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Preface v

PREFACE

The current, prolonged boom in the US and European stock markets has increased
interest in the mathematics of security markets most notably the theory of stochastic
integration. Existing books on the subject seem to belong to one of two classes.
On the one hand there are rigorous accounts which develop the theory to great
depth without particular interest in finance and which make great demands on the
prerequisite knowledge and mathematical maturity of the reader. On the other hand
treatments which are aimed at application to finance are often of a nontechnical
nature providing the reader with little more than an ability to manipulate symbols to
which no meaning can be attached. The present book gives a rigorous development
of the theory of stochastic integration as it applies to the valuation of derivative
securities. It is hoped that a satisfactory balance between aesthetic appeal, degree
of generality, depth and ease of reading is achieved

Prerequisites are minimal. For the most part a basic knowledge of measure
theoretic probability and Hilbert space theory is sufficient. Slightly more advanced
functional analysis (Banach Alaoglu theorem) is used only once. The develop-
ment begins with the theory of discrete time martingales, in itself a charming sub-
ject. From these humble origins we develop all the necessary tools to construct the
stochastic integral with respect to a general continuous semimartingale. The limita-
tion to continuous integrators greatly simplifies the exposition while still providing
a reasonable degree of generality. A leisurely pace is assumed throughout, proofs
are presented in complete detail and a certain amount of redundancy is maintained
in the writing, all with a view to make the reading as effortless and enjoyable as
possible.

The book is split into four chapters numbered I, II, III, IV. Each chapter has
sections 1,2,3 etc. and each section subsections a,b,c etc. Items within subsections
are numbered 1,2,3 etc. again. Thus III.4.a.2 refers to item 2 in subsection a
of section 4 of Chapter III. However from within Chapter III this item would be
referred to as 4.a.2. Displayed equations are numbered (0), (1), (2) etc. Thus
II.3.b.eq.(5) refers to equation (5) of subsection b of section 3 of Chapter II. This
same equation would be referred to as 3.b.eq.(5) from within Chapter II and as (5)
from within the subsection wherein it occurs.

Very little is new or original and much of the material is standard and can be
found in many books. The following sources have been used:
[Ca,Cb] I.5.b.1, I.5.b.2, I.7.b.0, I.7.b.1;
[CRS] I.2.b, I.4.a.2, I.4.b.0;
[CW] III.2.e.0, III.3.e.1, III.2.e.3;
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[DD] II.1.a.6, II.2.a.1, II.2.a.2;
[DF] IV.3.e;
[DT] I.8.a.6, II.2.e.7, II.2.e.9, III.4.b.3, III.5.b.2;
[J] III.3.c.4, IV.3.c.3, IV.3.c.4, IV.3.d, IV.5.e, IV.5.h;
[K] II.1.a, II.1.b;
[KS] I.9.d, III.4.c.5, III.4.d.0, III.5.a.3, III.5.c.4, III.5.f.1, IV.1.c.3;
[MR] IV.4.d.0, IV.5.g, IV.5.j;
[RY] I.9.b, I.9.c, III.2.a.2, III.2.d.5.
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SUMMARY OF NOTATION

Sets and numbers. N denotes the set of natural numbers (N = {1, 2, 3, . . .}), R the
set of real numbers, R+ = [0,+∞), R = [−∞,+∞] the extended real line and Rn

Euclidean n-space. B(R), B(R) and B(Rn) denote the Borel σ-field on R, R and Rn

respectively. B denotes the Borel σ-field on R+. For a, b ∈ R set a∨ b = max{a, b},
a ∧ b = min{a, b}, a+ = a ∨ 0 and a− = −a ∧ 0.
Π = [0,+∞)× Ω . . . . . . . . . . . domain of a stochastic process
Pg . . . . . . . . . . . . . . . . . the progressive σ-field on Π (III.1.a).
P . . . . . . . . . . . . . . . . . . the predictable σ-field on Π (III.1.a).
[[S, T ]] = { (t, ω) | S(ω) ≤ t ≤ T (ω) } . . . stochastic interval.

Random variables. (Ω,F , P ) the underlying probability space, G ⊆ F a sub-σ-
field. For a random variable X set X+ = X ∨ 0 = 1[X>0]X and X− = −X ∧ 0 =
−1[X<0]X = (−X)+. Let E(P ) denote the set of all random variables X such that
the expected value EP (X) = E(X) = E(X+) − E(X−) is defined (E(X+) < ∞
or E(X−) < ∞). For X ∈ E(P ), EG(X) = E(X|G) is the unique G-measurable
random variable Z in E(P ) satisfying E(1GX) = E(1GZ) for all sets G ∈ G (the
conditional expectation of X with respect to G).

Processes. Let X = (Xt)t≥0 be a stochastic process and T : Ω → [0,∞] an optional
time. Then XT denotes the random variable (XT )(ω) = XT (ω)(ω) (sample of X
along T , I.3.b, I.7.a). XT denotes the process XT

t = Xt∧T (process X stopped at
time T ). S, S+ and Sn denote the space of continuous semimartingales, continuous
positive semimartingales and continuous Rn-valued semimartingales respectively.
Let X,Y ∈ S, t ≥ 0, ∆ = { 0 = t0 < t1 < . . . , tn = t } a partition of the interval
[0, t] and set ∆jX = Xtj −Xtj−1 , ∆jY = Ytj − Ytj−1 and ‖∆‖ = maxj(tj − tj−1).
Q∆(X) =

∑
(∆jX)2 . . . . I.9.b, I.10.a, I.11.b.

Q∆(X,Y ) =
∑

∆jX∆jY . I.10.a.
〈X,Y 〉 . . . . . . . . . . covariation process of X, Y (I.10.a, I.11.b).

〈X,Y 〉t = lim‖∆‖→0 Q∆(X,Y ) (limit in probability).
〈X〉 = 〈X,X〉 . . . . . . . quadratic variation process of X (I.9.b).
uX . . . . . . . . . . . (additive) compensator of X (I.11.a).
UX . . . . . . . . . . . multiplicative compensator of X ∈ S+ (III.3.f).
H2 . . . . . . . . . . . space of continuous, L2-bounded martingales M

with norm ‖M‖H2 = supt≥0 ‖Mt‖L2(P ) (I.9.a).
H2

0 = {M ∈ H2 | M0 = 0 }.
Multinormal distribution and Brownian motion.
W . . . . . . . . . . . . . . Brownian motion starting at zero.
FWt . . . . . . . . . . . . . . Augmented filtration generated by W (II.2.f).
N(m,C) . . . . . . . . . . . . Normal distribution with mean m ∈ Rk and

covariance matrix C (II.1.a).
N(d) = P (X ≤ d) . . . . . . . . X a standard normal variable in R1.
nk(x) = (2π)−k/2exp

(
−‖x‖2

/
2
)

. . Standard normal density in Rk (II.1.a).
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Stochastic integrals, spaces of integrands. H •X denotes the integral process
(H •X)t =

∫ t
0
Hs ·dXs and is defined for X ∈ Sn and H ∈ L(X). L(X) is the space

of X-integrable processes H. If X is a continuous local martingale, L(X) = L2
loc(X)

and in this case we have the subspaces L2(X) ⊆ Λ2(X) ⊆ L2
loc(X) = L(X). The

integral processes H •X and associated spaces of integrands H are introduced step
by step for increasingly more general integrators X:

Scalar valued integrators. Let M be a continuous local martingale. Then

µM . . . . . Doleans measure on (Π,B × F) associated with M (III.2.a)
µM (∆) = EP

[∫ ∞
0

1∆(s, ω)d〈M〉s(ω)
]
, ∆ ∈ B × F .

L2(M) . . . . space L2(Π,Pg, µM ) of all progressively measurable processes H
satisfying ‖H‖2

L2(M) = EP
[∫ ∞

0
H2
sd〈M〉s

]
< ∞.

For H ∈ L2(M), H •M is the unique martingale in H2
0 satisfying 〈H •M,N〉 =

H •〈M,N〉, for all continuous local martingales N (III.2.a.2). The spaces Λ2(M)
and L(M) = L2

loc(M) of M -integrable processes H are then defined as follows:

Λ2(M) . . . . . . . space of all progressively measurable processes H satisfying
1[0,t]H ∈ L2(M), for all 0 < t < ∞.

L(M) = L2
loc(M) . . space of all progressively measurable processes H satisfying

1[[0,Tn]]H ∈ L2(M), for some sequence (Tn) of optional times
increasing to infinity, equivalently

∫ t
0
H2
sd〈M〉s < ∞, P -as.,

for all 0 < t < ∞ (III.2.b).

If H ∈ L2(M), then H •M is a martingale in H2. If H ∈ Λ2(M), then H •M is a
square integrable martingale (III.2.c.3).

Let now A be a continuous process with paths which are almost surely of bounded
variation on finite intervals. For ω ∈ Ω, dAs(ω) denotes the (signed) Lebesgue-
Stieltjes measure on finite subintervals of [0,+∞) corresponding to the bounded
variation function s �→ As(ω) and |dAs|(ω) the associated total variation measure.

L1(A) . . . . . the space of all progressively measurable processes H such that∫ ∞
0

|Hs(ω)| |dAs|(ω) < ∞, for P -ae. ω ∈ Ω.
L1
loc(A) . . . . the space of all progressively measurable processes H such that

1[0,t]H ∈ L1(A), for all 0 < t < ∞.

For H ∈ L1
loc(A) the integral process It = (H •A)t =

∫ t
0
HsdAs is defined pathwise

as It(ω) =
∫ t
0
Hs(ω)dAs(ω), for P -ae. ω ∈ Ω.

Assume now that X is a continuous semimartingale with semimartingale decom-
position X = A + M (A = uX , M a continuous local martingale, I.11.a). Then
L(X) = L1

loc(A) ∩ L2
loc(M). Thus L(X) = L2

loc(X), if X is a local martingale.
For H ∈ L(X) set H •X = H •A+H •M . Then H •X is the unique continuous semi-
martingale satisfying (H •X)0 = 0, uH •X = H •uX and 〈H •X,Y 〉 = H •〈X,Y 〉,
for all Y ∈ S (III.4.a.2). In particular 〈H •X〉 = 〈H •X,H •X〉 = H2 •〈X〉. In
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other words 〈H •X〉t =
∫ t
0
H2
sd〈X〉s. If the integrand H is continuous we have the

representation ∫ t
0
HsdXs = lim‖∆‖→0 S∆(H,X)

(limit in probability), where S∆(H,X) =
∑

Htj−1(Xtj − Xtj−1) for ∆ as above
(III.2.e.0). The (deterministic) process t defined by t(t) = t, t ≥ 0, is a continuous
semimartingale, in fact a bounded variation process. Thus the spaces L(t) and
L1
loc(t) are defined and in fact L(t) = L1

loc(t).

Vector valued integrators. Let X ∈ Sd and write X = (X1, X2, . . . , Xd)′ (column
vector), with Xj ∈ S. Then L(X) is the space of all Rd-valued processes H =
(H1, H2, . . . , Hd)′ such that Hj ∈ L(Xj), for all j = 1, 2, . . . , d. For H ∈ L(X),

H •X =
∑
j H

j •Xj , (H •X)t =
∫ t
0
Hs · dXs =

∑
j

∫ t
0
Hj
sdX

j
s ,

dX = (dX1, dX2, . . . , dXd)′, Hs · dXs =
∑
j H

j
sdX

j
s .

If X is a continuous local martingale (all the Xj continuous local martingales), the
spaces L2(X), Λ2(X) are defined analogously. If H ∈ Λ2(X), then H •X is a square
integrable martingale; if H ∈ L2(X), then H •X ∈ H2 (III.2.c.3, III.2.f.3).

In particular, if W is an Rd-valued Brownian motion, then

L2(W ) . . . . . . . space of all progressively measurable processes H such that
‖H‖2

L2(W ) = EP
∫ ∞
0

‖Hs‖2ds < ∞.
Λ2(W ) . . . . . . space of all progressively measurable processes H such that

1[0,t]H ∈ L2(W ), for all 0 < t < ∞.
L(W ) = L2

loc(W ) . . space of all progressively measurable processes H such that∫ t
0
‖Hs‖2ds < ∞, P -as., for all 0 < t < ∞.

If H ∈ L2(W ), then H •W is a martingale in H2 with ‖H •W‖H2 = ‖H‖L2(W ). If
H ∈ Λ2(W ), then H •W is a square integrable martingale (III.2.f.3, III.2.f.5).

Stochastic differentials. If X ∈ Sn, Z ∈ S write dZ = H · dX if H ∈ L(X) and
Z = Z0+H •X, that is, Zt = Z0+

∫ t
0
Hs ·dXs, for all t ≥ 0. Thus d(H •X) = H ·dX.

We have dZ = dX if and only if Z−X is constant (in time). Likewise KdZ = HdX

if and only if K ∈ L(Z), H ∈ L(X) and K •Z = H •X (III.3.b). With the process
t as above we have dt(t) = dt.

Local martingale exponential. Let M be a continuous, real valued local martingale.
Then the local martingale exponential E(M) is the process

Xt = Et(M) = exp
(
Mt − 1

2 〈M〉t
)
.

X = E(M) is the unique solution to the exponential equation dXt = XtdMt,
X0 = 1. If γ ∈ L(M), then all solutions X to the equation dXt = γtXtdMt are
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given by Xt = X0Et(γ •M). If W is an Rd-valued Brownian motion and γ ∈ L(W ),
then all solutions to the equation dXt = γtXt · dWt are given by

Xt = X0Et(γ •W ) = X0exp
(
− 1

2

∫ t
0
‖γs‖2ds +

∫ t
0
γs · dWs

)
(III.4.b).

