t) - dW,.

Thus d{Z); = ||0(t)||2dt. From this it follows that (Z)r — (Z); = ftT |lo(s)|>ds and
hence

ft llo(s)]|?ds and so d¥2(0,t) = |lo(t)|?dt.
Thus |lo(t)||? is a density for $2(0,¢). We will refer to the process o(t) as the
(proportional) volatility process of S. The dynamics of S now can be rewritten as

W = (o)t + o (1) v,
t

where V is a one dimensional Brownian motion. In the literature the term (propor-
tional) volatility is often reserved for the numerical process ||o(t)||. The components
W7 of the underlying Brownian motion are then referred to as factors and the vec-
torial process o(t) as the factor loading. We will on occasion refer to the process
[l (@)l as the numerical (proportional) volatility of S.
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6.c Call option lemmas.

6.c.0. Let x, 3, R be positive real numbers and'Y a standard normal variable. Then

E {(Jc eZY =32 _ Ke_R)T =2 N(dy) — Ke ®N(dy) = e B [f N(dy) — K N(d2)],

! K)+1%2 ! K)— ly2
where f = we™, d1=M, d2:d1_z:M
x 5
and N(d) = P(Y < d) is the standard normal distribution function.

Proof. Set U = zexp(XY — $5%) — Ke . Then
U>0 ifandonlyif Y >d= (In(K/f)+ 3%?)/.

Thus  E[UT] =E[U;[U>0)]=E {(x SV _ KR [y > d]}

=1 — I, where
I = 2E (eEY*%ZZ; v > d]) and I = E (Ke [y > d]).

Recall that 1 — N(d) = N(—d), because of the symmetry of the standard normal
density. It follows that

I,=Ke BP(Y >d)=Ke (1 -N(d) = Ke BN(—d) = Ke BN(dy).

Moreover, using Py (dy) = (2m)~'/2exp(—y?/2)dy, we have

z = / (271’)_%6.%])(—% +Xy— %ZQ)dy = / (QW)_%exp(—%(y — E)z)dy
d d

= / 2r) 2 e ¥ /24y = (1 — N(d— X)) = N(£ —d) = N(dy). y
d—3

6.c.1. Let X,,, X be random variables on (Q, F,P) and G C F a sub-o-field. Assume

that X, is independent of G, for alln > 1, and X, — X, P-as. Then X is

independent of G.

Proof. It will suffice to show that X is independent of Z, equivalently that the
characteristic function Fix z)(s,t) factors as Fix z)(s,t) = Fx(s)Fz(t), for each
G-measurable random variable Z. Consider such Z. By assumption we have
F(X,,“Z)(S,t) = FXn(S)Fz(t), for all n > 1.

Let now n T co. Then Fix, z)(s,t) = Ep(e'CXnH2)) — Fi 7 (s,t) and
likewise Fx, (s) — Fx(s) by the Dominated Convergence Theorem. It follows that
F(X7z)(s7t) = Fx(s)Fz(t) 1
Let now (W;)¢ejo,7) be a d-dimensional Brownian motion on the filtered probability
space (Q, F,(F:), P). Then the increment W; — W is independent of F;, for all
0<s<t.
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6.c2. Let0<t< T and o [t,T] — R® be a continuous function. Then the random
variable X = ft - dWy is independent of the o-field F;.

Proof. Let A,, be a sequence of partitions of the interval [¢, T'] such that ||A, | — 0,
as n | oo. According to 2.e.0 we have

SA"(J’ W) = thEAn U(tjfl) ’ (Wtj - Wt]‘—l) - X

in probability, as n T co. Indeed this convergence will be almost sure if (A,) is
replaced with a suitable subsequence. The independence of Wy, — Wy, | from F;
now shows that Sa, (o, W) is independent of F;, for all n > 1, and 6.c.2 follows
from 6.c.1.

Consider now a strictly positive, continuous semimartingale S. Assume that the
process Z(t) = log(S(t)) satisfies the dynamics

dZ(t) = p(t)dt + o(t) - dWs, (0)
for some deterministic processes u € L(t) and o € L(W) and set

:ftT and
S, T) = /(Z T—(ﬁt lo(s)|[2ds) "%, t €0, T).

6.c.3. Let K > 0 and assume that £(t,T) > 0, for all t € [0,T) and K > 0. Let
A=[S(T)> K] = [Z(T) > log(K)]. Then

(1)

(Z) EP [1A|~7:t] = N(d), and

(i)  E[(S(T) - K)"|F] = S@t)em D+ 3> CTIN(d)) — KN(dy), where

log(S(t)/K) + m(t,T)
S, T)

Proof. Fix t € [0,T). Let us split Z(T) into a summand which is F;-measurable
and another summand which is independent of the o-field F;. Write m(0,7) =
m(0,t) +m(t,T) and ¥2(0,T) = X2(0,t) + X2(t,T). From (0) it follows that

d=ds = and dy =d+3(t,T), foralltel0,T).

Z(T) = 2(0) + (sds+f0 AW,
= Z(t) + m(t,T) + [ o(s)dW, = X( )+Y( ), where (2)
Xt)=Zt)+m(,T) and Y (¢ ff W.

Since o is nonstochastic, Y (¢) is independent of F; (6.c.2) and is a mean zero normal
variable with variance ¥2(¢, T), that is, Y (¢) /S?(¢,T) is a standard normal variable
(6.a.2). To simplify notation let us write m = m(¢,T) and X = X(¢,T).
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(i) We have A = [X(t) + Y (t) > log(K)] and consequently 14 = f(X(¢),Y (t)),
where f(z,y) = 1; with A = [z +y > log(K)] C R?.

Since X (¢) is Fy-measurable while Y'(¢) is independent of F;, the conditional ex-
pectation Ep [14]F] = Ep [f(X(t),Y(t)) | Ft] can be computed by leaving X (¢) un-
changed while integrating Y () out according to its distribution under P (I.2.b.11),
that is,

P [LAlF] = Ep [F(X(1),Y (1) | ] = / FOX(5).9) Py o) (dy)
=F(t, X(t)), where

Fit,2) / F(,9) Py (dy) = Py (A) = Py ([y > log(K) — 1))

Yg log( ) x)

<
(s

As X (t) = Z(t)+m = log(S(t))+m it follows that Ep [14|F] = F(t, X (t)) = N(d),
with d = (X (t) — log(K)) /T = (log(S(t)/K) +m) /.
(ii) Set Y = Y (t)/% and note that S(T) = eZT) = XY (") Thus

= P(Y(t) > log(K =P

E[(S(T) ~ K)*|F] = B[00 - K)*| 7] = Gt X (1)), where

G(t,z) = / (e®e? — K)JrPy(t)(dy) =Fp [(ewey(t) - K)Jr}
R
=Fp [(61+%Z2BEY7%22 - K)Jr] .
Using 6.c.0 with R = 0 and z replaced with ¢**3%" it follows that G(t,z) =
e"t3% N(dy) — KN(dz) with di = (z — log(K) + %) /% and dy = d; — %. Replace
x with X (¢) = log(S(t)) + m to obtain
E [(S(T) - K)*|A] = G(t, X () = S(t)e™ #™ N(dy) — KN(da),

where dy = (log(S(t)/K) +m+ X?)/¥ and dy = d — X as desired. |
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6.d Log-Gaussian processes. Let W be a d-dimensional Brownian motion on the
filtered probability space (2, F, (F%), P).

6.d.0. Let M be a continuous local martingale such that the quadratic variation (M)
is monstochastic. Then M is a square integrable Gaussian martingale.

Proof. According to 5.a.4 we can write M; = By, for some Brownian motion
B on a suitable enlargement of the filtered probability space (Q, F, (F;), P). The
result follows, since B is a square integrable Gaussian martingale. |

Remark. The converse is also true: if M is a square integrable Gaussian martingale,
then the quadratic variation process (M) is nonstochastic.

6.d.1. If the process o € L(W) is nonstochastic, then the integral process coW is a
square integrable Gaussian martingale.

Proof. In this case ceW is a continuous local martingale with nonstochastic
quadratic variation (ceW), = fg llo(s)||?ds. 1

6.d.2. If the continuous semimartingale X has nonstochastic compensator ux and
quadratic variation (X), then X is a Gaussian process.

Proof. Let X = M + A be the semimartingale decomposition of X (ux = A). Then
(M) = (X) is nonstochastic and so M is a square integrable Gaussian martingale
(6.d.0). Since the process A is nonstochastic, it follows that X is a square integrable
Gaussian process. |

Let us call a positive process X log-Gaussian if the process log(X) is Gaussian.

6.d.3. Let X be a positive, continuous local martingale such that the quadratic vari-
ation process (log(X)) is nonstochastic. Then X is a log-Gaussian process.

Remark. Note that log(X) is not a local martingale in general.

Proof. Set Z; = log(X;) and note that d(Z); = X; 2d(X); (3.c.2.(c)). Assume that
the quadratic variation (Z) is nonstochastic. Since Z is a continuous semimartingale
it will now suffice to show that the compensator uz is nonstochastic also. Using
the compensator formula 3.c.3.(b) and observing that ux = 0, we have

duz(t) = X; 'dux (t) — X 2d(X) = —1d(Z),.

Consequently uy = —%(Z )+ is nonstochastic. |

6.d.4. Let 0 € L(W) be nonstochastic and assume that the process L € S satisfies
dL(t) = L(t)o(t) - dWy. Then L € Sy is a log-Gaussian process.

Proof. L is positive and dlog(L(t)) = —1||o(t)||?dt + o (t) - dW; (6.a.0); equivalently,
log(L(t)) = A¢ 4+ (oeW);, where the process A; = log(L(0)) — %fot llo(s)||?ds is
nonstochastic. According to 6.d.1 the process oW is Gaussian and hence so is the
process log(L(t)). 1
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6.e Processes with finite time horizon. In the study of financial markets we
will fix a finite time horizon T > 0 and consider a filtered probability space
(Q, F, (Ft)iepo,1), P) with F = Fp and processes X = X (t,w) : [0,7] xQ — R (R%)
defined on the finite time interval [0, T7].

Such a process X will be called a continuous local martingale, semimartingale,
ete. on [0, T if the process X (t) = X (tAT), t > 0, is a continuous local martingale,
semimartingale, etc. on the filtered probability space (2, F, (Fiar)t>0, P). In other
words we extend the filtration (F;) and the process X to the interval [0, 00) by
setting 7y = Fr and X (¢t) = X(T'), for all ¢ > T

Note that X7 = X. If X is a continuous semimartingale, then the semimartin-
gale decomposition X = M + A of the extension X satisfies M = M7 and A = AT,
thus d(M); = dug(t) =0, for t > T.

We now set L(X) = L(X) and HeX = HeX, for all H € L(X). The inte-
grands H € L(X) are processes defined on [0,00) but their behaviour for ¢ > T
is irrelevant, since X = X7T. In other words the stochastic differential dX = dX
satisfies dX (t) = 0, for ¢ > T in the sense that

¢ tAT
/ H(s)dX(s) = (HeX), = (HeXT), = (HeX)T = H(s)dX(s).
0 0
For example, if X = M is a scalar local martingale, then L(X) = L? (M) is the

loc
space of all progressively measurable processes H satisfying

T
/ HZd(M), < o0, P-as.
0
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CHAPTER IV

Application to Finance

1. THE SIMPLE BLACK SCHOLES MARKET

1.aThe model. Consider a market trading only two securities, a bond with principal

one and a stock. Let us identify these securities with their price processes and let

B; and S; denote the prices of the bond and stock at time ¢ € [0,T] respectively.

Here T denotes the finite time horizon. All trading is assumed to stop at time 7.

We now make several assumptions about our market:

(a) Securities can be bought and sold short in unlimited quantities and are infinitely
divisible (that is, any fraction of a security can be bought or sold short).

(b) There are no transaction costs.

(¢) The bond and stock satisfy dB; = r(t)B,dt, By =1 and

0
dSt/St = /J,(t)dt + O'(t)th, S() =, ( )

respectively, where r,0 : [0,T] — R4+ and u : [0,7] — R are continuous functions
(deterministic processes), W is a Brownian motion on the filtered probability space
(Q,F,(F), P) and (F;) the augmented filtration generated by W. Recall that this
filtration is right continuous (11.2.£.0).

Clearly then B, = exp(fo r(s)ds). In our simple model the bond is nonstochas-
tic, that is, B; is a constant for all ¢ € [0, T]. Because of the nondecreasing nature of
By bondholders are subject to no risk. An investment in the bond can be liquidated
at any time without incurring a loss. Consequently r is called the risk-free rate
of return.

The equation for the stock price can also easily be solved. Recalling that

ot )th =d(oceW), We can rewrite it as dSy — p(t)Sidt = Sid(oeW),. Multiply
with m(t) = exp( fo ), set Xy = m(t)S; and use the stochastic product rule
to obtam dX; = Xud (O"W)t with unique solution X; = Xo&(ceW) (II1.4.b.1).
Observing that Xq = S and multiplying with m(t)~! = exp(f(f u(s)ds) this be-
comes

Sy = Sy exp (fo ds) Ei(oeW)
:Soexp(fo(u( — 20%(s )ds+f0 $)dWy).

Since here & (oo W) is a martingale with constant mean one and Sy = x a constant,
taking expectations yields E(S;) = Soexp( [ pu(s)ds) and we can thus regard pu(t )

(1)
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as the instantaneous expected rate of return on the stock S at time ¢. On the other
hand the equality d(log(S)): = o%(t)dt allows us to view o(t) as the instantaneous
percentage volatility of S at time ¢ (see I11.6.b).

An investment of 1/B; dollars into the bond at time zero grows to one dollar
at time ¢ in riskless fashion and so represents the value at time zero of one dollar to
be received at time ¢. Thus 1/B; is the discount factor allowing us to express prices
in constant, time zero dollars. For example SP = S;/B; is the stock price process
expressed in such constant dollars. This discounting eliminates an inflationary drift
in prices, which is a consequence of the fact that money is lent for interest, and is a
necessary first step toward transforming the price processes By, S; into martingales
with respect to some suitable equivalent probability measure Pg on Fp. Note that
the discounted bond BP = B;/B; = 1 is already a martingale in any probability
measure. A short computation involving the stochastic product rule yields

dSP = o (t)SP [o(t) ™ (u(t) — r(t))dt + dW]. (2)

1.b Equivalent martingale measure. To eliminate the drift (u—7)SP from 1.a.eq.(2)
set WP = f(f ~v(s)ds + Wy, where v = (u — r)/o (recall that o is assumed to be
strictly positive). Then dWP = o(t)~(u(t) — r(t))dt + dW; and so l.a.eq.(2) can
be rewritten as

dSE = o(t)SEawP. (0)

The expected rate of return p on the stock has disappeared. Equation (0) solves as
SP = So& (oo WB) (I11.4.b.1). Tt is now desirable to find a probability measure Pg
in which W2 is a Brownian motion, for then (0) can be regarded as the dynamics
of the process SP under the probability Pg and SP is a Pg-martingale.

Using I11.4.c.0 such a probability Pg is easily found. As WP = W, + fot ~(s)ds
it will suffice to determine Pp such that the density process M; = d(Pg|F;)/d(P|F:)
satisfies dM; = —(¢) M dWy, equivalently My = E(—yeW), for all ¢ € [0,T)]. Since
M and E(—+yeW) are both martingales on [0, 7] it suffices to have

T T
dd% =Ep(—yeW) = exp <_/0 ~v(8)dWs — %/0 'y(s)zds>

and this defines a suitable probability measure Pg on Fr. The condition v € L(W)
of II1.4.c.0 is satisfied since v is continuous.

The precise nature of this Radon-Nykodym derivative is not important. The
crucial property is the fact that dPg/dP > 0 and hence the probability measure
Pg is actually equivalent to the original probability measure P. We note

1.b.0. The discounted price processes BE = 1, SE are martingales with respect to
the probability Pg. y

For this reason Ppg is called the equivalent martingale measure. As S; = BtStB
equation (0) implies
dS;/Sy = r(t)dt + o(t)dWp. (1)
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Since W2 is a Brownian motion with respect to Pp, this equation is the dynamics
of S; under Pg. Note that the switch to the equivalent martingale measure Pp
has replaced the expected rate of return p of S under P with the risk-free rate of
return 7 on the bond. With respect to Pg the expected yield of every asset is the
risk-free yield r. This corresponds to a world where every investor is risk neutral:
the possibility of greater gain exactly compensates a risk neutral investor for greater
risk so that no expected return greater than the risk-free return is demanded of any
asset. In consequence Pp is also called the risk neutral probability. By contrast
the original probability P will now be called the market probability.

Remark. The nonstochastic nature of v implies that the Brownian motion W2 =
Wi + fot v(s)ds generates the same augmented filtration (F;) as the original Brow-
nian motion W. This is not generally the case for more complicated Girsanov
transformations and is important in the application of martingale representation
theorems.

1.c Trading strategies and absence of arbitrage. A trading strategy (dynamic
portfolio) is a predictable R?-valued process ¢y = (Ky, Hy), t € [0,T], satisfying
K € L(B) and H € L(S). This requirement ensures that the stochastic differentials
KdB and HdS are defined. Because of the special nature of our processes B and
S it is easily seen to be equivalent with the condition

T T
/ |Kt\dt+/ H}dt < 0o, P-as.
0 0

The process ¢ is to be interpreted as a continuously changing portfolio holding K,
units of the bond and H; units of the stock at time ¢. The coefficients K and H
are called the portfolio weights. Thus

Vi(¢) = Ky B, + HiS, (0)

is the price of this portfolio at time ¢. Such a portfolio is called tame, if the price
process V(o) is bounded below, that is, Vi(¢) > C > —oo, for all 0 < ¢ < T and
some constant C. Consider now a portfolio ¢ = (K, H) which holds a constant
number of shares of the bond and the stock except for a single rebalancing of the
portfolio at time ¢y; in other words assume that

Cfa_, t<t, (b, t<to,
Kt{a+, t>t, M HE 0 s,

where a_,a4,b_, b, are constants. The rebalancing at time ¢y will be called sel f-
financing, if money is neither injected nor withdrawn from the portfolio. In other
words the position at time ¢ is sold and the proceeds immediately invested into the
new position. This is of course equivalent with the requirement Vi, (¢) = a4 B, +
b4 S;, which in turn is equivalent with the equality

AVi(9) = Vi(¢) = Vip(9) = ay(Br — By,) + b4 (St — S,) = Ky ABy+ HiAS;,  t > to.

This leads to the following fundamental definition:
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1.c.0 Definition. The trading strateqy ¢ = (K, H) is called self-financing if it satis-

fies
dVi(¢) = K¢dBy + HydS;.

Such a strategy ¢ is to be interpreted as a portfolio which is continuously rebalanced
without injection or withdrawal of funds. A transfer of funds takes place only at
the time of its inception. The self-financing condition can also be written as

V() = Vo(9) —I—/Ot(KudBu b HudSy), te0,T].

Note that the discounted price process V,2(¢) = Vi(¢)/B; of a trading strategy
¢ = (K, H) has the form V,®(¢) = K; + H,SP.

1.c.1. let ¢y = (Ky, Hy) be a tame trading strategy. Then ¢ is self-financing if and
only if the discounted portfolio price process satisfies dV,P(¢) = Hy,dSE.

Proof. Write V; = Vi(¢). From V;® = K; + H,;SP and the stochastic product rule
it follows that
dV;? = dK; + H,dSP + SPdH, + d(H, S),. (1)

Observing that dS? = —rS,B; 'dt + B;'dS, we can write SP = S + [; dSP =
A; + (B~ teS);, where A is a continuous bounded variation process. Consequently
(H,SP) = (H,B~'eS) = B~'«(H,S), in other words d(H,S®), = B; *d(H,S);.
Thus (1) can be rewritten as

dVP = H,dSP + [dK, + SPdH, + B 'd(H, S),]. (2)

Similarly from V; = K;B; + H;S;, the stochastic product rule and the bounded
variation property of B,

d‘/; - thBt + Btth + thSt + Stht + d<H, S>t
= KidBy + HidS; + [BydKy + SidHy + d(H, S)4]
= K;dB; + HydS; + B, [dK; + SPdH, + B; 'd(H, S),].

Using (2) the last bracket can be rewritten as dV,? — H;dSP. Consequently
dVy = KdB; + H,dS; + B;(dV,” — H;dSP)

and 1.c.1 follows. j

Remark. Let us call a trading strategy ¢ static if it is (pathwise) constant, that is,
the coefficients K; = Ky and H; = Hy do not depend on t. Then, obviously,

AVy(¢) = d(KoB; + HoS,) = KodB; + HodS:,

that is, ¢ is self-financing. Let us now gather the crucial facts about self-financing
trading strategies:
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1.c.2. Let ¢ be a self-financing trading strategy. Then

(a) V;B(¢) is a Pg-local martingale.

(b) If ¢ is tame, then V,B(¢) is a Pg-supermartingale.

(c) If Vi(9) is a bounded variation process, then dVi(¢) = r(t)Vi(¢)dt.

Proof. (a) From dV,P(¢) = H;dSP we conclude that VZ(¢) = Vo(¢) + HeSP and
(a) follows. (b) A local martingale which is bounded below is a supermartingale
(I.8.a.7). (c) If V(o) is a bounded variation process the same is true of the pro-
cess V,P(¢) which is a Pp-local martingale and must therefore be constant in time
(1.9.b.1) and so dV,® = 0. It follows that

dV; = d(B,V;P) = VPdB, + BidV;P = r(t)B,V,Pdt = r(t)V,dt.

Remarks. Properties (b), (c) have interesting interpretations. A tame trading
strategy ¢ is a strategy which does not tolerate unbounded losses. In other words,
a maximum loss is known in advance. In this case, according to (b), Vi(¢) = B.Z;,
where Z; is a Pg-supermartingale. Thus, under the equivalent martingale measure
Pp, such a strategy is expected to do no better than the bond B.

If the price process V;(¢) has paths of bounded variation, then the strategy ¢
is called riskless. Thus property (c) states that a riskless self-financing portfolio
must earn the risk-free rate of return. In our model dV; = K;dB; + H;dS; =
K1dBi+pu(t) H Spdt+ o (t) H: StdW; and hence the risk-free property can only happen
in the trivial case o H = 0 but the same principle applies in more general models.

Arbitrage strategies. A trading strategy ¢ is called an arbitrage strategy if it is
self-financing and satisfies

Vo(¢) = 0,Vr(¢) > 0 and P(Vr(¢) > 0) > 0.

Such a strategy can be originated and maintained until time T" without funds, carries
no risk (Vr(¢) > 0) and leads to a positive payoff with positive probability.

It is generally believed that arbitrage strategies do not exist in real financial
markets. This belief is based on the conviction that the appearance of an arbitrage
strategy will lead market players to try to exploit it on a very large scale. This
trading will then move prices in such a way as to make the arbitrage opportunity
disappear.

Example 1.c.3 below shows that arbitrage strategies exist in our market. How-
ever we will be able to show that no tame arbitrage strategy exists (1.c.4). This
fact will be an immediate consequence of the existence of the equivalent martingale
measure Pp. The tameness condition means that a bound on the credit necessary
to maintain the strategy throughout its lifetime is known in advance.

1.c.3 Example. [KS, 1.2.3] Even when betting against subfair odds, winning
strategies can be found by sufficiently increasing the stakes on each bet. Let us
first bet repeatedly on the outcome X,, = +1 of a loaded coin labelled +1/ — 1
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with probabilities P(X,, = +1) = p, P(X,, = —1) = ¢, n > 1. Recalling that
2" = 14 2720 2% we bet 2"~ ! dollars on the nth throw of the coin. This nets
winnings of 1 dollar at time 7 = inf{n > 1| X,, =1}, where

- %) - - oo ne1._ 1 _ 1
E(T)onZOnP(Tfn)onzonq pip(l—q)gil—q<oo'
Even though the expected time to our winnings of 1 is finite, the stopping time 7
is not bounded and we must therefore be prepared to bet arbitrarily long. Likewise

intermediate losses are unbounded also.

In a continuous setting such strategies can be implemented on finite time in-
tervals [0, T]. Consider the simple Black Scholes market with r = ;4 = 0 and o = 1.
In this case By = 1, dS; = S dW; and S; = exp(W; —t/2), t € [0,T]. Note that the
assets B, S are already martingales with respect to the market probability P. The

stochastic integral
t
1
I(t) = ——dW;
0= | —=aw

is a local martingale on [0,T") with quadratic variation

D! T
<I>t —A T_SdS—log (H) .

Observe that s = log (T/(T —t)) if and only if ¢t = t(s) = T'(1 —e~*®) with increasing
t(s) : [0,00) = [0,T). It follows that J(s) = I(t(s)) is a continuous local martingale
on [0,00) with quadratic variation (J)s = (I);s) = s and hence is a Brownian
motion on [0,00). In particular p, = inf{s > 0] J(s) = @} < oo almost surely, for
each real number «. This in turn shows that

To=inf{t>0|I{t)=a}<T

and so I(T' A T4) = « almost surely. Now let ¢ = (K, H) be a trading strategy
satisfying Ky = I(t A 7o) — H¢St. Then

t
Vi(¢) = Ky + HiS; = I(t A 7o) = / (T — 5) 21 scr ) dWs,
0

especially Vo (¢) = 0, Vr(¢) = a and dVi(¢) = (Tft)*l/zl[tgm]th. From dB; =0
and dS; = S;dW; it now follows that the self-financing condition assumes the form

1
HtStth == thBt + thSt == dW(¢) == ﬁl[tﬁ‘ra]dwt

and this can be satisfied by setting H; = (St\/T — t)_ll[tSTa]. With K; defined
as above, ¢ is a self-financing strategy allowing us to reach an arbitrary amount

of « dollars at time T almost surely with no initial investment at time zero. This
strategy is not tame. In fact
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1.c.4. In the simple Black Scholes market tame arbitrage strategies do not exist.

Proof. Let ¢ be a tame, self-financing trading strategy with V.Z(¢#) > 0 and
VP (¢) = 0. Then V,P(¢) is a Pg-supermartingale, in particular Ep, (VF(¢)) <
Ep, (V(¢)) = 0. Therefore VZ(¢) = 0, Pg-as. and hence also P-as. Consequently
¢ cannot be an arbitrage strategy.

1.c.5. Let ¢ be a self-financing trading strategy. If Vir(¢) = 0 and |Vi(9)| < C,
t €[0,T], for some constant C, then Vi(¢) =0, for all t € [0,T].

Proof. Write V,B = V,B(¢) = Vi(¢)/B;. Then V,P is a Pp-local martingale which
is uniformly bounded and hence a martingale (1.8.a.4). From V,f = 0 and the
martingale property it now follows that V;® = 0, Pg-as. and hence P-as., for all
tel0,T]. y

1.c.6 Law of One Price. Let ¥, x be self-financing trading strategies and assume
that Vr(v) = Vr(x). If [Vr(¥) — Vr(x)| < C, t € [0,T], for some constant C, then
Vi(¥) = Vi) for allt € [0,T),

Proof. Apply 1.c.5 to the strategy ¢ = ¢ — x. 1
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2. PRICING OF CONTINGENT CLAIMS

2.a Replication of contingent claims. A contingent claim h maturing at time T is
an Fp-measurable random variable. The value h(w) is the payoff at time T of the
claim h in the state w € Q. It is assumed that our claim h has a payoff only at the
time T of maturity. The claim A is called a (European) option if it is nonnegative.

Note that h can be any measurable function of the entire path t € [0,T] —
Si¢(w). Thus we call the risky asset the asset underlying the claim h. The payoff
h is contingent on or in some way derived from the price process of the underlying
asset. In consequence contingent claims are also called derivatives.

Many contingent claims occurring in practice do not depend on the entire path
t € [0,T] — S¢(w) but are in fact deterministic functions h = f(St) of the stock
price St at the time T' of maturity only.

Examples of such contingent claims are the forward contract for purchase of
the asset at time T for a strike price K (h = f(St) = Sr — K), the European call
option on the asset S with maturity 7" and strike price K (h = f(S7) = (St —K)™)
and the European put option on the asset S with maturity 7" and strike price K
(h = £(S1) = (Sr— K)").

Replication and pricing. A self-financing trading strategy ¢ is said to replicate the
contingent claim h if it satisfies Vr(¢) = h and the discounted process V,2(¢) is a
Pp-martingale (rather than only a Pg-local martingale), equivalently if

V2(¢) = Ep, [h/Br | 7], forallt € [0,T]. (0)

The claim h is called replicable, if there exists a replicating strategy for h. Multi-
plying (0) with B; we obtain

Vi(¢) = BiEp, [h/Br | 7|, forallt € [0,T],

for each replicating strategy ¢ of h. This leads us to define the arbitrage price
m = m(h) of a replicable contingent claim h to be the process

mi(h) = BiEpy, [h/Br | 7|, forall t € [0,T]. (1)

In other words we set m;(h) = V;i(¢), where ¢ is any replicating strategy for h.
Consider such a strategy ¢ and let us see why this equality should hold at time
t = 0, that is, why we should have mg(h) = V;(¢) (the general case is argued in
section 4.a below).

Assume we wish to enlarge our market by trading the claim h according to
some price process ;. If mo(h) > Vi(¢) we sell short the claim h, go long the
strategy ¢ at time ¢ = 0 and invest the surplus into the riskless bond. This is a
self-financing strategy yielding the certain profit (mo(h) — Vo(#))Br at time T. If
mo(h) < Vo(¢) we follow the opposite strategy. In any case we have an arbitrage
strategy in the enlarged market which we wish to avoid.
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Note that this argument is not conclusive in the abstract generality of our
model, since in general only tame arbitrage strategies can be ruled out. However,
the price processes of all strategies that can be implemented in real financial markets
are bounded and hence tame.

Equation (1) is called the risk neutral valuation formula since expectations
are taken with respect to the risk neutral probability Pp rather than the market
probability P. Let us note that the arbitrage price m(h) is linear in h.

If the claim A is not replicable, then the arbitrage price of h is not defined.
If h is replicable, then h/Br = V(¢) for some Pg-martingale V,”(¢) and so in
particular h/Br is Pp-integrable. In our simple Black Scholes market the converse
is true also:

2.a.0. If the contingent claim h is Pg-integrable, then it is replicable.

Proof. Set My = Ep, [h/BT\ft]. Let ¢ = (K, H) be a trading strategy and write
V; = Vi(¢). Then ¢ replicates h if and only if Ky + H;SP = V,® = M,, for all
0 <t <T. It will thus suffice to determine the process H;, since we can then set
Ky = M, — H;SP.

To find H; recall that the self-financing condition for ¢ is equivalent with
dV,;P = H;dSP, that is in integral form, V,? =V + f; H,dSB, for all t € [0,T).
Combining this with the above we see that we must have

t
Mt:VtB:Vw/ H,dSE, vt elo,T).
0

This now indicates how to obtain the process H;. Recall that (F;) is also the
augmented filtration generated by the Brownian motion W;. By the martingale
representation theorem IT1.5.d.0 the (F;)-martingale M; can be represented as

t
M,; = My +/ JdWE  telo,T], (2)
0

for some predictable process J € L(W?B). Recalling that dSP = ¢ SEdW?E we can
rewrite (2) as My = My + fot Js/(0SP)dSE and so we want

t t
M0+/ JS/(oSf)dSSB:Mt:VoJr/ H.dSB,
0 0

for all ¢t € [0, T]. This implies that My = Vj and indicates that we should define
H,=J,/(088), K,=M,—H,S? and ¢= (K, H).