Finance. Let B be a market (IV.3.b), Z ∈ S and A ∈ S+.

ZAt = Zt/At . . . Z expressed in A-numeraire units.
B(t, T ) . . . . . Price at time t of the zero coupon bond maturing at time T .
B0(t) . . . . . . Riskless bond.
PA . . . . . . . A-numeraire measure (IV.3.d).
PT . . . . . . . Forward martingale measure at date T (IV.3.f).
WT
t . . . . . . . Process which is a Brownian motion with respect to PT .

L(t, Tj) . . . . . Forward Libor set at time Tj for the accrual interval [Tj , Tj+1].
L(t) . . . . . . . Process

(
L(t, T0), . . . , L(t, Tn−1)

)
of forward Libor rates.
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CHAPTER I

Martingale Theory

Preliminaries. Let (Ω,F , P ) be a probability space, R = [−∞,+∞] denote the
extended real line and B(R) and B(Rn) the Borel σ-fields on R and Rn respectively.

A random object on (Ω,F , P ) is a measurable map X : (Ω,F , P ) → (Ω1,F1)
with values in some measurable space (Ω1,F1). PX denotes the distribution of X
(appendix B.5). If Q is any probability on (Ω1,F1) we write X ∼ Q to indicate that
PX = Q. If (Ω1,F1) = (Rn,B(Rn)) respectively (Ω1,F1) = (R,B(R)), X is called
a random vector respectively random variable. In particular random variables are
extended real valued.

For extended real numbers a, b we write a∧b = min{a, b} and a∨b = max{a, b}.
If X is a random variable, the set {ω ∈ Ω | X ≥ 0 } will be written as [X ≥ 0] and its
probability denoted P ([X ≥ 0]) or, more simply, P (X ≥ 0). We set X+ = X ∨ 0 =
1[X>0]X and X− = (−X)+. Thus X+, X− ≥ 0, X+X− = 0 and X = X+ −X−.

For nonnegative X let E(X) =
∫
Ω
XdP and let E(P ) denote the family of all

random variables X such that at least one of E(X+), E(X−) is finite. For X ∈ E(P )
set E(X) = E(X+) − E(X−) (expected value of X). This quantity will also be
denoted EP (X) if dependence on the probability measure P is to be made explicit.

If X ∈ E(P ) and A ∈ F then 1AX ∈ E(P ) and we write E(X;A) = E(1AX).
The expression “P -almost surely” will be abbreviated “P -as.”. Since random vari-
ables X, Y are extended real valued, the sum X + Y is not defined in general.
However it is defined (P -as.) if both E(X+) and E(Y +) are finite, since then
X,Y < +∞, P -as., or both E(X−) and E(Y −) are finite, since then X,Y > −∞,
P -as.

An event is a set A ∈ F , that is, a measurable subset of Ω. If (An) is a sequence
of events let [An i.o.] =

⋂
m

⋃
n≥mAn = {ω ∈ Ω | ω ∈ An for infinitely many n }.

Borel Cantelli Lemma. (a) If
∑
n P (An) < ∞ then P (An i.o.) = 0.

(b) If the events An are independent and
∑
n P (An) = ∞ then P (An i.o.) = 1.

(c) If P (An) ≥ δ, for all n ≥ 1, then P (Ani.o.) ≥ δ.

Proof. (a) Let m ≥ 1. Then 0 ≤ P (An i.o.) ≤
∑
n≥m P (An) → 0, as m ↑ ∞.

(b) Set A = [An i.o.]. Then P (Ac) = limm P
(⋂

n≥mAcn
)

= limm
∏
n≥m P (Acn) =

limm
∏
n≥m(1− P (An)) = 0. (c) Since P (Ani.o.) = limm P

(⋃
n≥mAn

)
.



2 1.a Forms of convergence.

1. CONVERGENCE OF RANDOM VARIABLES

1.a Forms of convergence. Let Xn, X, n ≥ 1, be random variables on the prob-
ability space (Ω,F , P ) and 1 ≤ p < ∞. We need several notions of convergence
Xn → X:

(i) Xn → X in Lp, if ‖Xn −X‖pp = E
(
|Xn −X|p

)
→ 0, as n ↑ ∞.

(ii) Xn → X, P -almost surely (P -as.), if Xn(ω) → X(ω) in R, for all points ω in
the complement of some P -null set.

(iii) Xn → X in probability on the set A ∈ F , if P
([
|Xn−X| > ε

]
∩A

)
→ 0, n ↑ ∞,

for all ε > 0. Convergence Xn → X in probability is defined as convergence in
probability on all of Ω, equivalently P

(
|Xn−X| > ε

)
→ 0, n ↑ ∞, for all ε > 0.

Here the differences Xn −X are evaluated according to the rule (+∞) − (+∞) =
(−∞) − (−∞) = 0 and ‖Z‖p is allowed to assume the value +∞. Recall that the
finiteness of the probability measure P implies that ‖Z‖p increases with p ≥ 1.
Thus Xn → X in Lp implies that Xn → X in Lr, for all 1 ≤ r ≤ p.

Convergence in L1 will simply be called convergence in norm. Thus Xn → X

in norm if and only if ‖Xn − X‖1 = E
(
|Xn − X|

)
→ 0, as n ↑ ∞. Many of the

results below make essential use of the finiteness of the measure P .

1.a.0. (a) Convergence P -as. implies convergence in probability.
(b) Convergence in norm implies convergence in probability.

Proof. (a) Assume that Xn �→ X in probability. We will show that that Xn �→ X

on a set of positive measure. Choose ε > 0 such that P ([|Xn −X| ≥ ε]) �→ 0, as
n ↑ ∞. Then there exists a strictly increasing sequence (kn) of natural numbers
and a number δ > 0 such that P (|Xkn

−X| ≥ ε) ≥ δ, for all n ≥ 1.
Set An = [|Xkn −X| ≥ ε] and A = [An i.o.]. As P (An) ≥ δ, for all n ≥ 1,

it follows that P (A) ≥ δ > 0. However if ω ∈ A, then Xkn(ω) �→ X(ω) and so
Xn(ω) �→ X(ω). (b) Note that P

(
|Xn −X| ≥ ε

)
≤ ε−1

∥∥Xn −X
∥∥

1
.

1.a.1. Convergence in probability implies almost sure convergence of a subsequence.

Proof. Assume that Xn → X in probability and choose inductively a sequence
of integers 0 < n1 < n2 < . . . such that P (|Xnk

−X| ≥ 1/k) ≤ 2−k. Then∑
k P (|Xnk

−X| ≥ 1/k) < ∞ and so the event A =
[
|Xnk

−X| ≥ 1
k i.o.

]
is a

nullset. However, if ω ∈ Ac, then Xkn(ω) → X(ω). Thus Xkn → X, P -as.

Remark. Thus convergence in norm implies almost sure convergence of a subse-
quence. It follows that convergence in Lp implies almost sure convergence of a
subsequence. Let L0(P ) denote the space of all (real valued) random variables on
(Ω,F , P ). As usual we identify random variables which are equal P -as. Conse-
quently L0(P ) is a space of equivalence classes of random variables.

It is interesting to note that convergence in probability is metrizable, that
is, there is a metric d on L0(P ) such that Xn → X in probability if and only if
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d(Xn, X) → 0, as n ↑ ∞, for all Xn, X ∈ L0(P ). To see this let ρ(t) = 1 ∧ t,
t ≥ 0, and note that ρ is nondecreasing and satisfies ρ(a+ b) ≤ ρ(a)+ρ(b), a, b ≥ 0.
From this it follows that d(X,Y ) = E

(
ρ(|X − Y |)

)
= E

(
1 ∧ |X − Y |

)
defines a

metric on L0(P ). It is not hard to show that P
(
|X − Y | ≥ ε

)
≤ ε−1d(X,Y ) and

d(X,Y ) ≤ P
(
|X − Y | ≥ ε

)
+ ε, for all 0 < ε < 1. This implies that Xn → X

in probability if and only if d(Xn, X) → 0. The metric d is translation invariant
(d(X + Z, Y + Z) = d(X,Y )) and thus makes L0(P ) into a metric linear space. In
contrast it can be shown that convergence P -as. cannot be induced by any topology.

1.a.2. Let Ak ∈ F , k ≥ 1, and A =
⋃
k Ak. If Xn → X in probability on each set

Ak, then Xn → X in probability on A.

Proof. Replacing the Ak with suitable subsets if necessary, we may assume that the
Ak are disjoint. Let ε, δ > 0 be arbitrary, set Em =

⋃
k>mAk and choose m such

that P
(
Em) < δ. Then

P
([
|Xn −X| > ε

]
∩A

)
≤

∑
k≤m

P
([
|Xn −X| > ε

]
∩Ak

)
+ P (Em),

for all n ≥ 1. Consequently lim supn P
([
|Xn −X| > ε

]
∩A

)
≤ P (Em) < δ. Since

here δ > 0 was arbitrary, this lim sup is zero, that is, P
([
|Xn −X| > ε

]
∩A

)
→ 0,

as n ↑ ∞.

1.b Norm convergence and uniform integrability. Let X be a random variable
and recall the notation E(X;A) = E(1AX) =

∫
A
XdP . The notion of uniform

integrability is motivated by the following observation:

1.b.0. X is integrable if and only if limc↑∞E
(
|X|; [|X| ≥ c]

)
= 0. In this case X

satisfies limP (A)→0 E
(
|X|1A

)
= 0.

Proof. Assume that X is integrable. Then |X|1[|X|<c] ↑ |X|, as c ↑ ∞, on the set
[|X| < +∞] and hence P -as. The Monotone Convergence Theorem now implies
that E

(
|X|; [|X| < c]

)
↑ E(|X|) < ∞ and hence

E
(
|X|; [|X| ≥ c]

)
= E(|X|)− E

(
|X|; [|X| < c]

)
→ 0, as c ↑ ∞.

Now let ε > 0 be arbitrary and choose c such that E
(
|X|; [|X| ≥ c]

)
< ε. If A ∈ F

with P (A) < ε/c is any set, we have

E
(
|X|1A

)
= E

(
|X|;A ∩ [|X| < c]

)
+ E

(
|X|;A ∩ [|X| ≥ c]

)
≤ cP (A) + E

(
|X|; [|X| ≥ c]

)
< ε + ε = 2ε.

Thus limP (A)→0 E
(
|X|1A

)
= 0. Conversely, if limc↑∞E

(
|X|; [|X| ≥ c]

)
= 0 we can

choose c such that E
(
|X|; [|X| ≥ c]

)
≤ 1. Then E(|X|) ≤ c + 1 < ∞. Thus X is

integrable.
This leads to the following definition: a family F = {Xi | i ∈ I } of random variables
is called uniformly integrable if it satisfies

lim
c↑∞

sup
i∈I

E
(
|Xi|; [|Xi| ≥ c]

)
= 0,
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that is, limc↑∞E
(
|Xi|; [|Xi| ≥ c]

)
= 0, uniformly in i ∈ I. The family F is called

uniformly P -continuous if it satisfies

lim
P (A)→0

sup
i∈I

E
(
1A|Xi|

)
= 0,

that is, limP (A)→0 E
(
1A|Xi|

)
= 0, uniformly in i ∈ I. The family F is called

L1-bounded, iff supi∈I ‖Xi‖1 < +∞, that is, F ⊆ L1(P ) is a bounded subset.

1.b.1 Remarks. (a) The function φ(c) = supi∈I E
(
|Xi|; [|Xi| ≥ c]

)
is a nonin-

creasing function of c ≥ 0. Consequently, to show that the family F = {Xi | i ∈ I }
is uniformly integrable it suffices to show that for each ε > 0 there exists a c ≥ 0
such that supi∈I E

(
|Xi|; [|Xi| ≥ c]

)
≤ ε.

(b) To show that the family F = {Xi | i ∈ I } is uniformly P -continuous we must
show that for each ε > 0 there exists a δ > 0 such that supi∈I E

(
1A|Xi|

)
< ε, for

all sets A ∈ F with P (A) < δ. This means that the family {µi | i ∈ I } of measures
µi defined by µi(A) = E

(
1A|Xi|

)
, A ∈ F , i ∈ I, is uniformly absolutely continuous

with respect to the measure P .

(c) From 1.b.0 it follows that each finite family F = { f1, f2, . . . , fn } ⊆ L1(P )
of integrable functions is both uniformly integrable (increase c) and uniformly P -
continuous (decrease δ).

1.b.2. A family F = {Xi | i ∈ I } of random variables is uniformly integrable if and
only if F is uniformly P -continuous and L1-bounded.

Proof. Let F be uniformly integrable and choose ρ such that E
(
|Xi|; [|Xi| ≥ ρ]

)
< 1,

for all i ∈ I. Then ‖Xi‖1 = E(
(
|Xi|; [|Xi| ≥ ρ]

)
+ E(

(
|Xi|; [|Xi| < ρ]

)
≤ 1 + ρ, for

each i ∈ I. Thus the family F is L1-bounded.
To see that F is uniformly P -continuous, let ε > 0. Choose c such that

E(
(
|Xi|; [|Xi| ≥ c]

)
< ε, for all i ∈ I. If A ∈ F and P (A) < ε/c, then

E
(
1A|Xi|

)
= E

(
|Xi|;A ∩ [|Xi| < c]

)
+ E

(
|Xi|;A ∩ [|Xi| ≥ c]

)
≤ cP (A) + E(

(
|Xi|; [|Xi| ≥ c]

)
< ε + ε = 2ε, for every i ∈ I.

Thus the family F is uniformly P -continuous. Conversely, let F be uniformly P -
continuous and L1-bounded. We must show that limc↑∞E(

(
|Xi|; [|Xi| ≥ c]

)
= 0,

uniformly in i ∈ I. Set r = supi∈I ‖Xi‖1. Then, by Chebycheff’s inequality,

P ([|Xi| ≥ c]) ≤ c−1‖Xi‖1 ≤ r/c,

for all i ∈ I and all c > 0. Let now ε > 0 be arbitrary. Find δ > 0 such that
P (A) < δ ⇒ E

(
1A|Xi|

)
< ε, for all sets A ∈ F and all i ∈ I. Choose c such that

r/c < δ. Then we have P ([|Xi| ≥ c]) ≤ r/c < δ and so E(
(
|Xi|; [|Xi| ≥ c]

)
< ε, for

all i ∈ I.
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1.b.3 Norm convergence. Let Xn, X ∈ L1(P ). Then the following are equivalent:
(i) Xn → X in norm, that is, ‖Xn −X‖1 → 0, as n ↑ ∞.
(ii) Xn → X in probability and the sequence (Xn) is uniformly integrable.
(iii) Xn → X in probability and the sequence (Xn) is uniformly P -continuous.

Remark. Thus, given convergence in probability to an integrable limit, uniform
integrability and uniform P -continuity are equivalent. In general this is not the
case.

Proof. (i) ⇒ (ii): Assume that ‖Xn − X‖1 → 0, as n ↑ ∞. Then Xn → X in
probability, by 1.a.0. To show that the sequence (Xn) is uniformly integrable let
ε > 0 be arbitrary. We must find c < +∞ such that supn≥1 E

(
|Xn|; [|Xn| ≥ c]

)
≤ ε.

Choose δ > 0 such that δ < ε/3 and P (A) < δ implies E
(
1A|X|

)
< ε/3, for all sets

A ∈ F . Now choose c ≥ 1 such that

E
(
|X|; [|X| ≥ c− 1]

)
< ε/3 (0)

and finally N such that n ≥ N implies ‖Xn −X‖1 < δ < ε/3 and let n ≥ N . Then
|Xn| ≤ |Xn −X|+ |X| and so

E
(
|Xn|; [|Xn| ≥ c]

)
≤ E

(
|Xn −X|; [|Xn| ≥ c]

)
+ E

(
|X|; [|Xn| ≥ c]

)
≤ ‖Xn −X‖1 + E

(
|X|; [|Xn| ≥ c]

)
< ε

3 + E
(
|X|; [|Xn| ≥ c]

)
.

Let A = [|Xn| ≥ c] ∩ [|X| < c − 1] and B = [|Xn| ≥ c] ∩ [|X| ≥ c − 1]. Then
|Xn−X| ≥ 1 on the set A and so P (A) ≤ E

(
1A|Xn−X|

)
≤ ‖Xn−X‖1 < δ which

implies E
(
1A|X|

)
< ε/3. Using (0) it follows that

E
(
|X|; [|Xn| ≥ c]

)
= E

(
1A|X|

)
+ E

(
1B |X|

)
< ε/3 + ε/3.

Consequently E
(
|Xn|; [|Xn| ≥ c]

)
< ε, for all n ≥ N . Since the Xn are integrable,

we can increase c suitably so as to obtain this inequality for n = 1, 2, . . . , N −1 and
consequently for all n ≥ 1. Then supn≥1 E

(
|Xn|; [|Xn| ≥ c]

)
≤ ε as desired.

(b) ⇒ (c): Uniform integrability implies uniform P -continuity.

(c) ⇒ (a): Assume now that the sequence (Xn) is uniformly P -continuous and
converges to X ∈ L1(P ) in probability. Let ε > 0 and set An = [|Xn − X| ≥ ε].
Then P (An) → 0, as n ↑ ∞. Since the sequence (Xn) is uniformly P -continuous
and X ∈ L1(P ) is integrable, we can choose δ > 0 such that A ∈ F and P (A) < δ

imply supn≥1 E
(
1A|Xn|

)
< ε and E

(
1A|X|

)
< ε. Finally we can choose N such

that n ≥ N implies P (An) < δ. Since |Xn −X| ≤ ε on Acn, it follows that

n ≥ N ⇒ ‖Xn −X‖1 = E
(
|Xn −X|;An

)
+ E

(
|Xn −X|;Acn

)
≤ E

(
|Xn|;An

)
+ E

(
|X|;An

)
+ εP (Acn) ≤ ε + ε + ε = 3ε.

Thus ‖Xn −X‖1 → 0, as n ↑ ∞.
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1.b.4 Corollary. Let Xn ∈ L1(P ), n ≥ 1, and assume that Xn → X almost surely.
Then the following are equivalent:
(i) X ∈ L1(P ) and Xn → X in norm.
(ii) The sequence (Xn) is uniformly integrable.

Proof. (i) ⇒ (ii) follows readily from 1.b.3. Conversely, if the sequence (Xn)
is uniformly integrable, especially L1-bounded, then the almost sure convergence
Xn → X and Fatou’s lemma imply that ‖X‖1 = E(|X|) = E

(
lim infn |Xn|

)
≤

lim infnE(|Xn|) <∞.

Next we show that the uniform integrability of a family {Xi | i ∈ I } of random
variables is equivalent to the L1-boundedness of a family {φ ◦ |Xi| : i ∈ I } of
suitably enlarged random variables φ

(
|Xi|

)
.

1.b.5 Theorem. The family F = {Xi | i ∈ I } ⊆ L0(P ) is uniformly integrable if
and only if there exists a function φ : [0,+∞[→ [0,+∞[ such that

limx↑∞ φ(x)/x = +∞ and supi∈I E(φ(|Xi|)) <∞. (1)

The function φ can be chosen to be convex and nondecreasing.

Proof. (⇐): Let φ be such a function and C = supi∈I E(φ(|Xi|)) < +∞. Set
ρ(a) = Infx≥aφ(x)/x. Then ρ(a) → ∞, as a ↑ ∞, and φ(x) ≥ ρ(a)x, for all x ≥ a.
Thus

E
(
|Xi|; [|Xi| ≥ a]

)
= ρ(a)−1E

(
ρ(a)|Xi|; [|Xi| ≥ a]

)
≤ ρ(a)−1E

(
φ(|Xi|); [|Xi| ≥ a])

)
≤ C/ρ(a) → 0,

as a ↑ ∞, where the convergence is uniform in i ∈ I.

(⇒): Assume now that the family F is uniformly integrable, that is

δ(a) = supi∈I E
(
|Xi|; [|Xi| ≥ a]

)
→ 0, as a→ ∞.

According to 1.b.2 the family F is L1-bounded and so δ(0) = supi∈I ‖Xi‖1 < ∞.
We seek a piecewise linear convex function φ as in (1) with φ(0) = 0. Such a
function has the form φ(x) = φ(ak) + αk(x − ak), x ∈ [ak, ak+1], with 0 = a0 <

a1 < . . . < ak < ak+1 → ∞ and increasing slopes αk ↑ ∞.
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The increasing property of the slopes αk implies that φ is convex. Observe that
φ(x) ≥ αk(x− ak), for all x ≥ ak. Thus αk ↑ ∞ implies φ(x)/x →∞, as x ↑ ∞.
We must choose ak and αk such that supi∈I E(φ(|Xi|)) < ∞. If i ∈ I, then

E(φ(|Xi|)) =
∑∞

k=0
E

(
φ(|Xi|); [ak ≤ |Xi| < ak+1]

)
=

∑∞

k=0
E

(
φ(ak) + αk(|Xi| − ak); [ak ≤ |Xi| < ak+1]

)
≤

∑∞

k=0

{
φ(ak)P (|Xi| ≥ ak) + αkE

(
|Xi|; [|Xi| ≥ ak]

)}
.

Using the estimate P ([|Xi| ≥ ak]) ≤ a−1
k E

(
|Xi|; [|Xi| ≥ ak]

)
and observing that

φ(ak)/ak ≤ αk by the increasing nature of the slopes (Figure 1.1), we obtain

E(φ(|Xi|)) ≤
∑∞

k=0
2αkE

(
|Xi|; [|Xi| ≥ ak]

)
≤

∑∞

k=0
2αkδ(ak).

Since δ(a) → 0, as a → ∞, we can choose the sequence ak ↑ ∞ such that δ(ak) <
3−k, for all k ≥ 1. Note that a0 cannot be chosen (a0 = 0) and hence has to be
treated separately. Recall that δ(a0) = δ(0) < ∞ and choose 0 < α0 < 2 so that
α0δ(a0) < 1 = (2/3)0. For k ≥ 1 set αk = 2k. It follows that

E(φ(|Xi|)) ≤
∑∞
k=0 2 (2/3)k = 6, for all i ∈ I.

1.b.6 Example. If p > 1 then the function φ(x) = xp satisfies the assumptions
of Theorem 1.b.5 and E(φ(|Xi|)) = E(|Xi|p) = ‖Xi‖pp. It follows that a bounded
family F = {Xi | i ∈ I } ⊆ Lp(P ) is automatically uniformly integrable, that is,
Lp-boundedness (where p > 1) implies uniform integrability. A direct proof of this
fact is also easy:

1.b.7. Let p > 1. If K = supi∈I ‖Xi‖p < ∞, then the family {Xi | i ∈ I } ⊆ Lp is
uniformly integrable.

Proof. Let i ∈ I, c > 0 and q be the exponent conjugate to p (1/p+1/q = 1). Using
the inequalities of Hoelder and Chebycheff we can write

E
(
|Xi|1[|Xi|≥c]

)
≤ ‖1[|Xi|≥c]‖q‖Xi‖p = P

(
|Xi| ≥ c

) 1
q ‖Xi‖p

≤
(
c−p‖Xi‖pp

) 1
q ‖Xi‖p = c−

p
q K1+ p

q → 0,

as c ↑ ∞, uniformly in i ∈ I.
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2. CONDITIONING

2.a Sigma Þelds, information and conditional expectation. Let E(P ) denote the
family of all extended real valued random variables X on (Ω,F , P ) such that
E(X+) < ∞ or E(X−) < ∞ (i.e., E(X) exists). Note that E(P ) is not a vec-
tor space since sums of elements in E(X) are not defined in general.

2.a.0. (a) If X ∈ E(P ), then 1AX ∈ E(P ), for all sets A ∈ F .
(b) If X ∈ E(P ) and α ∈ R, then αX ∈ E(P ).
(c) If X1, X2 ∈ E(P ) and E(X1) + E(X2) is defined, then X1 + X2 ∈ E(P ).

Proof. We show only (c). We may assume that E(X1) ≤ E(X2). If E(X1)+E(X2)
is defined, then E(X1) > −∞ or E(X2) < ∞. Let us assume that E(X1) > −∞
and so E(X2) > −∞, the other case being similar. Then X1, X2 > −∞, P -as.
and hence X1 + X2 is defined P -as. Moreover E(X−

1 ), E(X−
2 ) < ∞ and, since

(X1 + X2)− ≤ X−
1 + X−

2 , also E
(
(X1 + X2)−

)
< ∞. Thus X1 + X2 ∈ E(P ).

2.a.1. Let G ⊆ F be a sub-σ-field, D ∈ G and X1, X2 ∈ E(P ) G-measurable.
(a) If E(X11A) ≤ E(X21A), ∀A ⊆ D,A ∈ G, then X1 ≤ X2 as. on D.
(b) If E(X11A) = E(X21A), ∀A ⊆ D,A ∈ G, then X1 = X2 as. on D.

Proof. (a) Assume that E(X11A) ≤ E(X21A), for all G-measurable subsets A ⊆ D.
If P

(
[X1 > X2] ∩ D

)
> 0 then there exist real numbers α < β such that the

event A = [X1 > β > α > X2] ∩ D ∈ G has positive probability. But then
E(X11A) ≥ βP (A) > αP (A) ≥ E(X21A), contrary to assumption. Thus we must
have P

(
[X1 > X2] ∩D

)
= 0. (b) follows from (a).

We should now develop some intuition before we take up the rigorous devel-
opment in the next section. The elements ω ∈ Ω are the possible states of nature
and one among them, say δ, is the true state of nature. The true state of nature
is unknown and controls the outcome of all random experiments. An event A ∈ F
occurs or does not occur according as δ ∈ A or δ �∈ A, that is, according as the
random variable 1A assumes the value one or zero at δ.

To gain information about the true state of nature we determine by means
of experiments whether or not certain events occur. Assume that the event A

of probability P (A) > 0 has been observed to occur. Recalling from elementary
probability that P (B ∩ A)/P (A) is the conditional probability of an event B ∈ F
given that A has occurred, we replace the probability measure P on F with the
probability QA(B) = P (B ∩ A)/P (A), B ∈ F , that is we pass to the probability
space (Ω,F , QA). The usual extension procedure starting from indicator functions
shows that the probability QA satisfies

EQA
(X) = P (A)−1E(X1A), for all random variables X ∈ E(P ).