Then M; = My + fot H.dSB. Let us show that ¢ is a trading strategy, that is
K € L(B) and H € L(S). From the dynamics dS; = S;(udt + odW,) we conclude
that dug(s) = uSsds and d{S)s = 02S2ds. The process J € L(W?P) satisfies

i J2ds < 00,  Pp-as. (3)
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Thus [,/ H2d(S), = [, J?B2ds < oo and [ |H||dus(s)| = [y |0~ us|Beds <
o0, P-as., and so H € L(S). Likewise K, = M, — H,S? = M, — J,/o. From
(3) it follows that J € L(B) and the continuity of M (IIL.5.c.4) now implies that
K € L(B).

Directly from its definition the trading strategy ¢ satisfies V;2(¢) = M;, t €
[0,7]. In particular V,Z(¢) is a martingale. Moreover, for ¢t = T, it follows that
Vr(¢) = BrMr = h. Tt remains to be checked only that the strategy ¢ is self-
financing. Indeed from M; = My + [, H,dSP it follows that

dV;B(¢) = dM, = HidSP, as desired. }

Remark. Many actually traded derivatives are deterministic functions h = f(St)
of the price of the underlying asset at the time 7" of maturity of the derivative. As
we shall see later it is possible to derive explicit formulas for the hedging strategy
¢+ = (K, Hy) without relying on the martingale representation theorem.

A naive approach to derivatives pricing would try to compute the price ¢; of
the derivative at time ¢ as the expected payoff 7, = B; Bz " E [h|F;] of the derivative
at maturity T discounted back to time ¢.

However the arbitrage pricing argument shows that this conditional expectation
has to be computed with respect to the equivalent martingale measure Pp and
not with respect to the market probability P. In the simple Black Scholes model
Pp as constructed above is the unique eqivalent probability measure with respect
to which the price processes of the market assets are martingales.

Thus arbitrage pricing forces us to change the original probability to the equiva-
lent martingale measure Pg. We have already seen that this corresponds to passage
into a world where all investors are risk neutral and the expected yield on every
security is the risk-free yield.

Forward contracts and forward prices. The pricing of the forward contract for the
purchase of the stock S at time T for the strike price K is particularly simple. Here
h = f(St) = St — K. Recalling that SP is a Pg-martingale, the arbitrage price 7
of this contract is given by

7 = ByEp, [h/Br | F;] = BiEp, [Sr/Br | 7:| — KB,B;*
= BEp, [S? | 7t| - KB:B;"' = B,SP — KB,B;"
=S, — KB;By".

It is easy to give a self-financing, even static, portfolio replicating this forward

contract:
long: one share of S, short: K/Br riskless bonds.

The long position grows to St at time T while the short position grows to K at
time T'. The price of this portfolio at time ¢ is equal to V; = S; — KBthl and so
VP = 8P — K/Br is a Pg-martingale.
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The forward price F; of the stock S for delivery at time T is that strike price
F; = K which makes the value 7; of the above forward contract at time ¢ equal to
zero. Solving for K we obtain F, = S,B; 'Br = BrSE. This is nothing but the
price Sy transported forward from time ¢ to time 7" using the accrual factor B, !Br.
Since the discounted price process SP is a Pg-martingale, we can write this as

Fy = BrS{ = BrEp, [ST | Ft] = Ep, [St | Fi].

Forward price. The forward price Fy at time t of the stock S for delivery at time
T is given by Fy = S,B; 'Br = Ep, [Sr | F4].

European puts and calls. Let h = Sp — K be the forward contract for the purchase
of one share of S at strike price K at time T. Then the claim h*t = (S — K)T is
called the European call on S with strike price K exercisable at time 7. Obviously
this is the value at time T of the right (without obligation) to purchase one share of
S for the strike price K. Likewise the claim h~ = (Sp — K)~ is called the European
put on S with strike price K exercisable at time 7" and is the value at time T of
the right (without obligation) to sell one share of S for the strike price K.

Recalling that the arbitrage price m;(h) is linear and observing that h = bt —h~
yields the following relation for the call and put price processes C; = m;(h™) and
P, =m(h™): S — KB;B;' = m(h) = mi(ht) —m(h™) = Oy — P;. In short we have
the so called

Put-Call Parity. S; + P, — C; = KB;By", for allt € [0,T).

2.b Derivatives of the form 4 = f(S7). Consider a contingent claim h of the form
h = f(Sr), where f : R — R is some function and assume that h € L!(Pg). Then
h is replicable and we will now try to compute the arbitrage price process

mt(h) = B:Epy,[h/Br | Fi] = B¢B;' Ep, [h|F). (0)

Since here expectations are taken with respect to the equivalent martingale measure
Pg it will be useful to start from the dynamics

dS;/Sy = r(t)dt + o (t)dW}r

(1.b.eq.(1)) driven by the Pp-Brownian motion W/ with solution

S, = Sy eap (/Otr(s)ds _ %/Ot o2 (s)ds + /Ot a(s)de) . (1)

Let t < T and write

Sp =25, (‘Z—f) =5, exp(/tTT(s)ds — % /tT o?(s)ds + /tTU(s)dWSB)
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Setting
1/2

R(t,T) = [/ r(s)ds and Z(t,T):(ftTaz(s)ds) ,

we can rewrite this as

S’ 1
Sr =S, (ST) = S;exp <R(t,T) - 522(@ T)+ 2(t,T)Y> , (2)
t
where Y = X(¢,T)~ ft YAWEB. According to I11.6.a.2 the stochastic mtegral
f : s)dW 5B is anormal random variable with mean zero and variance ft (s)ds =

¥2(t, T) Consequently Y is a standard normal variable under the probability Pg
which is independent of the conditioning o-field F; in (0) (IIL.6.c.2). Writing h =
f(Sr) = f (Seexp (R(t,T) — £%(t,T) + X(¢,T)Y)), (0) becomes

7 (h) = B,B;'Ep, {f <St exp (R(t,T) - %22(@ T)+ 2(t,T)Y>) |]-“t} .

Since here S; is F;-measurable while Y is independent of the o-field F; this condi-
tional expectation can be computed by integrating out the variable Y according to
its distribution P (dy) under the probability Pg (I1.2.b.11); in other words

m(h) = BBy /R f (st cxp (R(t,T) - %ZQ(t,T) 3, T)y)> PE(dy)
= F(t,S;), where

F(t,x) = BB} /Rf (x -exp (R(t,T) — %Ez(t,T) + E(t,T)y>) PE(dy).

Recalling that B;B;"' = exp(—R(t,T)) we can write

F(t,x) = exp(—R(t,T))Ep, {f (z -exp (R(t,T) - %Ez(t,T) + Z(t,T)Y)ﬂ .

In this form the precise nature of the probability Pg is no longer relevant. It
is relevant only that Y is a standard normal variable under Pg. Thus we can
summarize these findings as follows:

2.b.0. Assume that the derivative h = f(St) satisfies h € L*(Fr,Pg). Then the
arbitrage price wy(h) can be written as m(h) = F(t,S:), where

F(t,z) = exp(—R(t,T))E [f <x -exp (R(t,T) — %EQ(t,T) + E(t,T)Y))} . (3)

for some standard normal variable Y . g

The function F'(¢, z) will later be seen to satisfy certain partial differential equations.
We should think of F'(¢,z) as the price of h at time ¢ given that S; = x.
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European call. We are now in a position to the derive the Black-Scholes formula
for the arbitrage price m¢(h) of a European call h with strike price K and maturity
T. Here f(u) = (u — K)* and multiplying through with the leftmost exponential
in (3) yields m(h) = F(t,S;), where

F(t,z)=E [(x cexp[ D, T)Y — 15(t,T)%] — Ke_R(t’T)>+] : (4)

for some standard normal variable Y. Evaluating F'(¢,z) using II1.6.c.0 with ¥ =
¥(t,T) and R = R(t,T) we obtain

F(t,z) =z N(dy) — Ke BT N(dy) = e BED) [g N(dy) — K N(dy)],

where g = zefitT)

g loglg/K) + 55(1,T)?
' S(t,7) ’

log(g/K) — 3%(t,T)?
S 1)

dy =dy — N(t,T) =

and N(d) = P(Y < d) is the standard normal distribution function. To find the
Black-Scholes call price replace = with S, and note that then g = SefitT) =
StBt_lBT becomes the forward price F; = StBt_lBT of the asset S at time t. Thus

2.b.1 Black-Scholes call price. The European call h = (St — K)t has arbitrage
price Cy = S;N(dy) — Ke RGN (dy) = e BT [F, N(dy) — K N(da)], where

g _ log(F/K) + 5 2(1,T)

do log(Fy/K) — 5 X(t,T)?
! (¢, T) ’ -

5 2
(. T)

and Fy = S;e®T) = S, B By is the forward price at time t of the underlying
asset S for delivery at time T .

Remark. Alternatively this can be written as C; = F'(t,.S;), where

F(t,x) = xN(dy) — Ke  F&TI N (dy),

_ log(x/K) + R(t,T) + 15, T)? and d, = log(z/K) + R(t,T) — %E(t,T)Q'

d S(t,T) (. T)

Here F(t,x) is the price of our call option at time ¢ given that S; = x.

European put. Solving in the put call parity Sy + P, — Cy = Ke F®T) for the put
price P; and using 1 — N(d) = N(—d) yields

P, = ¢ BOT) [K N(—d3) — F; N(—d1)],

where d; and dy and F; are as in 2.b.1. More examples will be treated below in the
context of stochastic interest rates (examples 4.d.2, 4.d.3, 4.d.4).
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Historic volatility. A crucial input in the evaluation of the call price 2.b.1 is the
quantity X(¢,T). Assume that S follows the dynamics dS; = p(t)Sidt + o (t) S dW,
under the market probability P (the volatilities of S under P and Pg are the same).
Then dlog(S;) = (u(t)—10(t)?)dt+o(t)dW, (111.6.a.0) and so d(log(S)): = o(t)?dt.
Consequently

2t T) = /t o(s)ds = (log(8)){ = (log(8))r — (log(S))e

is the aggregate volatility of log(S), that is, the aggregate percentage volatility of
the stock price S over the remaining life of the call option (the interval [¢,T]). Thus
an application of 2.b.1 at time ¢ necessitates the prediction of the future aggregate
volatility (log(S))7 .

Let us assume now that u(t) = p and o(t) = o are constant. Then ¥(¢,T) =
o+/T — t and the problem of predicting (log(S))? becomes the problem of estimating
the parameter o. Under the restrictive assumptions of our model this can be done
by using historic observations of the stock price S;. If u(t) = p and o(t) = o, then
log(S:) = log(So) + (1 — 30%)t + oW and so, for tj, < tji1,

10g(St,,) —log(Se,) = (b — 50%) (ter — tr) + (Wi, — Way).

From this it follows that the return log(Sy,.,) — log(S,) over the interval [ty, tx11]
is normal with mean m = (u — £0%)(tj41 — tx) and variance s = 02(t;41 — tx).
Now split any past time interval [a, b] of length b—a = T —t into N subintervals
[tk,tk+1] of equal length t41 —tp = J. Set X = log(StkH) — log(Stk). Then the
X, are independent normal variables with identical distribution N ((u— %02)(5, 025).
Thus the observed values of the X} can be viewed as independent random draws
from a normal distribution with variance ¢25. The standard statistical estimator

for this variance is the quantity
1 N-1 — 1 N-1 —2
2¢ & X2 — — 2 _
0% = Zk:o (Xi = X)* = & >, Xi-X,

where X = % ivz_ll Xj. It is convenient to use the denominator IV rather than

N —1 as is usual. Here X 2 (1 — $0?)§ and so X7 is very small if ¢ is small. This
term can therefore be neglected and we estimate

1 N-1
2¢ 1 2
o0 = N Zk:l X,
Multiplying with N and observing that Né = T — ¢t we obtain the predictor

(log(S)T =0T —1) =3 XE=3"" (log(Si,.,) ~log(S,))’

k=1

in pleasant agreement with the definition of this quadratic variation.
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2.c Derivatives of securities paying dividends. So far we have assumed that the
stock S does not pay a dividend. This was important in the definition of a self-
financing trading strategy, which in turn is the basis for arbitrage arguments. When
considering opportunities for riskless profit the dividend stream accruing to the
holder of an asset paying dividends must be taken into account.

Let us assume now that the asset S pays a dividend continuously at the yield
q(t) assumed to be a deterministic function of time. In other words we assume that
the dividend process D, satisfies

Here D; is to be interpreted as the total amount of dividend received up to time ¢.
An example of such an asset is a foreign currency. In this case ¢(t) is the foreign
risk-free rate.

A trading strategy ¢, = (Kt, Ht) holding K units of the riskless bond and H;
units of the dividend paying stock S at time ¢ will now be called sel f-financing,
if the corresponding portfolio price process V;(¢) = KBy + H.S; satisfies

dVi(¢) = K dB; + HydS; + q(t)H S dt.

Set Q(t,T) = fth(s)ds, Ay = e QD) and S} = AS; = S;e=QWT). Then A, is
a nonstochastic, bounded variation process satisfying dA; = ¢(t)A:dt and Ar = 1.
Using the stochastic product rule and 1.a.eq.(1) we have

dStl = AtdSt + StdAt = AtdSt + q(t)AtStdt
= Ay Sy [p(t)dt + o (t)dWy] + q(t)AeSedt (0)
= S [(ult) + a(t))dt + o (1)dW).
Thus S} follows a geometric Brownian motion with time dependent nonstochastic
parameters. We can thus view S} as the price process of a new stock. Let 1, =

(Kt, Ht/At) be a trading strategy taking positions in the bond and the new stock
S}. The corresponding price process V; (1)) satisfies

Vi) = KBy + (Ht/At)Stl = KB, + HiS; = Vi(¢),

that is, ¢ and v have the same price process. From (0) it follows that dS} =
Ay (dSy + q(t)S.dt). If ¢ is self-financing, then

dVi(¢) = dVi(¢) = K1dBy; + Hy(dS; + q(t)Sqdt)
= KdB; + (H;/A4)dS} .
This is the self-financing condition for the trading strategy v if the new stock S} is

assumed to pay no dividend. Let us call the asset S* the dividend- free reduction
of S. Then we have seen:
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For each self-financing trading strategy ¢, = (K, H;) taking positions in the
dividend paying asset S the corresponding trading strategy ¢; = (Kt, H; /At) taking
positions in the dividend-free reduction S' of S is also self-financing and satisfies
Vt(w) = Vt((b)’ le [OvT}

Let now h = f(St) be any derivative of the dividend paying asset S; which
depends only on the terminal value of S. Because of A7 = 1 we have Sy = Sk.
Thus h = f(S7) = f(S%) is the very same derivative of the dividend-free reduction
Stof S.

If the trading strategy ¢ replicates the derivative h = f(St) then the trading
strategy v replicates h = f(SL) viewed as a derivative of S*. Thus, letting ¢,
respectively ¢{ denote the arbitrage price processes of h = f(Sr) = f(S%) consid-
ered as a derivative of the dividend paying asset S respectively of the dividend-free
reduction S' of S, we have

¢t = Vi(¢) = Vi() = ¢, t€[0,T].

If explicit formulas are already known for the case of a dividend-free asset, the price
process c¢; of h as a derivative of a dividend paying asset S can be obtained by
simply replacing S; with its dividend-free reduction S} and using the corresponding
formulas for S}. Consider the following examples:

Forward price. The forward price F; (at time t) for delivery of S at time 7" is the
strike price K which makes the value of the forward contract on S maturing at time
T equal to zero. This forward contract is a derivative h = f(St) = S — K of S;
of the above form. Thus the forward price F for delivery of S at time T' equals the
forward price F! for delivery of the dividend-free reduction S' of S, that is,

Ft — Ftl _ StleR(t’T) _ SteR(t,T)fQ(t,T).

European calls and puts. Replacing S; with S} in 2.b.1 amounts to replacing the
forward price Fy = S;eftT) with F} = SleftT) = §,eRET)=QMT) wwhich is the
forward price of S; as a dividend paying asset. Thus we see that the formulas 2.b.1
of the European call and put prices remain unchanged in the case of a dividend
paying asset (when expressed in terms of the forward price F} of this asset):

C,=e BEDIF, N(dy) — K N(d2)], Pi=e OO [K N(—dy) — F, N(—dy)],

log(Fy/K) + ST log(Fi/K) = L S(t.T)?
S(t,7) and @@= S(t,7) ’

where d; =

the only difference being in the computation of the forward price F' of S for delivery
at time T: F, = S,eRtT)-Q®T),

In the computation of the forward price the change from a dividend-free asset to
a dividend paying asset can simply be made by replacing the risk-free yield r(t) with
the difference r(t) — q(t). Note carefully however that the European call and put
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prices for a dividend paying asset cannot be obtained from those of a dividend-free
asset by simply replacing r(t) with r(t) — q(¢).

Equivalent martingale measure: In the case of a dividend-free asset the equiv-
alent martingale measure Pg made the discounted price process of the asset into a
martingale with the crucial consequence being that the discounted price process of
a self-financing trading strategy ¢ is a Pg- local martingale (and a martingale under
suitable, not very restrictive conditions on the coefficients K;, H; of ¢). Thus an
appropriate notion for an equivalent martingale measure in the case of a dividend
paying asset is as an equivalent probability with respect to which the discounted
price processes of self-financing trading strategies taking positions in this asset are
local martingales.

Because of the equality V;2(¢) = V,B (1), where ¢ and 1 are as above, this will
be true of an equivalent martingale measure for the dividend-free reduction S* of
S. Since the price process S} satisfies

4S} = S} ((u(t) + a(t))dt + o(t)dIWy)

this equivalent martingale measure Ppg replaces the yield 1(t)+¢(t) of the dividend-
free reduction S} of S; with the risk-free yield r(t). Equivalently, Pg replaces the
yield p(t) of Sy with the difference r(t) — ¢(t).

With this notion of equivalent martingale measure Pp the forward price F' of S for
delivery at time 7" can again be written as

F, = F} = Ep,[SHF] = Ep, [Sr|F],

exactly as in the dividend-free case (recall S} = Sr).

Put call parity. Since European puts and calls on S have the same price processes
as the corresponding puts and calls on S!, the put call parity assumes the form
S} + P, — C; = Ke  B(T)  that is,

Ot — Pt = SteiQ(t’T) — K@iR(t’T).
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3. THE GENERAL MARKET MODEL

Let T > 0 be finite, (2, F, (Ft)ieo,r+], P) a filtered probability space, F = Fr-.
The filtration (F;) is assumed to be augmented and right continuous and the o-
field Fy is trivial and hence all Fp-measurable random variables constant. This is
in accordance with our intuition that at time ¢ = 0 (the present) the values of all
processes can be observed and are thus not subject to uncertainty.

Recall that our theory of stochastic integration can handle only continuous
integrators. Some naturally occurring local martingales M however are not nec-
essarily continuous. This is the case for instance if M; = d(Q|F;)/d(P|F;) is the
density process of an absolutely continuous measure () << P on F. This process
is merely known to have a right continuous version with left limits. In order to
force such processes into the scope of our integration theory, we make the following
assumption, which is not uncommon in the theory of mathematical finance:

3.0 Assumption. (F3) is the augmented filtration generated by some (not necessarily
one dimensional) Brownian motion.

In consequence every (F:)-adapted local martingale is automatically continuous
(I11.5.c.4).

3.a Preliminaries. Recall the conventions of III.6.e regarding processes with fi-
nite time horizons and let S denote the family of all continuous semimartingales
on (€, F, (Ft)iep,r+), P) and S, denote the family of all semimartingales S € S
satisfying S(t) > 0, P-as., for all ¢ € [0,T*].

To deal with markets trading infinitely many securities we need a slight ex-
tension of the vectorial stochastic integral of section II[.2.f. Let I be an index set,
not necessarily finite, and let ST denote the family of all vectors B = (B;);cr, with
B; € S, foralliel.

For B € S let L(B) denote the family of all vectors 6§ = (6;);c; such that
0; € L(B;), for all i € I, and 6; # 0, for only finitely many ¢ € I. Note that L(B)
is a vector space. If § € L(B), the integral process Y = [0 -dB = B is defined
asY =0eB =3, 0;¢B;, that is,

V)= [ o) aBe =3, [ 0e)ai0) 0

(the sum is finite). Here the stochastic differential dB is interpreted to be the
vector dB = (dB;);cr and the stochastic differential § - dB = )", 6;dB; is computed
as expected. As in the one dimensional case the equality dY = 0 - dB is equivalent
with Y (¢) = Y(0) + (6« B)(¢).

The vector valued process 6 = (0;);c; is called continuous, progressively
measurable and locally bounded if each component #; has the corresponding prop-
erty. If 8 is progressively measurable and locally bounded and satisfies 8; = 0, for all
but finitely many ¢ € I, then € L(B) and this condition is satisfied in particular
if 6 is continuous.
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Call B a local martingale if each component B; is a local martingale. In this
case set L} (B) = L(B) and let A*(B) and L*(B) denote the space of all vectors
0 € L(B) such that 0; € A?(B;) respectively §; € L*(B;), for all i € I. Then
L*(B) C A*(B) C L}, .(B) = L(B).

Assume that B is a local martingale. If § € L(B), then Y = feB is a local
martingale. If § € L?(B) (§ € A?(B)), then Y = feB is a martingale in H? (a
square integrable martingale). All this follows from the corresponding facts in the
one dimensional case.

We now have two versions of the stochastic product rule for vectorial stochastic
differentials. Assume that 6, B € ST and 6; = 0, for all but finitely many i € I.

Then § - B =", 0;B; is defined and we have
d(0-B)=0-dB+ B-df+d9,B),

where (§,B) = >_,(6;,B;). If ¢ € S and B € S’ then (B € S’ and we have the
vectorial equation
d(¢B) = {dB + Bd{ + d(¢, B), (1)

where (£, B) is the vector ((f, Bi>)iel and Bd¢ is the vector (Bidf)iel. This follows
simply from the one dimensional stochastic product rule applied to each coordinate.
If Y =0eB, then (£,Y) = 0 (¢, B), equivalently

d <£v Y>t = e(t) ’ d<§7 B>ta (2)
with d(¢, B) = (d(f,Bi>)i61 as above.

3.b Markets and trading strategies. A market is a vector B = (B;);c; of contin-
uous, strictly positive semimartingales B; € S; on the filtered probability space
(0, F, (Ft)tepo,r+), P). Here I is an index set, not necessarily finite. The number
T* is the finite time horizon at which all trading stops. The semimartingales B; are
to be interpreted as the price processes of securities, which are traded in B, with
B;(t) being the cash price of security B; at time t. We will call X a security in B,
if X = B, for some i € I. The probability P will be called the market probability
to be interpreted as the probability controlling the realization of events and paths
observed in the market. We make the following assumptions:
(a) The securities in B do not pay dividends or any other cashflows to their holder.
(b) Our market is frictionless and perfectly liquid, that is, there are no transaction
costs or trading restrictions, securities are infinitely divisible and can be bought
and sold in unlimited quantities.

Trading strategies. A trading strategy 6 in B is an element § € L(B) to be inter-
preted as follows: the strategy invests in (finitely many of) the securities B;, i € I,
with 6;(¢) being the number of shares of the security B; held at time ¢. The value
(cash price) V;(0) of this portfolio at time ¢ is given by the inner product

Vi) = (0-B)(t) = 3 6:(0)By(1).

7
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Note that the integrability condition ; € L(B;) is automatically satisfied if ; is
locally bounded, especially if 6; is continuous. If the market B is allowed to vary, we
will write (6, B) to denote a trading strategy investing in B and V;(6, B) to denote
its value at time ¢. Thus L(B) is the family of all trading strategies in B and this
family is a vector space.

A trading strategy 6 is called nonnegative respectively tame, if it satisfies

Vi(0) > 0, respectively, V4(0) >m > —oo, P-as.,

for all t € [0, 7] and some constant m. The existence of a lower bound for the value
of a tame strategy means that an upper bound for the credit necessary to maintain
the strategy during its entire life is known at the time of its inception. A linear
combination with nonnegative, constant coefficients of tame (nonnegative) trading
strategies is itself a tame (nonnegative) trading strategy.

As a simple example consider optional times 0 < 71 < 79 < T™ and recall that
J71, 2] denotes the stochastic interval { (w,t) € @ x Ry | m(w) < t < ma(w) }.
Consider the following trading strategy investing only in the asset B; with weight
0; = 197, 7,7 (0 = 0, for i # j). This strategy buys one share of B; at time 7 (w)
and sells at time 75(w). Because of assumptions (a) and (b) the cumulative gains
in this position up to time ¢ are given by

G(t):B](t/\Tg)fBJ(t/\Tl):/O QJ(S)dBJ(S):A Q(S)dB(S)

By linearity the cumulative gains up to time ¢ from trading according to a trading
strategy 6, which is a linear combination of strategies as above, is similarly given
by the stochastic integral G(t) = fot 0(s) - dB(s). By approximation a case can be
made that this integral should be so interpreted for every trading strategy 6 € L(B)
(IT1.2.c.7 and localization). This motivates the following definition: The strategy 6
is called self-financing (in B) if it satisfies

V4(0) = Vo (0) + /(:9(5) -dB(s), te€][0,T7]. (0)

Note that this can also be written as V;(8) = Vy(6) + (f*B)(t). Thus the self-
financing condition means that the strategy can be implemented at time zero for
a cost of (0) - B(0) and thereafter the value of the portfolio evolves according
to the gains and losses from trading only, that is, money is neither injected into
nor withdrawn from the position. From (0) it follows that V;(#) is a continuous
semimartingale. In differential form the self-financing condition can be written as

dVi(0) = 0(t) - dB(t), equivalently, d(0-B)(t) = 6(t)-dB(t).

A linear combination with constant coefficients of self-financing trading strategies
is itself a self-financing trading strategy.
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The simplest example of a self-financing trading strategy 6 is a buy and hold
strategy: At time zero buy 6;(0) shares of security B; and hold to the time horizon.
Here the coefficients 6; are constants and the self-financing condition d(6-B) = 0-dB
follows from the linearity of the stochastic differential.

Arbitrage. A trading strategy 6 is called an arbitrage, if it is self-financing and
satisfies Vo(6) = 0, Vi« (0) > 0, P-as., and P(Vp«(6) > 0) > 0. Thus such a strategy
can be implemented at no cost and allows us to cash out at time 7™ with no loss
and with a positive probability of a positive gain (free lunch). Such strategies can
be shown to exist in very simple, reasonable markets (see example 1.c.3). Thus,
in general, arbitrage can be ruled out only in restricted families of self-financing
trading strategies.

Let S(B) denote the family of all tame, self-financing trading strategies in B.
Note that S(B) is a convex cone in the space L(B) of all trading strategies in B. If
the market B is a local martingale, let S?(B) denote the family of all self-financing
trading strategies § € L?(B) and note that S?(B) is a subspace of L?(B).

Let us now develop the simplest properties of self-financing trading strategies.
Since a trading strategy 6 invests in only finitely many securities in B we assume
(for the remainder of section 3.b) that the market B = (B, Bs,..., By) is finite.
For a process £ € S we set B = (£B1,...,¢B,).

3.b.0 Numeraire invariance of the self-financing condition. Let £ € S; and 0 €
L(B)NL((B). Then 6 is self-financing in B if and only if it is self-financing in the
market £B.

Proof. By assumption 6 is a trading strategy in both B and £ B. Assume now that
0 is self-financing in B. Then (6 - B)(t) = (0 - B)(0) + (8¢ B)(t), thus ({,0 - B) =
(€,00B) =6e(¢,B) and so d(£,0- B) = 0-d(£, B). To see that 6 is self-financing in
the market B we have to show that d(6 - ((B)) = 0 - d((B). Indeed

d(9-(¢B)) = d(£(9- B)) = £d(6- B) + (9 B)d¢ + d{¢,6 - B)
=¢0-dB +0 - (Bd¢) +0 - d(¢, B)
— 0. [¢dB + Bd¢ + d(¢, B)] = 0- d(¢B).

Thus 0 is self-financing in the market ¢B. The converse follows by symmetry (re-
place £ with 1/¢ and B with £B). |

Remarks. (a) The market (B can be viewed as a version of the market B, where
security prices are no longer cash prices, but are expressed as a multiple of the
numeraire process 1/&: B(t) = (£(t)B(t)) (1/£(¢)). In this sense 3.b.0 shows that
the self-financing condition is unaffected by a change of numeraire.

(b) If 0; € L(§), i =1,...,n, then 6 € L(B) if and only if § € L({B). See I11.3.c.4.
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3.b.1 Corollary. Let j € {1,...,n} and assume that § € L(B) N L(B/B;). Then 6
is self-financing in B if and only if

-0 o o [oon(2)). o

i#j

Proof. 0 is self-financing in B if and only if 0 is self-financing in B/B; which is
equivalent with

B(t) B(0) " B ,
0(t) - B = 6(0) B;(0) +/0 0;(s) - d (B_]) (s), equivalently,
S B;(t - B;(0 - ¢ B;
>-005 = S0 g+ [ i (5) )
Noting that d(B /Bj ) = 0, for i = j, this is equivalent with
B (t)

)+ 0:(t) t) (0)+ Y 6:(0) g+2/9 ( )(),

i#] i#] i#]

which, after rearrangement of terms, is (1). |

Remark. This means that the coefficients 6;, ¢ # j, of a self-financing trading strat-
egy can be chosen arbitrarily if the coefficient 0; is adjusted accordingly. In more
practical terms, the security B; is used to finance the positions in the remaining
securities.

3.c Deflators. A process £ € S is called a deflator for the market B = (B;), if £B;
is a P-martingale, for each ¢ € I. The market B is called deflatable (DF) if there
exists a deflator ¢ for B.

Similarly a local deflator for B is a process & € Sy such that £B; is a P-local
martingale, for each i € I. The market B is called locally de flatable (LDF) if it
admits a local deflator &.

3.c.0. Let & be a local deflator for B and 0 be a self-financing trading strategy in the
market B. If 0 € L(EB), then £(t)Vi(0) is a local martingale.

Proof. Assume that 6 € L((B). By the numeraire invariance of the self-financing
condition 6 is also a self-financing trading strategy in the market {B. Thus

E(6)Vi(6, B) = £(1)8(1) - B(t) = Vi(8.£B) = V(6. £B) + / 6(s) - d(EB)(s)

and the result now follows from the fact that £B is a vector of local martingales
and hence the integral process fe(£B) a local martingale. j

Remark. If 6; is the buy and hold strategy investing in Bj, then V;(0;) = B;(t) and
&Vi(8;) is a local martingale by definition of a local deflator for B. Thus 3.c.0 can
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be viewed as an extension of this property to certain other self-financing trading
strategies. The buy and hold strategy 6, is in L(£B) since it is continuous and
hence locally bounded. However, in general L(B) # L({B), that is, the markets B
and £B do not have the same trading strategies.

Note that each deflator £ for B is also a local deflator for B. If B admits a
local deflator £, then certain arbitrage strategies in B are ruled out:

3.c.1. If € is a local deflator for B, then there are mo arbitrage strategies in the
spaces S?(EB) and S(¢B).

Proof. If 0 € S(¢B), then Vi(6,£B) = Vo(60,€B) + (0 (£B))(t) is a P-local martin-
gale which is bounded below and hence is a supermartingale (1.8.a.7). If 0 € S%(¢B),
then V;(0,£B) is a square integrable P-martingale. In every case V;(6,£B) has
a nonincreasing mean. Thus Vp(0,£B) = 0 and Vp«(0,£B) > 0 combined with
E(Vr-(6,6B)) < E(Vy(6,6B)) = 0 implies that Vp«(0,£€B) = 0, P-as. Thus 0
cannot be an arbitrage strategy in the market ¢B.