At any given time the family of all events A, for which it is known whether they
occur or not, is a sub-σ-field of F . For example it is known that ∅ does not occur,
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Ω does occur and if it is known whether or not A occurs, then it is known whether
or not Ac occurs etc. This leads us to define the information in any sub-σ-field G of
F as the information about the occurrence or nonoccurrence of each event A ∈ G,
equivalently, the value 1A(δ), for all A ∈ G. Define an equivalence relation ∼G on
Ω as ω1 ∼G ω2 iff 1A(ω1) = 1A(ω2), for all events A ∈ G. The information in G is
then the information which equivalence class contains the true state δ.

Each experiment adds to the information about the true state of nature, that
is, enlarges the σ-field of events of which it is known whether or not they occur.
Let, for each t ≥ 0, Ft denote the σ-field of all events A for which it is known by
time t whether or not they occur. The Ft then form a filtration on Ω, that is, an
increasing chain of sub-σ-fields of F representing the increasing information about
the true state of nature available at time t.

Events are special cases of random variables and a particular experiment is
the observation of the value X(δ) of a random variable X. Indeed this is the entire
information contained in X. Let σ(X) denote the σ-field generated by X. If A is an
event in σ(X), then 1A = g ◦X, for some deterministic function g (appendix B.6.0).
Thus the value X(δ) determines the value 1A(δ), for each event A ∈ σ(X) and
the converse is also true, since X is a limit of σ(X)-measurable simple functions.
Consequently the information contained in X (the true value of X) can be identified
with the information contained in the σ-field generated by X.

Thus we will say that X contains no more information than the sub-σ-field
G ⊆ F , if and only if σ(X) ⊆ G, that is, iff X is G-measurable. In this case X

is constant on the equivalence classes of ∼G since this is true of all G-measurable
simple functions and X is a pointwise limit of these. This is as expected as the
observation of the value X(δ) must not add to further distinguish the true state of
nature δ.

Let X = X1+X2, where X1, X2 are independent random variables and assume
that we have to make a bet on the true value of X. In the absence of any information
our bet will be the mean E(X) = E(X1) +E(X2). Assume now that it is observed
that X1 = 1 (implying nothing about X2 by independence). Obviously then we will
refine our bet on the value of X to be 1 + E(X2). More generally, if the value of
X1 is observed, our bet on X becomes X1 + E(X2).

Let now X ∈ E(P ) and G ⊆ F any sub-σ-field. We wish to define the condi-
tional expectation Z = E(X|G) to give a rigorous meaning to the notion of a best
bet on the value of X in light of the information in the σ-field G. From the above it
is clear that Z is itself a random variable. The following two properties are clearly
desirable:
(i) Z is G-measurable (Z contains no more information than G).
(ii) Z ∈ E(P ) and E(Z) = E(X).
These two properties do not determine the random variable Z but we can refine
(ii). Rewrite (ii) as E(Z1Ω) = E(X1Ω) and let A ∈ G be any event. Given the
information in G it is known whether A occurs or not. Assume first that A occurs
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and P (A) > 0. We then pass to the probability space (Ω,F , QA) and (ii) for this
new space becomes EQA

(Z) = EQA
(X), that is, after multiplication with P (A),

E(Z1A) = E(X1A). (0)

This same equation also holds true if P (A) = 0 (regardless of whether A occurs or
not). Likewise, if B ∈ G does not occur, then A = Bc occurs and (0) and (ii) then
imply that E(Z1B) = E(X1B). In short, equation (0) holds for all events A ∈ G.
This, in conjunction with the G-measurability of Z uniquely determines Z up to a
P -null set (2.a.1.(b)). The existence of Z will be shown in the next section. Z is
itself a random variable and the values Z(ω) should be interpreted as follows: By
G-measurability Z is constant on all equivalence classes of ∼G . If it turns out that
δ ∼G ω, then Z(ω) is our bet on the true value of X.

If we wish to avoid the notion of true state of nature and true value of a random
variable, we may view the random variable Z as a best bet on the random variable
X as a whole using only the information contained in G. This interpretation is
supported by the following fact (2.b.1):
If X ∈ L2(P ), then Z ∈ L2(P ) and Y = Z minimizes the distance ‖X − Y ‖L2 over
all G-measurable random variables Y ∈ L2(P ).

Example. Assume that G = σ(X1, . . . , Xn) is the σ-field generated by the random
variables X1,. . . , Xn. The information contained in G is then equivalent to an ob-
servation of the values X1(δ) = x1,. . . , Xn(δ) = xn. Moreover, since Z = E(X|G)
is G-measurable, we have Z = g(X1, X2, . . . , Xn), for some Borel measurable func-
tion g : Rn → R, that is, Z is a deterministic function of the values X1,. . . , Xn
(appendix B.6.0). If the values X1(δ) = x1,. . . , Xn(δ) = xn are observed, our bet
on the value of X becomes Z(δ) = g(x1, x2, . . . , xn).

2.b Conditional expectation. Let G be a sub-σ-field of F and X ∈ E(P ). A
conditional expectation of X given the sub-σ-field G is a G-measurable random
variable Z ∈ E(P ) such that

E(Z1A) = E(X1A), ∀A ∈ G. (0)

2.b.0. A conditional expectation of X given G exists and is P -as. uniquely deter-
mined. Henceforth it will be denoted E(X|G) or EG(X).

Proof. Uniqueness. Let Z1, Z2 be conditional expectations of X given G. Then
E(Z11A) = E(X1A) = E(Z21A), for all sets A ∈ G. It will suffice to show that
P (Z1 < Z2) = 0. Otherwise there exists numbers α < β such that the event
A = [Z1 ≤ α < β ≤ Z2] ∈ G has probability P (A) > 0. Then E(Z11A) ≤ αP (A) <
βP (A) ≤ E(Z21A), a contradiction.

Existence. (i) Assume first that X ∈ L2(P ) and let L2(G, P ) be the space of all
equivalence classes in L2(P ) containing a G-measurable representative. We claim
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that the subspace L2(G, P ) ⊆ L2(P ) is closed. Indeed, let Yn ∈ L2(G, P ), Y ∈ L2(P )
and assume that Yn → Y in L2(P ). Passing to a suitable subsequence of Yn if
necessary, we may assume that Yn → Y , P -as. Set Ỹ = lim supn Yn. Then Ỹ is
G-measurable and Ỹ = Y , P -as. This shows that Y ∈ L2(G, P ).

Let Z be the orthogonal projection of X onto L2(G, P ). Then X = Z+U , where
U ∈ L2(G, P )⊥, that is E(UV ) = 0, for all V ∈ L2(G, P ), especially E(U1A) = 0,
for all A ∈ G. This implies that E(X1A) = E(Z1A), for all A ∈ G, and consequently
Z is a conditional expectation for X given G.
(ii) Assume now that X ≥ 0 and let, for each n ≥ 1, Zn be a conditional expectation
of X ∧ n ∈ L2(P ) given G. Let n ≥ 1. Then E(Zn1A) = E((X ∧ n)1A) ≤
E((X ∧ (n + 1))1A) = E(Zn+11A), for all sets A ∈ G, and this combined with
the G-measurability of Zn, Zn+1 shows that Zn ≤ Zn+1, P -as. (2.a.1.(a)). Set
Z = lim supn Zn. Then Z ≥ 0 is G-measurable and Zn ↑ Z, P -as. Let A ∈ G. For
each n ≥ 1 we have E(Zn1A) = E((X ∧ n)1A) and letting n ↑ ∞ it follows that
E(Z1A) = E(X1A), by monotone convergence. Thus Z is a conditional expectation
of X given G.
(iii) Finally, if E(X) exists, let Z1, Z2 be conditional expectations of X+, X− given
G respectively. Then Z1, Z2 ≥ 0, E(Z11A) = E(X+1A) and E(Z21A) = E(X−1A),
for all sets A ∈ G. Letting A = Ω we see that E(Z1) < ∞ or E(Z2) < ∞ and
consequently the event D = [Z1 < ∞] ∪ [Z2 < ∞] has probability one. Clearly
D ∈ G. Thus the random variable Z = 1D(Z1 − Z2) is defined everywhere and
G-measurable. We have Z+ ≤ Z1 and Z− ≤ Z2 and consequently E(Z+) < ∞
or E(Z−) < ∞, that is, E(Z) exists. For each set A ∈ G we have E(Z1A) =
E(Z11A∩D)−E(Z21A∩D) = E(X+1A∩D)−E(X−1A∩D) = E(X1A∩D) = E(X1A).
Thus Z is a conditional expectation of X given G.
Remark. By the very definition of the conditional expectation EG(X) we have
E(X) = E

(
EG(X)

)
, a fact often referred to as the double expectation theorem.

Conditioning on the sub-σ-field G before evaluating the expectation E(X) is a tech-
nique frequently applied in probability theory. Let us now consider some examples
of conditional expectations. Throughout it is assumed that X ∈ E(P ).

2.b.1. If X ∈ L2(P ), then EG(X) is the orthogonal projection of X onto the subspace
L2(G, P ).

Proof. We have seen this in (i) above.

2.b.2. If X is independent of G, then EG(X) = E(X), P -as.

Proof. The constant Z = E(X) is a G-measurable random variable. If A ∈ G,
then X is independent of the random variable 1A and consequently E(X1A) =
E(X)E(1A) = ZE(1A) = E(Z1A). Thus Z = EG(X).

Remark. This is as expected since the σ-field G contains no information about X
and thus should not allow us to refine our bet on X beyond the trivial bet E(X).

The trivial σ-field is the σ-field generated by the P -null sets and consists
exactly of these null sets and their complements. Every random variable X is
independent of the trivial σ-field and consequently of any σ-field G contained in
the trivial σ-field. It follows that EG(X) = E(X) for any such σ-field G. Thus the
ordinary expectation E(X) is a particular conditional expectation.
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2.b.3. (a) If A is an atom of the σ-field G, then EG(X) = P (A)−1E(X1A) on A.
(b) If G is the σ-field generated by a countable partition P = {A1, A2, . . .} of Ω
satisfying P (An) > 0, for all n ≥ 1, then EG(X) =

∑
n P (An)−1E(X1An)1An .

Remark. The σ-field G in (b) consists of all unions of sets An and the An are the
atoms of G. The σ-field G is countable and it is easy to see that every countable
σ-field is of this form.

Proof. (a) The G-measurable random variable Z = EG(X) is constant on the atom
A of G. Thus we can write E(X1A) = E(Z1A) = ZE(1A) = ZP (A). Now divide
by P (A). (b) Since each An is an atom of G, we have EG(X) = P (An)−1E(X1An)
on the set An. Since the An form a partition of Ω it follows that EG(X) =∑
n P (An)−1E(X1An

)1An
.

Remark. (b) should be interpreted as follows: exactly one of the events An occurs
and the information contained in G is the information which one it is. Assume it
is the event Am, that is, assume that δ ∈ Am. Our bet on the value of X then
becomes EG(X)(δ) = P (Am)−1E(X1Am

).

2.b.4. Let G ⊆ F be a sub-σ-field, P a π-system which generates the σ-field G
(G = σ(P)) and which contains the set Ω, X,Y ∈ E(P ) and assume that Y is
G-measurable. Then

(i) Y ≤ EG(X) if and only if E(Y 1A) ≤ E(X1A), for all sets A ∈ G.

(ii) Y = EG(X) if and only if E(Y 1A) = E(X1A), for all sets A ∈ G.

(iii) If X,Y ∈ L1(P ), then Y = EG(X) if and only if E(Y 1A) = E(X1A), for all
sets A ∈ P.

Remark. Note that we can restrict ourselves to sets A in some π-system generating
the σ-field G in (iii).

Proof. (i) Let A ∈ G and integrate the inequality Y ≤ EG(X) over the set A,
observing that E

(
EG(X)1A

)
= E(X1A). This yields E(Y 1A) ≤ E(X1A). The

converse follows from 2.a.1.(a). (ii) follows easily from (i).

(iii) If Y = EG(X), then E(Y 1A) = E(X1A), for all sets A ∈ G, by definition of the
conditional expectation EG(X). Conversely, assume that E(Y 1A) = E(X1A), for
all sets A ∈ P. We have to show that E(Y 1A) = E(X1A), for all sets A ∈ G. Set
L = {A ∈ F | E(Y 1A) = E(X1A) }. We must show that G ⊆ L. The integrability
of X and Y and the countable additivity of the integral imply that L is a λ-
system. By assumption, P ⊆ L. The π-λ-Theorem (appendix B.3) now shows that
G = σ(P) = λ(P) ⊆ L.
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2.b.5. Let X,X1, X2 ∈ E(P ), α a real number and D ∈ G a G-measurable set.
(a) If X is G-measurable, then EG(X) = X.
(b) If H ⊆ G is a sub-σ-field, then EH

(
EG(X)

)
= EH(X).

(c) EG(αX) = αEG(X).
(d) X1 ≤ X2, P -as. on D, implies EG(X1) ≤ EG(X2), P -as. on D.
(e) X1 = X2, P -as. on D, implies EG(X1) = EG(X2), P -as. on D.
(f)

∣∣EG(X)
∣∣ ≤ EG

(
|X|

)
.

(g) If E(X1)+E(X2) is defined, then X1 +X2, EG(X1 +X2) and EG(X1)+EG(X2)
are defined and EG(X1 + X2) = EG(X1) + EG(X2), P -as.