3.c.1 rules out arbitrage strategies in S?(¢B) and S(£B). Now assume that
6 is an arbitrage strategy in B. Then 6 will be an arbitrage strategy in S?(¢B)
respectively S(¢B) if it is an element of S?(¢B) respectively S(€B). This follows
from V;(0,¢B) = £(t)V:(0, B). By the numeraire invariance of the self-financing
condition 6 will be in S?(¢B) whenever it is in L?(¢B). If 6 is in S(B) it need
not be in S(¢B) even if it is a trading strategy in the market ¢B. If V;(6, B) is
bounded below, the same need not be true of V;(6,£B) = £(t)Vi(0, B). However if
Vi(0,B) > 0, then V;(0,£B) > 0. Thus, if 6 is a nonnegative trading strategy in
S(B) N L(¢B), then 0§ € S(¢B). Note that the integrability condition 6§ € L(B) is
automatically satisfied (for every market B) if the process 6 is locally bounded.

Consequently 3.c.1 rules out the existence of arbitrage strategies 6 in B which
either satisfy 6 € L?(£B) or which are nonnegative strategies satisfying 6 € L(¢B).
Example 1.c.3 shows that arbitrage can occur even in a very simple market B with
deflator £ = 1, i.e., in which the securities are already martingales under the market
probability P.

For the remainder of section 3.c, let B = (By, B1,. .., By) be a finite market
and let us develop conditions for the existence of a local deflator £ for B. Recall
that the compensator uyx of a process X € § is the unique continuous bounded
variation process such that ux (0) = 0 and X —ux is a P-local martingale. Similarly
the multiplicative compensator Ux of a process X € S, is the unique positive
continuous bounded variation process such that Ux(0) = 1 and X/Ux is a P-local
martingale. The compensator uyx and multiplicative compensator Ux are related
by

dux  dUx

¥~ . (Lafo). (0)
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3.c2. Let X € S andY € §. Then the equality ux = —(X,Y) is equivalent with
Ux = exp (—(log(X),Y)).

Proof. The second equality is equivalent with log(Ux) = —(log(X),Y). As both
processes vanish at zero this is equivalent with dlog(Ux) = —d{log(X),Y’). Using
that Ux is a bounded variation process and III.3.c.2.(b) this can be written as
dUx (t)/Ux (t) = —X; 'd(X,Y), equivalently (using (0)), dux (t) = —d(X,Y);. As
both ux and (X,Y) vanish at zero this is equivalent with ux = —(X,Y). |

3.c.3. Letj€{0,1,....,n}, & C € Sy and assume that {B; is a P-local martingale.
Then the following are equivalent:

(a) £C is a P-local martingale.

(b) uep;, = —<Q 109(53')>
(c) Ucyp, = exp( (log (55, log(€B;) )
Proof. The equivalence of ( ) and (c¢) follows from 3.c.2. Let us now show the
equivalence of (a) and (b). Write {C' = (C/B;)(£B;) and note that uep, = 0.
Thus, using I11.3.c.3.(a) and II.3.c.2.(c),
dch = du(C/Bj)(fBj) = (C/Bj)dﬂgBj + gBjduC/Bj + d<C/Bj,€Bj>
= £Bj[ducys, + (€B;)'d(C/B;,£B;)]
= {Bjducyp, + d(C/Bj,log(£By))]
= {Bjd[ucyp; + ((C/Bj,log(€B)))].-
The equivalence of (a) and (b) follows since £C' is a P-local martingale if and only
if dugc = 0.
3.c4 Theorem. Fiz j € {0,1,...,n}. Then the market B is LDF if and only if
there exists a process £ € S such that
uco/B;, = —<Q,log(§Bj)>, equivalently
Uc/p, = exp( <log( ) log({B; )>)

for all C = By, By, ..., B,. Moreover if § is such a process then {/Uep, is a local
deflator for B.

Proof. The equivalence of the equalities in (1) follows from 3.c.4. If B is LDF and
¢ alocal deflator for B (consequently {B; a local martingale), then 3.c.5 yields (1)
for all C' = Bl7B2’ N .,Bn.

Conversely assume that £ € Sy is a process satisfying

wesm, = (5 log(€B))), 2)

for all C' = By, B1,...,B, and set ( = f/UEBj. We must show that ¢ is a local
deflator for B. Note first that (B; is a local martingale. Moreover log(¢(B;) =
log(§B;)—1log(Uep,; ), where the process log(Uep; ) is a continuous bounded variation
process. Consequently (2) still holds when ¢ is replaced with ¢ since this does not
change the quadratic variation on the right. Thus 3.c.3 implies that (C' is a local
martingale, for all C' = By, By,...,By. 1

(1)
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3.d Numeraires and associated equivalent probabilities. Assume that ¢ is a local
deflator for the market B, that is, {B is a P-local martingale. Let A € S; and
set X4(t) = X(t)/A(t), for each process X € S. Then the market B4 = (BA(t));
can be viewed as a version of the market B where the prices of securities are now
expressed as multiples of the numeraire process A rather than as cash prices. The
numeraire A need not be a security in B.

Assume that £A is a P-martingale. Define the measure P4 on F = Fp« as

PA(E) = Ep [((€A)(T™)/(£A)(0))1g], for all sets E € F.

Then P4 is absolutely continuous with respect to P with strictly positive Radon-
Nikodym derivative
dPa/dP = (€A)(T™)/(£A)(0). (0)

Consequently the measure P4 is equivalent to P. Set

Za(t) = (EA)(t)/(€A)(0), te[0,T7].
Then Z, is a P-martingale with Z4(0) =1 and so Ep[Za(T*)] = Ep[Z4(0)] = 1.
It follows that P4 is a probability measure. Let

d(Pa|F)
M, =——"—-2+,  t€l0,T%], 1
where Py|F; and P|F; denote the restrictions of P4 respectively P to the o-field
F: as usual. Then M; is a martingale with My« = Z4(T*). Thus

M, = Za(t) = (EA)(t)/(€A)(0), for all ¢ € [0,T7]. (2)

P, is called the A-numeraire probability (associated with the deflator £). The
change from cash to other numeraires in the computation of prices is an extremely
useful technique (see the ubiquitous use of forward prices and the forward martingale
measure (3.f) below).

3.d.0. Let 0 <t < T*, h an F;-measurable random variable and X be any (Fy)-
adapted process. Then
(a) h/A(t) € LY (Pa) if and only if £(t)h € L1 (P).
(b) XA(t) is a Pa-martingale if and only if £(t)X (t) is a P-martingale.
(c) XA(t) is a Pa-local martingale if and only if £(t)X (t) is a P-local martingale.
(d) If 0 < s <t and h/A(t) € L*(Py,), then
A(s)Ep, [h/A()|Fs] = (1/(5)) Ep [£(8)h]F].

Proof. This follows from Bayes’ Theorem 1.8.b.0 and (2) above. For example:
(b) X4(t) is a Py-martingale if and only if M, XA(t) = £(t) X (t)/£(0)A(0) is a P-
martingale. Here £(0) and A(0) are constants (convention about Fp).
(d) If h/A(t) € L*(Pa), then
Ep [M;h/A(t)|F]

M
Using that M; = [§(¢)A(t)]/[£(0)A(0)], Ms = [£(s)A(s)]/[£(0)A(0)], cancelling the
constant £(0)A(0) and multiplying with A(s) yields (d). |

Ep, [h/A@)|F] =
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3.d.1. Let A,C € 84 be any two numeraires such that EA, £C are P-martingales,
0 <t <T* h an Fi-measurable random variable and X any (F)-adapted process.
Then

(a) h/A(t) € LY(Pa) if and only if h/C(t) € L*(Pc).

(b) XA(t) is a Pa-martingale if and only if X (t) is a Po-martingale.

(c) XA(t) is a Pa-local martingale if and only if X (t) is a Po-local martingale.
(d) If 0 < s <t and h/A(t) € L*(Pa), then

A(5)Ep, [h/ AW F,] = C(s)Epg [h/C ()| ).

Proof. This follows from 3.d.0. For example: (b) Both are equivalent with £(¢) X (¢)
being a P-martingale.
(d) Both sides of the equation are equal to (1/£(s)) Ep[£(t)h|Fs]. 4

Formula (d) will be referred to as the symmetric numeraire change formula.

Local martingale measures. Let A € S;. An A-martingale measure (A-local
martingale measure) for B is a probability measure @ on F = Fp« which is
equivalent to the market probability P and such that the process BZ-A(t) is a Q-
martingale (Q-local martingale), for each security B; in B.

3.d.2. Let A€ Sy, Q a probability on Fr- equivalent to P and
M, = d(Q|}—t)/d(P‘ft)a te [OvT*]

Then Q is an A-(local) martingale measure for B if and only if £(t) = M is a
(local) deflator for B. In this case Q = Py is the A-numeraire measure associated
with the deflator &.

Proof. By Bayes’ Theorem, B#(t) is a Q-martingale (Q-local martingale) if and only
if M;BA(t) = £(t)B;(t) is a P-martingale (P-local martingale), for each security
B; € B. Thus, if £ is a deflator (local deflator) for B, then @ is an A-martingale
measure (A-local martingale measure).

Conversely, if @) is an A-martingale measure (A-local martingale measure),
then £ will be a deflator (local deflator) for B if it is a continuous process. However,
since M; is a martingale adapted to the Brownian filtration (F3), it is continuous
(II1.5.c.4), and the continuity of & follows.

Assume now that £(t) = M/ is a local deflator for B. Note M; = £(t)A(t).
Since M; is a martingale with mean 1 and M; is a constant, we have £(0)A(0) =
My = 1. Hence dQ/dP = My = &(T*)A(T*) = &(T*)A(T*)/£(0)A(0) and so
Q= Pa-1
3.d.3 Remark. If ¢ is a local deflator for B then the market probability P itself
is the local martingale measure P = P4 for the process A =1/£ € S,.

Thus there exists a deflator £ for the market B if and only if there exists an
A-martingale measure for B, for some process A € S;. In this case there exists
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an A-martingale measure for B, for every process A € S; such that €A is a P-
martingale.

Moreover, if a process A € S is fixed, then ¢ = M# defines a one to one
correspondence between A-martingale measures (A-local martingale measure) for
B and deflators (local deflators) £ for B such that £(0)A(0) = 1 and €A is a P-
martingale. In this sense deflators for B and (equivalent) martingale measures
associated with numeraires are the same concept.

Riskless bond and spot martingale measure. A riskless bond in B is a security
By € B which is of bounded variation and satisfies By(0) = 1. It is the bounded
variation property of the price process which makes investment in this security less
risky. If B is locally deflatable, then B can contain at most one riskless bond.
Indeed, if £ is any local deflator for B, then the local martingale property of ¢ By
combined with By(0) = 1 implies that By = 1/Uk.

Conversely, if B is locally deflatable and £ a local deflator for B, then By = 1/U;
is a continuous bounded variation process such that By(0) = 1 and {By is a P-local
martingale. Thus By can be added to B as a riskless bond and ¢ will remain a
deflator for the enlarged market.

Assume now that B is locally deflatable. As we have just seen we may assume
that B contains a riskless bond By. By is then a distinguished numeraire asset. A
By-(local) martingale measure for B is called a (local) spot martingale measure
for B. If a (local) deflator € for B is fixed, then the By-numeraire measure Py = Pg,
(associated with the deflator £) is a (local) spot martingale measure for B and is

referred to as the (local) spot martingale measure for B. From By = 1/Ug it follows
that Py has density dPy/dP = (£Bo)(T*)/(€Bo)(0) = &(T™) /£(0)Ug(T*).

3.d4. Let A € S1, Q an A-local martingale measure for B, My = d(Q|F:)/d(P|F:),
€ =M* and 6 € L(B) N L(¢B) a self-financing trading strategy. Then

(a) VA(9) is a Q-local martingale.

(b) There is no arbitrage 0 € L(B)N L(¢B) such that the process V,A(0) is bounded
below.

Remark. The integrability condition 6§ € L(B) N L({B) is automatically satisfied if
0 is locally bounded.

Proof. (a) According to 3.c.0 the process M;V,A(0) = £(t)V;(0) is a P-local martin-
gale and hence V;4(6) a Q-local martingale (3.d.0.(c)).
(b) Let @ € L(B) N L(¢B) be self-financing such that the process V;* = V;A(0) is
bounded below. Then V4 is a Q-local martingale and hence a Q-supermartingale
(I.8.a.7). In particular the mean Eg [V,*] is nonincreasing.

Assume now that VA >0 and Q[V#A > 0] > 0. Then Eq[V§'] > Eq [V ] >
0. Thus V5(6) # 0 and 6 cannot be an arbitrage strategy. |
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3.d.5. Let A € S§¢ and assume that B admits an A-local martingale measure Q.
Then the market B4 does not admit arbitrage in the cone S(B4).

Proof. Let Q be an A-local martingale measure and 6 € S(B#) with V(#) = 0.
In particular 6 is a trading strategy investing in the market B4. From the self-
financing property of 6 we have V;(0) = Vy(6) + (0 B4); = (e B*);, where the
integral process fe B4 is computed with respect to the probability P. Recall from
I11.4.a.3 that B“-integrability of # and the stochastic integral #¢ B4 do not change
when we switch to the equivalent probability Q. Under @ however the integrator
B4 is a local martingale and so V() = §eB4 is a local martingale and hence a
supermartingale since it is bounded below (1.8.a.7). Thus the mean Eq[Vi(0)] is
nonincreasing. Consequently Eq [Vr«(6)] < Eg[Vo(#)] = 0. Thus we cannot have
Vr«(0) > 0 and Q[VT* 0) > O] > 0 and so 6 cannot be an arbitrage strategy. |

3.e Absence of arbitrage and existence of a local spot martingale measure. Let
B = (By, B1,...,By) be a finite market. From 3.d.5 we know that the existence of
an A-local martingale measure @ for B rules out arbitrage strategies in the space
S(BA). Let us now investigate the converse: Does the absence of arbitrage in S(B“)
imply the existence of an A-local martingale measure?

We will assume that the numeraire A is a security in the market B. Then
the market B4 contains the riskless bond A4(t) = 1. Equivalently, replacing the
market B with B4, we may assume that

and seek an equivalent probability @ on F = Fp» such that all assets B; in B are
Q-local martingales. Let us call such @ a local martingale measure for B (a local
l-martingale measure in previous terminology).

It turns out that it suffices to have no arbitrage in a much smaller space of
trading strategies than S(B). Indeed, let V be the space of all trading strategies
0 € S(B) such that the process Vi(0) is uniformly bounded, that is, |V;(0)| < C
for some constant C and all ¢ € [0, 7] and let

V={Vr-(0) |0 €V} CL®Q,F,P)

be the space of all terminal payoffs h = V() of the trading strategies 6 € V.
Write L>® = L>®(Q, F, P), LP = L?(),F, P) and L° = LY(Q, F, P). Recall that L°
is simply the space of all F-measurable random variables.

The space V contains sufficiently many trading strategies to imply properties
for the asset processes B; themselves. Consider an asset B; in B. Since the process
B; is not necessarily bounded, V will not in general contain the buy and hold
strategy investing in B;. However, fixing k£ > |B;(0)| and setting

7 =inf{t >0 : |Bi(t)| > k1, (0)
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we have |B;(t A1) < k, t € [0,T*], by continuity of B;. If 7 is any optional time
with values in [0, 7], let pr = 7 A 7%, and consider the strategy 68 = (6g,...,0,)
investing only in By = 1 and B;, buying one share of B; at time zero, selling this
at time py, with the proceeds buying shares of By and holding these until time 7.

More formally ] )
0; =0, j#0,i, 0i =141, 0o =1y, 1-1Bi(pr)- (1)

We claim that 6 € V. Clearly V;(0) = B;(t A pi) is uniformly bounded. Let us now
verify that 6 is self-financing. Indeed, since dBy(s) = 0, we have

Vi(0) = Bi(t A pr) = B;(0) +/0 " 1dB;(s)
= ‘/0(9) +/0 {1|IO,pk]]dBi(S) + lﬂpk,T*]]Bi(pk)dBO(s)}
= Vu(0) +/0 0(s)-dB(s), as desired.

Price functional. Assume that there is no arbitrage in V. If § € V, the element
h = Vp«(0) € V can be thought of as a random payoff (claim) at time 7™ which can
be implemented at time zero at cost V(#) by trading according to the strategy 6. It
is now tempting to define the price my(h) at time zero of h as mg(h) = Vo(0). To see
that this price is well defined, we must show that 6, ¢ € V and V- (0) = h = Vr«(¢)
implies that V5(0) = Vo(¢). To this end it will suffice to show that § € V and
Vr=(0) > 0 implies that V5(#) > 0. The proof of this is very similar to the proof of
the following )V (0) > 0, Ve (0) 20 = Vo(0) >0, 2)
which is needed below and which follows easily from the absence of arbitrage in
V. Note first that V contains the strategy p which buys one share of the asset
By =1 at time zero and holds until time T*. Assume now that (contrary to (2))
0 €V, Vp-(0) > 0, Vp=(0) # 0 (hence P[Vp«(6) > 0] > 0) but Vo(#) < 0. Set
a = —Vy(0) > 0 and consider the strategy x = 0+ ap € V going long 6 at time zero
and using the surplus a to buy and hold shares of By. Then x has zero cost at time
zero and payoff Vi« (x) = Vp+(0) + a > Vp«(0). Thus x is an arbitrage in V.

For a subspace W C LP(P), 1 <p < oo, let Wy ={h e W | h >0} and call
a linear functional m on W strictly positive, it h € W, h # 0 implies w(h) > 0.
Here h = 0 means h = 0, P-as. Let ¢ be the exponent conjugate to p, defined by
(1/p) +(1/q) = 1.

If @ is any measure on F which is absolutely continuous with respect to P and
satisfies m = dQ/dP € LY, then w(h) = Eq(h) = Ep(mh) defines a positive linear
functional on LP. This functional is strictly positive if and only if m > 0, P-as.,
that is, iff Q) is equivalent to P.

Recall that V5(0) is a constant (assumption 1.0). Consequently the pricing
functional my : h = Vp«(0) € V — mo(h) = Vo(0) € R is well defined and is a
strictly positive linear functional on V. We need
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3.e.0. FEach positive linear functional w on LP is continuous.

Proof. Assume that the positive linear functional © on LP is discontinuous and
choose a sequence (f,) C L? such that ||f”||LP =1 and 7(f,) > n2", for all n > 1.
Set g, = |fn] and g = >, 27"g,, € LP (the series converges absolutely). Then
g >27"g, > 27" f, and the positivity of 7 implies that 7(g) > 27"n(f,) > n, for
all n > 1. This contradicts the finiteness of 7(g). y

Assume now that @ is a local martingale measure for B. If § € V, then
V2 (0) = Vo (0)+ (0 B)¢, t € [0, T*], where 6 B can be interpreted to be a stochastic
integral with respect to Q. Thus V;(0) is a uniformly bounded @Q-local martingale
and hence a Q-martingale. Consequently, for h = Vr«(0) € V,

mo(h) = Vo(0) = Eq [Vo(é)] = Eq [VT* (9)} = Eq(h).

If in addition the Radon-Nikodym derivative m = dQ/dP is in L?, then n(h) =
Eq(h) = Ep(mh), h € LP, defines an extension of 7y from V' C L>* C LP, to a
strictly positive linear functional m on L. The measure ) can be recovered from
this extension via Q(A) =n(14), A € F.

Conversely assume we have a strictly positive extension 7 of my from V to LP.
Then = is continuous and so there is a function m € L? such that w(h) = Ep(mh),
for all h € LP. Then Q(A) = w(l4) = Ep(mla), A € F, defines a measure @
which is absolutely continuous with respect to P and has Radon-Nikodym derivative
m € L9 and satisfies m(h) = Ep(mh) = Eg(h), for all h € LP. Because of the
strict positivity of m, @ is equivalent with P. Note that V contains the buy and
hold strategy investing in By = 1. Thus 1 € V and mp(1) = 1. Consequently
Q) =7(1) =mp(1) =1 and so Q is a probability measure.

Finally let us verify that @ is a local martingale measure for B. Since By =1
we have to show only that B; is a @-local martingale, for all i = 1,..., n. Consider
the asset B; and let # € V be the trading strategy defined in (0), (1). It satisfies
Vo(0) = B;(0) and h = Vi« (0) = B;i(pr) = Bi(T A 1x). Thus

Eq[Bi(t Ami)| = Eg(h) = m(h) = mo(h) = B;(0) = Eq[B;(0)].

This is true for each optional time 7 with values in [0, 7*]. According to 1.9.c.4 this
shows that B;(t A 71) is a Q-martingale (indexed by t € [0,7*]). Since the optional
times 7y, satisfy 7, T 0o, as k | oo, it follows that B; is a @-local martingale (recall
the conventions in II1.6.e). We have now seen:

If there is no arbitrage in V, then there exists a local martingale measure @ for
B with dQ/dP € L(P) if and only if the pricing functional mo : V. — R has an
extension to a strictly positive linear functional on LP(P).

It is known that the absence of arbitrage in V alone does not imply the existence
of a local martingale measure for B [DS, example 7.7, p509]. The above suggests
that we should strengthen the no arbitrage condition in such a manner as to ensure
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that the price functional 7y extends to a strictly positive linear functional on LP.

To this end we introduce the notion of p-approximate arbitrage in V. Recall that

L(P)y = {f € LP(P)| f 2 0} and let C, = L(P); \ {0},

A p-approximate arbitrage is a sequence (6,) C V such that

(a) Vo(0,) =0, for all n > 1, and

(b) there exists a sequence (f,) C LP(P) and f € C, such that f, < Vp«(6,,), for
alln > 1, and f, — f in LP-norm.

In particular then mo(Vr«(0)) = Vo(6) = 0, that is, Vp-(0) € ker(m), for each

n > 1. The above terminology arises from the fact that the h, = Vp«(6,) are

payoffs at time 7™ which can be implemented at no cost at time zero via self-

financing trading strategies 6,, € V and yet these payoffs are no less than functions

fn converging to a nonnegative function f which is nonzero and hence positive

with positive probability. In particular if # is an arbitrage strategy in )V, then

the sequence 0, = 0 is a p-approximate arbitrage in V, for all p > 1. Simply let

fn=Vr<(6n),n>1.

The market B is called strongly arbitrage free of order p (SAF(p)) if it
does not admit a p-approximate arbitrage in V. If B is SAF(p), then there is no
arbitrage in V.

Let p1 < pa. Then LP? C LP' and the inclusion map LP? < LP! is continuous.
From this it follows that each ps-approximate arbitrage is also a pi-approximate
arbitrage. Consequently the condition SAF'(p;) implies SAF(p2), that is, the con-
dition SAF(p) becomes weaker as p | oo and is weakest for p = co.

Assume that there is no arbitrage in V and hence the pricing functional 7y is
defined. Observing that a function f,, € LP satisfies f,, < Vp«(6,,) for some strategy
6, € V with Vy(6,,) = 0 if and only if f,, € ker(mg) — L%, it is easily seen that the
condition SAF(p) is equivalent with

ker(mo) — LA N LY. = {0} equivalently ker(mg) —CpNCy = 0.

Assume now that B is SAF(p) and 1 < p < co. Then the space LP(P) is
separable and so Clark’s separation theorem (appendix A.3) implies the existence
of a continuous linear functional m; on LP(P) such that m; = 0 on ker(m) and
m > 0 on Cp, that is, my is a strictly positive linear functional on LP(P). Recall
that 1 € V and m(1) = 1 and let h € V be arbitrary. Then h — mo(h)1 € ker(mp)
and consequently 71 (h — m(h)1) = 0, that is,

m1(h) = w1 (1)mo(h).

Here A\ = m(1) > 0. It follows that the functional 7 = A~!lm; satisfies 7 = m
on V. Consequently 7 is an extension of my to a strictly positive linear functional
on LP(P). As seen above this implies that Q(A) = 7(14), A € F, defines a local
martingale measure for B with dQ/dP € L(P).
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Conversely, if @ is a local martingale measure for B with dQ/dP € Li(P), then
B is SAF(p). In fact, for such Q, m(h) = Eg(h), h € LP(P), defines an extension
of mp to a strictly positive linear functional on LP(P). Assume now that (6,) is an
approximate arbitrage in V, h,, = Vi« (0,,) and f,,, f € LP(P) are such that f, < h,
and f, — f € C, in LP-norm. Since 7 is strictly positive and extends g, it follows
that
7(fn) < w(hy) = mo(hn) =0 and  w(fn) — 7(f) >0,

a contradiction. Thus the existence of a local martingale measure @ for B with
dQ/dP € Li(P) implies that B is SAF(p). We can summarize these findings as
follows:

3.e.1 Theorem. Assume that B = (By,...,B,) is a finite market containing the
riskless bond By = 1, 1 < p < oo and q is the exponent conjugate to p. Then the
following are equivalent:

(i) B is SAF(p).

(ii) There ezists a local martingale measure Q) for B with dQ/dP € Li(P).
(i1i) There exists a local deflator & for B with £(T*) € L1(P).

Proof. The equivalence of (i) and (ii) has been seen above. For the equivalence of
(ii) and (iii) see section 3.d.3 (£(t) = Ep[dQ/dP | F], {(T*) = dQ/dP). y

Remark. We really do not care whether the Radon-Nikodym derivative of a local
martingale measure @ for B is in L4(P) but this is a consequence of the condition
SAF(p). This suggests that SAF(p) is too strong if all we want is a local martingale
measure for B. Indeed, this condition was formulated so as to be able to apply
Clark’s Extension Theorem and thus to stay within the bounds of reasonably simple
functional analysis.

The conditions SAF(p) become increasingly weaker as p T co and one wonders
what happens for p = co. This case is inaccessible to our means, as L (P) is not a
separable space. If B is a finite market with locally bounded asset prices and time
horizon T* = 1 the existence of an equivalent local martingale measure is equivalent
to the condition NFLVR (no free lunch with vanishing risk) defined as follows:

There does not exist a sequence (0,) of self-financing trading strategies in B

satisfying Vo(6,) = 0, V1(0,)~ — 0 uniformly and V1(0,) — f, P-as., as

n 1 oo, for some function f > 0 with P(f > 0) > 0.

The reader is referred to [DS, Corollary 1.2, p479].



Chapter IV: Application to Finance 243

3.f Zero coupon bonds and interest rates. To introduce certain notions frequently
encountered in the financial literature consider a market B (not necessarily finite)
equipped with a riskless bond By of the form

By(t) = exp(fot r(s)ds), (0)

where r is a process in L(t). The value r(t) should then be thought of as the (an-
nualized) rate at time ¢ for riskless borrowing over the infinitesimal time interval
[t,t 4+ dt]. Bo(t) should be thought of as the price process of a strategy continu-
ously rolling over risk-free loans over infinitesimal time intervals at the rate r(t).
Among existing financial instruments the money market account comes closest to
this abstraction.

The process 7(t) is then called the short rate process. We assume that the
market B is locally deflatable and admits a local deflator £ for B such that £ By is a
martingale. Fix such a deflator £ and let Py = Pp, denote the corresponding local
spot martingale measure.

3.£0. Let 0 be a self-financing trading strategy in B such that 0 € L((B). If the
price process V;(0) is of bounded variation, then Vi (0) = Vu(0)By(t).

Proof. Write V(t) = V;(f). According to 3.c.0, £V is a P-local martingale and
so V/By a Py-local martingale (3.d.0.(c)). The bounded variation property now
implies that V' (¢)/By(t) is constant in time (1.9.b.1) and the result follows. j

Remark. So far we only used that By has bounded variation paths. From dBy(t) =
r(t)Bo(t)dt, it follows that dV;(0) = r(t)V;(6)dt. This result is frequently stated as
follows: a riskless and self-financing strategy must earn the risk-free rate of return.

Zero coupon bonds. A zero coupon bond expiring at time T is a process By € Sy
satisfying Br(T) = 1. We are not interested in a zero coupon bond after its time of
expiration; however it lives on until the time horizon. In a real market this feature
can be duplicated by simply rolling over expiring zero coupon bonds into the money
market account.

A zero coupon bond Br is useful as a numeraire asset only if £(¢)Br(t) is a
martingale. This assumption is satisfied automatically if By is a security in B
and ¢ is in fact a deflator for B. If £(¢t)Br(t) is a martingale, then £(¢)Br(t) =
Ep[&(T)Br(T) | Fi] = Ep[&(T) | Fi], that is,

Br(t) =¢(t)'Ep[&(T) | ], Vte€0,T],

and so Br is uniquely determined on the interval [0, 7]. This leads us to define the
canonical zero coupon bond B(t,T) as

B(t,T) = &(t) ' Ep[&(T) | 7], Vte[0,T7]. (1)
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Then £(t)B(t,T) is a martingale adapted to the Brownian filtration (F;) and hence
continuous. Since ¢ is strictly positive, so is the process B(t,T). Clearly B(T,T) =
1. Thus B(¢,T) is in fact a zero coupon bond.

From 3.d.0.(b) it follows that Bo(t)~'B(t,T) is a Py-martingale (indexed by t).
Combined with B(T,T) = 1 this implies that By(t)"*B(t,T) = Ep, [Bo(T) ™" | F],
that is,

B(t,T) = Bo(t)Ep, [Bo(T) ™" | F], t€[0,T]. (2)

Commuting the F;-measurable factor By(t) into the conditional expectation and
using (0) to infer that By(t)By(T)~! = exp(— j;T r(s)ds), this can be written as

B(t,T) = Ep, {exp( IR ds)yft}. (3)

Remark. If the short rate process r(t) is nonstochastic, equation (2) becomes
B(t,T) = By(t)/Bo(T) or B(t,T) = B;B;" in the notation of section 2, which
proceeds under this assumption.

Forward rates. In keeping with prevailing customs we choose one year as the unit of
time and express all rates of interest as annualized rates, that is, as rates of return
over one year.

Now let t <T < U < T*. By trading in zero coupon bonds we can implement
at time ¢ a loan of one dollar (to a hypothetical issuer of zero coupon bonds) over
the future time interval [T, U]: at time ¢ sell one zero coupon bond maturing at time
T and with the proceeds B(t,T) buy B(t,T)/B(t,U) zero coupon bonds maturing
at time U. With the understanding that the zero coupon bonds are redeemed at
the time of maturity, this strategy induces the following cash flows:

(t) -1 B(t,T){B(t, U) @)
T U

The annualized, continuously compounded rate R = f(¢,T,U) of interest on this
loan is given by the equation 1-e(U=T) = B(t,T)/B(t,U), that is

log B(t,T) — log B(t,U)

F6,T,U) = —

The quantity f(¢,T,U) is called the forward rate at time t for risk-free borrowing
over the interval [T, U]. Assuming that the zero coupon bond B(t,T) is pathwise
differentiable in the tenor T', we can let U | T to obtain the instantaneous forward
rate f(t,T) at time ¢ for risk-free borrowing over the infinitesimal time interval
[T, T + dt] as

(8/8TEB( ,T). 5)

F0.7) =~ g B, T) = — L0
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If f(t,T) is a (pathwise) continuous function of T it follows that

log B(t,T) = log B(t,t) + / logBts / f(t,s)d

whence B(t,T) = exp(— ft f(t, s)ds)

which agrees with the interpretation of (f(t,s)) ¢, ) as the development over the
interval [¢, T of the instantaneous risk-free rate anticipated at time ¢.

If the short rate process r(t) is bounded and continuous, then the differentiability
of B(t,T) with respect to T follows from the representation (3). Indeed, under this
assumption the derivative (0/9T)B(t,T) can be computed by commuting 0/0T
with the conditional expectation in (3) yielding

S B(.T) = Bp, [~r(TD)eap(~ [ r(s)ds) | 71| (6)

Especially for T' = t we obtain B%B(t T
yield

)|T=t = —r(t). Thus (5) and B(t,t) =1

ft,t) =r(@),

also in accordance with intuition. Since these results will not be used in the sequel
we omit a formal justification of the interchange of differentiation and conditional
expectation in (6). Such a justification can be based on the dominated convergence
theorem for conditional expectations (I.2.b.9). The reader who objects to the fluid
introduction of assumptions (continuity and boundedness of the short rate process)
may take solace in the fact that the subject of short rates and continuously com-
pounded forward rates will not be pursued any further. Instead we will focus on
Libor rates.

Forward Libor. The simple annualized rate of interest L(¢, T, U) implied by the zero
coupon bond prices B(t,T), B(t,U) via the cash flow diagram (4) is given by the
equation B(t,T)
B(t,U)
where § = U — T, and is called forward Libor at time t for the interval [T,U].
If t = T we call this rate Libor set at time T and denote it more simply by L(T")
with the understanding that the period § = U — T, over which Libor is set, is clear
from the context. The definition then simplifies to B(T,U)~! = 1 + §L(T). Libor
rates are the most fundamental interest rates and will be studied in section 5.

=14 6L(L,T,U), (7)

Forward Martingale Measures. Let T € (0,T*]. Then A(t) = B(t,T) is a numeraire
asset such that £A is a martingale. Thus the A-local martingale measure P, is
defined and its restriction Pr to the o-field Fr given by

dbr _ (EA)(T) _ &(T)B(T,T)

dP  (€4)(0)  £0)B(0,T)
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The measure Pr is called the forward local martingale measure at date T. If £
is in fact a deflator (rather than a local deflator) for B, then we will call Pr the
forward martingale measure at date T

If S(t) is any asset in B, then S4(t) = S(t)/B(t,T) should be interpreted as
the price of S at time ¢ expressed in constant time T" dollars (dollars deliverable at
time T'). This price is called the forward price at time ¢t of S deliverable at time
T and denoted Fs(t,T) = S(t)/B(t,T). We will see below that this price is related
to forward contracts in the same way as the corresponding notion in section 2.a.

Likewise, if By is a riskless bond for B, S°(t) = S(t)/Bo(t) is called the dis-
counted price of S at time ¢ and should be interpreted as the price of S at time ¢
expressed in constant time zero dollars.

In the theory of pricing European options the short rate process and even
the riskless bond (and with it the spot martingale measure P,) can be dispensed
with. However the family of zero coupon bonds and associated forward martingale
measures are indispensable.

3.g General Black-Scholes model and market price of risk. Let us consider a
finite market B = (B4, ..., By,) and assume that the processes B; are Ito processes

satisfying dB; (1)
J

B;(t)

where W; = (W}, ..., W¢) is a Brownian motion on [0, 7*] with d < n, u; € L(t)
and o; € L(W), 1 < j <n. Using III.6.a.0 this can be rewritten as

dlog(B;(t)) = (u;(t) — 3lloj(t)|?)dt + a;(t) - AW,
d
= (1) = llo;OIP)dt + 35— ok ()W

Let us investigate when the market B admits a local deflator £ which is itself an

= p;(t)dt +o;(t) - dWe, 1< 5 <,

(0)

Ito process satisfying df( )
for some processes r € L(t) and ¢ € L(W). If S is any Ito process satisfying
dS(t
oy, = (Ot + o0 -, 2
for some processes pg € L(t) and og € L(WW), then
d(&£9)(t) =

£(8)dS(t) + S(t)dE(t) + d(€, S)s
t

= §(0)S)ps(t)dt +£(t)S(t)os(t) - AWy
— S@E(B)r(t)dt — SE)E)(t) - AWy — E(t)S()os(t) - ¢(t)di
=&()S()[ps(t) —r(t) — os(t) - ¢(B)]dt +£(t)S () (os(t) — ¢(t)) - AW

Thus £S5 is a local martingale if and only if

ps(t) = r(t) —os(t) - ¢(t) =0, 3)
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and in this case we see that S and the local martingale £S5 satisfy
dS(t)/S(t) = (r(t) + ¢(t) - os(t))dt + os(t) - dW, and

d(€S)(t)/(€S)(t) = (o5 — @) (t) - AWy,  that is, (4)
(t) = (€9)(0)€: [(05 = ¢)+ W]
Set p(t) = (ua(t), ..., un(t)), 1, = (1,1,...,1) € R™ and let o(t) denote the n x d-

matrix with rows o;(t)’. It follows from (3) that & is a local deflator for B if and
only if p;(t) — r(t) — o;(t) - (t) =0, for all 1 < j < n, that is

—~
Iy

n
~—

o(D(t) = plt) — (D)L (5)

Thus B is LDF with a local deflator £ of the form (1) if and only if there exist
processes 7 € L(t), ¢ € L(W) satisfying (5). From (1) it follows that Ug(t) =
exp(— fo s)ds) and so the unique riskless bond By = 1/Ug associated with the

deflator £ has the form .
Bo(t) = exp(f, r(s)ds). (6)

The process r(t) is then interpreted to be the short rate process, that is, r(t) is
the continuously compounded rate for lending over the infinitesimal time interval
[t,t+dt]. Tt is customary to specify the short rate process r € L(t) as an additional
structural element of the market B and By is then defined to be the riskless bond
given by (6) but not assumed to be a security of B. Indeed, if B were to contain a
riskless bond, the volatility matrix o would contain a zero row, an undesirable flaw.

If the short rate process r(t) is specified, the existence of a local deflator £ of
the form (1) is equivalent with the existence of a process ¢ € L(W) satisfying (5),
equivalently 1;(t) — r(t) — o;(t) - ¢(t) = 0, for all j = 1,...,n. Such a process ¢ is
called a market price of risk process. This terminology arises as follows: Rewrite
(0) as

Bj(t) = B;(0)exp (fo (s ds) E(ojeW).

Under mild conditions on the process ¢; the exponential local martingale & (c; -W)
is a martingale, that is, a process which is neither expected to increase or decrease.
In this case the process p;(t) can be viewed as the continuously compounded ex-
pected return process on the security B;(t).

The Brownian motion W, = (W},..., W) represents the source of random
shocks to the instantaneous returns dlog(B;(t)) and the components o, (t) of o;(¢)
measure the intensity of the shocks ;1 (t)dW} and consequently the risk inherent
in the security B;. Rewriting (2) (for S = B;) as

pi(t) = r(t) = 0(t) - d(t) = Sl o (t)di(t)

we see that the process ¢(t) relates this risk to the excess of the expected return on
the security B; over the risk-free rate r(¢).
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The market B together with a short rate process r € L(t) and a market price
of risk process ¢ € L(WW) satisfying (5) is called the general Black Scholes market.
This market is locally deflatable, and £ defined by (1) and normalized by £(0) = 1
is a local deflator for B. Explicitly

&(t) = exp(— fo (s)ds)E(—peW) = Bo(t) 1&(—¢eW). (7)

If the matrix o(¢) has full rank (and hence o(t)'o () is invertible) at all points (¢, w),
then multiplication of (5) with (o (¢)'c(t)) 1o (t)’ on the left implies that we must
have ¢(t) = (o(t)'o(t))"to(t)’ (u(t) — r(t)1,). In this case the market price of risk
process is uniquely determined (by the short rate, security returns and volatilities
in B). Conditions have to be placed on o(t), u(t) and r(¢) to ensure that ¢ € L(W).
According to (4) the deflated securities {B; satisfy

(£B;)(t) = (§B;j)(0)& [(a; — ¢) « W] .

Under mild conditions on the processes o, ¢, the exponential local martingale
& [(O'j — ¢) -W] is in fact a martingale, for all j = 1,..., n. In this case £ given by
(7) is in fact a deflator for the General Black-Scholes market B. We shall assume
that £By is a martingale and hence the spot martingale measure Py is defined.

Consider now the zero coupon bond B(t,T) = &£(¢)"'Ep(&(T) | F;) expiring
at time T. According to II.5.e.1 the strictly positive (F;)-adapted martingale
&(t)B(t,T) can be represented as

E(t)B(t,T) = £(0)B(0, T)E(as W), te[0,T], (8)
for some process a € L(W). Setting b(t, T) = a(t) + ¢(t) we obtain
EB(t,T) =&(0)B(0, T)&E((b(,T) — ¢)oW), te€[0,T]. (9)
From (1) and (8) combined with I11.6.a.0 it follows that

dlogs(t) = —(r(t) + 3 e®)|I*)dt — &(t) - AW,
dlog(¢€(t)B(t,T)) = —1|la(@®)|?dt + a(t) - dW;.

Upon subtraction, dlogB(t,T) = [r( )+ %(Hqﬁ( )2 - Ha(t)||2)] dt + b(t,T) - dWy
and so

dB(t,T)

BT [r(t) + 5 (lo@)1* = N> + [1b(t, T)|?)] dt + b(t, T) - dW,.

Since here [|¢(t)||* — [la(t)[|* + 1b(t, T)1* = 6(0)1* — [Ib(¢, T) — (&) 1> + [[b(t, T)||* =
2¢(t) - b(t, T) this simplifies to

dB(t,T)
BUT) [7(t) + ¢(t) - b(t, T)]dt + b(t, T) - dW;. (10)
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From (7) and (8) we have

£0)Bo(t) = & (W) and -
E()B(t,T) = £(0)B(0, T)& [(b(-, T) — ¢) « W] .

Dynamics under the spot and forward martingale measure. Assume now that £5 is
a local martingale and so (4) and (5) hold. Since £ is a local deflator for B this is
true in particular for every asset S in B, but also for example for S(t) = B(t,T).
For later use we shall now determine the dynamics of S under the spot martingale
measure Py and the forward martingale measure Pr. To do this we must switch
from the P-Brownian motion W to Brownian motions W, W/l with respect to P,
respectively Pr by means of II1.4.c.0. Recall that £(0)Bo(0) = 1. Thus the spot
martingale measure Py is defined by dPy/dP = &(T*)By(T*) = Er+ (—¢eW). Using
(11) it follows that

d(Py|Fz)

M) = ——"
td(PlR)

= &) Bo(t) = E(—peW), t€[0,T7].

According to I11.4.c.0 it follows that W = W, + fo s)ds is a Brownian motion on
(Q,F,(F), Py). Obviously dW, = dVV0 o(t)dt. Substltute this into (2) and recall
from (3) that ps(t) —os(t) - ¢(t) = r(t). This yields the dynamics of S under Py as

dS(t)

Sy = (ns(t) —os(t) - ¢(t))dt + os(t) - dW = r(t)dt + os(t) - dW).  (12)

Thus S has drift r(¢) under the spot martingale measure Py. The volatility remains
unchanged as always when we switch to some locally equivalent probability. Using
(11) the forward martingale measure Pr on the o-field Fr is defined by

dbr §(T)B(T,T) _
P = e, ~ 06T =)W
_d(Pr|F) _ E@)BET) .
Thus M/, = APIF) ~ (0)BO.T) =& [(b(-\T)—¢)eW], te][0,T).

According to I11.4.c.0 it follows that W = W, — fo (b(s,T) — ¢(s))ds is a Brownian
motion on (Q, F, (F;), Pr). We have dW; = dW/[ + (b ( T) — ¢(t))dt. Substituting
this into (2) yields the dynamics of S under Pr as

dS(t)

S = (r(t) + as(t) - b(t,T))dt + os(t) - AW . (13)

Especially for S(t) = B(t,T) (then og(t) = b(t,T)) we obtain

dB(t,T)

B(t,T) (r(t) + |b(t, T)||]?)dt + b(t, T) - AW . 14
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Finally let us determine the dynamics of the forward price Fs(¢t,T) = S(t)/B(t,T)
under the forward martingale measure Pr. From (13) and (14) we obtain

dlogS(t) = (r(t) + os(t) - b(t,T) — L|los(®)[?)dt + os(t) - AW, and
dlogB(t,T) = (r(t) + 3|b(t, T)||*)dt + b(t,T) - AW,

Subtraction yields dlogFs(t,T) = —|los(t) = b(t, T)||*dt + (os(t) — b(t,T)) - AW,
from which it follows (III.6.a.0) that

dFS(t7T)

oty — (os(t) = b(t.T)) - W, (15)

By assumption &S is a P-local martingale and so Fs(t,T) = S(t)/B(t,T) a Pr-local
martingale (3.d.0.(c)). This explains the absence of the drift term.



Chapter IV: Application to Finance 251

4. PRICING OF RANDOM PAYOFFS AT FIXED FUTURE DATES

Let B be a market containing zero coupon bonds of all maturities T € (0, 7*] and
¢ a local deflator for B such that {B; is a martingale, for each zero coupon bond
B;j in B.

4.a European options. Fix a time T € (0,7%] and let B|T denote the market based
on the filtered probability space (£, (Ft):e[o, 17, P) resulting from B by restricting
the security processes in B to the interval [0,7]. Thus all trading stops at time T
in the market B|T.

Lemma. Let 7: Q — [0,T)] be an optional time and ¢ o trading strategy satisfying
Vi(o) = f: @(s)-dB(s), P-as. on the set [T < t], for allt € [0,T]. Then the trading
strategy x = 1y, 719 is self-financing.

Proof. Note that Vi(x) = 1[r<q V() especially Vo(x) = 0. Thus we must show that
Vilx) = f(f x(s)-dB(s), P-as., for all t € [0,T]. Consider such ¢ and note that x =0

and so fg Xx(s)-dB(s) =0 = Vi(x), P-as. on the set [t < 7] (II1.2.d.4). Likewise on
the set [7 < t] we have

Vix) = Vi) = / o(s) - dB(s) = / 177 (5)6(s) - dB(s) = / x(s) - dB(s).

4.2.0. Let 11, 1o be self-financing trading strategies with V(1) = Vr(ws2). Then
(a) V(1) = Vi(12), for all t € [0,T], or

(b) there is arbitrage in the market B|T.

Proof. Assume that (b) is not true, set ¥ = 1)1 — 5 and let ¢ > 0. To establish
(a) it will suffice to show that the optional time 7 = inf{t € [0,T] | Vi(¢)) > e } AT
satisfies P(7 < T) = 0. Let p be the trading strategy which buys one share of
the zero coupon bond B(¢,T) maturing at time 7" and holds this to time T'. Set
Z =V, (¢)/B(r,T) and consider the trading strategy

X =1 11Zp — 1) ¥ = 117,179,

where ¢ = 1), 71Zp — t. Following the strategy x we wait until time 7. If 7 =T
we do nothing. If 7 < T we short the portfolio ¢ (long 9, short ¢;) and invest
the proceeds into the zero coupon bond B(t,T). The self-financing property of ¢
implies that

VtW):VOW)-F/O ¥(s)-dB(s), Vte[0,T], and so

V. () = Vo) + / " (s) - dB(s).

Subtraction yields f: P(s)-dB(s) = Vi(v) =V, (v), P-as. on the set [T < t]. Likewise
the Fr-measurability of Z and II1.2.d.0.(i) imply that f: Iy-11(8)Zp(s) - dB(s) =
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[y 213, 7y(s)dB(s,T) = Z(B(t,T) — B(t A7, T)). It follows that

[ 69+ dB(s) = Z(BE.T) = B T) = (Vi(w) - Vi(v)
= ZB(.T) ~ Vi(9) = Vi(9),

P-as. on the set [t < t]. The preceding Lemma now shows that the strategy y is
self-financing. Since Vp(x) = 0 and Vp(x) = Z > 0, on the set [r < T, we must
have P(t <T) =0.}

Remark. From example 1.c.3 we know that such arbitrage x can coexist with the
local deflator £ for B. Thus we cannot conclude alternative (a) in 4.a.0. Additional
assumptions on ¢, 6 are necessary.

4.a.1 Law of One Price. Let ¢, 0 be trading strategies. If £(t)(Vi(¢) — Vi(0)) is a
P-martingale, then Vi (¢p) = Vip(0) implies that Vi(¢) = Vi(0), for all t € [0,T).

Proof. Set Dy = Vi(¢) — V4(#) and assume that Dy = 0. The martingale property
of £(t)D; then implies that D; = 0, that is, Vi(¢) = V;(0), for all ¢ € [0,T].1

Remark. If ¢, 0 are self-financing, then the processes £(t)Vi(¢) and £(¢)V;(0) and
hence the difference &(t) (Vi (¢)—Vi(0)) are P-local martingales (3.c.0). If in addition
the maximal function sup,¢o 7 £(t)|Vi(¢) — Vi(0)] is integrable, then &(t)(Vi(¢) —
Vi(6)) is a P-martingale (1.8.a.4).

Options and replication. A European option exercisable at time T' is a nonnegative,
Fr-measurable random variable h. The quantity h(w) is the payoff received by the
option holder at time 7T if the market is in state w. The nonnegativity of h is
the mathematical expression of the fact that holders of options traded in existing
financial markets do not exercise an option unless it is in the money, that is, unless
this results in a positive payoff. The Fr-measurability corresponds to the fact that
the uncertainty regarding the payoff h(w), if exercised, is resolved by time T'.

A trading strategy 6 in B|T is said to replicate the option h, if it is self-
financing, £(¢)V;(0) is a martingale and Vr(6) = h. Necessarily then £(¢)V;(6) =
Ep[&(T)Vr(0)|F], that is

Vi(0) = £() T Ep[E(T)R|F],  te[0,T). (0)

The option h is said to be replicable if and only if there exists a trading strategy 6
in BT replicating h. Recall that for a self-financing trading strategy 6, the process
&(t)V4(0) is automatically a P-local martingale; however to obtain formula (0) we
need the stronger martingale condition.

Assume now that A is replicated by the trading strategy 6. To determine what
the price m;(h) of the claim h at time ¢ < T should be, let us assume that we decide
to trade h in our market according to some price process 7 (t). To avoid arbitrage
we must have m(T') = h = Vp(0) and so w(t) = V;(0) = £(t) L Ep [£(T)h|F], for all
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t € [0,7] (4.a.0 with 11 = 6 and 2 being the buy and hold strategy investing in
h). This leads us to define the arbitrage price of h as

m(h) = ) Ep[E(T)h | 7], te[0,T]. (1)

For later use we define m(h) as in (1), even if h is not replicable. However then
m¢(h) can no longer be interpreted as the arbitrage price process of the claim h.
Using 3.d.0.(d) with A(t) = B(¢,T) (then A(T) = 1), we see that

m(h) = B(t,T)Ep, [h|F], t€[0,T], (2)

where Pr denotes the forward martingale measure at date T'. If B contains a riskless
bond By such that By is a martingale (and hence the spot martingale measure Py
is defined), a similar application of 3.d.0.(d) with A(t) = By(t) yields

mi(h) = Bo(t)Ep, [h/Bo(T) | F¢], t€[0,T). (3)

Formula (2) points to the importance of the forward martingale measure Pr. The
switch between forward martingale measures at different dates S < T is made as
follows:

4.a.2. Let 0 <t < S <T and assume that h is Fg-measurable. Then

(a) B(t,S)Eps [B(S,T)h | F) = B(t,T)Ep, [h| Fi], if h >0 or h € L*(Pr).

(b) B(t,S)Epg [h|F] = B(t,T)Ep, [h/B(S,T) | F, if h >0 or h € L*(Ps).
Remark. Looking at formula (a) consider h as a random payoff occurring at time
T'. The right hand side evaluates this payoff at time ¢ according to (2). The left hand
side first discounts this payoff back to time S and then evaluates the discounted
payoff at time ¢ according to (2). A similar interpretation is possible for formula
(b). Consider h as a payoff occurring at time S.

Proof. (b) Apply the symmetric numeraire change formula 3.d.1.(d) to the market
B|S and the numeraires A(t) = B(t,.S) and C(t) = B(t,T). Noting that A(S) =1
the symmetric numeraire change formula 3.d.1.(d)

A(t)Ep, [h/A(S)|Fi] = C(t)Ep. [h/C(5)|Fi]
yields B(t, S)Eps [h|Fi] = B(t,T)Ep, [h/B(S,T)|F].
(a) Simply replace h with B(S,T)h in (b). |

4.a.3. Let 0 be a self-financing trading strategy such that Vp(0) = h and A € S1 a
numeraire such that €A is a martingale. Then 0 replicates h if and only if VA (0) =
Vi (0)/A(t) is a Pa-martingale.

Proof. According to 3.d.0.(b), V;A(0) is a Ps-martingale if and only if £()V;(6) is
a P-martingale. |
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4.b Forward contracts and forward prices. A forward contract for delivery of an
asset Z in B at date T with strike price K obliges the holder of the contract to buy
this asset at time T for K dollars thereby inducing a single cash flow h = Zp — K
at time T. The forward price at time t for delivery of the asset Z at time T is
defined to be that strike price K, which makes the value of the forward contract
equal to zero at time ¢. The payoff h = Zp — K at time T can be implemented at
time zero via the following self-financing trading strategy 6:

At time ¢ buy one unit of the asset Z, sell K units of the zero coupon bond

maturing at time T and hold until time T'.
The Law of One Price suggests that the arbitrage price 7 (h) of this forward contract
at time ¢t < T be defined as m(h) = V;(0) = Z; — KB(t,T). Setting this equal to
zero and solving for K, we obtain the forward price Fz(t,T) at time ¢ for delivery
of the asset Z at time T as Z

Fy(t,T) = BT (0)

If Z,/B(t,T) is in fact a Pp-martingale (rather than only a local martingale), then
(0) can be rewritten as
Fz(t,T) = Ep, [Zﬂft]. (1)

4.c Option to exchange assets. Fix K > 0 and let h be the European option to
receive one unit of the asset S7 in exchange for K units of the asset Sy at time 7.
The payoff h of this option is given by h = (S1(T") — K.S2(T))". If So(t) = B(¢,T) is
the zero coupon bond maturing at time T, then h = (S1(T") — K)™" is the European
call on S7 with strike price K exercisable at time T, that is, the payoff at time T
of the right to buy one share of S; for K dollars at time 7.

Let us introduce the exercise set A = {w € Q| S1(T)(w) > KS3(T)(w) },
that is the set of all states in which our option is exercised at time 7. Then
h = (S1(T) — KS2(T)) 14 and, assuming that this claim is replicable, its arbitrage
price process m(h) can be written as

m(h) = &) Ep [E(T)S1(T)1a | Fe) — KE(t) " Ep [€(T)S2(T)1a | F] .- (0)

Let us now use the assets S, So themselves as numeraires. Assume that the
processes £51, £Sy are martingales and hence the probabilities Ps,, Pg, defined.
Using 3.d.0.(d) with h = S;(T)14, we can write {(t) ' Ep [((T)S;(T)14 | Fi] =
S () Eps, [14]F], 4 = 1,2, and thus (0) becomes

mi(h) = S1(8)Eps, [La|Fi] — KS2(t) Eps, [La|F].- (1)

To get a more specific formula we need to make further assumptions on our market
model. Assume that we are in the setting of the general Black-Scholes model of 3.g
with a deflator £ satisfying

dg(t)

w = 7r(t)dt — ¢(t) : dW(t)7
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where W is a Brownian motion with respect to the market probability P generating
the (augmented) filtration (F;). The assets S; are assumed to follow the dynamics

d;,j(it)) = pi(t)dt +o;(t) - dW(t), j=1,2. (2)
e %3)((? = (0j(t) = () - AW (1), j=1,2 (3)

(see 3.g.eq.(4)). Set Z, = log(S1(t)/S2(t)) and write the exercise set A as
A= [Zr>log(K)]. (4)

To evaluate the conditional expectations in (1) we must find the distribution of Zp
under the probabilities Ps,, j = 1,2. From (3) it follows that

Alog (€55) (1) = —3 la (1)t + (1) - AW (1), )
where o (t) = 0;(t) — ¢(t). Thus
dZ(t) = dlog(£51)(t) — dlog(£52)(t)

= % (laz@)* = lar (®)]*) dt + (a1(t) — ax(t)) - dWs.

(6)

To determine the conditional expectation Epy [14]F;] we use II1.4.c.0 to determine
the dynamics of Z under the measure Pg,. By definition of the measure Pg, we

ave d(Ps,|F)  (ES)()
M, = —- it JSPLRY -y e o, T,
CEaPlE)  @syoy S0
and consequently, from (3),
d]\ﬂft = oy (t) - dW;.
t

According to ITL4.c.0 it follows that W' = W, — fg aq(s)ds is a Pg,-Brownian
motion on (Q,F,(F;), Ps,). Obviously dW; = ay(t)dt + dWS. Substituting this
into (6) we find that

1

dZ(t) = 5 (HO[QHQ — ||a1||2) + (041 — Oég) et dt + (041 — 042) . thsl

7
I . N (7)
= 5”0&1 —OéQH dt+(a1 —042)~th R

with respect to the measure Pg, (i.e., for a Pg,-Brownian motion W;*). We
now make the following assumption: The process a1(t) — as(t) = o1(t) — oa(t)
is nonstochastic. Then I11.6.c.3 can be applied to the dynamics (7) to compute
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the conditional expectation F Ps, [1 A|.7-'t]. Because of the special nature of the drift
term in (7) the quantities m(¢,T'), (¢, T) from II1.6.c.3 become

22(4,T) = [, (a1 — az)(s)|?ds and m(t,T) = §52(t, T)
and it follows that

log(S1(t)/KS2(t)) + 2%%(¢,T)
S, T)

Epg, [1A|.7ﬂ = N(dy) where d; =

A similar computation starting from the equation
1
dZ(t) = =5 ll(a1 — az)|Pdt + (a1 — az) - AW

under the measure Ps, yields Epg [1a|F;] = N(dz), where

_ log(S1()/KSx(t)) — 3%°(¢,T)

2 S(.7)

—dy — S(t,T).

Thus we have the option price
Wt(h) = Sl (t)N(dl) — KSQ(t)N(dg),

where dy, d; are given as above. We can summarize these findings as follows:

4.c.0 Margrabe’s Formula. Assume that the asset prices Sj(t), j = 1,2, follow
the dynamics (2) above and that the process o1 — oo is deterministic and satisfies
2(t,T) = ftTH(Ul - 0'2)(8)||2d8 > 0, for all t € [0,T). Then the option h =
(S1(T) — KSQ(T))+ to exchange assets has arbitrage price process

mi(h) = S1(t)N(d1) — KS2(t)N(d2), t€[0,T),

where N is the standard normal cumulative distribution function and dy, do are as
above.

Remark. From (6) it follows that the quantity ¥2(¢,T) can also be written as
T
B T) = (2); = (log(81/52)),

and is thus a measure of the aggregate (percentage) volatility of S;/S2 on the
interval [t,T] under the market probability P, that is, realized in the market. If
S(t) is the zero coupon bond B(t,T), then h = (Si(T) — K)+ is the European
call on S7 with strike price K. In this case the quotient S;(t)/S2(t) is the forward
price Fg, (t,T) of Sy deliverable at time 7" and consequently the crucial quantity
||(01 — 02)(t)|| the volatility of the forward price of S; and not of S; itself.
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The reader will note that the term structure of interest rates does not enter
our formula unless one of the assets S1, S is a zero coupon bond. The reason is
that the claim h can be replicated by a trading strategy 6 investing in the assets
S1, S2 only. Indeed our formula for the price 7;(h) indicates as possible weights

91 = N(dl) and 02 = —KN(dg)

for S7 and S; respectively. Let us verify that this strategy is self-financing. By the
numeraire invariance of the self-financing condition it will suffice to show that 6 is
self-financing in the market £B, that is, that d(0-((B)) = 0-d(¢B). Now in general

d(6-(¢B)) =0-d(¢B) + B - df + d(6,€B) (8)

and so we must show that ¢B-df+d(0,(B) = 0. (9)

Since (0 - ((B))(t) = &(t)m(h) = Ep[&(T)h | 7] is a martingale, d(6 - (¢B)) and
0 - d(¢B) are known to be the stochastic differentials of local martingales. Thus (8)
shows that the bounded variation terms on the left of (9) automatically cancel. It

will thus suffice to show that the local martingale part of the stochastic differential
B -df = S1df;, + S2dfs vanishes. We may assume that K = 1. Then

1 dl(t,Sl,Sg) 2
0, = N(dy) = E/ e~ 2 du,

1 d2(t,S1,52)

Bl V2T J_so

0y = —N(ds) = e " /2du, where

log(si) — log(ss) + 222(¢, T
di(t, s1,82) = ) EEtQZ)”) - )’ and
l —1 iS4 T
da(t, s1,82) = o9(s1) 0292521)1) 227 ), for s1,59 € R.

Writing X ~ Y if X —Y is a bounded variation process and using similar notation
for stochastic differentials, Ito’s formula yields

df; ~ 5.7\67£d1) (t,S1,52)dS; + aj;idl) (t,S1,52)dS,, and
(10)
ON(d ON(d
dfy ~ — ag 2)(t,51,52)d51 - ai 2) (t, 51, 55)dSs.
6N(d1) _ -1 _d?/26d1 _ ~1 —d2/2 1
Here 05 (2m) " 2e Doy (2m) " 2e ST
. . 5N(d1) _ 7% 7d%/2 1

Likewise sy (2m) " z2e ST
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Similarly
(‘3N(d2) —1 _42/2 1 aN(dg) —1 _q42/2 1
2 (o) 2 T I p——
851 ( 7T) € le(t,T) ’ 882 ( 7T) € ng(t,T)

Thus, from (10),
(10) (2m) S (t, T)S1dby ~ e 4/2dS; — e~ 4/2 %dsg, and
2

2w %E t,T Szdgg ~ —67d§/2 édSl + 67(15/2(1527
S
1

which, upon addition, yields

(27)23(t, T) [S1dby + Szdf] ~

B2 222 g, o (B2 82 01 g,
S, 52

o2 (1 b @E-3) 2) g o —a2/2 (1 HdE-a) 51 4o
Sl SQ

Noting now that

=%(t,T) =1og(51/52),

1 dy +d
L) = (0P

di + da
2

we see that the coefficients of dS7, dS2 on the right of (11) vanish and consequently
B -df = S1df, + Sadfs ~ 0, as desired. Thus 0 is self-financing. The self-financing
property of 8 is no accident. See 4.e.0 below. By its very definition this strategy
replicates the arbitrage price of h on the entire interval [0,7"). The reader will have
noticed that the weights 61, 5 are not defined at time ¢ = T'. Thus V;(0) is not
defined for ¢ = T. However £(t)V;(0) = Ep[¢(T)h | F] is a continuous martingale
and the martingale convergence theorem 1.7.c.0 shows that £(¢)V;(0) — &(T)h and
hence V;(0) — h almost surely, as ¢ T T. Thus defining the weights 61 (T'), 62(T) in
any fashion such that Vr(0) = h will extend the self-financing property of 6 from
the interval [0,7") to all of [0,T].