Proof. (a) and (c) are easy and left to the reader. (b) Set Z = EH
(
EG(X)

)
. Then

Z ∈ E(P ) is H-measurable and E(Z1A) = E
(
EG(X)1A

)
= E(X1A), for all sets

A ∈ H. It follows that Z = EH(X).
(d) Assume that X1 ≤ X2, P -as. on D and set Zj = EG(Xj). If A is any G-
measurable subset of D, then E(Z11A) = E(X11A) ≤ E(X21A) = E(Z21A). This
implies that Z1 ≤ Z2, P -as. on the set D (2.a.1).
(e) If X1 = X2, P -as. on D, then X1 ≤ X2, P -as. on D and X2 ≤ X1, P -as. on D.
Now use (e).
(f) −|X| ≤ X ≤ |X and so, using (c) and (d), −EG(|X|) ≤ EG(X) ≤ EG(|X|), that
is,

∣∣EG(X)
∣∣ ≤ EG

(
|X|

)
, P -as. on Ω.

(g) Let Z1, Z2 be conditional expectations of X1, X2 given G respectively and
assume that E(X1) + E(X2) is defined. Then X1 + X2 is defined P -as. and is in
E(P ) (2.a.0). Consequently the conditional expectation EG(X1 + X2) is defined.
Moreover E(X1) > −∞ or E(X2) < +∞.

Consider the case E(X1) > −∞. Then Z1, Z2 are defined everywhere and
G-measurable and E(Z1) = E(X1) > −∞ and so Z1 > −∞, P -as. The event
D = [Z1 > −∞] is in G and hence Z = 1D(Z1 + Z2) defined everywhere and
G-measurable. Since Z = Z1 + Z2, P -as., it will now suffice to show that Z is a
conditional expectation of X1 + X2 given G.

Note first that E(1DZ1) + E(1DZ2) = E(X1) + E(X2) is defined and so Z =
1DZ1 + 1DZ2 ∈ E(P ) (2.a.0.(c)). Moreover, for each set A ∈ G, we have E(Z1A) =
E(Z11A∩D) + E(Z21A∩D) = E(X11A∩D) + E(X21A∩D) = E(X11A) + E(X21A) =
E((X1 + X2)1A), as desired. The case E(X2) < +∞ is dealt with similarly.

Remark. The introduction of the set D in the proof of (g) is necessary since the
σ-field G is not assumed to contain the null sets.

Since E(P) is not a vector space, EG : X ∈ E(P ) �→ EG(X) is not a linear
operator. However when its domain is restricted to L1(P ), then EG becomes a
nonnegative linear operator.
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2.b.6 Monotone Convergence. Let Xn, X, h ∈ E(P ) and assume that Xn ≥ h,
n ≥ 1, and Xn ↑ X, P -as. Then EG(Xn) ↑ EG(X), P -as. on the set

[
EG(h) > −∞].

Remark. If h is integrable, then E(EG(h)) = E(h) > −∞ and so EG(h) > −∞,
P -as. In this case EG(Xn) ↑ EG(X), P -as.

Proof. For each n ≥ 1 let Zn be a conditional expectation of Xn given G. Especially
Zn is defined everywhere and G-measurable. Thus Z = lim supn Zn is G-measurable.
From 2.b.5.(d) it follows that Zn ↑ and consequently Zn ↑ Z, P -as. Now let
D =

[
Z0 > −∞

]
and Dm =

[
Z0 ≥ −m

]
, for all m ≥ 1. We have X0 ≥ h and so

Z0 ≥ EG(h), P -as., according to 2.b.5.(d). Thus [EG(h) > −∞] ⊆ D, P -as. (that
is, on the complement of a P -null set). It will thus suffice to show that Z = EG(X),
P -as. on D.

Fix m ≥ 1 and let A be an arbitrary G-measurable subset of Dm. Note that
−m ≤ 1AZ0 ≤ 1AZ and so 1AZ ∈ E(P ). Moreover −m ≤ E(1AZ0) = E(1AX0).
Since 1AZn ↑ 1AZ and 1AXn ↑ 1AX, the ordinary Monotone Convergence Theorem
shows that E(1AZn) ↑ E(1AZ) and E(1AXn) ↑ E(1AX). But by definition of Zn we
have E(1AZn) = E(1AXn), for all n ≥ 1. It follows that E(1A1DmZ) = E(1AZ) =
E(1AX), where the random variable 1Dm

Z is in E(P ). Using 2.b.4.(ii) it follows
that Z = 1Dm

Z = EG(X), P -as. on Dm. Taking the union over all m ≥ 1 we see
that Z = EG(X), P -as. on D.

2.b.7 Corollary. Let αn be real numbers and Xn ∈ E(P ) with αn, Xn ≥ 0, n ≥ 1.
Then EG (

∑
n αnXn) =

∑
n αnEG(Xn), P -as.

Recall the notation lim = lim inf and lim = lim sup.

2.b.8 Fatou�s Lemma. Let Xn, g, h ∈ E(P ) and assume that h ≤ Xn ≤ g, n ≥ 1.
Then, among the inequalities,

EG
(
limnXn

)
≤ limnEG(Xn) ≤ limnEG(Xn) ≤ EG

(
limnXn

)
the middle inequality trivially holds P -as.
(a) If limnXn ∈ E(P ), the first inequality holds P -as. on the set

[
EG(h) > −∞

]
.

(b) If limnXn ∈ E(P ), the last inequality holds P -as. on the set
[
EG(g) < ∞

]
.

Proof. (a) Assume that X = lim infnXn ∈ E(P ). Set Yn = infk≥nXk. Then
Yn ↑ X. Note that Yn may not be in E(P ). Fix m ≥ 1, set Dm = [EG(h) > −m] and
note that E(h1Dm

) = E
(
EG(h)1Dm

)
≥ −m. Thus E

(
(h1Dm

)−
)
< ∞. Moreover

Yn ≥ h thus 1Dm
Yn ≥ 1Dm

h and consequently (1Dm
Yn)− ≤ (1Dm

h)−. It follows
that E

(
(1Dm

Yn)−
)
< ∞ especially 1Dm

Yn ∈ E(P ), for all n ≥ 1.
From 1Dm

Y0 ≥ 1Dm
h = h, P -as. on Dm ∈ G, it follows that EG

(
1Dm

Y0

)
≥

EG(h) > −m, P -as. on Dm. Thus
[
EG

(
1Dm

Y0

)
> −∞

]
⊇ Dm. Let n ↑ ∞. Then

1DmYn ↑ 1DmX and so 2.b.6 and 2.b.5.(e) yield
EG

(
1DmYn

)
↑ EG

(
1DmX

)
= E

(
X|G

)
, P -as. on the set Dm.

Moreover Xn ≥ Yn = 1Dm
Yn, P -as. on Dm, and so EG(Xn) ≥ EG

(
1Dm

Yn
)
, P -as.

on Dm, according to 2.b.5.(d). It follows that
lim inf
n

EG(Xn) ≥ lim inf
n

EG
(
1DmYn

)
= lim

n
EG

(
1DmYn

)
= EG(X),

P -as. on Dm. Taking the union over all sets Dm gives the desired inequality on the
set D =

⋃
mDm =

[
EG(h) > −∞

]
. (b) follows from (a).
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2.b.9 Dominated Convergence Theorem. Assume that Xn, X, h ∈ E(P ), |Xn| ≤ h

and Xn → X, P -as. Then EG
(
|Xn −X|) → 0, P -as. on the set

[
EG(h) < ∞

]
.

Remark. If E(Xn)−E(X) is defined, then
∣∣EG(Xn)−EG(X)

∣∣ ≤ EG
(
|Xn−X|

)
, for

all n ≥ 1, and it follows that
∣∣EG(Xn) − EG(X)

∣∣ → 0, that is EG(Xn) → EG(X),
P -as.

Proof. We do have |Xn −X| ≤ 2h and so, according to 2.b.8.(b),

0 ≤ limnEG
(
|Xn −X| ) ≤ EG

(
limn|Xn −X|

)
= 0, P -as. on

[
EG(2h) < ∞

]
.

2.b.10. If Y is G-measurable and X,XY ∈ E(P ), then EG(XY ) = Y EG(X).

Proof. (i) Assume first that X,Y ≥ 0. Since Y is the increasing limit of G-
measurable simple functions, 2.b.6 shows that we may assume that Y is such a
simple function. Using 2.b.5.(c),(g) we can restrict ourselves to Y = 1A, A ∈ G. Set
Z = Y EG(X) = 1AEG(X) ∈ E(P ) and note that Z is G-measurable. Moreover, for
each set B ∈ G we have E(Z1B) = E

(
1A∩BEG(X)

)
= E

(
1A∩BX

)
= E(XY 1B). It

follows that Z = EG(XY ).
(ii) Let now X ≥ 0 and Y be arbitrary. Write Y = Y + − Y −. Then E(XY ) =
E(XY +) − E(XY −) is defined and so, using 2.b.5.(c),(g) we have EG(XY ) =
EG

(
XY +

)
− EG

(
XY −)

= Y +EG
(
X

)
− Y −EG

(
X

)
= Y EG(X).

(iii) Finally, let both X and Y be arbitrary, write X = X+ − X− and set A =
[X ≥ 0] and B = [X ≤ 0]. Since XY ∈ E(P ) we have X+Y = 1AXY ∈ E(P ),
X−Y = −1BXY ∈ E(P ) and E(X+Y )−E(X−Y ) = E(XY ) is defined. The proof
now proceeds as in step (ii).

2.b.11. Let Z = f(X,Y ), where f : Rn × Rm → [0,∞) is Borel measurable and
X, Y are Rn respectively Rm-valued random vectors. If X is G-measurable and Y

independent of G, then

EG(Z) = EG(f(X,Y )) =
∫
Rm

f(X, y)PY (dy), P -as. (1)

Remark. The G-measurable variable X is left unaffected while the variable Y ,
independent of G, is integrated out according to its distribution. The integrals all
exist by nonnegativity of f .

Proof. Introducing the function Gf (x) =
∫
Rm f(x, y)PY (dy) = E(f(x, Y )), x ∈ Rn,

equation (1) can be rewritten as EG(Z) = EG(f(X,Y )) = Gf (X), P -as. Let C be
the family of all nonnegative Borel measurable functions f : Rn × Rm → R for
which this equality is true.

We use the extension theorem B.4 in the appendix to show that C contains
every nonnegative Borel measurable function f : Rn × Rm → R. Using 2.b.7, C is
easily seen to be a λ-cone on Rn ×Rm.

Assume that f(x, y) = g(x)h(y), for some nonnegative, Borel measurable func-
tions f : Rn → [0,∞) and g : Rm → [0,∞). We claim that f ∈ C.
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Note that Z = f(X,Y ) = g(X)h(Y ) and Gf (x) = g(x)E(h(Y )), x ∈ Rn, and
so W := Gf (X) = g(X)E(h(Y )). We have to show that W = EG(Z).

Since X is G-measurable so is W and, if A ∈ G, then h(Y ) is independent
of g(X)1A and consequently E(Z1A) = E

(
g(X)h(Y )1A

)
= E

(
g(X)1A

)
E(h(Y )) =

E
(
g(X)E(h(Y ))1A

)
= E(W1A), as desired.

In particular the indicator function f = 1A×B of each measurable rectangle
A×B ⊆ Rn×Rm (A ⊆ Rn, B ⊆ Rm Borel sets) satisfies f(x, y) = 1A(x)1B(y) and
thus f ∈ C. These measurable rectangles form a π-system generating the Borel-σ-
field on Rn × Rm. The extension theorem B.4 in the appendix now implies that C
contains every nonnegative Borel measurable function f : Rn ×Rm → R.

Jensen’s Inequality. Let φ : R → R be a convex function. Then φ is known to be
continuous. For real numbers a, b set φa,b(t) = at + b and let Φ be the set of all
(a, b) ∈ R2 such that φa,b ≤ φ on all of R. The convexity of φ implies that the
subset C(φ) = { (x, y) ∈ R2 | y ≥ φ(x) } ⊆ R2 is convex. From the Separating
Hyperplane Theorem we conclude that

φ(t) = sup{φa,b(t) | (a, b) ∈ Φ }, ∀t ∈ R. (2)

We will now see that we can replace Φ with a countable subset Ψ while still pre-
serving (2). Note that the simplistic choice Ψ =Q2 does not work for example if
φ(t) = at + b, with a irrational. Let D ⊆ R be a dense countable subset. Clearly,
for each point s ∈ D, we can find a countable subset Φ(s) ⊆ Φ such that

φ(s) = sup{φa,b(s) | (a, b) ∈ Φ(s) }.

Now let Ψ =
⋃
s∈D Φ(s). Then Ψ is a countable subset of Φ and we claim that

φ(t) = sup{φa,b(t) | (a, b) ∈ Ψ }, ∀t ∈ R. (3)

Consider a fixed s ∈ D and a, b ∈ Ψ and assume that φa,b(s) > φ(s)−1. Combining
this with the inequalities φa,b(s + 1) ≤ φ(s + 1) and φa,b(s − 1) ≤ φ(s − 1) easily
yields |a| ≤ |φ(s− 1)|+ |φ(s)|+ |φ(s + 1)|+ 1. The continuity of φ now shows:
(i) For each compact interval I ⊆ R there exists a constant K such that s ∈ D

and φa,b(s) > φ(s)− 1 implies |a| ≤ K, for all points s ∈ I.
Now let t ∈ R. We wish to show that φ(t) = sup{φa,b(t) | (a, b) ∈ Ψ }. Set
I = [t − 1, t + 1] and choose the constant K for the interval I as in (i) above. Let
ε > 0. It will suffice to show that φa,b(t) > φ(t) − ε, for some (a, b) ∈ Ψ. Let ρ > 0
be so small that (K + 2)ρ < ε.