In the case of a European call on Sy (S2(t) = B(t,T)) the replicating strategy
invests in S and the zero coupon bond B(t,T') expiring at time T'. Indeed, if interest
rates are stochastic the call cannot be replicated investing in S; and the risk-free
bond except under rather restrictive assumptions and even then the corresponding
portfolio weights have to be chosen differently (see 4.f.3 below).



Chapter IV: Application to Finance 259

4.d Valuation of non-path-dependent European options in Gaussian models.
Consider a European option h of the form h = f(51(T), S2(T),...,Sk(T)) exer-
cisable at time T', where S (t), Sa(t), ..., Sk(t) are any assets (possibly zero coupon
bonds). We assume that the claim h is attainable and that we are in the setting of
the general Black Scholes market of section 3.g. Let F;(t) = S;(t)/B(t,T) denote
the forward price of the asset S; deliverable at time 7" and recall that Pr denotes
the forward martingale measure at time 7. The price process 7i(h) of h can then
be computed as

7rt(h) = B(t7T)EPT [h|‘7:t]7 te [O7T]' (0)
Since S;(T') = F;(T') the option h can also be written as

The forward prices F}(t) are Pr-local martingales and hence (in the context of 3.g)
follow a driftless dynamics

dF;(t)
F(t)

AllogFy(1)) = — 5l (1)t + (1) - W7

=,(t)-dW}, equivalently

(2)

under the forward martingale measure Pr, that is, for some Brownian motion W,
on (Q, F, (Ft)tejo,r); Pr). Integration yields

Fj(t>:Fj<0>exp(/t J(5) - aw? - / e ds) te,T. ()

The use of forward prices and the forward martingale measure eliminates interest
rates from explicit consideration. All the necessary information about interest rates
is contained in the numeraire asset A(t) = B(¢,T). To make (3) useful for the
computation of the conditional expectation (0) we make the following

(G) Gaussian assumption: The volatility processes 7; are nonstochastic.

The forward price Fj(t) is then a log-Gaussian process with respect to the for-
ward martingale measure Pr (II1.6.d.4). Likewise assumption (G) implies that the
deflated processes £S; are log Gaussian processes with respect to the market prob-
ability P (3.g.eq.(4) and II1.6.d.4).

To compute the conditional expectation (0) with & as in (1) it will be conve-
nient to write the vector (Fy(T), Fo(T),...,Fy(T)) as a function of some vector
measurable with respect to F; and another vector independent of F;. Using (3) for
t=1t,T we see that

Fy(T) = Fj@exp( / D)W - 5/ ' w(s)Hst)

= Fj(t)exp (Cj(t7T) - %C”) , where
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¢, T) ft vi(s) - dWI and Cj; = ft vi(s (s)ds = (log(F}), log(F}))Y .
Fix t € [0,7]. Combining (0), (1) and (4) we obtain

mi(h) = B, T)Ep, [f(Fi()e D710 F(p)eD=30) | F] . (5)

Note now that the vector (Fy(t),...,Fy(t)) is Fi-measurable, while the vector
(G1(t,T),...,C(t,T)) is independent of F; with distribution N(0,C) (IIL.6.a.2,
II1.6.c.2). Thus the conditional expectation (5) is computed by integrating out the
vector (C1(¢,T),...,Ck(t,T)) according to its distribution while leaving the vector
(Fy(t),..., Fi(t)) unaffected (I.2.b.11); in short

m) = B [ F(R@ I RGN0, (6)

Let us now reduce this integral to an integral with respect to the standard multi-
normal distribution N (0, I)(dz) = ny(z)dx = (2m)~se 3zl gz,

To do this we represent the covariance matrix C' in the form C' = A’ A, for some
k x k matrix A, that is we write

T
Cij = [, 7i(s) - ;(s)ds = 0; - 0;,

where 6; = ¢;(A) is the jth column of the matrix A. Especially then Cj; = ||6;]*.
Using I1.1.a.7 we can now rewrite (6) as

Wt(h) — B(t,T) /Rk f(Fl(t)eOrx—%H@le’ L ,Fk(t)e‘g’“'x_%Hg’“‘lz)nk(x)dl‘- (7)

Replacing # with —z and noting that e =%~ 21% 1" = n, (z + 6;)/nk(x), (7) can be
rewritten as

min =51 [ 7 (FH"E

ng(x)

nk(m + Gk)
ny ()

4.d.0 Theorem. Assume that the assets Si(t),...,Sk(t) follow the dynamics (2)
and that the Gaussian assumption (G) holds. Then the price process m(h) of an
attainable European claim h = f(S1(T),...,Sk(T)) maturing at time T is given by
equation (8), where F;(t) = S;(t)/B(t,T) is the forward price of the asset S;, the
vectors 0; = 0;(t,T) € RF are chosen so that

ye ooy Fr() ) ng(z)de.  (8)

Cij = (log(F;), log(Fy)){ = ft Yi(s) - vj(s)ds = 0; - 0;

and ny(z) = (2r)~2e~21= s the standard normal density in R. y

Homogeneous case. In case the function f = f(s1, $2,...,Sk) is homogeneous of
degree one, formula (8) simplifies as follows:

(k) = /R F(S1Oni(e+01), ..., S ()i + 01)) da. )
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The zero coupon bond B(t,T) drops out and any explicit dependence on the rate
of interest disappears. We have seen this before in the formula for the price of
an option to exchange assets. In the Black Scholes call price formula the rate of
interest enters only since one of the assets is in fact the zero coupon bond with the
same maturity as the call option.

We will apply 4.d.0 to several options depending on two assets Sy, Sz (k=2).
Recall that N(d) = [ ni(t)dt denotes the (one dimensional) cumulative normal
distribution function and that the two dimensional standard normal density no
satisfies no(x) = na(x1,x2) = n1(x1)n1(x2). The following Lemma will be useful:

4.d.1Lemma. Letr be a real number, ,w € R* and G = {x € R* | z-w <r} C R?.
Then
0 -
/ na(z + 0)de = N <u>
G [[w]]

Proof: Let e; = (1,0) € R? and A be the (linear) rotation of R? which satisfies
Aw = |w||e;. Then A is a unitary map, that is, A’ = A~!. Consider the substitution
x = A~ 'u. Using the rotational invariance of Lebesgue measure, the fact that A is
an isometry and that the standard normal density nq(x) depends on x only through
the norm ||z||, it follows that

/an(a:—l—ﬁ)dx:/AGng(Aflu—FG)du:/Agng(Afl(u—FAﬁ))du

:/ na(u + Af)du.
AG

Here u € AG <= Aue G <= (Au) w<r <= u-(Aw) <r <= ui||lw|] <.
Thus AG = {u € R? | u; < r/||w|}. Set u= (u1,u2), A0 = (a1, a2) € R?. Then
na(u+ A0) = ny(u1 + a1)n1 (uz2 + as) and the special nature of the domain AG now
implies that

/Gng(x+9)dx:/ na(u 4 Af)du

AG

- (/[ulgr/m] g + al)du1> (/R iz + ag)du2) .

Since the second integral in this product is equal to one it follows that

/an(g: +0)dw = /[t<r/|w|+m] na(t)dt = N (HLI + 041) . (10)

Finally a1 =(A0) ey =0-(Aer)=0-(A"e)) =0 —

]l

and so 4.d.1 follows from (10).
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Consider now an option h = f(Sy,52) which depends on two assets. Here the
dimension k& = 2 and the vectors 61,6, € R? satisfy

T T
H91||2=/ 11 (s)|[*ds = (log(F1)) H92H2=/t 1y2(s)[[*ds = (log(F2)){ ,

t

and 0105 = /t 71(8) - Y2 (s)ds = (log(Fy), log(Fy))T,

from which it follows that ¥2(¢,T) = |61 — 62> = ftT 71(s) — Y2(s)||?ds. Set
Y (t) = S1(t)/S2(t) = Fi(t)/F>(t) and Z(t) = log(Y (t)). From (2)

a2(t) = 5 (IO = 1@)I?) + (1)~ 3() -awf,

and so d(Z); = || (t) = 72(8)[2dt. Thus 2(t,T) = [, [l (s) = 2(s)[*ds = (2)]
as in Margrabe’s formula 4.c.0.

4.d.2 Example. Option to exchange assets. The option to receive, at time T, one
unit of asset S in exchange for K units of asset Sy has payoff

h = f(S1(T),82(T)) = (S1(T) = KSo(T))* = (S1(T) — KS2(T)) 118, (1)> K 8 (T)]

which is homogeneous of degree one in S7, S2. Let us see if we can derive Margrabe’s
formula 4.c.0 from (9) above. Entering f(s1, s2) = (s1—K52)1[5,>Ks,] into (9) yields

ﬂt(h) = /G(Sl(t)’ﬂg(l’+01) 7KS2(t)n2(1'+92))d1’
:Sl(t)/C:nQ(x‘{’ol)dx*KSQ(t)/C;TLQ(,T+92)dI’,

where G = {x € R? | S1(t)na(z + 61) > KSz(t)na(z + 62) }. Thus € G if and
only if

na(x + 61) 1 9 KS ()
n2($+92) 61’p< 2 [||1'+ 1” ||$+ 2” Sl ) 3
1 W (t
equivalently 5 [||a:+t91|\2— H33+92||2] <lo ( ((1))
. S1(t 1
that is 2+ (61— 62) < log (Kéi&)) = 5 (104 = 16 %).

Thus G ={z € R’ |z-w < r}, where w = 0; — 05 and

r=tog (eairs )~ 51002 = Il).
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From 4.d.1 [, ne(z + 61)dx = N(dy) and [, na(z 4 02)dz = N(dz) and so
Wt(h) = Sl(t)N(dl) - KSQ(t)N(d2)7

where dy = (r + 61 - w)/||w|| and do = (r + 62 - w)/||w]|. Recalling from (10) that
lw]| = 161 — 02]| = X(¢t,T) and observing that

Si(t 1 Si(t 1
r+01-wlog(K‘;i()t)>+2||w||2 and T+02'U}l09([(;’§(2€))2”w”2’

it follows that

 log(81(t)/ K Sa(t)) + 52%(¢,T)
B 2(t,T)

d1 and dg = d1 — Z(t,T),

as in formula 4.c.0 above. Note that we can also write these quantities as

. log(F1(t)/Fa(t)) — log(K) £ %<109(F1/F2)>: |
(log(F1/F2)),

)

4.d.3 Example. Digital option. Consider the option h = 1(s,(1)>Ks,(1)- Since
the function f(s1,82) = 15, > ks, satisfies f(asy, asz2) = f(s1,s2), 4.d.0 simplifies
to

m(h) = B(t,T) /RZ f(S1(t)na(z + 61), Sa(t)no(z + 62))no(z)dx

- B(t,T)/ no(x)dz = B(t,T) N <T> ,
G [Jw]]
where G, r and w are as in 4.d.2. Set p = r/||w|. As ||w| = \/{log(F1/F2))] and

= tog (oaiers) = 510112 = loal?)

= log (Fi (0)/ F2(1)) — log(K) + 5 ({log(F2))F — Glog(F)Y),

we obtain m;(h) = B(t,T)N(p), where

b= log (F1(t)/Fa(t)) — log(K) + 5 ({log(F2)){ — (log(F1))])
(log(F1/F))f
Comparing this with the formula 7 (h) = B(t,T)Ep, (h|F:) shows that N(p) is the
(conditional) exercise probability N(p) = Ep,.(h|F;) = Pr(S1(T) = KS2(T) | 7)
under the forward martingale measure Pr. In case Sa(t) = B(¢,T) the option payoff
becomes h = 1(g, (1)> k], F2(t) = 1 and consequently (11) simplifies to

. log(Fi(t)) — log(K) — +(log(F1))T) y
<109(F1)>tT

(11)
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4.d.4 Example. Power option. Let now h = Sy (T)*So(T )1 SI(T)>K52(T)], where
A\ i€ R. Let G, r and w be as in 4.d.2. As the function f(sy,s9) = 5755 5 1[s1> Ksa)
satisfies f(asy, asy) = a* ¥ f(s1, s2), 4.d.0 simplifies to

m(h) = B(t,T)1 =0 / F(S1()na(a + 61), So(t)na(z + 02))na(x) '~ O dar

R2

= B(t»T)l_(/\+“)51(t)/\52(t)u/ na(x + 01) ng(x + 02) ny(z) =AW dx
G

= B(t, T)Fy(t)* Fa(t)" /G na(z + 01) gz + 92)“n2(x)1_(’\+“)dx_

Set U = exp [f
computation ny

(A =N)]0]1F + (1 = p)||0]]3 — 2Ap 61 - 62)]. By straightforward

1
2
(1‘ 01) nk(cc + 02)“nk( )17()‘+“) = Unk(z + )\91 + ,uﬂg) and S0,

using 4.d.1,

i(h) = UB(t, T)Fy (1) Fa(t)" / n (2 + A0y + ) dz
G

= UB(t,T)F,(t)*Fy(t)*N {Hw”_l (r+ (A1 + pba) - w)|.

Since w = 61 — 0 and r = log(F(t)/F2(t)) — log(K) — 3(||61]|* — ||62]|* we have

+(A1 + pb) - w =1+ N|61]]> + (1 — Ay - 02 — |6
= log(Fy(t)/Fa(t)) — log(K) + (A = $)[101]]> + (1 — A)01 - 02 + (5 — w) |62

Recalling |01 |> = (log(F1))7, [102]|* = (log(F2))7 . 01 - 2 = (log(F}), log(F3)){ and
|lw|| = (log(Fy/F»))T, the option price assumes the form

m(h) = UB(t, T)Fy (t) Fy(t)*N(q), where
U = exp [—5 (A1 = N (log(F1)){ + u(1 — p)(log(F2)){ — 2Auflog(F1), log(F»)){ )]

and g = |log(Fi(t)/Fa(t)) — log(K) + (A — 3){log(F1)){ + (3 — m)(log(F2))i

(1 N {log(Fy). zog<F2>>ﬂ / Tog(FL /)T -4

Remark. Here (log(F} )T is the aggregate percentage volatility of the forward price
Fj; that is left from current time ¢ to the time 7' of expiry of the option. It is
incorrect to use the volatilities of the cash prices S; instead. The two are the same
only if the zero coupon bond A(t) = B(¢,T) is a bounded variation process.
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Note that (log(F}))} —ft 75 (s)|1?ds, (log(FY),log(F2))? —ft 71(8) - v2(s)ds and

(log(Fy /F2)>tT = (log(F1)){ + (log(F2)){ — 2(log(FY), log<F2)>g’
— [T 171 (s) = ()2

The following notation is frequently employed in the literature: set o; = ||v;|| (the
numerical volatility of the forward price F}(t)) and pi; = (vi/||%ll) - (7;/11751)- The
dynamics of the forward prices F}(t) then becomes

dF,(t) = Fy(H)o;(H)dv] (¢)

for Pp-Brownian motions V' (t) defined by dV' (t) = ||v;(t)[| ', (t) - AW which
are one dimensional and correlated by d(V;",V;"); = pi;(t)dt (I11.6.b.0). Then

T T
(log(F,))T = / o2 (s)ds,  {log(Fy), log(Fy))T = / (0102p12)(3)ds

T
and (log(Fy/Fy))I = / (02 4+ 03 — 20102p12)(5)ds.
t

4.e Delta hedging. A replicating strategy 6 for a European option h is also called
a hedge for h with the interpretation that a seller of h will trade in the market
according to # to hedge the random payoff h at time T

Assume now that A is a numeraire asset such that £ A is a martingale. Then the
local martingale measure P, is defined. Assume that the market B contains only
finitely many securities and that A is a security of B and write B = (A4, By, ..., By).
For a process X (t) we write X (¢) = X (t)/A(t) as usual.

Now let h be a European option exercisable at time T and write m(h) =
E@t) " Ep[&(T)h|F], t € [0,T). Then &(t)m(h) is a P-martingale and hence 7;*(h)
a P4-martingale (3.d.0.(b)).

4.e.0 Delta Hedging. Assume that the process {*(h) can be written in the form
m(h) = F(t,BAt)) = F(t, B{(t),..., B (1)), te0,T], (0)

for some function F = F(t,b) = F(t,by,...,b,) € C*?([0,T] x R%}). Let G(t) =
(K(t), Hi(t),...,Hy(t)) be the trading strategy investing in B = (A, B, ..., By,)
defined by

or

H;(t) = %,

(t, BA(t)) and K(t) = F(t, BA(t)) —Z:ﬂ H,(t) BA(1).

Then 0 is a replicating strategy for h.

Remark. Here F = F(t,b) € C*2([0, T]x R") is to be interpreted as in I1I.3.a.1, that
is, F'is continuous on [0, 7] x R}, the partial derivative 0 f/0t exists on (0,T) x R’
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and has a continuous extension to [0,7] x R’}. Continuous second order partial
derivatives are assumed to exist with respect to the remaining variables.

Froolt By QeBBOn ) = k(o) + 37 Hy (0B = F(1 B D) = 7 (0),
Thus V;A(0) is a Ps-martingale with V2 (0) = 74 (h) and so Vr(0) = nr(h) =
h. From 3.d.0.(b) it follows that £(¢)V;(6) is a P-martingale and thus we have
to show only that 6 is self-financing. By the numeraire invariance of the self-
financing condition it will suffice to show that @ is self-financing in the market B4 =
(1, B, .. ) Since dB4A = (0 dBi ...,dB;;‘)/ the self-financing condition for

0 assumes the form N N N n N
dV,(6,B4)=d(0-B*) =60-dB* =) HdB}. (1)

Indeed, since V;(6, B4) = VA(9) = F(t, BA(t)) Ito’s formula I11.3.a.1 yields
davi(0, B* +3 X ab tBA( t))dB(t)
Jj=
)+ Z (t)dBLA(t),

for some continuous bounded variation process C' with C( ) = 0. In integral form

Vi(0, BA) = Vy(0, BY) + C(t Z Hj e BY)(t).

(2)

Here V;(0, B4) = VA(0) is a Ps-martingale and the processes H; o Bf‘ are Py-local
martingales (as the Bf are P4-local martingales). It follows that C'(t) = C(0) = 0,
t € [0,7], and (2) simplifies to yield (1).y

The weights H; given to the underlying assets B; in this strategy are derivatives
OF/0b; (t, BA(t)) of the relative price mf*(h) of h with respect to the relative price
Bf at time ¢. In other words H,(t) is the first order sensitivity of the relative price
of h to the relative price of the underlying asset B; at time ¢. These sensitivities
are the so called deltas of the option h at time ¢. Therefore our replicating strategy
0 is also called delta hedging. The numeraire asset A is used to keep the portfolio
value equal to the option price m;(h) at all times.

In practice the zero coupon bond A(t) = B(t,T) is the most useful numeraire.
In this case the relevant prices to be used in the computation of option deltas and
hedging coefficients are the forward prices for delivery at time 7. Common market
practice however uses the cash prices instead, that is, one writes m¢(h) = C(¢, B(t))
and uses the sensitivities (0C/0b;)(t, B(t)) as portfolio weights. This is justifiable
only if the numeraire A is nonstochastic, in which case

me(h) = A(t)m(h) = A(t)F (t, BA(t)) = C(t, B(t)),
where C(t,b) = A(t)F (¢, A(t)~'b), for (¢,b) € [0,T] x R, and so (9C/0b;)(t,b) =
(OF/0b;)(t, A(t)~'b) from which it follows that
oC OF
G (€. BO) = G050,

Note that the numeraire asset A(t) = 1 is in B only if interest rates are zero.
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4.f Connection with partial differential equations. We continue in the setting of
the general Black Scholes market of 3.g. Let S be an asset in B and consider a
European option h of the form h = f(Sr) exercisable at time T'. Let A(t) = B(¢,T)
be the zero coupon bond maturing at time 7' and write X“(¢) = X (t)/A(t) as usual.

Switching to the numeraire A, that is, replacing the cash price S; with the
forward price S{* = Fg(t,T) of the asset S allows us to incorporate stochastic rates
of interest without extra effort. As we will see below this relies on the fact that
A(T) = 1 is nonstochastic. The zero coupon bond A(t) = B(t,T) is essentially the
only numeraire in B with this property.

From 3.g.eq.(15) combined with IT1.6.b.0 we know that the forward price S/
follows a dynamics dStA _ S{‘a(t)thT, fe 0T (0)
under the forward martingale measure Pr, where o € L(V7T) is the volatility of
the forward price of S under the forward martingale measure Pr (and hence also
under the market probability P) and V,T is a one dimensional Brownian motion on
(Q, F,(F:), Pr). Since the numeraire A satisfies A7 = 1 and hence Sy = S3, the
option h can also be written as h = f(S#). We now make the following assumption:
The process o(t) is nonstochastic and continuous.

If h is replicable, then the arbitrage price m,(h) of h satisfies 7{*(h) = Ep,. [h| 7]
and hence is a Pp-martingale satisfying 74 (h) = h. We shall however not assume
that h is replicable. Nonetheless the process 7*(h) = Ep, [h|F;] can be considered
and we shall attempt to write 7/*(h) in the form

mt(h)=F (t, ), te[0,T],

for some function F' = F(t,s) € C12([0,T] x Ry) (to be interpreted as in I11.3.a.1)
and see what this implies for the function F'. By Ito’s formula I11.3.a.1,

OF OF 10%°F
dri'(h) = - (t S{) dt + 55 (& S{) dsit + 5.2 (b SH)d(sH), .

From (0) we have d <SA>t = (Sg“)2 o2 (t)dt and entering this and (0) into (1) yields

F 1 ’F
dni(h) = oF (t. S + —(5;4)202(15)6— (t,S{) | dt
ot 2 52
oF (1)
+ Sfo(t) = (t,57) dV/".
0s
Since 7/1(h) is a Pp-martingale, the drift term must vanish and we obtain
OF 1 2 0?°F
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This suggests that we consider solutions F = F(t,s) € C12([0,T] x R.) of the PDE
OF 1 PPF

2 2

- 4= =0. 2

8t+250(t)852 0 (2)

Recalling that h = f(S%), the requirement F(T,S#) = 74 (h) = h = f(S#) leads
to the boundary condition

F(T,s) = f(s)- (3)

Note that it is the driftless nature of equation (0) which makes the partial differential
equation (2) so simple.

Conversely, let us assume we have a solution F = F(t,s) € C2([0,T] x Ry)
of (2) satisfying the boundary condition (3) and set

U,=F(t,5), telo,T)

Then Ur = F(T,S#) = f(S#) = h. Recall now that m{*(h) is a Pr-martingale

satisfying 74 (h) = h = Ur. If we can show that U, is a Pr-martingale also, it will

follow that A A

7 (h) = Ep.[h | F]) =U = F (t,5/), t€0,T],

establishing the desired representation for the process 7{*(h). Note that this implies
mi(h) = A(DF (t,5{') = B(t, T)F (t,S(t)/B(t,T)), te€[0,T].

To ensure that Uy is in fact a Pp-martingale we must put one more constraint on
the solution F of (2). We assume that the partial derivative OF/0s is bounded on
[0,T] x Ry. Ito’s formula now yields the expansion (1) for dU; = dF (t, S{*) with
collapsing drift term, that is, dU; = o(t)S(0F /ds) (t, StA) dV,r', equivalently

! OF
U, = Uy —l—/ o(v)SP—— (v, S5 av;l. 4)
0

v 0Os
The nonstochastic and continuous volatility o in (0) is bounded on [0,7]. Thus,
according to III.6.a.1, the dynamics (0) implies that

Ep, UOT o2(t) (S;“)th] < 0.

Since the partial derivative F/ds is bounded, it follows from this that

Ep, UOT <a(t)S;‘ %—f (t, S;“)>2dt] < 00

also. But this ensures that U; given by (4) is a (square integrable) Pr-martingale

on [0,T7], as desired. This shows that 7i*(h) = Ep,. [h | ;| = F(t,S{), t € [0,T].
Thus 4.e.0 applies to show that a replicating strategy 6; = (K, Hy) for h which

invests in the asset vector (A, S;), that is, in the numeraire asset and the underlying

asset, is given by OF
Hy = (t,S%) and K,=F(t,S") — H,S{. (5)

We can summarize these findings as follows:
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4.£.0. Let h = f(St) be a FEuropean option on some asset Sy satisfying (0) with
continuous, nonstochastic volatility o(t). If F = F(t,s) € CY2([0,T] x Ry) is any
solution of the PDE 2
Gj + 15202(15)871? —
ot 2 0s?
satisfying the boundary condition F(T,s) = f(s) and with bounded partial derivative
OF'/0s, then h is replicable and the price process mi(h) can be written as

0

m(h) = B(t,T)F (t,S(t)/B(t,T)), te[0,T).

A replicating strategy 0(t) = (K, Hy) for h investing in the vector (Ay,St) =
(B(t,T),S:) is given by (5). 4

The weight H; given to the underlying asset S; in this strategy is the derivative
(OF/0s) (t, StA) of the forward price of h with respect to the forward price of S at
time ¢t. This weight would not be correct if the cash prices were used instead.

4.f.1 Remarks. (a) The use of the forward price S* and the evaluation of h
via the forward martingale measure Pr has the advantage of eliminating interest
rates from explicit consideration. The necessary information about interest rates is
packed into the numeraire asset A(t) = B(t,T). The forward price S is the price
of S at time t expressed in constant time 7' dollars. Note that the critical input,
namely the volatility process o(t), does not change when we pass from the market
probability P to any equivalent probability. Thus o is the volatility of the forward
price S;! realized in the market.

An evaluation of h as m(h) = Bo(t)Ep, |[Bo(T)*h | ;] based on the dynamics
of the discounted cash price S(t)/Bo(t) under the spot martingale measure Py does
not offer this advantage and necessitates assumptions on the spot rate process r(t).
For the valuation of a cashflow occurring at a single future date T', the time T-
forward martingale measure Pr is superior to the spot martingale measure Pj.

(b) Equation (3) does not have constant coefficients even if o(¢) is constant. In this
case however we can derive a constant coefficient PDE if we use a slightly different
setup: The logarithmic transform Z; = log (S{‘) simplifies (0) to

dZy = =302 (t)dt + o (t)dV;" (6)

and we write now 77'(h) = H(t, Z;), t € [0,T], for some function H = H(t,z) €
C12([0,T] x Ry) and see what PDE the function H has to satisfy. From (6) we
have 9

d{Z) = o(t)"dt, (7)
and entering this into the expansion

2
dnt(h) = di, z) = 22 zoa+ 2L 4, z)yaz, + L2

ot 57 3 gz2 (1 I
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yields A OH 1 52 OH 1,,,0°H
amf(h) = | S50 20) = 502 5 (%) + 5050 5 (1, %) | de
oH
+U(t)5(t,Zt)dV;T

Since 7/ (h) = Ep, [h | 4] is a Pp-martingale, the drift term must vanish and we

obtain 0H 3H 0*H
1 (1

This suggests that we consider solutions H = H(t,z) € CI’Q([07T] x R) of the
PDE

S (L2 =0,

oH on o oH

ot 2 0z 2 022

The requirement H(T, Zr) = w4 (h) = h = f(S%) = f (¢?T) translates into the
boundary condition ;

H(T, z) = f(&7). (9)

Conversely, if H = H(t,z) € C12([0,T] x R.) is a solution of (8) satisfying (9), we
can show that

—0. 8)

mt(h) = H(t, Z;), Vte(0,T),

under a suitable additional assumption on the partial derivative 0H/0z. To deter-
mine this condition let us investigate the relation between the function F' = F(t, s)
from (2) and H = H(t,z) above. In fact the relation Z; = log(S;{*) suggests that
the PDEs (2) and (8) are related via the transformation z = log(s). In fact it is
straightforward to show that the substitution z = log(s) transforms (8) into (2).
Thus the boundedness of 9F/Js corresponds to the boundedness of e *0H/0z.

Higher dimensional PDEs. The above approach can also be extended to options
h = f(S1(T),...,Sn(T)) depending on a vector S(t) = (S1(¢),...,Sn(t)) of assets.
Starting from

dSi(t) = S (t)oy(t) - dW,, 1<j<n, (10)
where W' is an n-dimensional Pr-Brownian motion and the o; : [0,7] — R"

are continuous functions, note d(S;*,5), = SP(t)SA(t) o4(t) - oj(t)dt and try a

mi(h) = F(t,8%(t)) = F(t, S{(t), ..., S (1)), (11)

for some function F' = F(t,s) = F(t,s1,...,s,) € CY2([0,T] x R%). This yields
the PDE

representation

1 0’F

2 Zij si8;0i(t) ‘Uj(t)m =0 (12)
with boundary condition F(T,s) = f(s), (13)
where s = (s1,...,8,). An argument similar to the above shows that conversely

(12), (13) combined with the boundedness of all the partial derivatives 0F/0s; suf-
fices to establish the representation (11). Note that we have already solved the
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PDE (12), (13) in 4.d.eq.(7) above. We have d(log(S;*),log(S:)), = oi(t) - o (t)dt
which follows from (10). Thus the process o;(t) - 0;(t) is the instantaneous covari-
ation of log(S) and log(Sf). A replicating strategy 6 for h invests in the vector
(A(¢), S1(t), ..., Su(t)) with weights 0(¢) = (K (t), H1(t), ..., H,(t)) given by

oF

H;(t) = P
J

(t,S4(t)) and K(t) = F(t,S(t) Z H;(

Continuous dividends. Assume now that the asset S; pays a continuous dividend
D;(t) satistying dD;(t) = ¢;(¢)S;(t)dt and let h = f(S1(T), ..., Sn(T)) be as above.
From the discussion in 2.c we know that the option price remains unaffected if the
assets 9, (t) are replaced with their dividend-free reductions S;(t) = S;(t)C;(t) with
C;(t) = exp(— j; qj(s)ds). In other words

m(h) = A(R)F(t, S{ (1), ..., S2(t)) = A(®)F(t, S (t)CL(t), ..., SA(t)Cn(t)),

where the function F' = F(t,51,...,5,) € CY2([0,T] x R satisfies

1 0*F
= E 5;8;0:(t) - 0j(t) == =
2 ij 5i8,0i(t) - o4 )Gsiasj

with boundary condition F(7T,5) = f(5). This appears to be the most efficient
approach to dealing with continuous dividends as it shows that the same valua-
tion PDE can be used as in the dividend-free case if the formula for the option
price is adjusted accordingly. However if it is desired to write the option price in
terms of the dividend paying assets S;(t) as m(h) = A(t)G(t, S{*(t),...,S2(t)), the
corresponding PDE for the function G = G(t, s1,...,s,) can also be derived.

The equality F(t,S{(t),...,S52(t)) = 7 (h) = G(t, S{A(t), ..., SA(t)) suggests
that we should have F(t,31,...,8,) = G(t S1,...,8n), where the variables § and s
are related by = ()15, = €$p(ft a;(s ds) 5.

From this it follows that 6sj/8t = fsjqj(t) and 9s;/05; = C;(t)~! and so

oF 0G 0G 0s; 0G oG
R

ot~ ot ids; ot Ot ds;’

oF _9Gos; _ oG ()
6'§j - 8sj (95]' B aSj J '

It follows that 02F/03,05; = (8°G/0s;0s;)C;(t)~*C;(t)~! and consequently
5,5,0°F/05;05; = s;5;0*°G/0s;0s;. Entering this into the PDE for F yields

oG >*G
a B Z ]q] Z 5 SJUZ j(t) 881‘88.7' =0

with boundary condition G(T,s) = f(s).




272 J.f Connection with partial differential equations.

Remark. Our PDEs are related to the heat equation 0H /0T = %ZJ OPH |03,
Consider (12), (13) with constant volatilities o; € R™. Introduce the new variables
(t,u) = (T,u1,...,uy) defined by t = T—7 and s; = exp(o;-u+57)0:[?), 1 <i < n.
Then the function H(1,u) = F(t,s1,...,S,) satisfies the heat equation.

4.f.2 Valuation PDE for barrier options. We consider the case of a single
asset S. Let Z; = (t,5¢), G C [0,T] x R4 be a relatively open set with Z; € G and
7=1inf{¢t > 0| Z; € bdry(G) } the time at which Z; hits the boundary of G. Note
that Z; hits the boundary of G before time T and so 7 < T. Let f = f(¢,s) be a
continuous function on the boundary of G and consider the option h with payoff
f(1,5;) at time T. The payoff of h receivable at time T is determined when the
process Z hits the boundary of G (the barrier).

G
A

s /ﬂf
Z0)

payoff
f(z,S1))

Figure 4.1
To establish the proper valuation PDE for this option we work from the dynamics
dS; = r(t)Sydt + o (t)S,dW (14)

of S under the spot martingale measure Py with deterministic short rate process
r(t) and volatility o(¢). The riskless bond B; = emp(fg 7(s)ds) is then nonstochastic
also and so the option price m;(h) satisfies

m(h) = BiEp,[h/Br | F;] = BBy Ep,[h|F). (15)
Set V; = F(t AT, Sinr) where F = F(t,s) € C%(G) (continuous on the closure of
G, C*? on GN(0,T) x Ry). If V is a Py-martingale satisfying Vo = h = Ep, [h|Fr],
then it follows that V; = Ep,[h|F;] and so

7+(h) = BiB;'Ep,[h|Fi] = B;B;'V; = BB 'F(t AT, Siar), VYt €[0,T]. (16)
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The requirement Vi = h can be rewritten as F(7,S;) = f(7,S;) and is satisfied if
F satisfies the boundary condition

F=f on bdry(Q). (17)
According to II1.2.d.0.(c) we have d(t A7) = 1jo -(t)dt,
d ST =110, (t)dSe = 1o - ()r(t)Sedt + 1o 7 (t)o(t)S;dW)  and
d(ST), = d(S)] =110 (t)d(S), = 1jo.-()o(t)*SFdt,
and so Ito’s formula yields

OF . OF . . 10%F . .
thzE(t/\T,St)d(t/\T)—Fg(t/\r,st)d(s )t+§@(t/\7,8t)d<5 Ve

oF
=1l (t){ Bs (t AT, S7) o (t)SedWP+

oF T oF 1, ,0%F T
[E (t/\T,St)—i—T(t)Stg (t/\T,St)+§U(t) St@(t/\T,St ):|dt}

If now F = F'(t, s) satisfies the PDE

OF OF 1 ., ,0°F
T + TU)S& + §O(t) Sy 0, (18)

this collapses to dV; = ((‘3F/8s) (t A7, Sinr) o(t)SidW? implying that V is a Pp-
local martingale. If in addition the partial derivative 0F/ds is bounded, it follows
that V' is a square integrable Py-martingale. In this case we have the representation

7Tt(h) :BtBj_wlF(t/\T,St/\T), tE [O,T‘]7

for the option price m;(h).

4.£.3 Hedging the call. Let h = (Sr — K)* be the call on Sr with strike
price K. In the proof of Margrabe’s formula 4.c.0 we have seen that the process
m(h) = B(t,T)Ep, [h|F;] is given by my(h) = S;N(d1) — KB(t,T)N(d2) and so

7(h) = SAN(dy) — KN(dy), tel0,T], where

_ log (S#/K) + 122(t,T)
' (¢, T)

T
5 d2 - dl - Z(t7T)7 Eg(t’T) - / HU(S)H2dS
t

and A, = B(t,T). Here ||o(s)]| is the volatility process of the forward price S;*. This
did not use the replicability of h (only the interpretation of m;(h) as the arbitrage
price of h does). Thus 7 (h) = F(t,S{*) where F(t,s) = sN(dy(s)) — KN(da(s)),

g — log (s/K) + %ZQ(t,T)
e (¢, T) ’

dy = dy — X(t, T),



274 J.f Connection with partial differential equations.

and X(¢,T) does not depend on s. A straightforward computation shows that
OF/0s = N(dy(s)). Thus the pricing formula

me(h) = S;N(dy) — K AN (dy) (19)

already yields the correct weights for hedging the call in the underlying asset S;
and the zero coupon bond A; = B(t,T) (delta hedging). A long call will be hedged
by being short S; and long the bond B(¢,T).

These weights are not correct if the long side of the hedge invests in the riskless
bond (investing the difference my(h) — S¢N(d1) in the riskless bond), unless the
short rate r(t) is nonstochastic. To see this, let us derive the correct weights for
hedging the call with the underlying asset and the riskless bond By(t). Write
X9 = X(t)/Bo(t), for each process X. Starting from the dynamics

dS? = S%(t) - dW?, and dA? = AYB(t) - WY, (20)

under the spot martingale measure Py (W, a two dimensional Brownian motion on
(Q,F,(F),Py) and o0 = og, B(t) = b(t,T) in the terminology of 3.g), straightfor-
ward computations yield " " 0

dsit = SH{(B— o) - Bdt + (o — B) - dW} . (21)

Assume now that ¢, = (Kt7ﬁt) is a replicating strategy for our call investing in
the assets (Bo(t), S(t)). Then, writing 7, = m,(h), we have dr? = dV,(¢) = H,dS?
since ¢ is self-financing. Likewise, if 6; = (K, H;) is any trading strategy investing
in the assets (Ay, S¢) which replicates h, then dn! = dV;A(0) = HdS{.

Suitable weights H; = N(d;) and Ky = —KN(dg) for such a strategy are
already known from (19) and we would like to derive suitable weights H,, K, for ¢
from these. To do this, note that 7 = A7/t and thus, by the stochastic product
rule,

drf = Addr{ + 7 dA] + d(A%, 7). (22)

We will now reduce the left and right hand sides to stochastic differentials with
respect to W and compare coefficients. On the left we have

dr? = H,dS? = H,S% - dW). (23)
To simplify the right hand side, we compute the summands one by one. First
drit = HidS{* = HiS{ {(B — o) - Bdt + (o — B) - AW} } (24)
from (21). Multiplying this with A? and observing that AYS# = S?, we obtain
Aldr = HiSP {(B—0) - Bdt + (o — B) - dW}}. (25)

From (20) 72dAY = 1A AVG - AW = 703 - AW (26)
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and finally, from (20) and (24), observing again that 4?54 = 59,
d{A°, 7)), = H,S} (0 — B) - Bdt. (27)

Entering (25), (26), (27) into (22) we obtain dry = {H,S{(c — B8) + 7YB} - dW}.
Comparing this to (23) yields H;SPo = H;S? (o — ) + 79 3, equivalently

H,o0=H(o—B)+70. (28)

Assume now that the vectors o(t) and 5(¢) are linearly independent, for all ¢ € [0, T].
Then (28) implies in particular that 7 = Hy, that is, V;() = 7 = H;S; and so
K; = 0 in contradiction to Ky = —KN(dy). Thus, in this case, there is no process
H, satisfying (28) and consequently a replicating strategy ¢ hedging the call by
investing in (By(t), S(t)) does not exist.

However such a replicating strategy does exist, if we assume that the same one
dimensional Brownian motion V; drives both the asset S; and the zero coupon bond
Ay = B(t,T), that is, if we assume the dynamics

dSY = SPay(t)dV;, and dA? = Aoy (t)dV,
instead of (20). Computations which are identical to the ones above (o, 3 and W}
replaced with o1, oo and V;) lead to the equation Hyoy = Hy(oy — 02) + 7o with
scalar processes 01, 02, which can be solved for H; as

H, = H; + Ugafl(wf — Ht). (29)

From (19) it is known that H; = N(dy) and m = S;N(dy) — KA;N(dz) and so
7y — Hy = —K Ay S; ' N(dy) with the notation of section 4.c.0. With this (29) yields

Hy; = N(d1) — Koyoy ' A,S; N (dy) = N(dy) — Kogoy 'B(t, T)S; N (dy)

as the correct number of shares of the asset S; to hold short when hedging a long
call h = (S — K)* by investing in S(¢) and the riskless bond By(t).
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5. INTEREST RATE DERIVATIVES

Fix a sequence of dates (tenor structure) 0 < T =Ty < Ty < ... < T, <T* and
consider a market B containing each zero coupon bond B(t,T;) and admitting a
local deflator & such that £(¢)B(t,T}) is a martingale and so the forward martingale
measure Pr, is defined at each date T}, 0 < j < n.

Set 6; = Tj41 — 1}, 0 < j <n, and assume that 0 <t < T = Ty. Recall that
Libor L(Tj) set at time T (for the accrual period [T}, Tj4+1]) is defined as

B(Tj, Tj41) ™" = 1+ 8;L(T}). (0)

One dollar at time T} buys B(T T+ 1)~! zero coupon bonds maturing at time
Tj+1 with payoff B(T;, Tj4+1)~! at time Tj+1. Thus L(7}) is a simple rate of interest
expressed in annualized form. The dates Ty, ..., T, —1 are called the reset dates (i.e.,
dates at which Libor is reset) and the dates Ti,...,T, are called the settlement
dates (i.e., dates where interest payments are made (for Libor settled in arrears)).

5.a Floating and fixed rate bonds. The floating rate bond FLB (with principal
1) is a security which pays the coupon ¢; = 0;L(Tj) at time T;4q1, 0 < j < n and
returns the principal 1 at time T,,. Let F'LB; denote the value of this random cash
flow at time t < T = Ty and ¢;(t) the value at time ¢ of the jth coupon payment
¢;. Clearly then

n—1
FLB, = B(t,T;,) + ZFO ci(t). (1)
Moreover, evaluating the coupon ¢; = §; L(T;) = B(T;, Tj+1)"* —1 (payable at time

Tj+1) at time ¢ using the time 7)j;-forward martingale measure Pr,,, in accordance
with 4.a.eq.(2) yields

¢j(t) = B(t, Tj+1)Epy, , [B(T}, Tj+1) ™" — 1| F]
= B(t,Tj+1)Epr,,, [B(T), Tjs1) " | F] = B(t, Tjra).
Using 4.a.2.(b) to switch to the forward martingale measure Pr; yields
¢;(1) = B, Ty Epy, [1|F] - Bt Ty11) = BU,T}) — B, Ty10).
Entering this into (1) and telescoping the sum yields
FLB, = B(t,Tp).

Here it was assumed that ¢ < T = Ty. If t € (T}, T;+1], then FLB, = B(t,Tj1+1).
In particular the floating rate bond F'LB has value 1 at each reset date Tj.

The fixed rate bond FRB(x) (with coupon rate x and principal 1) pays the
fixed coupon ¢; = d;x at time Tj41, j =0,...,n — 1 and returns the principal 1 at
time T,,. Consequently its value FRB;(k) at time ¢ < T satisfies

FRB,(r) = B(t,T},) +Z MBtT]H) (2)
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5.b Interest rate swaps. Interest rate swaps exchange fixed rate coupons for floating
rate coupons on a nominal principal which we shall always assume to be equal to
one. Such a swap is called a payer respectively receiver swap according as the fixed
rate coupons are payed or received.

Recall from section 3.f that forward Libor L(t,T;) at time t < T} for the
accrual period [T}, Tj4+1] is the simple annualized rate defined by

B(t,T})

BTy =L 8;L(t,T;). (0)

The holder of a forward payer swap FS(k) with fized rate k is obliged to pay the
fixed rate coupon ¢;x and receives the floating rate coupon §;L(T};) at time Tjyq
for the accrual period [T}, T}11], j =0,...,n — 1. Here the fixed rate & is a simple
annualized rate.

In other words, such a swap pays coupons at the fixed rate x on a nominal
principal of 1 and receives floating rate coupons over the accrual periods [T}, Tj41].
The floating (Libor) rate is reset at the beginning of each accrual period and pay-
ments are exchanged at the end of each accrual period (settlement in arrears). The
forward payer swap FS(k) is called simply a payer swap if accrual periods are to
commence immediately, that is, if current time ¢ satisfies t = T = Ty. Let FSi(k)
denote the value at time ¢ < T of such a forward payer swap. A forward receiver
swap is defined similarly with fixed coupons received and floating coupons paid.

It is clear that the cashflows of a payer swap are identical to the cashflows
induced by the following portfolio: long the floating rate bond F'LB and short the
fixed rate bond FRB(k) with face value 1 and coupon rate x. Thus the value
FSi(k) at time t of the payer swap is given by

FSy(k) = FLB, — FRB,(x) = Bt,T) ~ > . ;5ij(t, Tj1) — B(t,T,). (1)

The (n-period) forward swap rate k(t,T,n) is now defined to be that fixed rate x
making the value of the foward payer swap F'Si(k) at time ¢ equal to zero and so,
from (1),
B(ta T) — B(ta Tn)
—1 N
>0 0;B (¢t Tjt1)
Consequently a payer swap with accrual periods to commence at time T' = T can
be entered into at any time ¢t < T at no cost, if the fixed rate x is chosen to be the
forward swap rate k(t,T,n). Thus we have

k(t,T,n) = (2)

n—1
FSy(k) =B(t,T) = > o 5ikB(t, 1) — B(t, T)

n—1
and O:B(t7T) _Z, 0 6j/€(t,T,?’l)B(t,1}+1) _B(thn)a
j:
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by definition of the forward swap rate x(t,T,n). Subtraction now yields
n—1
FSi(s) = Y20 63 (6, Tm) = 9) B, Ty0). 3)

The swap rate is the forward swap rate k(t,T,n) for t = T, that is, the fixed rate
/ at which a payer swap can be initiated immediately at no cost. From (2) we see
that the swap rate (T, T, n) satisfies

| = B(t,T})
Y0 6Bt Titn)

k(T,T,n) = (4)

5.c Swaptions. Recall that the forward payer swap F'S(k) satisfies

n—1 n—1
FSt(K:) = B(t’T)_Zj:() 5j’{’B(t7Tj+1)_B(t7Tn) = B(t’T)_Z CjB(t7Tj+1)7
[ 9k, ifj<n-—1
where Cj_{1+6jn, if j=n—1.

The payer swaption PS(k) is the European option exercisable at time 7' to enter
at no cost into the payer swap F'S(k) commencing at time 7T, that is, PS(k) is a
European call exercisable at time T with strike price zero on the payer swap FS(k)
starting at the time of exercise. Thus PS(k) is a European option with payoff

n—1 *
FSr(k)t = (1 - ijo ¢ B(T, TjH)) (0)

at time T'. This is the payoff of the European put exercisable at time T with strike
price 1 on the coupon bearing bond with coupons c; at the settlement dates 7)1,
0 < j < n (the last coupon contains the principal). Alternatively, using

FS)(x) = Z;:Ol 5, (k(t. T,n) — k) B(t, Ty11)

and observing that the term x(t, T, n) — k does not depend on the summation index,
this payoff can be written as

FSr(r)t =)

and can be viewed as the payoff of a portfolio of dg,d1,...,0,_1 European calls on
the forward swap rate x(t,T,n) with strike price x all of which must be exercised
at the same time T and have payoffs deferred to times 71,75, ..., T, respectively.
Similarly the receiver swaption RS(k) is the European option exercisable at
time T to enter at no cost into the receiver swap —FS(k) commencing at time T,
that is, RS(k) is a European call exercisable at time T with strike price zero on

GBI Ty (T Tom) k) (1)
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the receiver swap —FS(k) starting immediately. Thus RS(k) is a European option
with payoft (—FST(,%))Jr and so the value of the portfolio PS(x) — RS(x) at time

T is given by FSr(r)* — (—FST(H))+ = FSr(k).

Let PSi(k) and RS;(k) denote the arbitrage price processes of PS(x) and RS(k)
respectively. Then &(t)PSi(x), £(t)RSi(k) and &(t)F Sy (k) are all P-martingales
and hence the Law of One Price 4.a.1 applies and shows that

PSt(Kl) — Rst(/‘i) = FSt(H), te [0, T], (2)

in analogy to the put-call parity. Note that the payoff of the receiver swaption
RS(k) at time T can be written as

_ +
(—FSp(r)" = (Zj_; ¢;B(T, Tj11) — 1)

and is thus seen to be identical with the payoff of the European call with strike price
1 exercisable at time T on the coupon bearing bond with coupons c; at times T} 1,
j =0,...,n—1 (the principal is in the last coupon). Consequently the receiver
swaption RS(k) can be viewed as a European call with strike 1 exercisable at time
T on this coupon bearing bond.

The forward swaptions PS(T, k), RS(T, k) are European options exercisable
at time 7' < T to enter at no cost into the payer respectively receiver swaps F'S(k),
—FS(k) commencing at the later date T. They can thus be viewed as European
calls with strike price zero exercisable at time 7" on the forward payer respectively
receiver swaps FS(k), —FS (k). Consequently PS(T', ) has payoff

FSA@*zzi;@B@Jhg@ﬁﬂwn—@+ (3)

at time 7". This can be interpreted as the payoff of a portfolio of dg, d1,...,0,—1 Eu-
ropean calls on the forward swap rate (¢, T, n) with strike price &, all of which must
be exercised at the same time 7' and have payoffs deferred to times T1,75,...,T,
respectively. A similar interpretation as a portfolio of European puts on the forward
swap rate k(t,T,n), all of which must be exercised at the same time and have pay-
ments deferred to the settlement dates, is possible for the forward receiver swaption
RS(T, k). Again we have the put call parity

PS,(T, k) — RS{(T, k) = FSy(r), tel0,T]. (4)

Evaluating the payoff (3) at any time ¢t < T using the forward martingale measure
P;., we obtain the price PS;(T', ) of the forward payer swaption PS(T, k) as

pyﬁmzzf

7=0

5;B(t,T)Ep, [B(T,z”jJrl)( (T,T,n) — ) \ft] . (5)
Using 4.a.2.(a) this can be rewritten as

PSy(T, k) = Z’:}l 8;B(t, Tj1)Ep,, | [( (T, T,n) — k) |ff}. (6)
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5.d Interest rate caps and floors. Interest rate caps (floors) are instruments designed
to provide upper (lower) bounds for the coupon payments on a floating rate bond.
An interest rate cap protects a floating rate borrower against an increase in Libor
while an interest rate floor protects a floating rate lender from a decrease in Libor
past a certain strike level k. More precisely the forward cap FC(k) with strike
level k is the random cash flow paying the caplets

1

+
B(T;,Tj+1) (Lt 6jn))

Col(T5 ) = (L)~ 1) = (
at the settlement times 7}, 0 < j < n. In other words this security pays that
portion of the floating rate coupons which corresponds to the excess of Libor above
the strike level k and thus protects a floating rate borrower of one dollar against an
increase of Libor above k.

The forward cap is simply called a cap if accrual periods are to commence
immediately, that is, if current time ¢ satisifies t = T' = Ty. Evaluating the caplet
Cpl(T}, k) (payable at time Tj41) at time t < T = Tj using the forward martingale
measure at the settlement time T4, yields

Cplt(Tj, KJ) = B(t,Tj+1)Eij+l |:(B(Tj51—1]'+1)_1 _ (1 =+ 6j/{))+’ft:|

— B(t7Tj+1)EPTj+1 [B(T], 1—34»1)_1(1 — HJB(T},T]+1))+|:F{| )

where r; = 1+ §;x. Using formula 4.a.2.(b) to switch to the forward martingale
measure Pr, at time T}, we can write this as

Cpli(Tj, k) = B(t, T;) Epy, {(1 - “jB(TmTjH))W}—t}

_ +
= 1y B(t.T)) By, [(57" = BT, Tp21)) | 7]
Note that this is the value at time ¢ of x; European puts exercisable at time 7} on
zero coupon bonds maturing at time T4, with strike price 1/x;. The price FCy(k)
at time ¢ of the forward cap FC(k) is given by

n—1
FCy(r) =} Cpl(T), k).

Thus the forward cap F'C (k) can be viewed as a portfolio of European puts exercis-
able at the reset times on zero coupon bonds maturing at the following settlement
times. The forward floor FF (k) with strike rate  is the random cashflow paying
the floorlets
FU(T, k) = 8;(x — L(Ty))*

at the settlement times T, 0 < j < n. In other words the floor F'F'(k) pays that
portion of the floating rate coupons which corresponds to the excess of the strike rate
% above Libor and consequently protects the holder of a floating rate bond against
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a decline in Libor below the strike level k. The equality 27 — (—2)t = a2t -2~ =2
yields

Cpl(Ty, k) — FU(Tj, k) = 6; [(L(Ty) — )" — (5 = L(T3)) "] = 6;[L(T;) — &]. (0)

The quantity on the right is the payment received at settlement date T}, by the
holder of a forward payer swap F'S(x). Evaluating the payments in (0) at time ¢
and summing them up yields

FCf(KZ)*FFt(K,):FSt(H), te [O,T] (1)

5.e Dynamics of the Libor process. Consider a market B = (By, By,...,By,) ad-
mitting a deflator £ such that £B,, is a P-martingale. Then the numeraire measure
P, := Pp, is defined and satisfies

M= SaEiE) 0By 0T v

If we interpret B; as the zero coupon bond B(t,T;), then P, plays the role of the

forward martingale measure Py, at the terminal date T;,. Fix a sequence (8;)7=}

of positive numbers §; and set
Bi/Bi+1:1+6iLi; i:O,...,n—l.

The process L(t) = (Lo(t),...,Ln—1(t)) is an abstract version of the process of
forward Libor rates in section 5.b.eq.(0). Let 0 <i < n. Then ¢(B;11L; = 5;1 ({BZ-—
§B¢+1) is a local martingale. Using 3.c.3 with j =4+ 1 and C = B;1L; = B;L;
(thus C/B; = L;) we obtain

ur, = —(Li,log(§Biy1)). (1)

By definition of the Lj we have Bi-i—l = Bn(l + 6i+1Li+1) [ (1 + 5n—1Ln—1) and
consequently
0=wur, + <Li,109(§Bz'+1)>

= up, + (L, log(£By) Z (Lislog(1+0;L;)). @

Since (Li,log(1+6;L;)), = fo 5 L (S)d<L1,L ), (IIL3.c.1.(c)), we can rewrite (2)
as

ur, (t) + (Li,log(€B) Z/H“ Lo Ly).. 3)

Jj=i+1

Assume now that the forward Libor processes L;(t) are Tto processes satisfying

dL;(t) = Li(t)pi(t)dt + Li(t)vi(t) - dW)", 0 <i<n, (4)
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where W™ is a d-dimensional Brownian motion on (Q, F, (F;), P,), pu; € L(t) and
v; € L(W™). Then (4) represents the dynamics of L;(t) under the forward mar-
tingale measure P, and the process v; is the proportional volatility of L;. We will
now see that the existence of the local deflator £ for B implies that the drift pro-
cesses ju;(t) are uniquely determined by the volatility processes v;(t). Let uf = ui
denote the compensator of L; with respect to the probability P,. Since W™ is a
P,,-Brownian motion (4) implies that duf (t) = L;(t)u;(t)dt and so we can rewrite
(4) as

By Girsanov’s formula IIL.4.a.1 the compensators ur, = uf and uf = uf" with

respect to P and P, are related by u} = ur, +(Li,log(M)) = ur, + (L, log({By)).
With this (3) becomes

= tédLZL X §;d(Li, L)
Z : , thatis, du} (t)=— Z A i VA
e z+1/ 1+0;L;(s) S 1oL

Putting this into (5) and observing that d(L;, Lj> = L;(t)L;(t)v;(t) - vj(t)dt (from
(4)) we can rewrite (5) as

dLi(t) = - Zj_;l 0 Li(t)ler (2 L”j 8 250 g+ Lyl - awy, ©)

i=0,1,....,n—1.

This relation was derived under the assumption of the existence of a local deflator
& for B and will thus be called the arbitrage free dynamics of the forward Libor
process L(t) = (Lo(t), ..., Ly—1(t)) under the forward martingale measure P,.

5.f Libor models with prescribed volatilities. Fix a tenor structure 0 =Ty < 77 <
. < Ty, set 6; =T;11 —T; and let v;(t), 0 < i < n, be any bounded, progressively
measurable processes.

We now turn to the construction of a deflatable market B = (By, By, ..., By)
such that the associated Libor processes L; are Ito processes with proportional
volatilities v;(t) and fit a given initial term structure (Lo(0), L1(0), ..., Ln,—1(0)).
Since the process B; should be thought of as the zero coupon bond B(t,T;), we also
want to satisfy the zero coupon bond constraint B;(T;) = 1.

Rather than constructing the zero coupon bonds B; directly, we construct first
a solution L(t) of 5.e.eq.(6). Noting that the equation for L; only involves the
processes L;, ..., L, 1, while the equation for L,,_1,

dLnfl(t) = Lnfl(t)anl(t) . deL7 (0)

does not involve any other process, we can define the solution processes L; using
backward induction starting with L, _1.
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The initial values L;(0) are chosen as needed (for example letting L;(0) be the
forward Libor rate for the ith accrual interval observed in the market at time ¢t = 0).
This flexibility of choosing the initial value L;(0) makes the problem of fitting the
model to an observed Libor term structure trivial. Moreover the dynamics 5.e.eq.(6)
ensures the strict positivity of the processes L;, thus avoiding the common problem
of negative interest rates.

Having constructed Lg,...,Ly—1, set Y; = (1 + 6L;)...(1 + 6p—1Ln—1) and
choose the process B,, € St so that B,(T,,) = 1. Define B, = B,Y;, 0 < i < n.
This ensures that the L; are the Libor processes associated with the B;. Recall that
we also want to ensure that B;(T;) = B, (T;)Y:(T;) = 1 and this can be effected by
choosing B, so that B, (T;) = 1/Y;(T;), that is, the process B,, should interpolate
the random variables 1/Y;(T;) at times T, T4, ..., T,—1. This is possible, since the
processes Ly, ..., L,_1 are already at hand before the choice of B,, has to be made.

Finally, to verify the existence of a deflator, we show that the quotients B;/B,,
are all martingales with respect to the underlying probability measure @ (inter-
preted as being the forward martingale measure P, of 5.e).

To carry this out, let W/* be a d-dimensional Brownian motion on some filtered
probability space (2, F, (F)iecjo,r+], @) (the measure Q plays the role of P, above).
Define the process L,_; as the solution of (0), explicitly (II1.6.a.0):

Lnfl(t) = Lnfl(o)gt (anl 'Wn)

= Ly _1(0)eap (—% / s (5)Pds + / as)- dW:) .

Note that L, _1 is a strictly positive process. Assume strictly positive processes
Ly_1,L,_2,...,L;1+1 have been defined already. Define the process L; as the solu-
tion of 5.e.eq.(6), that is,

dLZ (t) = Li (t)ﬂi (f)dt + LZ (t)l/i (t) . thn’ where

pi(t) = — Z;:H %W(t) -;(t).

, n1 5L ,
Setting vi(t) = Z]_:Z_H mlﬁ (t), 0<i<n

(Yn—1(t) = 0), we have u;(t) = —7;(t) - v;(t) and so

Note that the drift term p;(¢) depends only on L;iq,...,L,—1 and is bounded.
Explicitly (I11.6.a.0):

Li(t) = L;(0)exp (/Ot Mi(s)d5> Et(vieW™)
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and so L; is a strictly positive process. This completes the construction of the

processes Lg, ..., L,_1 and we can now proceed as outlined above. To see that our
market B is deflatable it remains to be shown only that the quotients

By,

B =Y.=(01+4+66Lg)...(L+6p—1Lpn_1) (2)

are all Q-martingales. To do this we examine the dynamics of Y3 under ). Taking
logarithms we have log(Y}) = Z:.:kl log(1+ 6;L;), where

dlog(1+6;L;) = % gp, -1 L 2d<L<>
OO s T 2 T4 e i
Here d(L;); = L;(t)?||vi(¢)||?dt (from 5.e.eq.(6)). Thus

5 1, 6L

dlog(1+0ule) = s dl =5l

(2

Substituting the right hand side of (1) for dL; and observing that

mW(t) =7;-1(t) — v (t) we obtain
dlog(1+9;Li) = —i - %u dt — %H%‘—l — il Pt + %W(ﬁ) AW
= =% (Vie1 — %) — %H'Yi—l - %HZ dt + %yi(t) AW
= % [lall® = i l1?] dt + %W(w AW},
Summing this over all ¢ = k,...,n — 1 and observing that v,_1 = 0 we obtain
dlog(Y(t)) = —%Hvk,l(t)ﬂzdt + Y1 (t) - AW, 3)

which is equivalent with d Y (t) = Yi(¢)vk—1(t) - dW;* (111.6.a.0). Since yx_1(t) is
bounded, this implies that Y} is a square integrable martingale (IIL.6.a.1).

Here @ is interpreted to be the forward martingale measure P,,. Any probability
P equivalent to ) on Fr- can now serve as the market probability. Setting N(t) =
d(Q|F:)/d(P|F;), a deflator ¢ is then given by £(t) = N/ = N(t)/B,(t) and
@ becomes the forward martingale measure P, (see 3.d.2). It will be useful to
determine the dynamics of Li_1(t) under the measure P, = Pp, (to be interpreted
as the forward martingale measure at the end of the accrual period for Lj_1).
As usual we use III.4.c.0 to switch from the @ = P,-Brownian motion W;" to a
Py-Brownian motion W}. To do this, we set
_d(P]F)  Bi(t)

=c = ¢Yy(t), where ¢ =1/Y%(0) is a constant.

Mt = 3@17) = “Ba)
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Then dlog(My(t)) = dlog(Y(t)) = —3lyk—1(t)]|?dt + ve—1(t) - AW, and thus
d My (t) = My,(t)yk—1(t)-dW. By I11.4.c.0 it follows that W} = W —fg Yi—1(s)ds
is a Pp-Brownian motion. Obviously

AW} = AW} — 1 (t)dt. @)
The dynamics (1) of Li_1(t) can now be written as
dLi_1(t
L: 11(75)) = =1 () - vroa (Bt + w1 (8) - AW = v () - AW, (5)

as expected in analogy to (0). If the volatility processes v;(t) are nonstochastic, then
the market B is called the log-Gaussian Libor model. Tt then follows from (5) that
the forward Libor process Li_1(t) is a log-Gaussian square integrable martingale
under the forward martingale measure P, (II1.6.a.1, I11.6.d.4).