By continuity of φ and density of D we can choose s ∈ I∩D such that |s−t| < ρ

and |φ(s)−φ(t)| < ρ. Let (a, b) ∈ Ψ(s) ⊆ Ψ such that φa,b(s) > φ(s)−ρ > φ(t)−2ρ.
Since

∣∣φa,b(s)−φa,b(t)
∣∣ = |a(s−t)| < Kρ, we have φa,b(t) > φa,b(s)−Kρ > φ(t)−ε,

as desired. Defining φ(±∞) = sup{φa,b(±∞) | (a, b) ∈ Ψ } we extend φ to the
extended real line such that (2) holds for all t ∈ [−∞,∞].
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2.b.12 Jensen�s Inequality. Let φ : R → R be convex and X,φ(X) ∈ E(P ). Then
φ
(
EG(X)

)
≤ EG(φ(X)), P -as.

Proof. Let φa,b and Ψ be as above. For (a, b) ∈ Ψ, we have φa,b ≤ φ on [−∞,∞]
and consequently aX + b = φa,b(X) ≤ φ(X) on Ω. Using 2.b.4.(c),(g) it follows
that

aEG(X) + b ≤ EG(φ(X)), P -as., (4)

where the exceptional set depends on (a, b) ∈ Ψ. Since Ψ is countable, we can find a
P -null set N such that (4) holds on the complement of N , for all (a, b) ∈ Ψ. Taking
the sup over all such (a, b) now yields φ

(
EG(X)

)
≤ EG(φ(X)) on the complement

of N and hence P -as.

2.b.13. Let {Fi | i ∈ I } be any family of sub-σ-fields Fi ⊆ F , X ∈ L1(P ) an
integrable random variable and Xi = EFi

(X), for all i ∈ I. Then the family
{Xi | i ∈ I } is uniformly integrable.

Proof. Let i ∈ I and c ≥ 0. Since Xi is Fi-measurable
[
|Xi| ≥ c

]
∈ Fi. Integrating

the inequality |Xi| = |EFi(X)| ≤ EFi(|X|) over Ω we obtain ‖Xi‖1 ≤ ‖X‖1. Inte-
gration over the set

[
|Xi| ≥ c

]
∈ Fi yields E

(
|Xi|; [|Xi| ≥ c]

)
≤ E

(
|X|; [|Xi| ≥ c]

)
,

where, using Chebycheff’s inequality,

P ([|Xi| ≥ c]) ≤ c−1‖Xi‖1 ≤ c−1‖X‖1 → 0, uniformly in i ∈ I as c ↑ ∞.

Let ε > 0. Since X is integrable, we can choose δ > 0 such that E
(
|X|1A

)
< ε, for

all sets A ∈ F with P (A) < δ. Now choose c > 0 such that c−1‖X‖1 < δ. Then
P ([|Xi| ≥ c]) ≤ c−1‖X‖1 < δ and consequently

E
(
|Xi|; [|Xi| ≥ c]

)
≤ E

(
|X|; [|Xi| ≥ c]

)
< ε, for each i ∈ I.

Thus the family {Xi | i ∈ I } is uniformly integrable.

Conditioning and independence. Recall that independent random variables X,
Y satisfy E(XY ) = E(X)E(Y ) whenever all expectations exist. For families A, B
of subsets of Ω we shall write σ(A,B) for the σ-field σ(A∪ B) generated by all the
sets A ∈ A and B ∈ B. With this notation we have

2.b.14. Let A,B ⊆ F be sub-σ-fields and X ∈ E(P ). If the σ-fields σ(σ(X),A) and
B are independent, then Eσ(A,B)(X) = EA(X), P -as.

Remark. The independence assumption is automatically satisfied if B is the σ-field
generated by the P -null sets (B = {B ∈ F | P (B) ∈ {0, 1} }). This σ-field is
independent of every other sub-σ-field of F . In other words: augmenting the sub-σ-
field A ⊆ F by the P -null sets does not change any conditional expectation EA(X),
where X ∈ E(P ).

Proof. (i) Assume first that X ∈ L1(P ) and set Y = EA(X) ∈ L1(P ). Then Y

is σ(A,B)-measurable. To see that Y = Eσ(A,B)(X), P -as., it will suffice to show
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that E(1DY ) = E(1DX), for all sets D in some π-system P generating the σ-field
σ(A ∪ B) (2.b.4).

A suitable π-system is the family P = {A ∩B | A ∈ A, B ∈ B }. We now have
to show that E(1A∩BY ) = E(1A∩BX), for all sets A ∈ A, B ∈ B.

Indeed, for such A and B, 1B is B-measurable, 1AY is A-measurable and the
σ-fields A, B are independent. It follows that 1B and 1AY are independent. Thus
E(1A∩BY ) = E(1B1AY ) = E(1B)E(1AY ).

But E(1AY ) = E(1AX), as Y = EA(X) and A ∈ A. Thus E(1A∩BY ) =
E(1B)E(1AX). Now we reverse the previous step. Since 1B is B-measurable, 1AX
is σ(σ(X),A)-measurable and the σ-fields σ(σ(X),A), B are independent, it fol-
lows that 1B and 1AX are independent. Hence E(1B)E(1AX) = E(1B1AX) =
E(1A∩BX) and it follows that E(1A∩BY ) = E(1A∩BX), as desired.
(ii) The case X ≥ 0 now follows from (i) by writing X = limn(X ∧ n) and using
2.b.6, and the general case X ∈ E(P ) follows from this by writing X = X+ −X−.

The conditional expectation operator EG on Lp(P ). Let X ∈ L1(P ). Integrating
the inequality

∣∣EG(X)
∣∣ ≤ EG(|X|) over Ω yields EG(X) ∈ L1(P ) and ‖EG(X)‖1 ≤

‖X‖1. Thus the conditional expectation operator

EG : X ∈ L1(P ) → EG(X) ∈ L1(P )

maps L1(P ) into L1(P ) and is in fact a contraction on L1(P ). The same is true for
EG on the space L2(P ), according to 2.b.1. We shall see below that it is true for
each space Lp(P ), 1 ≤ p < ∞.

If G is the σ-field generated by the trivial partition P = {∅,Ω}, then EG(X) =
E(X), for P -as. In this case the conditional expectation operator EA is the ordinary
integral. Thus we should view the general conditional expectation operator EG :
L1(P ) → L1(P ) as a generalized (function valued) integral. We will see below that
this operator has all the basic properties of the integral:

2.b.15. Let H,G ⊆ F be sub-σ-fields and X ∈ L1(P ). Then
(a) H ⊆ G implies EHEG = EH.
(b) EG is a projection onto the subspace of all G-measurable functions X ∈ L1(P ).
(c) EG is a positive linear operator: X ≥ 0, P -as. implies EG(X) ≥ 0, P -as.
(d) EG is a contraction on each space Lp(P ), 1 ≤ p < ∞.

Proof. (a),(c) have already been shown in 2.b.5 and (b) follows from (a) and
2.b.5.(a). (d) Let X ∈ Lp(P ). The convexity of the function φ(t) = |t|p and
Jensen’s inequality imply that |EG(X)|p ≤ EG

(
|X|p

)
. Integrating this inequality

over the set Ω, we obtain ‖EG(X)‖pp ≤ ‖X‖pp.
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3. SUBMARTINGALES

3.a Adapted stochastic processes. Let T be a partially ordered index set. It is
useful to think of the index t ∈ T as time. A stochastic process X on (Ω,F , P )
indexed by T is a family X = (Xt)t∈T of random variables Xt on Ω. Alternatively,
defining X(t, ω) = Xt(ω), t ∈ T , ω ∈ Ω, we can view X as a function X : T ×Ω → R

with F-measurable sections Xt, t ∈ T .
A T -filtration of the probability space (Ω,F , P ) is a family (Ft)t∈T of sub-σ-

fields Ft ⊆ F , indexed by T and satisfying s ≤ t ⇒ Fs ⊆ Ft, for all s, t ∈ T . Think
of the σ-field Ft as representing the information about the true state of nature
available at time t. A stochastic process X indexed by T is called (Ft)-adapted, if
Xt is Ft-measurable, for all t ∈ T . A T -filtration (Ft) will be called augmented,
if each σ-field Ft contains all the P -null sets. In this case, if Xt is Ft-measurable
and Yt = Xt, P -as., then Yt is Ft-measurable.

If the partially ordered index set T is fixed and clear from the context, stochas-
tic processes indexed by T and T -filtrations are denoted (Xt) and (Ft) respectively.
If the filtration (Ft) is also fixed and clear from the context, an (Ft)-adapted pro-
cess X will simply be called adapted. On occasion we will write (Xt,Ft) to denote
an (Ft)-adapted process (Xt).

An (Ft)-adapted stochastic process X is called an (Ft)-submartingale, if it
satisfies E

(
X+
t

)
< ∞ and Xs ≤ E

(
Xt|Fs), P -as., for all s ≤ t. Equivalently, X is

a submartingale if Xt ∈ E(P ) is Ft-measurable, E(Xt) < ∞ and

E(Xs1A) ≤ E(Xt1A), for all s ≤ t and A ∈ Fs (0)

(2.b.4.(ii)). Thus a submartingale is a process which is expected to increase at all
times in light of the information available at that time.

Assume that the T -filtration (Gt) satisfies Gt ⊆ Ft, for all t ∈ T . If the (Ft)-
submartingale X is in fact (Gt)-adapted, then X is a (Gt)-submartingale also. This
is true in particular for the T -filtration Gt = σ(Xs; s ≤ t). Thus, if no filtration
(Ft) is specified, it is understood that Ft = σ(Xs; s ≤ t).

If X is a submartingale, then Xt < ∞, P -as., but Xt = −∞ is possible on a
set of positive measure. If X, Y are submartingales and α is a nonnegative number,
then the sum X + Y and scalar product αX are defined as (X + Y )t = Xt + Yt
and (αX)t = αXt and are again submartingales. Consequently the family of (Ft)-
submartingales is a convex cone.

A process X is called an (Ft)-supermartingale if −X is an (Ft)-submartingale,
that is, if it is (Ft)-adapted and satisfies E

(
X−
t

)
< ∞ and Xs ≥ E

(
Xt|Fs), P -as.,

for all s ≤ t. Equivalently, X is an (Ft)-supermartingale if Xt ∈ E(P ) is Ft-
measurable, E(Xt) > −∞ and E(Xs1A) ≥ E(Xt1A), for all s ≤ t and A ∈ Fs
(2.b.4.(ii)). Thus a supermartingale is a process which is expected to decrease at
all times in light of the information available at that time.

Finally X is called an (Ft)-martingale if it is an (Ft)-submartingale and an
(Ft)-supermartingale, that is, if Xt ∈ L1(P ) is Ft-measurable and Xs = E

(
Xt|Fs),
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P -as., equivalently
E(Xt1A) = E(Xs1A), for all s ≤ t and A ∈ Fs. (1)

Especially Xt is finite almost surely, for all t ∈ T , and the family of T -martingales
forms a vector space. Let us note that E(Xt) < ∞ increases with t ∈ T , if X is a
submartingale, E(Xt) > −∞ decreases with t, if X is a supermartingale, and E(Xt)
is finite and remains constant, if X is a martingale. We will state most results for
submartingales. Conclusions for martingales can then be drawn if we observe that
X is a martingale if and only if both X and −X are submartingales. Let now T be
any partially ordered index set and (Ft) a T -filtration on (Ω,F , P ).

3.a.0. (a) If Xt, Yt are both submartingales, then so is the process Zt = Xt ∨ Yt.
(a) If Xt is a submartingale, then so is the process X+

t .

Proof. (a) Let Xt and Yt be submartingales and set Zt = max{Xt, Yt}. Then Zt
is Ft-measurable and Z+

t ≤ X+
t + Y +

t , whence E(Z+
t ) ≤ E(X+

t ) + E(Y +
t ) < ∞.

If s, t ∈ T with s ≤ t then Zt ≥ Xt and so EFs
(Zt) ≥ EFs

(Xt) ≥ Xs. Similarly
EFs

(Zt) ≥ EFs
(Yt) ≥ Ys and so EFs

(Zt) ≥ Xt ∨ Yt = Zt, P -as. (b) follows from
(a), since X+

t = Xt ∨ 0.

3.a.1. Let φ : R → R be convex and assume that E(φ(Xt)+) < ∞, for all t ∈ T .
(a) If (Xt) is a martingale, then the process φ(Xt) is a submartingale.
(b) If Xt is a submartingale and φ nondecreasing, then the process φ(Xt) is a
submartingale.

Remark. Extend φ to the extended real line as in the discussion preceding Jensen’s
inequality (2.b.12).

Proof. The convex function φ is continuous and hence Borel measurable. Thus, if
the process Xt is (Ft)-adapted, the same will be true of the proces φ(Xt).
(a) Let Xt be a martingale and s ≤ t. Then φ(Xs) = φ

(
EFs

(Xt)
)
≤ EFs

(
φ(Xt)

)
,

by Jensen’s inequality for conditional expectations. Consequently (φ(Xt)) is a sub-
martingale.
(b) If Xt is a submartingale and φ nondecreasing and convex, then φ(Xs) ≤
φ
(
EFs

(Xt)
)
≤ EFs

(
φ(Xt)

)
, where the first inequality follows from the submartin-

gale condition Xs ≤ EFs
(Xt) and the nondecreasing nature of φ. Thus φ(Xt) is a

submartingale.

In practice only the following partially ordered index sets T are of significance:
(i) T = {1, 2, . . . , N} with the usual partial order (finite stochastic sequences).
(ii) T = N = {1, 2, . . .} with the usual partial order. A T -stochastic process X will

be called a stochastic sequence and denoted (Xn). A T -filtration (Fn) is an
increasing chain of sub-σ-fields of F . In this case the submartingale condition
reduces to E(Xn1A) ≤ E(Xn+11A), equivalently,

E
(
1A(Xn+1 −Xn)

)
≥ 0, ∀n ≥ 1, A ∈ Fn,
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with equality in the case of a martingale.

(iii) T = N = {1, 2, . . .} with the usual partial order reversed. A T -filtration
(Fn) is a decreasing chain of sub-σ-fields of F . An (Fn)-submartingale will be
called a reversed submartingale sequence and a similar terminology applies
to (Fn)-supermartingale and (Fn)-martingales. In this case the submartingale
condition becomes E

(
Xn|Fn+1) ≥ Xn+1, n ≥ 1, with equality in the case of a

martingale.

(iv) T = [0,+∞) = R+ with the usual partial order. This is the most important
case for us. A T -stochastic process X will simply be called a stochastic process

and denoted (Xt).

(v) T the family of all finite measurable partitions of Ω and, for each t ∈ T , Ft the
σ-field generated by the partition t (consisting of all unions of sets in t). We
will use this only as a source of examples.

(vi) The analogue of (v) using countable partitions in place of finite partitions.

Here are some examples of martingales:

3.a.2 Example. Let Z ∈ L1(P ), T any partially ordered index set and (Ft) any
T -filtration. Set Xt = EFt(Z). Then (Xt) is an (Ft)-martingale. This follows easily
from 2.b.5.(b). The martingale (Xt) is uniformly integrable, according to 2.b.13.

3.a.3 Example. Let (Xn) be a sequence of independent integrable random vari-
ables with mean zero and set

Sn = X1 + X2 + . . . + Xn, and Fn = σ(X1, X2, . . . , Xn), n ≥ 1.

Then (Sn) is an (Fn)-martingale. Indeed E(Sn+1|Fn) = E(Sn + Xn+1|Fn) =
E(Sn|Fn) + E(Xn+1|Fn) = Sn + E(Xn+1) = Sn, by Fn-measurability of Sn and
independence of Xn+1 from Fn.

3.a.4 Example. Let T be any partially ordered index set, (Ft) any T -filtration on
(Ω,F , P ) and Q a probability measure on F which is absolutely continuous with
respect to P . For t ∈ T , let Pt = P |Ft, Qt = Q|Ft denote the restrictions of
P respectively Q to Ft, note that Qt << Pt and let Xt be the Radon-Nikodym
derivative dQt/dPt ∈ L1(Ω,Ft, P ). Then the density process (Xt) is (Ft)-adapted
and we claim that X is an (Ft)-martingale. Indeed, for s ≤ t and A ∈ Fs ⊆ Ft, we
have

E(Xs1A) = Qs(A) = Qt(A) = E(Xt1A).

Numerous other examples of martingales will be encountered below.
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3.b Sampling at optional times. We now turn to the study of submartingale se-
quences. Let T = N with the usual partial order and (Fn) be a fixed T -filtration
on (Ω,F , P ), F∞ =

∨
n Fn = σ (

⋃
n Fn) be the σ-field generated by

⋃
n Fn and

assume that X = (Xn) is an (Fn)-adapted stochastic sequence.
A random time T is a measurable function T : Ω → N ∪ {∞} (the value ∞ is

allowed). Such a random time T is called (Fn)-optional, if it satisfies [T ≤ n] ∈ Fn,
for each 1 ≤ n < ∞. Since the σ-fields Fn are increasing this is equivalent with
[T = n] ∈ Fn, for all 1 ≤ n < ∞ and implies that [T = ∞] ∈ F∞.

T can be viewed as a gambler’s strategy when to stop a game. If the true state
of nature turns out to be the state ω, then the gambler intends to quit at time
n = T (ω). Of course it is never completely clear which state ω the true state of
nature is. At time n the information at hand about the true state of nature ω is
the information contained in the σ-field Fn. The condition [T = n] ∈ Fn ensures
that we know at time n (without knowledge of the future) if ω ∈ [T = n], that is,
if T (ω) = n, in short, if it is time to quit now.

Suppose now that T is an optional time. We call an event A ∈ F prior to T ,
if A ∩ [T ≤ n] ∈ Fn, for all 1 ≤ n ≤ ∞ and denote with FT the family of all events
A ∈ F which are prior to T . Equivalently, A ∈ FT if and only if A ∩ [T = n] ∈ Fn,
for all 1 ≤ n ≤ ∞. Interpret Fn as the σ-field of all events for which it is known at
time n whether they occur or not. Then A ∈ FT means that, for each state ω ∈ Ω,
it is known by time n = T (ω), whether ω ∈ A or not. Alternatively, if δ is the true
state of nature, it is known by time n = T (δ) whether A occurs or not.

Sampling X at time T . Assume that X∞ is some F∞-measurable random variable
(exactly which will depend on the context). The random variable XT : Ω → R is
defined as follows:

XT (ω) = XT (ω)(ω), ω ∈ Ω.

Note that XT = Xn on the set [T = n] and XT = X∞ on the set [T = +∞].
In case limnXn exists almost surely, the random variable X∞ is often taken to
be X∞ = lim supnXn (defined everywhere, F∞-measurable and equal to the limit
limnXn almost surely). Note that we have to be careful with random variables
defined P -as. only, as the σ-fields Fn are not assumed to contain the P -null sets
and so the issue of Fn-measurability arises. For much that follows the precise nature
of X∞ is not important. The random variable X∞ becomes completely irrelevant
if the optional time T is finite in the sense that T < ∞ almost surely.

The random variable XT represents a sampling of the stochastic sequence Xn
at the random time T . Indeed XT is assembled from disjoint pieces of all the random
variables Xn, 0 ≤ n ≤ ∞, as XT = Xn on the set [T = n]. The optional condition
ensures that no knowledge of the future is employed. Optional times are the basic
tools in the study of stochastic processes.
If Gn, G, 1 ≤ n < ∞, are σ-fields, we write Gn ↑ G, if G1 ⊆ G2 ⊆ . . . and G =∨
n Gn = σ

(⋃
n Gn

)
.
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3.b.0. Let S, T , Tn, 1 ≤ n < ∞, be optional times, Y a random variable and
X = (Xn) an (Fn)-adapted stochastic sequence. Then
(a) FT is a sub-σ-field of F .
(b) Y is FT -measurable ⇔ Y 1[T=n] is Fn-measurable, ∀ 1 ≤ n ≤ ∞.
(c) T and XT are FT -measurable.
(d) S ≤ T implies FS ⊆ FT .
(e) S ∧ T , S ∨ T are optional times.
(f) [S ≤ T ], [S = T ] ∈ FS∧T .
(g) A ∈ FT implies A ∩ [T ≤ S], A ∩ [T = S] ∈ FS∧T .
(h) If Tn ↑ T < ∞, then FTn ↑ FT .
(i) If the filtration (Fn) is augmented, then FT contains the P -null sets.

Proof. (a) Ω ∈ FT since T is optional. Let A ∈ FT . Then A ∩ [T ≤ k] ∈ Fk and
consequently Ac ∩ [T ≤ k] = (Ω ∩ [T ≤ k]) \ (A ∩ [T ≤ k]) ∈ Fk, for each k ≥ 1.
This shows that Ac ∈ FT . Closure under countable unions is straightforward.

(b) Set Yn = Y 1[T=n], for all 1 ≤ n ≤ ∞. If B is a Borel set not containing
zero we have [Yn ∈ B] = [Y ∈ B] ∩ [T = n] and so [Y ∈ B] ∈ FT if and only if
[Yn ∈ B] ∈ Fn, for all n ≥ 1.

(c) Let 1 ≤ m ≤ ∞. The set A = [T = m] satisfies A ∩ [T = n] = ∅, if n �= m, and
A∩ [T = n] = [T = n], if n = m. In any event A∩ [T = n] ∈ Fn, for all n ≥ 1. This
shows that A = [T = m] ∈ FT and implies that T is FT -measurable.

To see that XT is FT -measurable, note that 1[T=n]XT = 1[T=n]Xn is Fn-
measurable, for all 1 ≤ n ≤ ∞ (X∞ is F∞-measurable), and use (b).

(d) Assume S ≤ T and hence [T ≤ k] ⊆ [S ≤ k], for all k ≥ 1. Let A ∈ FS .
Then, for each k ≥ 1, we have A ∩ [S ≤ k] ∈ Fk and consequently A ∩ [T ≤ k] =
(A ∩ [S ≤ k]) ∩ [T ≤ k] ∈ Fk. Thus A ∈ FT .

(e),(f) Set R = S∧T and let n ≥ 1. Then [R ≤ n] = [S ≤ n]∪[T ≤ n] ∈ Fn. Thus R
is optional. Likewise [S ≤ T ]∩[R = n] = [S ≤ T ]∩[S = n] = [n ≤ T ]∩[S = n] ∈ Fn,
for all n ≥ 1. Thus [S ≤ T ] ∈ FR. By symmetry [T ≤ S] ∈ FR and so [S = T ] ∈ FR.

(g) Set R = S ∧ T and let A ∈ FT and n ≥ 1. Then A ∩ [T ≤ S] ∩ [R = n] =
A ∩ [T ≤ S] ∩ [T = n] =

(
A ∩ [T = n]

)
∩ [n ≤ S] ∈ Fn. Thus A ∩ [T ≤ S] ∈ FR.

Intersecting this with the set [S ≤ T ] ∈ FR we obtain A ∩ [T = S] ∈ FR.

(h) Set G =
∨
n FTn

. We have to show that FT = G. According to (d), FTn
⊆ FT ,

for all n ≥ 1, and consequently G ⊆ FT . To see the reverse inclusion, let A ∈ FT .
We wish to show that A ∈ G. According to (c) all the Tk are G-measurable and
hence so is the limit T = limk Tk. Thus [T = n] ∈ G, for all n ≥ 1. Moreover
A ∩ [Tk = T ] ∈ FTk

⊆ G, for all k ≥ 1, according to (g). Since T is finite and the
Tn are integer valued, the convergence Tn ↑ T implies that Tk = T for some k ≥ 1
(which may depend on ω ∈ Ω). Thus A = A ∩

⋃
k[Tk = T ] =

⋃
k A ∩ [Tk = T ] ∈ G.

(i) is left to the reader.

Remark. The assumption in (h) is that T < ∞ everywhere on Ω. If the filtration
(Fn) is augmented, this can be relaxed to P (T < ∞) = 1.
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Let T be a bounded optional time, say T ≤ N , P -as. If E(X+
n ) < ∞, for

all n ≥ 1, then E(X+
T ) < ∞ also, since X+

T =
∑N
k=1 1[T=k]X

+
k , P -as. Likewise,

if E(X−
n ) < ∞, for all n ≥ 1, then E(X−

T ) < ∞ and, under either of these two
assumptions, XT ∈ E(P ). The boundedness of T also eliminates the necessity to
specify XT on [T = +∞]. Thus we do not need any random variable X∞.

3.b.1 Baby Optional Sampling Theorem. Let Xn be a submartingale and S, T

bounded optional times with S ≤ T . Then XS , XT ∈ E(P ) and E
(
XS1A

)
≤

E
(
XT 1A

)
, for all sets A ∈ FS, that is, XS ≤ E(XT |FS). In particular E(XS) ≤

E(XT ).

Proof. We have E(X+
n ) < ∞, for all n ≥ 1, and so E(X+

S ), E(X+
T ) < ∞, especially

XS , XT ∈ E(P ). The submartingale condition for the stochastic sequence X can be
written as

E
(
1A(Xk+1 −Xk)

)
≥ 0, ∀ k ≥ 1, A ∈ Fk.

Assume now that S ≤ T ≤ N , P -as., where N is some natural number. For each
ω ∈ Ω such that T (ω) < +∞ (and thus for P -ae. ω ∈ Ω) we have:

XT (ω)(ω)−XS(ω)(ω) =
∑T (ω)−1

k=S(ω)
(Xk+1(ω)−Xk(ω)) .

The bounds in this sum depend on ω. The boundedness P ([T ≤ N ]) = 1 can be
used to rewrite this with bounds independent of ω:

XT −XS =
∑N

k=1
1[S≤k<T ](Xk+1 −Xk).

Consequently, if A ∈ FS is any set, then

1A(XT −XS) =
∑N

k=1
1A∩[S≤k<T ](Xk+1 −Xk), P -as. (0)

As A ∈ FS , A∩ [S ≤ k] ∈ Fk and so the set A∩ [S ≤ k < T ] = A∩ [S ≤ k]∩ [T ≤ k]c

is in Fk. By the submartingale condition, E
(
1A∩[S≤k<T ](Xk+1 −Xk)

)
≥ 0, for all

k = 1, 2, . . . , N . Taking expectations in (0) now yields E
(
1A(XT − XS

)
≥ 0, as

desired.