5.g Cap valuation in the log-Gaussian Libor model. The log-Gaussian Libor model
B of 5.f is perfectly suited for the valuation of the forward cap FC(k) with strike
rate xk by means of an explicit formula. Recalling that Libor L(T}) set at time T
corresponds to L;(T;) in our model, the jth caplet Cpl(Tj, k), payable at time Tj41,
assumes the form Cpl(Tj, k) = &;(L;(T;) — m)+. Consequently its arbitrage price
at time ¢t < Ty is given by

Cpla(Ty, 1) = 63 Bya () Er, ., [(Li(T5) — v) 17 (0)
Using the dynamics dlog(L;(t)) = —3|v;(t)||2dt +v;(t) - AW of L;(t) under the
forward martingale measure P;;; and IIL.6.c.3 to compute the conditional expec-
tation in (0) we obtain

CPl(Ty, 1) = 6,851 (D [LiON(@ () — AN(a())], where (1)
og(L;(t)/k) £ 132 ; T; 3
d1,2<j>_lg<%<”g(3;j;2 (T5) se.1) = ([ In@ias) - @

It follows that the price at time ¢t < T} of the forward cap F'C(k) is given by
n—1 n—1
FCy(k) =Y Cpli(Tj,5) =Y 8;Bi11(t) [Lj()N(di(4)) — kN(d2(5))]  (3)
j=0 j=0

with dy 2(j) as in (2). Note that here the processes Bj1(t) and L;(t) are models of
the zero coupon bonds B(t, T;+1) and forward Libor rates L(t,T;) observable in the
markets. The forward floor FF (k) can now be valued using equation (1) of 5.d. In
order to be able to obtain similarly simple formulas for the valuation of swaptions
we now turn to models of the market B of zero coupon bonds in which forward
swap rates have suitably simple dynamics.
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5.h Dynamics of forward swap rates. Consider a market B = (By, By,...,B,)
with deflator £ such that each £B; is a P-martingale and hence the numeraire
measures P; := Pp, are all defined. Fix a sequence (62-)?:_01 of positive numbers ¢;

and introduce the following processes

n Bz - Bn
Bi,n = Zj:i+1 5]‘,1Bj, Sz = ﬁ, and

1 k
Sij = ZZ:J, o Hu:i+1(1 +0u-15u), si=siu, 0<i<j<n-—1,

with the understanding that empty sums are zero and empty products equal to one.
The interpretation is again as follows: the numbers §; are the lengths of the accrual
periods 0; = T}j4+1—1 associated with some tenor structure 0 < Tp <717 < ... < Ty,
Bj(t) is the zero coupon bond B(t,T}), P; the forward martingale measure at the
date T; and S;(t) the (n—1i)-period forward swap rate (¢, T;,n —14) associated with
a swap along the tenor structure T; < Tj41 < ... < T}, (5.b.eq.(2)). However this
interpretation is not necessary for the results of this section. Let us note that

5= Z:;j Ok Hi:i+1 (1 + 5“_15“)

and consequently we have the following backward recursion:

Sp—1=0p,—1 and

Sic1=0;—1+ (1+8-15)s;, 1<i<n-—1.
Using backward induction on ¢ it now follows that
Bin=DB,s, 0<i<n-1 (1)

Indeed, for i = n—1, B; n/Bp, = Bp—1n/Bn = 6,—1 = sp—1 and, assuming that
B; n, = B, s;, we have

Bpsi—1 = Bn(0i—1 + (1+ 6i—15i)si) = Bpdi—1 + (1 + 6;—15;) Bin
= Bpdi—1+ Bin+di—1(Bi —Bp) = Bip +0i—1B; = Bi_1 p.

From this it follows easily that Bi= By(1+ Sisy). @)
Note that the process £B; ,, is a P-martingale and hence the numeraire measure
P;n = Pp,, is defined. This measure will be called the (n — i)-period forward
swap measure. According to 5.d.0.(b), Bix/B; , is a P; ,-martingale, for all k =
0,1,...,n. It follows that S; is a P; ,-martingale and consequently the compensator
of S; with respect to P;, vanishes:

P

ug" =0. (3)

i
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Let us now compute the compensator ug, = ugl of S; under the forward martingale
measure P,,. Set

d(Pn|-7:t) _ Bn(t)

M = =
YT AP ) Bialt)

€ [0,77],

where ¢ is a normalizing constant. Then, by Girsanov’s formula II1.4.a.1 and
I11.3.c.1.(c) . P
ug, (t) = ug" (t) + (Si, log(M)), = (Si,log(Bn/Bin)),
t
1
= ~(Sitogls))i =~ [ —d(Sisin
o si(r)

To compute d(S;, s;) set Zp = log Hu i+ (1 + (5u,15u) = Zu i1 log(l 4+ 0u—1Su )
and note that then s;; = k:j 6ke . In particular s; = :i 5kezk and so, using
I11.3.c.2.(b),

(4)

n—1
d(S;, si) = Z oxd(S;, e? Z Sxe?xd(S;, Zr,)

n—1

= Gper Z d(S;,log(1 + 6,-15.))
k=1 u=1+1
n—1 k S
= one® Y = —d(S;, 8u).
k=i u=it1 14 0u-18
Commuting the order of summation and writing j instead of u we obtain
n—1 n—-1 O 1850
d(Si,si) = dee d(Si, 85y = > I _d(S, 85). (5)
S 1+ 5] 1S et 1+0;215;
Entering this into (4) we see that
+ n—1
) i—1Sq (’I")
Un,t = — J J dSZ,ST 6
5.0 /0 2 (1+6;-15;(r))si(r) (S 5) ©

j=it+1
Assume now that the forward swap rates S; satisfy a dynamics of the form
dSi(t) = Si(t)u;(t)dt + S;(t)v;(t) - dW], 0<i<n-—1, (7)
where W} is a P,-Brownian motion. Then
d(Si, Sj)e = Si(t)S;(t)vi(t) - vi(t)dt and  S;(t)us(t)dt = dug, ().
Using (6) we can now rewrite (7) as

dSi(t) = — Z; ?ﬁz(?;((;)iﬂ 8 Vit) - vy (D)t + Si(Eat) - dWP. (8)
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This dynamics has been derived under the assumption of the existence of a deflator
¢ for B (giving rise to the numeraire measures P,, P;,) and will therefore be
called the arbitrage free dynamics of the forward swap rate S; under the forward
martingale measure P,. As in the case of the Libor dynamics we have seen that in
the absence of arbitrage the drift is determined by the volatility.

As in the Libor case the system of equations (8) is triangular: the equation for
i=n—1Iis

dSp—1 = 5,_1Vn—1" thn
while in general the equation for S; only contains the processes S;, Sit1,. .., Sn—1.
This feature makes these equations amenable to a solution by backwards induction,
a construction to which we now turn.

5.i Swap rate models with prescribed volatilities. Fix a tenor structure 0 =
To < 11 < ... < T, and set 61 = ﬂ+1 —T;, 1 =0,1,...,n — 1. Let I/i(t), =
0,1,...,n—1, be any bounded, progressively measurable processes and let us turn
to the construction of a deflatable market B = (By, B,..., B;,) such that the
associated swap rate processes S; are Ito processes with proportional, R?-valued,
volatilities v;(t) and fit a given initial term structure (Sp(0),S1(0),...,Sn-1(0)).
Since the process B; should be thought of as the zero coupon bond B(t,T;), we also
want to satisfy the zero coupon bond constraint B;(T;) = 1.

As in the Libor case the idea is to solve the swap rate dynamics 5.h.eq.(8) recur-
sively starting with ¢ = n — 1 and then to derive the zero coupon bonds B; from
the forward swap rates S;. In detail, let W/ be an R%valued Brownian motion
on (Q,}", (Ft)eelo,r+)> Q) (the measure @ plays the role of the forward martingale
measure P, of 5.h) and define S,,_; as the solution of dS,,—1 = Sp_1vp_1 - AW},
that is,

Sn,1(t) = Snfl(O)gt (Vn,1 'Wn), (0)

and let, for 0 <7 < n — 2, S; be the solution of

n=1 8. 181155,
48, = — 051840105 S (s (t) - W
8 Zj:i+1 (1406, 15,)s = T Siltpat) - We (1)

ne1 5185
where B2 Tt b5 o

n—1 k
Sij = Zk}:j 6k Hu:i—i—l(l—i_éuilsu)’ S; = Siiy 1 SZ S] S’I’L—].
As in 5.h this implies the backward recursion

Sp—1 = 0p—1 and

sic1=0i—1+ (1+6;-1Si)s;, 1<i<n-—1.
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- L t
Explicitly S; is given by Si(t) = S;(0)eap (/ ui(r)dr) ElvieW™).
0

This defines the processes S;, s;5, s;, for all0 < i < j < n—1 and we now turn to the
definition of the zero coupon bonds B;. Let B,, be any continuous (J-semimartingale
satisfying 1
B,(T))= ————— 3
)= T s mymm) ¥
and set B; = (1+ 5;s;) B, in accordance with equation (2) of 5.h. Then (3) ensures
that B; satisfies the zero coupon bond constraint B;(7;) = 1. An easy backward
induction using (2) shows that S; = (B; — By, )/ B, ensuring that S; is the intended
forward swap rate associated with the zero coupon bonds B;. To see that the market
B = (By, B1,...,By) is arbitrage free, it will suffice to show that the ratios

are all Q-martingales. Indeed, from the dynamics (1),

n—1 5'_157;'51'5‘ n
5;dS; = — Zj:i+1 W v; - I/jdt + s;S;v; - th .

As in 5.h (equation (5)) the definition of s; implies

sy =S 0 g gy LN sy iSy
d<SuSz> _Zj:i—i-l 1+5j715jd<S“SJ> _Zj:i+1 1_’_5]_7153 Vi det

and S0, by addltlona SldSZ + d<SZ, Sz> = SZS’LV’L . thn (4)
Now we claim that ds; = ~; - AW, (5)

with processes 7; € L(W) satisfying the recursion
Yno1=0 and i1 = (14 8_-15)vi + di_1Sis:v;. (6)

Indeed, proceeding by backward induction, (5), (6) are true for i = n — 1 since
Sn—1 = 0p—1. Assume now that ds;, = v; - dW}* where ; € L(W™). Then, using the
recursion (2) and the stochastic product rule,

dsi—1 =1+ 6;215:)ds; + 0;—18:dS; + 6;—1d(S;, s:)
= (14 0i—15:)vi - AW + 6;—1 [SidSi +d(S;, Sz>]
= (1 + 5i_1Si)m . thn + 0;_1.5;8;V4 - thn
= Yi-1" thn’
where v;_1 = (14 §;—15:)7: + 6i—15:8;v; € L(W™), as desired. Let us now write

this relation as
ds; = s;0; - AW, where o; =7;/s;. (7)
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We claim that the processes o; are bounded. Indeed 7,1 = 0 and if o; = ~;/s; is

bounded, then
o ) S.s. ) S.s:
Oj—1 = i ( % + i1 181) <£> + i1 ( ZSZ) 1
Si—1 Si—1 Si—1 Si Si—1

is bounded also, since s; < s;_1 and v;, S;s;/s;—1 are both bounded; indeed

S;8; Sisi 1
191 — 191 < < 0.

Si—1 0i—1 + (1 + (51;151')81' ~ 01

The boundedness of the o; follows by backward induction. Thus the dynamics (7)
implies that s; is a square integrable Q-martingale, for all 1 <i <n —1 (II1.6.a.1).
The relation s;_1 = d;_1 + (1 —1—51-_1Si)8i now shows that S;s; is a square integrable
Q-martingale as well. Consequently B;/B,, = 1+ S;s; is a square integrable @
martingale, as desired.

Here @ is to be interpreted as the forward martingale measure P,,. Any prob-
ability P equivalent to () on Fr» can now serve as the market probability. Setting
N(t) = d(Q|F:)/d(P|F;) a deflator ¢ is given by &£(t) = NP~ = N(t)/B,(t) and Q
then becomes the forward martingale measure P, (see 3.d.2).

For the valuation of swaptions we will need the dynamics of the forward swap
rate S; under the forward swap measure P, ,,. Since the B;/B,, are -martingales,
the forward swap rate S; = (B; — B,,)/Bi n is a P; ,-martingale (see 5.d.1.(b)). Set

d(Pin|F) AP F) ch‘,n(t) . )
Mkﬁﬂ@E)*cwmﬁ)* Ba(t) i(t), telo,T],

where ¢ is a normalizing constant. Then, using (7),
th = cdsz(t) = CSl(t)Ul(t) . thn = Mtdi(t) . thn

According to II1.4.c.0 it follows that Wit =Wy — fg o;(r)dr is a P; ,-Brownian
motion. Obviously dW;* = dW;"" + o;(t)dt. Entering this into (1) we see that

dS; = S;fisdt + Siv; - AW™,

for some process fi;(t). However, since S; is a P; ,-martingale, the drift term must
vanish and we obtain ,
as the dynamics of S; under the forward swap measure P; ,. If the volatility pro-
cesses v;(t) are nonstochastic, then the above market B = (By, By, ..., By) is called
the log-Gaussian swap rate model. The forward swap rate S; is then a square in-
tegrable log-Gaussian martingale under P; ,, (II1.6.a.1, I11.6.d.4).
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5.j Valuation of swaptions in the log-Gaussian swap rate model. Continuing with
the terminology of 5.h and assuming that the volatilities v;(t) are nonstochastic, let
t <T < T =Ty. The payoff FS; (k)T of the forward payer swaption PS(T, K) at
time 7' can be written as

n—1

FST(’Q)-F = ijo 6jB(Ta Tj+1)(’€(T7 T, n) - '%)Jr - BO,n(T) (SO(T) - K)Jr'

Using the symmetric numeraire change formula 5.d.1.(d) and B(T,T) = 1 the
arbitrage price PS;(T, k) of this swaption at time ¢ < T is given by

PS(T,5) = B, T)Ep, [Bon(T)(So(T) — x) " | 7]

= Bon(t)Ep, ., [(50(T> — 5" ft} . ©

Set Z(t) = log(Sy(t)). From the dynamics dSo(t) = So(t)ro(t) - dW™ it follows
that 1
dZ(t) = —§||1/0(t)||2dt + (L) - AW

Thus, using I11.6.c.3, . 4
Epy., [(So(T) = 1) 17| = So(®)N(dy) = N(da),

 log(So(t)/k) £ 4321, T) (T 5 Y2
where  dy 5 = O F and Z(t,T)—( /t o)l dt) .

Consequently PS;(T,r) = Bon(t) (So(t)N(d1) — KN (d2)) with dy 2 as above. Re-
calling that

Bon(t) = Z?:l 6;-1B;(t) = Z?:l 6j—1B(t,T;) and So(t) = s(t,T,n)

we can summarize these findings as follows:

Black Swaption formula. Let v(t) denote the (proportional) volatility of the for-

ward swap rate k(t,T,n). Under the assumptions of the log-Gaussian swap rate

model the price PSy(T, k) of the forward payer swaption PS(T, k) at time t <T <

T =T, is given by n

PSy(T,k) =Y _6;-1B(t,T;)(k(t, T,n)N(dr) — kN (dz)),
j=1

log(k(t,T,n)/k) £ 1v2(¢,7) . T ) 3
where di o = () 2 and X(t,T) = (/t lv(s)]] ds) 1

Remark. This formula is in accordance with our interpretation of the payer swap
PS(T, k) as a portfolio of dy,d1,...,d,—1 European calls on the forward swap rate
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k(t, T,n) with strike price  all of which must be exercised at the same time T and
have payoffs deferred to times 71,75, ..., T, respectively (see section 5.c).

It is not hard to derive the relation between the forward Libor rates L;(¢) and
forward swap rates S;(t): As B;/B,, = (1 +6;L;)(1 + ;41 Liy1) ... (1 +0p—1Ln—1)
and consequently

n Bj n n—1
Bin/Bu=3_ . 015 =2, 0, (8L,

and B; = B, (1+ S;s;), we obtain

g _Bi=By _Bi/Bn-1_ (1 +6,L,) —1
i Bin Bin/Bn S0 8 Taz; (1+6uLy)
and Lizéil(Bi —1):(52.1(1—1_7‘%_1).
Bt 14 Sit18i41

It follows that the volatilities of the forward swap rates .S; cannot be nonstochastic,
if the volatilities of the forward Libor rates L, are nonstochastic and conversely. In
other words the assumptions of the log-Gaussian Libor and swap rate models are
mutually contradictory.

5.k Replication of claims. So far we have computed the arbitrage price m:(h) of a
European claim h without investigation whether the claim h is replicable. However,
under suitable assumptions on the Libor respectively swap rate volatilities v;, all
relevant claims are in fact replicable. To simplify notation we assume that the time
horizon T* satisfies T* = 1.

Consider a finite market B = (By, By, ..., B,) on (2, F, (F¢)tejo,1), P) with lo-
cal deflator £ such that £ B,, is a martingale and so the equivalent martingale measure
P, = Pp, is defined. Let u!'(t) denote the P,-compensator of the semimartingale
B, and set B/B,, = (Bo/Bn,...,Bn/By) and B/Bn = (Bo/Bn, ..., Bn-1/Bn)’.
Assume that

(i) W is a d-dimensional P,-Brownian motion with d < n and that (F;) is the

(augmented) filtration generated by W},

(i) |dup ’ (t) + d(By)+ = «a(t)dt, for some pathwise bounded, measurable process «,
(i) d(B/ By,) = pdW™, for some pathwise continuous, Mat, xq(R)-valued process
p which is of full rank d along P,-almost every path.

Remark. Note that B /B, is a vector of P,-martingales. This justifies the driftless
nature of the dynamics in assumption (iii).

5.k.0. For every European claim h such that h/B,(1) € L*(Fy, P,) there exists a
self-financing strategy @ € L(B) N L(B/B,) such that h = V;(8) and V;?"(0) is a
P,,-martingale. In particular the claim h is replicable in B.

Proof. Set c(t) = Ep,[h/B,(1) | 7], t € [0,1]. Then ¢(t) is an (F;)-adapted
P,-martingale and by assumption (i) and the martingale representation theorem
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IT1.5.d.0 there exists a process v € L(W™) such that

o(t) = o + / A(s) - AW, (0)

Now let 1 be the pathwise continuous Mat,, xq(R)-valued process 1 = p(p'p)~L.

1

Note that the inverse (p'p) ' exists along P,-ae. path by assumption (iii). We have

' = Idgxq. The pathwise continuity implies that 1) is pathwise bounded, that is,
K = supycpo,q [[¥(t)]| < o0, Py-as. on Q.

Set 8 = 1y and write 8 = (8o, f1,---,0n—-1). Then p'3 =~ € L(W™). Recalling

that the stochastic differential 3-d(B/B,,) is computed as a dot product of column

vectors (rather than as a matrix product), it follows that 3-d(B/B,) = (-(pdW™) =
p'B-dW™ =~ dW™ (especially 8 € L(B/B,,)) and so

c(t):co—&-/ot (s) - dW"_co+/ﬂ d(B/B,)(s);
in other words de(t) = B(t) - d(B/By)(1). (1)
Now let 6 = (80, 81, - -, Bn_1,0n), where
0, (t) = c(t) — By () [Bo(t)Bo(t) + ... + Bp—1(t) Bu_1(t)].
Then 0(t) - B(t) = B, (t)c(t). (2)
From ( € L(B/B,) and d(B,/B,) = 0 it follows that § € L(B/B,). Let us now

show that §; € L(By), for all i = 0,....n. Since [|B(s)|I* < [[w(s)[*llv(s)* <
K?[|y(s)||? and v € L(W™) we have

1 1
| 180 < K2 [ Ins)Pds < o0, P )
0 0
1
and so / 02(s)ds < 00, Pp-as., (4)
0

for all = 0,...,n — 1. To verify (4) for ¢ = n we use the inequality (ag + a1 +
4 an)? < (n+1)(ad +al+ ... +a2) (convexity of f(t) =1?) and the pathwise
boundedness of ¢(t) and B;(t)/B,(t) to obtain

24 g2 <§28>2 o B <B§nét(>t)>2]

< D[BM®* + (n+ 1)cf,

02(t) < (n+1)
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where the random variable D is finitely valued, P,-as. From this it follows that
fol 62 (s)ds < oo, P,-as. Next we claim that

0; € L(B,), foralli=0,1,...,n. (5)

Set M = sup;¢(,1) @(t) < 00, Pp-as. Then
1 1 1 1
/ 18:(s) |l ()] + / 62(3)d(B,). < / 16:(5)(s)ds + / 62 (s)ax(s)ds
0 0 0 0

< </01 0§(s)ds>1/2 </01 az(s)ds>1/2 + M/O1 67 (s)ds
<M (/01 9?(s>ds)1/2

This shows (5). Since § € L(B/B,,) it now follows that § € L(B) (II1.3.c.4), that
is, 0 is a trading strategy in B. From (2) we have V;?"(#) = ¢(t) and consequently
V.2 (6) is a P,-martingale with Vi (@) = h. It thus remains to be shown only that
0 is self-financing. Since 6§ € L(B/B,,) and the self-financing condition is numeraire

invariant, it will suffice to show that 6 is self-financing in B/B,,. Indeed, using (2)
and (1),

1
+M/ 07(s)ds < 0o, Py-as.
0

d(0 - (B/By,))(t) = dc(t) = B(t) - d(B/B,)(t) = 0(t) - d(B/B,)(t),

as desired. Here the second equality holds since d(B,,/B,) = 0 and 6 and [ agree
in all but the last coordinate.

Let us now apply 5.k.1 to the Libor and swap rate models of 5.f, 5.i. Recall that
the probability @ in these models plays the role of the forward martingale measure
P,. Let v; be the volatility processes of 5.f, 5.i and let v be the Mat gy, (R)-valued
process with columns v;, 0 <4 < n (the volatility matrix).

Application to the Libor model. Let Y; = B;/B,, as in 5.f. Equations (2), (3) of 5.
show that

n—1

kL
d(Bi/By) = pi - dW", where p; = Zyﬁ Vi, (6)
k=1

0 <i < n. In short d(B/Bn) — pdw™,

where p is the Matgxy,(R)-valued process with columns p;. From (6) we see that
p = VA, where A is the triangular Mat,, x,(R)-valued process with entries

1+ 0pLy’

4 _{Y O Ly ifi<k<n-—1
ki —
0, if0<k<i
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The diagonal elements of A are nonzero and consequently the matrix A is invertible.
It follows that p’ is of full rank whenever the volatility matrix v is of full rank.
Likewise, by continuity of the Ly, the process p’ has continuous paths whenever
this is true of the process v. Recall also that there is considerable freedom in the
choice of the process B,, in the construction of the Libor model of 5.f.

Assume that the process By, in the Libor market B of 5.f is chosen such that as-
sumption (ii) is satisfied and the volatility matriz v has continuous, full rank paths,
P,-as. Then B satisfies the assumptions of 5.k.1. Thus each FEuropean claim h
ezercisable at time T =1 such that h/B, (1) € L*(Fy, P,) is replicable in B.

Application to the swap rate model. In the swap market B of 5.i we have B;/B,, =
1+ S;s; and consequently equations (4), (5) of 5.1 and the stochastic product rule
yield

d(Bi/Bn) = d(S;s;) = (Sivi + Sisivi) - dW™ = p; - dW™,

where pi = Si'Yi + SiSiVi~ In other words d(B/Bn) _ p/de,

where p is the Matix,(R)-valued process with columns p;. The recursion
V-1 =10, vie1 = (L+06;i—15:)7i + 6i—15:s:v

shows that each column vector ~; is a linear combination (with stochastic coeffi-
cients) of the column vectors vg, k =i+ 1,..., n — 1. It follows that

n—1
pi = Sivi + Sisivi = Zk:i Agivi

with continuous stochastic processes Ay; satisfying A;; = S;s;. Thus p = v A, where
the n X n matrix A = (Ay;) satisfies Ag; = 0, k < i and A;; = S;s;. In particular A
is triangular with nonzero diagonal elements and hence invertible. As for the Libor
model this implies the following:

Assume that the process By in the swap market B of 5.1 is chosen such that as-
sumption (ii) is satisfied and the volatility matriz v has continuous, full rank paths,
P, -as. Then the market B satisfies the assumptions of 5.k.1 and consequently each
European claim h exercisable at time T = 1 such that h/B,(1) € L*(Fy, P,) is
replicable in B.
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APPENDIX

A. Separation of convex sets. Separation theorems deal with the extent to which
disjoint convex sets in a locally convex space can be separated by hyperplanes,
equivalently by continuous linear functionals. We will limit ourselves to normed
spaces and the separation of a cone from a disjoint subspace. Let X be a normed
real vector space. A subset C' C X is called a cone if it satisfies the following two
conditions:

(a) x € C and A > 0 implies Az € C.

(b) x,y € C implies x + y € C.

If C' and K are cones in X, then so is the set C'+ K. Each cone is a convex set.
If B is any convex set in X, then U;~otB is a cone in X, in fact the smallest cone
containing B, that is, the cone generated by B.

Ald. Let H C X be a closed subspace. If dim(X/H) > 1, then the set X \ H is
pathwise connected.

Proof. The quotient space X/H is a normed space of dimension at least two. Let
@ : X — X/H be the quotient map and let a,b € X \ H be arbitrary. Then
the elements Q(a), Q(b) € X/H are nonzero and can therefore be connected by a
continuous path v in X/H which does not pass through the origin (this is where
we use dim(X/H) > 1). Then the composition yo @ is a continuous path in X \ H
connecting a and b.

Let us recall some elementary facts concerning continuous linear functionals
on X. If H C X is a subspace with dim(X/H) = 1 then H is a maximal proper
subspace of X and since the closure of H is a subspace containing H, H is either
closed or dense in X. Moreover there exists a linear functional 7 on X such that
ker(mw) = H (consider the quotient map @ : X — X/H = R) and = is continuous if
and only if H = ker(n) is closed in X. If A is any subset, C' an open subset of X
then the set A+ C = Ugeca(a+ C) is open in X.

A2 Let C C X be an open cone and M C X a subspace such that M N C = (.
Then there exists a continuous linear functional m on X such that m =0 on M and
>0 onC.

Proof. We may assume that C is nonempty. From Zorn’s lemma it follows that
there exists a subspace H C X, which is maximal with respect to inclusion subject
to the conditions M C H and HNC = {). Since C is open, it follows that HNC = (.
By maximality we must have H = H, that is, H is closed.

The sets C' — H and H — C are open, disjoint and contained in the set X \ H.
Let z € X \ H. By maximality of H the subspace span(H U {:c}) must intersect
C. Thus there exist h € H and t € R such that h 4+ tz € C. We cannot have
t=0,since HNC =0. Ift >0, thenz € C— H. If t <0, then x € H — C. We
have thus shown that X \ H is the union of the two disjoint open sets C — H and
H — C. Thus the set X \ H is not connected. From A.1 it follows that we must
have dim(X/H) = 1.
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Since H is closed, H is the kernel of a continuous linear functional 7 on X.
Especially then m = 0 on M. The set C does not intersect H = ker(m) and is convex.
From this it follows that 7 cannot assume both positive and negative values on C.
Thus either 7 > 0 on C or m < 0 on C. In the latter case replace m with —7 to
obtain the desired functional. j
If the cone C' is not open, then it is much harder to obtain the strict positivity of 7
on C (w(x) > 0, for all z € C). If X is a separable Banach space, then the following
argument of Clark yields the desired functional:

A.3 Clark’s Separation Theorem. Let X be a separable Banach space, M C X a
subspace and C C X a cone. Then the following are equivalent:
(i) There exists a continuous linear functional © on X such that # =0 on M and
>0 onC.
(ii) M —CnNC={.

Remark. Here m > 0 on C means that w(x) > 0, for all z € C, that is, 7 is strictly
positive on C.

Proof. We may assume that C is nonempty, since otherwise (i) and (ii) are simply
both true. (i)=-(ii): Since 7 <0 on M — C and 7 > 0 on the set C, we must have
M-CnC=0.

(i)=(ii): Assume now that M — CNC = @ and let x € C be arbitrary. Then there
exists an open ball B centered at z such that B N (M — C) = ). Then the cone
UtsotB generated by B is open and thus so is the cone

C(Z’) =C+ Ut>0tB.

We claim that C(z) N M = (). Indeed, if y € C(z) N M, then y = ¢ + tb, for some
ce€C,be Bandt>0. Thenb=t"!(y—c) € M—C contradicting BN(M—C) = 0.

Applying A.2 to the subspace M and the open cone C(z) yields a continuous
linear functional 7, on X satisfying 7, =0 on M and 7, > 0 on C(z). If the cone
C(z) were known to contain C' we would now be finished, but in fact there is no
reason to believe that this is true.

As it is, we note that z = 1z + 1z € C(2) and so 7,(z) > 0. Renormalizing if
necessary, we may assume that Hﬂ'zH = 1. Thus we have the subset

P={mn,|zeC}CX;

of the unit ball X7 of the normed dual X*. When equipped with the weak*-topology
this unit ball is compact (Alaoglu’s theorem) and metrizable (since X is separable,
see [Rb, 3.15,3.16]). A subspace of a compact metric space is separable. Thus there
exists a sequence (m;,) € P which is weak™ dense in P. Consequently, for each
x € C, there exists an index 7 such that

’Wz(m) - le(x)’ < (),

and so in particular 7, () > 0. Now let m be the continuous linear functional
m=23,2""'m,, (the series converges absolutely in the norm of X*). Then 7 = 0 on
M and w(z) > 0, for all z € C. |
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B. The basic extension procedure. Let (2, F, P) be a probability space. A subset
7 C F will be called a family of generators for F if F is the o-field generated
by Z (F = o(Z)). The following problem arises frequently in the development of
probability theory:

We wish to establish some property Q(f) for all nonnegative, F-measurable
functions f on  and it is easy to establish this property for all indicator functions
f = 14 of suitably simple sets A forming a family Z of generators for the o-field
F. The extension of the property @ from such f to all nonnegative, measurable f
naturally falls into two steps:

(I) Extend @ from generators A € T to all sets A € F.
xten rom indicator functions f = 14 to all nonnegative measurable tunc-
II) E dQf indi f i 1 11 gati ble f
tions f on (.

Usually one also wants to extend ) to suitable measurable functions which are not
necessarily nonnegative, but this last extension is often accomplished by merely
writing such f as a difference f = fT — f~ of the nonnegative functions f+ =
>0, f7 = —f1[f<0;- The purpose of this section is to provide a theorem which
makes this extension procedure automatic in all cases to which it can be applied.

Consider step (I) and let us write Q(A) instead of Q(14). Since Q(A) is known
to be true for all sets A in a family Z such that F = o(Z), it would suffice to show
that the family of sets

Lo={AeF|Q(A) is true} (0)

is a o-field, that is, contains the empty set and is closed under complements and
arbitrary countable unions. However one can usually only show that £ is closed
under disjoint countable unions. This leads to the following definition:

A family £ of subsets of  is called a A-system on 2, if it contains the empty
set and is closed under complements and countable disjoint unions, that is, if

i) vecL,

(i) Ae L = A°=Q\AecL,
(iii) If (A,) C £ is any disjoint sequence, then A =], A, € L.
It is clear from our definition that every o-field on €2 is a A-system on 2. Let us
now return to extension step (I). We wish to show that £7 2 F and it is usually
easy to prove that L( is a A-system containing some family 7 of generators for F.
Consequently £y contains the A-system A(Z) generated by Z, that is, the smallest A-
system containing Z. Thus the question becomes if A(Z) = F, that is, A\(Z) = o(Z).
It turns out (B.2 below) that this is automatically the case, if the family 7 is closed
under finite intersections. Let us call w-system on ) any family of subsets of Q2
which is closed under finite intersections.



300 B. The basic extension procedure.

B.1. Let L be a \-system on 2. Then

(a) E,F €L and ECF implies F\E € L.

(b) (En)C L and E, 1 E implies E € L.

(¢) 1If L is also a w-system, then L is in fact a o-field.

Proof. (a) If EC F, then F°¢ and E are disjoint and F'\ E = (F°U E)°.

(b) Assume that E, € L, for each n > 1, and F,, T E, as n ] oo, that is,
Ei CEy CE3C...and E = J, E,. Then E is the countable disjoint union
E =, >, Bn, where By = E; and B, = E, \ E,_1, for all n > 1. According to
(a) we have B, € L, for all n > 1. Thus E € L.

(¢) Assume now that £ is also a m-system. Then L is closed under finite unions
and also under monotone limits (according to (b)) and consequently under arbitrary

countable unions. |
B.2. Let T be a w-system on 2. Then A(Z) = o(Z).

Proof. Let £ be the A-system A(Z) generated by Z. Then £ contains Z. Since the
o-field o(Z) generated by 7 is a A-system containing Z, we have £ C o(Z). To see
the reverse inclusion it will suffice to show that £ is a o-field. According to B.1.(c),
it will suffice to show that £ is a w-system. We do this in three steps:

(1)) E€Z and F € T implies ENF € L,
(it) E€ Land F €Z impliess ENF € L, and
(4it1) E€ Land F € L implies ENF € L.

(i) HE,FeZ then ENF €ZC L, since T is a m-system by assumption.
(15) Let L1 ={ECQ: ENF € L, VF € T}. Wemust show that £1 2 £ = X\(Z).
According to (1) we have Z C £4. Thus it will suffice to show that £, is a A-system.

Clearly §) € L1, since ) € £. Assume now that E € £y, that is, ENF € L,
for all F¥ € Z. We wish to show that E¢ € £4. Let F € T be arbitrary. Then
E°NF=F\E=F\(ENF). Here F,ENF € L and ENF C F. According to
B.1.(a) this implies that E°NF = F\ (ENF) € L. Since this is true for every set
F €7, we have E€ € L.

Finally, let (E,,) C £, be any disjoint sequence and E = | J,, E,,. We must show
that £ € L1, that is, ENF € L, foreach FF € Z. Let FF € Z. Then E,NF € L, since
E, € Ly, for all n > 1. Consequently (F,, N F), is a disjoint sequence contained in
the A\-system £. Thus ENF =, (E,NF) € L.

(tit) Let Lo={FCQ: ENFeL, VE € L}. We must show that L5 D L =
MT). According to (i7) we have Z C L. Thus it will suffice to show that Lo is a
A-system. This proof is similar to the proof of (i7) and is omitted. j

The following is a convenient reformulation of B.2:
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B.3 m-\ Theorem. Let T be a w-system on Q and L a \-system on Q. If L contains
T, then L contains the o-field generated by T. y

The m-A-Theorem handles extension step (I) above. All that is necessary is to find a
m-system Z of generators for F such that the truth of Q(A) can be verified for each
set A € 7 and subsequently to show that the family Lo = { A € F | Q(A) is true }
is a A-system on . Extension step (II) from indicator functions f = 14 to all
nonnegative measurable functions f is then usually straightforward. However it
is convenient to have a theorem which handles both extension steps (I) and (II)
simultaneously. To this end we introduce the following notion:

A family C of nonnegative F-measurable functions on  is called a A-cone on
Q, if it satisfies the following conditions:
(a) C contains the constant function 1.
(B) If f,g € C are bounded and f < g then g — f € C.
(v) If fueCand o, >0, foralln >1, then f =3 «,f, €C.

B.4 Extension Theorem. Let C be a A-cone on Q). Assume that 14 € C, for each set
A in some m-system T generating the o-field F. Then C contains every nonnegative

measurable function f on €.

Proof. Let L ={A € F|1a € C}. We claim that £ is a A-system on . From
(o) and (B3) above it follows that 0 € C and hence § € L. If A € £, then 14 € C
and so 14 = 1— 14 € C (according to (3)), that is, A° € L. Finally, if (4,) C L
is any disjoint sequence and A = |J,, Ay, then 14, € C, for each n > 1 and so
la=),14, €C, thatis Ae L.

Thus £ is a A-system containing Z. Since 7 is a m-system by assumption, the
-\ Theorem yields that £ D o(Z) = F. Thus 14 € C, for every set A € F. From
(7) it now follows that C contains all nonnegative simple functions on €.

Let now f be a nonnegative measurable function on {2 and choose a sequence
(fn) of simple functions on Q such that f, T f pointwise, as n 1 co. Using (v),
fee1 — fr €C, forall k > 1, and

f=lim, f, = lim, <f1 + 0 (a1 — fk)) =fi+ > e (fes1 — fr) €C

Let us illustrate this extension procedure in several examples:
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B.5 Image measure theorem. Let (', F’) be a measurable space, that is, Q'
a set and F' a o-field on ', and X : (Q,F,P) — (', F') a measurable map.
Then the image Px of the measure P under X is the measure on F’ defined by
Px(A) = P(X71(A)), A € F'. This measure is also called the distribution of X
under P.

B.5.0. (a) Ep,(f) = Ep(f o X), for each measurable function f >0 on V.
(b) If f is an arbitrary measurable function on Q', then f € L'(Px) if and only if
foX € LYP) and in this case again Ep, (f) = Ep(f o X).

Proof. (a) Let C be the family of all nonnegative measurable functions f on
which satisfy Ep, (f) = Ep(f o X). For an indicator function f = 14, A € F/,
this equality is satisfied by the definition of the image measure Px. Thus 14 € C,
for all sets A € F'. Moreover it is easily seen that C is a A-cone on Q'. Property
(a) of a A-cone is trivial and properties () and () follow from the linearity and
the o-additivity of the integral (over nonnegative series). Thus C contains every
nonnegative measurable function on €.

(b) This follows from (a) by writing f = f™ — f~.

B.6 Measurability with respect to o(X). Let (', F') and X : (Q,F,P) —
(', F') be as above and let 0(X) be the o-field generated by X on €, that is, o(X)
is the smallest o-field on 2 with respect to which X is measurable. It is easily seen
that o(X) ={ X Y(A) | Ae F }.

B.6.0. A function f :Q — R is measurable with respect to o(X) if and only if f has
the form f = go X, for some measurable function g : Q' — R.

Proof. If f = go X with g as above, then f is (X )-measurable since a composition
of measurable maps is measurable. Conversely let C be the family of all functions f
on 2 which can be written in the form f = go X, with g : ' — [0, 400] measurable.
Thus each function f € C is nonnegative.

We want to show that C contains every nonnegative, o (X )-measurable function
f on Q. Indeed, if B is any set in ¢(X), then B = X"(A4) and so 1g = 140X, for
some set A € F'. Thus 1g € C. Moreover C is again easily seen to be a A-cone on
Q.

Only property () of a A-cone is not completely straightforward: Let f,h € C
be bounded and assume that f < h. Choose a constant M suchthat 0 < f < h < M
and write f = go X and h = ko X, where h, k : Q' — [0, +00] are measurable.
Then f = fAM = (g AM)o X and likewise h = (kA M) o X. Thus we may
assume that g and k are bounded as well, especially finitely valued. In particular
then the difference k — g is defined and we have h — f = (k — g) o X, where the
function k — g is measurable on ' but is not known to be nonnegative. However
h — f > 0 implies that h — f = (k — g)T o X. Thus h — f € C. Applying B4
to the probability space (Q2,0(X), P) with Z = o(X) shows that C contains every
nonnegative o (X )-measurable function on €.



Appendiz 303

If fis any o(X)-measurable function on Q write f = f* — f~ and f© = hy o X,
f~ = hg o X, for some measurable functions hi, hy : @ — [0,+00]. Note that it
does not follow that f = h o X with h = hy — hs, since this difference may not be
defined on all of .

The sets [f > 0], [f < 0] are in o(X) and so there exist sets A;, Ay € F’ such
that [f > 0] = X 1(4;) and [f < 0] = X71(A3). Then [f > 0] = X~1(A;\ 42)
and [f < 0] = X }(A42\ A1) and we may therefore assume that the sets A; and A
are disjoint.

Note that 1js5g = 14, c X and so f* = ff1s0) = g1 0 X with g1 = hy14,.
Likewise f~ = g2 o X with go = hola,. The measurable functions g1,g2 : @ —
[0, +-00] satisfy gi1g2 = 0 and so the difference g = g; — g2 : ' — R is defined.
Clearly f =go X.

Remark. Let X = (X1,Xs,...,X,) : (Q,F,P) — R" be a random vector and
o(X1,...,X,) denote the smallest o-field on {2 making each X; measurable. Then
X is measurable with respect to any o-field G on € if and only if each component
X, is G-measurable. From this it follows that o(X) = o(X4,...,X,). Applying
B.6.0 we obtain

B.6.1. A function f:Q — R is 0(X1, Xa,..., X,)-measurable if and only if
f=9(X1,Xs,...,X,) for some measurable function g : R* — R. |

B.7 Uniqueness of finite measures. Let Z be a m-system on €2 which generates
the o-field F and contains the set 2. Then

B.7.0. If the finite measures P, P" on F satisfy P(A) = P'(A), for all sets A € T,
then P = P'.

Proof. The family £L ={A € F | P(A) = P'(A) } is a A-system containing Z. To
see that L is closed under complements we use 2 € Z C £ and the finiteness of P
and P’. By the m-A Theorem £ D F. Thus P(A) = P'(A), for all sets A € F, that
is, P =Py

B.8 Fubini’s theorem. Let (Q;,F;, P;), j = 1,2, be probability spaces and
(Q, F, P) the product space (Q1, F1, P1) x (2, Fa, P2). In other words 2 = 1 X Qq,
F = F1 X F> the product o-field, that is, the o-field generated by the measurable
rectangles Ay x Ay with A; € F;, j = 1,2, and P = P, x P the product measure,
that is, the unique probability measure on F satisfying P(A) = P;(A41)P2(As), for
each measurable rectangle A = A; x A; € F.

For a function f : @ — Rand x € 1, y € Q3 we define the sections f, : Qy — R

and f, : 0 — R by fz(y) = fy('r) = f(x,y).
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B.8.0 Fubini’s theorem. Let f :  — [0,+00] be measurable with respect to the
product o-field F. Then the sections f, and f, are Fa-measurable respectively Fi -
measurable, for each x € Q1 respectively y € Qo and we have

; Ep,(fz) Pi(dx) = Ep(f) = ; Ep, (fy) Pa(dy)- (1)

Proof. Let C be the family of all nonnegative measurable functions f on the product
(2 such that the sections f, and f, are Fp-measurable respectively Fi-measurable,
for each & € 4 respectively y € 5 and such that equation (1) holds. From the
linearity and o-additivity of the integral, it follows that C is a A-cone on 2. We
wish to show that C contains every nonnegative measurable function f on 2. Since
the measurable rectangles A = A; x Ay, A; € Fj, j = 1,2, form a 7w-system of
generators for the product o-field F, it will now suffice to show that C contains
every such measurable rectangle A (or rather its indicator function 14).

Since 1a(x,y) = 1a,(x)1a,(y), the sections (14), and (14), are given by
(14)z = 14, ()14, and (14)y = 14,(y)14,, for each z € Qq, y € Qy. The measur-
ability claim follows immediately and equation (1) reduces to the definition of the
product measure P. |

B.9 Approximation of sets by generators. Let us now show that the sets in
the o-field F = o(A) generated by some field of sets .4 can be approximated by
sets in A in the following sense:

B.9.0. Let (2, F, P) be a probability space and A C F a field of sets generating the
o-field F. Then, for each set E € F and € > 0, there exists a set A € A such that
P(AAFE) <e.

Proof. Let L be the family of all sets £ C Q which can be approximated by sets
in A as in B.9.0. We wish to show that £ D F. Since £ contains the m-system A
generating F, it will suffice to show that £ is a A-system of subsets of Q. Indeed,
we have () € A C £ and the equality ACAE¢ = AAE shows that L is closed under
complements. It remains to be shown only that £ is closed under countable disjoint
unions.

Let (En)n>1 C L be a disjoint sequence, £ = | J,, E, and € > 0 be arbitrary. As
> n P(E,) = P(E) <1 we can choose N such that ) _ P(E,) <¢/2. For 1 <
n < N choose A, € A such that P(A,AE,) < ¢/2"" and set A =J,,-y An € A

Then, from the inclusion AAE C UngN(AnAEn) UU, oy En

we obtain P(AAE) <3 v P(AnAEn) + > nan P(En) <e Thus E € L.
B.10 Independence. Let G be a sub-o-field of F. Recall that an event B € F is
called independent of G, if P(AN B) = P(A)P(B), for all events A € G. Likewise
a sub-o-field S of F is called independent of G if each event B € S is independent
of G. Finally a random vector X is called independent of G if the o-field o(X) is
independent of G.
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B.10.0. If the event B satisfies P(A N B) = P(A)P(B), for all events A in some
w-system generating the o-field G, then B is independent of G.

Proof. Fix B and let T C G be a w-system with G = ¢(Z) such that P(AN B) =
P(A)P(B), for all A € Z. We have to show that this equality holds for all sets
A € G. Let L be the family of all sets A € F such that P(AN B) = P(A)P(B).
We have £ O 7 and want to show that £ O G. By the m-A Theorem it will suffice
to show that £ is a A-system of subsets of (2.

Clearly § € L. If A € L, then P(A°NB) = P(B\(ANB)) = P(B)—P(ANB) =
P(B)—P(A)P(B) = P(A°)P(B). Thus A¢ € L. Finally, let (A,) C L be a disjoint
sequence and A = J,, A,. Then P(ANB) = P(U,(A,NB)) =, P(A,NB) =
> . P(A,)P(B) = P(A)P(B). Thus A€ L.

B.10.1. Let A, B, S be sub-o-fields of F and assume that S is independent of A.
(a) If B is independent of c(AUS) then S is independent of (AU B).
(b) S is independent of c(AUN), where N is the family of P-null sets.

Proof. (a) Assume that B is independent of 0(AUS). The family Z = { AN B |
A€ A B e B} is a m-system generating the o-field o(A U B). According to B.10.0
it will now suffice to show that P(SN AN B) = P(S)P(AN B), for all sets A € A
and B € B. Indeed, for such A and B we have

P(SNANB) = P(SNA)P(B) = P(S)P(A)P(B) = P(S)P(AN B),

where the first equality uses the independence of B from o(A U S), the second the
independence of S from A and the third the independence of B from A.

(b) Let B = o(N). Then the o-field B consists of the P-null sets and their com-
plements and is therefore independent of every other o-field. According to (a), S is
independent of c(AUB) = a(AUN).

C. Positive semidefinite matrices. Let { ey, es,...,e, } denote the standard basis
of R". Elements of R" are viewed as column vectors and ¢', C’ denote the trans-
pose of a vector ¢ respectively matrix C. Recall that a real n X n matrix C is
called symmetric if it satisfies C = C’ in which case it admits an orthonormal basis
{f1, f2,--, fn} € R™ consisting of eigenvectors of C. Let A1,..., A, be the asso-
ciated eigenvalues and let the eigenvectors f; be numbered such that Aq,... Ay #0
and A1 = g2 =... = A, =0.

Given that this is the case, let U be the n X n matrix whose columns are
the eigenvectors f;: ¢;(U) = Ue; = f;, 7 = 1,2,...,n. Then U is an orthog-
onal matrix, that is, U is invertible and U~! = U’. We claim that U diago-
nalizes the matrix C' in the sense that U~'CU = diag()\;), where diag()\;) de-
notes the diagonal matrix with entries Aq,..., A, down the main diagonal. Indeed,
U lCUe; =UCfi = MU = Nie; = diag(\j)e;, for all i = 1,2,... n.

Recall that an n x n matrix C' is called positive semidefinite if it satisfies
(Ct,t) =t'Ct=3"._, Cijtit; >0, Vt=(t1,t2,...,t,) € R™

ij=1
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By contrast to the case of complex scalars this does not imply that the matrix C' is
symmetric, as the example of the matrix C' = (0 1) shows.

If C' is symmetric and positive semidefinite, then A\; = A; || fi || (A f], i) =
(Cfj, f;) > 0 and it follows that A1, Ag,... A > 0 and /\k+1 /\k+2 =\, =0.
It is now easily seen that C' can be written as C' = QQ’, for some n X n matrlx
Q. Indeed Q = Udiag(\/)\»j) yields such a matrix Q: From U~*CU = diag();) it
follows that

C = U diag(0\j)U ™ = U diag(0)U' = (U diag(+/A;)) (U diag(v/A;)) = QQ".
Indeed it is even true that C has a positive squareroot (i.e., @ above can be chosen
to be symmetric and positive semidefinite). We do not need this. The relation
C = QQ' will be the key in the proof of the existence of Gaussian random variables
with arbitrary parameters m € R™ and C' a symmetric, positive semidefinite n x n
matrix.

Let us note that the matrix Q = U diag(,/};) satisfies range(Q) = range(C).
Indeed, using the equality CU = U diag();), we have range(C) = range(CU) =
range(U diag(\g)) = span{Uey,Ues, ..., Ue } = range(Q).

D. Kolmogoroff Existence Theorem.

Compact classes and countable additivity. Let E be a set. A family Ky of
subsets of F has the finite intersection property, if KeNKiN...N K, # 0, for
each finite subfamily {Ky, K1,...,K,} C K.

A compact class on E is now a family K of subsets of E such that ﬂKGKU K #0,
for each subfamily Iy C K, which has the finite intersection property, that is,

KoCKand KgN...NK, #0,
for each finite subfamily {Ko, ..., K,} C Ko, = (gex, K # 0.

In more familiar terms: If we set S = { K¢ = E\ K : K € K}, then K is a compact
class on F if and only if every cover of F by sets in S has a finite subcover. Thus the
family of closed subsets of a compact topological space F is always a compact class
on E. Similarly the family of all compact subsets of a Hausdorff space FE is also a
compact class on E. Here the Hausdorff property is needed to make all compact
sets closed. These compact classes are closed under finite unions.

D.1. Let K be a compact class on the set E. Then

(a) Every subfamily of K is again a compact class on E.

(b) There is a topology on E in which E is compact and such that IC is contained
in the family of all closed subsets of E.

(¢) There is a compact class K1 on E such that K C Ky and Ky is closed under
finite unions.

(d) The family of all finite unions of sets in K is again a compact class on E.

Proof. (a) is clear. (b) Set S = { K¢ | K € K}, then every cover of E by sets in
K has a finite subcover. By the Alexander Subbasis Theorem FE is compact in the
topology generated by S as a subbasis on E. Clearly every set K € K is closed in
this topology. (c) Let K1 be the family of all closed subsets of E in the topology of
(c). (d) follows from (c) and (a). |
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D.2. Let A be a field of subsets of E, 1 : A — [0,400) a finite, finitely additive set
function on A and K C A a compact class on E. If i is inner reqular with respect
to IC in the sense that

w(A) =sup{ uw(K) | K e K, K C A}, forall sets A€ A,

then u is countably additive on A.
Proof. Since p is already finitely additive and p(E) < +o00, the countable additivity
of p is implied by the following condition:

(Dn)pz1 €A, Dy |0 = p(Dy) LO. (0)

To verify (0) consider such a sequence (D)5, C A and let € > 0 be arbitrary. For
each n > 1 choose a set K,, € I such that

K,CD, and u(D,\K,)<e/2".

AsN),>1 Dn = 0 it follows that (), K, = 0. Since K is a compact class, it follows
that (,,<y Kn = 0, for some finite number N. Then n > N implies

D, € Dy = Dy \ ;21 K; = ULy (D \ K;) € Ui (D) \ K5)

and so p(D,) < Zjvzl w(D;\ Kj) < Zjvzl €/29 < e. Thus u(D,) — 0,as n T co. |

Products. Let E be a compact Hausdorff space, £ the Borel o-field on E and I
any index set. The product Q = E' is then the family of all functions w : I — E.
We write w(t) = wy, t € I, and w = (w)ter. Equipped with the product topology
Q) is again a compact Hausdorff space by Tychonoff’s Theorem.

For ¢t € I we have the projection (coordinate map) m : w € Q@ — w(t) € E.
The product o-field £ on Q = E! is then defined to be the o-field o(m;,t € I)
generated by the coordinate maps ;. It is characterized by the following universal
property: a map X from any measurable space into (EI JET ) is measurable if and
only if m; o X is measurable for each ¢t € I.

More generally, for all subsets H C J C I, we have the natural projections

WHZQZEIHQH:EH and WJHZQJ:EJHQH:EH
which are measurable with respect to the product o-fields and satisfy
TH = TJH OTJ, HngI

In this notation m, = mp, where H = {t}. Let H(I) denote the family of all finite
subsets of I. For each set H = {t1,ta,...,t,} € H(I) we have

(W) = (Wi, Wiy -+ - Wi, ) € U = B
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If H € H(I) and By € g, then the subset Z = 71'1_{1 (By) C Qs called the finite
dimensional cylinder with base By. This cylinder is said to be represented on the
set H € H(I). The cylinder Z = 75" (By) also satisfies

Z =y (Bu) =7y (w;5(Bu)) = 75 (By),

where By = W;I;(BH) € &;. In other words, the cylinder Z = w,}l(BH) can be
represented on every set J € H(I) with J D H. Thus any two cylinders Z;, Z can
be represented on the same set H € H([). Since

(7rlfl,1(BH))C = 71'1_{1(3%) and W;Il(BH) N W;Il(CH) = ﬂﬁl(BH NCx)

it follows that the family Z = {WEI(BH) CQ | He H()and By € €y} of
finite dimensional cylinders is a field of subsets of 2. Clearly the finite dimensional
cylinders generate the product o-field £7.

If we merely need a m-system of generators for the product o-field £ we can
manage with a far smaller family of sets. A finite dimensional rectangle is a set

Z of the form _
Z=Ven™ YEy) = Nicw 7 € Er],

where H € H(I) and E; € &€, for all t € H. Thus Z is the cylinder based on the
rectangle By = [[,cpy E: € € H_ The finite dimensional rectangles in £/ no longer
form a field but they are still a m-system generating the product o-field £7.

Indeed, the set H in the definition of Z can be enlarged, by setting £y = F for
the new elements ¢, without altering Z. Thus any two finite dimensional rectangles
can be represented on the same set H € H(I) and from this it follows easily that
the intersection of any two finite dimensional rectangles is another such rectangle.

Each finite dimensional rectangle is in £’ and thus the o-field G generated
by the finite dimensional rectangles satisfies G C €. On the other hand each
coordinate map 7, is G measurable and this implies £/ C G. Thus &7 = G.

Finite dimensional rectangles are extremely basic events and a o-field on the
product space E! will not be useful unless it contains them all. In this sense
the product o-field £ is the smallest useful o-field on E'. It has the following
desirable property: a probability measure @ on &£’ is uniquely determined by its
values on finite dimensional rectangles in £/. Usually, when such a measure Q is
to be constructed to reflect some probabilistic intuition, it is clear what ) has to
be on finite dimensional rectangles and this then determines @ on all of £. If such
uniqueness does not hold, the problem arises which among all possible candidates
best reflects the underlying probabilistic intuition.

The product topology on Q = E! provides us with two more o-fields on Q, the
Baire o-field (the o-field generated by the continuous (real valued) functions on )
and the Borel o-field B(€2) (the o-field generated by the open subsets of €2).

Let us say that a function f = f(w) on Q depends only on countably many
coordinates of the point w = (wt):er € Q if there exists a countable subset Iy C T
such that f(w) = f(@), for all w,® € Q with w|;, = |-

Likewise a subset A C Q is said to depend only on countably many coordinates
if this is true of its indicator function 14, equivalently, if there exists a countable
subset Iy C I such that w € A <= @ € A, for all w, & € Q with w|;, = &|z,-
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D.3. (a) The product o-field £ is the Baire o-field on Q and thus is contained in
the Borel o-field B(Q). If I is countable, then B(Q) = &X.

(b) Every set A in the product o-field ET depends only on countably many coordi-
nates. Thus, if I is uncountable, then B(Q) # EL.

(c) Every function f = f(w) : Q@ — R which is measurable with respect to the
product o-field ET on Q depends only on countably many coordinates of the point
w = (wi)ter € Q. In particular this is true for all continuous functions on €.

Proof. (a) Since each coordinate map ; is continuous, the product o-field £7 is
contained in the Baire o-field on €.

To see the reverse inclusion let C"(2) denote the real algebra of all continuous
functions f : @ — R. It will suffice to show that every function f € C"(2) is in
fact measurable with respect to the product o-field £. This is certainly true of the
projections 7y, t € I, and of the constant function 1 and hence of every function
in the subalgebra A C C"(Q2) generated by these functions. By the measurability
of pointwise limits, every pointwise limit of functions in A is measurable for the
product o-field £7 on Q.

Thus it remains to be shown only that every function f € C"(Q) can be rep-
resented as a pointwise limit of functions in A. In fact the subalgebra A C C"(Q)
separates points on 2 and contains the constants and is thus even uniformly dense
in C"(Q), by the Stone Weierstrass Theorem.

Assume now that I is countable. Then so is the family H(I). The family
G={ny (Gu) | He€H(I),Gr C Qp open} (1)

is a basis for the product topology on . An arbitrary union of such basic sets
with fixed index set H is a set of the same form. Thus any open set G C 2 can
be written as a union of basic open sets with distinct index sets H and any such
union is necessarily countable, by the countability of H(I). Thus, if G is any open
subset of €, then G is a countable union of basic open sets as in (1). Each such
basic open set is a finite dimensional cylinder and hence in the product o-field £7.
Thus G € &7 and it follows that B(Q) C &L.

(b) The family Fq of all subsets A C 2, which depend only on countably many
coordinates, is easily seen to be a o-field containing all finite dimensional cylin-
ders Z = n;*(By), H € H(I), By € &y (such a cylinder depends only on the
coordinates in the set H) and hence the entire product o-field £7.

Note now that a singleton set A = {w} C Q depends on all coordinates. Thus,
if I is uncountable, then the product o-field £’ contains no singleton sets. The Borel
o-field B(Q?) on the other hand contains all singleton sets since these are closed (the
product Q = E7 is again Hausdorff).

(¢) The family C of all nonnegative functions f : Q — R which depend on only
finitely many coordinates is easily seen to be a A-cone on §) containing the indicator
function of every finite dimensional rectangle (see (b)). Since these rectangles form
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a m-system generating the product o-field €7, C contains every nonnegative, £-
measurable function f : Q — R (B.4). The extension to arbitrary £/-measurable
f:Q — R is trivial. |

Projective families of probability measures. Let P be a probability measure
on the product space (Q,€) = (E1,&Y). For each subset H € H(I) the image
measure Py = 7y (P) is defined on the finite product (Q,Ex) = (EH,EH) as
Py (Bg) = P(rg' (By)), for all sets By € Ex.

The measures Py, H € H(I), are called the finite dimensional marginal
distributions of P. The relation mgy = myy o wy implies the following consistency
relation for these marginal distributions:

WJH(PJ):’NJH(T('J(P)):’/TH(P):PH, (2)

for all H,J € H(I) with H C J.
Conversely assume that for each set H € H(I), Py is a probability measure on the
the finite product (EH, £). We wonder whether there exists a probability measure
P on the product space (EY, &) such that g (P) = Py, for all H € H(I), that is
such that the finite dimensional marginal distributions of P are the measures Py,
H € H(I). Clearly such a measure P can exist only if the measures Py satisfy the
consistency relation (2). If this relation is satisfied we call the family (Pg)gen(r)
projective. The projective property of the measures (Py) Hen(1) is also sufficient
for the existence of the measure P on £ under very general assumptions. We do
not need this result in full generality. The proof can be simplified greatly if suitable
conditions are imposed on the measurable space (E, £).

D.4 Definition. The measurable space (E,E) is called standard if there exists a
metric on E which makes E compact and £ the Borel o-field on E.

Remark. If there exists a bimeasurable isomorphism ¢ : (T, B(T)) — (E,£), where
T is any compact metric space and B(T') the Borel o-field on T, then obviously
(E,€) is a standard measurable space.

We will now exhibit such an isomorphism ¢ : (T,B(T)) — (R, B(R)), where
T = [-1,1]. Such ¢ induces an isomorphism ¢q : (T, B(T?)) — (R?,B(R%)). We
will then have shown that (Rd, B (Rd)) is a standard measurable space, for all d > 1.

Set A, = [-1/n,—1/(n+1)[U]1/(n+1),1/n], B, =[-n,—(n—1)[U|n—1,n]
and ¢, (t) = n(n + 1)t — sgn(t), t € A,, n > 1, where sgn(t) = +1, if t > 0, and
sgn(t) = —1, if t < 0, as usual. Note that ¢, : A, — B, is a bimeasurable
isomorphism, for all n > 1. Moreover T' = [—1, 1] is the disjoint union {0} U A,
and R is the disjoint union {0} U|JB,. Set ¢ = > 14, ¢n, thatis, ¢ : T — R
satisfies ¢(0) = 0 and ¢ = ¢, on A,,. It follows that ¢ : (T, B(T)) — (R, B(R)) is a
bimeasurable isomorphism.
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D.5. Let T be a compact metric space and P a probability measure on the Borel
o-field B(T) of T. Then every Borel set A C T satisfies

P(A) =sup{ P(K) | Kcompact, K C A}. (3)

Proof. 1t is not hard to show that the family G of all Borel sets B C T such that
both sets A = B, B¢ satisfy (3) is a o-field [DD, 7.1.2]. Any open set G C T is
the increasing union of the compact sets K,, = {z € T | dist(x,G) > 1/n} and
consequently P(K,) 1 P(G), n 1 oo. Thus G € G. It follows that G contains every
Borel subset of T'. |

D.6 Kolmogoroff Existence Theorem. Let (E,&) be a standard measurable space.
If (Pu)aen(r) is a projective family of probability measures on ((QH’gH))HeH(I)
then there exists a unique probability measure P on the product space (ET,ET) such

that Pg = wp (P), for all sets H € H(I).

Proof. The condition Py = 7y (P), for all sets H € H(I), uniquely determines P on
cylinders and hence on the entire product o-field £7 (the cylinders form a 7-system
of generators for £7). To see the existence of P define the set function Py on the
field Z of finite dimensional cylinders as

Py(Z) = Py(By), Z=rn3 (By)€ 2,H¢cH(I),By € E&xn.

It must be shown that Py is well defined. Indeed if Z = 7' (By) = 75" (Bx) with
sets H, K € H(I) and By € €u, Bk € €k, set J = HU K € H(I) and note that
Z =7 (By) = 75" (n74(By)) and likewise Z = 7' (Bk) = n; ' (75 (Bx)) and
thus

75 (i (Bi)) = 75 (75k (Bx)).-
Since the projection m; is surjective, it follows that 754 (Bx) = 7,5 (Bk) and
consequently, by the projective property of the measures Py, H € H(I),

as desired. Clearly Py(€2) = 1. It will now suffice to show that the set function
Py : Z — [0,1] is countably additive, for then it extends to a probability measure P
on the o-field £ generated by the field Z of cylinders and this extension obviously
satisfies Py = 7wy (P), for all sets H € H(I).

Clearly P, is finitely additive on Z. To see countable additivity, equip F with
a metric with which it becomes a compact space such that £ is the Borel o-field
on E. Then each finite product Qg = Ef is compact and £y = 7 = B(Qg)
is the Borel o-field on Qg. Moreover the Borel probability measure Py on Qp is
automatically inner regular with respect to the family of compact subsets of Qg
(D.5). Thus for each cylinder Z = n;,;'(By) € 2, H € H(I), By € Ex, we have

Po(Z) = Py(Bu) = sup{ Pu(Kn) | Ky C By, Kg compact }
= sup{ Po(ﬂ'l_{l(KH)) | Ky € By, Ky compact }.
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This shows that P, is inner regular with respect to the family
K={n;"(Kg)| HeH(I),Ky C By, Ky compact } C Z.

If H € H(I) and Ky is a compact subset of By then the set 75 (Kp) is closed in
the compact product space Q = E! and hence itself compact. Thus K is contained
in the family of compact subsets of €2 and hence is a compact class. The countable
additivity of Py now follows according to D.1. |
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