3.b.2 Corollary. Let (Xn,Fn) be a submartingale (martingale) and (Tn) a nonde-
creasing sequence of bounded optional times. Then (XTn

,FTn
) is a submartingale

(martingale).

Proof. The boundedness of Tn implies that E
(
X+
Tn

)
< ∞. According to 3.b.0.(c)

XTn
is FTn

-measurable. Thus the sequence (XTn
) is (FTn

)-adapted. Moreover 3.b.1
applied to the bounded optional times Tn ≤ Tn+1 yields XTn ≤ E

(
XTn+1 |FTn

)
.

Thus (XTn ,FTn) is a submartingale. The proof for the martingale case is similar.

Remark. It is the assumption of boundedness of the optional times S, T which
makes 3.b.1 so elementary although even this version of the Optional Sampling
Theorem is extremely useful.
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The following example shows that 3.b.1 does not hold for all finite optional
times and all submartingales: Let Xn denote the gambler’s fortune after n tosses of
a fair coin starting with initial capital 0 and betting 1 dollar on each toss (a negative
fortune is allowed). More precisely, let Xn = Y1 + Y2 + . . . + Yn, where the Yj are
independent and identically distributed with P (Yj = 1) = P (Yj = −1) = 1/2. Then
(Xn) is a martingale and E(X1) = 0.

Now let S be the constant optional time S = 1 and define T (ω) = inf{n ≥ 1 |
Xn(ω) = 1 } (= +∞, if no such n exists). The gambler intends to stop when he is
ahead by one. It is easy to see that T < +∞ with probability one and that T is
an optional time. However, by the very definition of T we have XT = 1, P -as., and
hence E(XT ) = 1 �= 0 = E(X1) = E(XS).

Stronger versions of the Optional Sampling Theorem explore conditions on the
submartingale (Xn) which imply that 3.b.1 holds for all optional times. It will
be seen later that the existence of a last element X∞ for the submartingale (Xn)
(which in turn follows from uniform integrability) is a suitable assumption. Finally,
let us record a simple consequence of 3.b.1:

3.b.3. Assume that T is an optional time bounded by the integer N ≥ 1. Then
(a) E(|XT |) ≤ 2E(X+

N )− E(X1), if (Xn) is a submartingale.
(b) E(|XT |) ≤ 2E(X−

N ) + E(X1), if (Xn) is a supermartingale.

Proof. (a) Assume that (Xn) is a submartingale. Then so is the sequence (X+
n ).

Thus T ≤ N implies that E(X+
T ) ≤ E(X+

N ) while 1 ≤ T implies that E(X1) ≤
E(XT ). Note now that |XT | = X+

T + X−
T and XT = X+

T − X−
T and so X−

T =
X+
T −XT . It follows that |XT | = 2X+

T −XT and consequently

E(|XT |) = 2E(X+
T )− E(XT ) ≤ 2E(X+

N )− E(X1).

(b) If the sequence (Xn) is a supermartingale then (−Xn) is a submartingale
satisfying (−Xn)+ = X−

n . Replacing X with −X in (a) now yields E(|XT |) ≤
2E(X−

N ) + E(X1).

3.c Application to the gambler�s ruin problem. Let (Xn)n≥1 be an iid sequence
of random variable on (Ω,F , P ) which assume only the values +1 and −1 with
respective probabilities P (Xn = 1) = p and P (Xn = −1) = q. Set

Sn = X1 + X2 + . . . + Xn, n ≥ 1.

Sn will be interpreted as the sum total of wins and losses of a gambler, betting 1
dollar on the outcome Xn = 1, at the nth game. The random walk (Sn) is called
symmetric (unbiased) if p = q and biased otherwise. Since the bets are limited
to exactly one dollar at each game, the random walk (Sn) is integer valued and
proceeds in jumps of unity, that is, it cannot jump over any integer.

A question of great interest to us, the gamblers, is the following: starting
with d ≥ 1 dollars what is the probability that we win b > 0 dollars before we
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are bankrupt (lose all our d dollars)? This can be modeled as follows: We set
a := −d < 0 and examine how long Sn (which starts at zero) remains in the
interval [a, b]. Note that a < 0 < b and let Fn = σ(X1, X2, . . . , Xn), for all n ≥ 1.
Clearly the sequence (Sn) is (Fn)-adapted. We set

T = min{n ≥ 1 | Sn �∈ (a, b) }.

It is easy to see that T is an optional time relative to the filtration (Fn). At time
T the random walk leaves the interval (a, b) for the first time and since it cannot
jump over the boundary points a,b we have

ST ∈ {a, b}, on the set [T < ∞].

We will soon see that T < ∞ almost surely, and thus we do not need a random
variable S∞ for the definition of ST . If ST = a = −d we are bankrupt, while in
case ST = b, we have won b dollars before going bankrupt.

The unbiased case. Assume that p = q = 1/2. Then E(Xn) = 0. Note that
E(Sn|Fn) = Sn, by Fn-measurability of Sn, and E(Xn+1|Fn) = E(Xn+1) = 0, by
independence of Xn+1 from Fn. It follows that

E(Sn+1|Fn) = E(Sn|Fn) + E(Xn+1|Fn) = Sn,

that is, (Sn) is a martingale. Apply the conditional expectation operator EFn
to

both sides of the equation

S2
n+1 = S2

n + 2SnXn+1 + X2
n+1

= S2
n + 2SnXn+1 + 1

and recall that E(Xn+1|Fn) = E(Xn+1) = 0 and Sn is bounded (|Sn| ≤ n) and
Fn-measurable. It follows that E(2SnXn+1|Fn) = 2SnE(Xn+1|Fn) = 0 and so

E(S2
n+1|Fn) = S2

n + 1.

Consequently the sequence (S2
n−n) is a martingale. Set Yn = S2

n−n and Tn = n∧T ,
where T is as above. Then (YTn) is a martingale (3.b.2) and since a martingale has
a constant mean, we conclude that

E(S2
n∧T − n ∧ T ) = E(YTn) = E(YT1) = E(Y1) = 0;

in other words, E(n∧T ) = E(S2
n∧T ), for all n ≥ 0. However n∧T ≤ T and T is the

first time Sn leaves the interval (a, b). It follows that Sn∧T ∈ [a, b] and consequently
|Sn∧T | ≤ max{|a|, |b|} := K. Thus E(n ∧ T ) ≤ K2. Also 0 ≤ n ∧ T ↑ T and so, by
monotone convergence, it follows that E(n ∧ T ) ↑ E(T ), as n ↑ ∞. Consequently
E(T ) ≤ K2 < ∞ and this implies that T < ∞ almost surely.
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It follows that ST is defined and, as we have seen above, ST ∈ {a, b} almost surely.
This implies that E(ST ) = aα + bβ, where

α = P (ST = a) and β = P (ST = b).

On the other hand, using 3.b.2 again, (Sn∧T ) is a martingale and as such has a
constant mean. It follows that E(Sn∧T ) = E(S1∧T ) = E(S1) = 0, for all n ≥ 0.
Also Sn∧T → ST on the set [T < ∞], and hence almost surely, as n ↑ ∞. Because
of |Sn∧T | ≤ K the Dominated Convergence Theorem yields E(Sn∧T ) → E(ST ). It
follows that aα+ bβ = E(ST ) = 0. Also α+ β = 1, since ST ∈ {a, b} almost surely.
We can solve the equations aα + bβ = 0 and α + β = 1 to obtain

α =
b

b− a
=

b

b + d
(probability of ruin), and

β =
−a
b− a

=
d

b + d
(probability of success).

We can also compute the expected time E(T ) to decision. We have seen above that
E(n ∧ T ) = E

(
S2
n∧T

)
. Letting n ↑ ∞ we conclude that

E(T ) = E(S2
T ) = αa2 + βb2 = −ab = bd.

The biased case. Assume now that p �= q. Then E(Xn) = p − q �= 0 and so
E(Sn) = n(p− q). Note first that

E(Sn+1|Fn) = E(Sn|Fn) + E(Xn+1|Fn) = Sn + E(Xn+1) = Sn + (p− q).

Consequently Yn = Sn−n(p−q), n ≥ 1, is a martingale and hence so is the sequence
(Yn∧T ) (3.b.2). In particular this sequence has a constant mean, that is,

E(Sn∧T − (p− q)n ∧ T ) = E(Yn∧T ) = E(Y1) = E(S1)− (p− q) = 0. (0)

Note that Sn∧T ∈ [a, b]. Thus |Sn∧T | ≤ max{|a|, |b|} = K and so |p− q|E(n∧ T ) =
|E(Sn∧T )| ≤ K,that is, E(n ∧ T ) ≤ K

/
|p − q| < ∞. Since 0 ≤ n ∧ T ↑ T we have

E(n ∧ T ) ↑ E(T ) and hence E(T ) ≤ K
/
|p − q| < ∞, from which it follows that

T < ∞ almost surely. Also |Sn∧T | ≤ K and Sn∧T → ST on the set [T < ∞] and
hence almost surely. By bounded convergence it follows that E(Sn∧T ) → E(ST ).
Thus passing to the limit in the equation (p− q)E(n∧T ) = E(Sn∧T ), derived from
(0), we obtain

(p− q)E(T ) = E(ST ) = aα + bβ, (1)

where α = P (ST = a) and β = P (ST = b), as above (note that ST ∈ {a, b} when
T < ∞, and hence almost surely). In order to compute the unknown quantities
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E(T ), α, β we must derive further equations. To do so let A > 0 and set Zn = ASn .
Then

E(Zn+1|Fn) = E(ASnAXn+1 |Fn) = ASnE(AXn+1 |Fn)
= ZnE(AXn+1) = Zn

(
pA + qA−1

)
= ZnB,

where B = pA + qA−1. From this it follows that (B−nZn) is a martingale. This
is particularly simple, if B = 1, that is pA + qA−1 = 1, which one solves easily
for A = 1, q/p. Thus we set r = q/p and use the fact that Zn = rSn defines a
martingale. Using 3.b.2 the sequence (Zn∧T ) is also a martingale with Z1∧T = Z1

and thus has a constant mean. It follows that

E(Zn∧T ) = E(Z1) = pr + qr−1 = 1, for all n ≥ 1. (2)

Now Zn∧T → ZT on the set [T < ∞], and so almost surely. Since Sn∧T ∈ [a, b] this
convergence is bounded (|Zn∧T | ≤ C, where C = supt∈[a,b] r

t) and passing to the
limit in equation (2) yields E(ZT ) = 1. But ST ∈ {a, b} and hence ZT ∈ {ra, rb}
almost surely and in fact [ZT = ra] = [ST = a] and [ZT = rb] = [ST = b].
Consequently 1 = E(ZT ) = raP (ST = a) + rbP (ST = b) = αra + βrb. Combined
with the equation α + β = 1 this yields the system of equations

α + β = 1, αa + βb = (p− q)E(T ) and αra + βrb = 1,

which one solves for

α =
1 − rb

ra − rb
, β =

ra − 1
ra − rb

, E(T ) =
1

p− q

[
bra − arb + a− b

ra − rb

]
.

In terms of our original data d = −a and b we obtain

P (ST = a) = α =
rd − rb+d

1− rb+d
(probability of defeat),

P (ST = b) = β =
1− rd

1− rb+d
(probability of success),

E(T ) =
1

p− q

[
b + drb+d − (b + d)rd

1− rb+d

]
(expected time to decision).

Here d is our initial capital, b the amount we want to win (in addition to our initial
capital), p = P (X1 = 1) the probability in our favour and q = P (X1 = −1) the
odds against us on each individual bet and finally r = q/p �= 1.
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4. CONVERGENCE THEOREMS

4.a Upcrossings. Let (Ω,F , P ) be a probability space, (Fn)n≥1 a filtration on
(Ω,F , P ) and (Xn) an (Fn)-submartingale. For ω ∈ Ω the sequence n ∈ N �→ Xn(ω)
is called the sample path associated with the point ω. We are now interested in
the oscillatory behaviour of sample paths, especially in the number of times such a
path crosses up from a value Xj(ω) ≤ α to a later value Xk(ω) ≥ β.

4.a.0. Let N ≥ 1, B a Borel set and S an optional time. Set

T (ω) = N ∧ inf{ 1 ≤ k < N | k > S(ω) and Xk(ω) ∈ B }.

Then T is an optional time.

Remark. Recall the convention inf(∅) = +∞. It follows that T (ω) = N , if there
does not exist k such that S(ω) < k < N and Xk(ω) ∈ B, and T (ω) is the smallest
such k, especially T (ω) < N , if such k exists.

Proof. Since the sequence X is (Fn)-adapted, we have [Xk ∈ B] ∈ Fk, for all k ≥ 1.
If n ≥ N , we have [T ≤ n] = Ω ∈ Fn. Let now n < N . Then T (ω) ≤ n if and
only if there exists k such that S(ω) < k ≤ n and Xk(ω) ∈ B. Necessarily then
S(ω) ∈ {1, 2, . . . , n− 1}. Thus

[T ≤ n] =
⋃n−1

j=1

⋃n
k=j+1[S = j] ∩ [Xk ∈ B] ∈ Fn.

Fix N ≥ 1 and −∞ < α < β < +∞. A segment (Xj(ω), Xj+1(ω), . . . , Xk(ω))
of the sample path (Xn(ω)) will be called an upcrossing of the interval (α, β) if
we have Xj(ω) ≤ α, k is the smallest index n > j such that Xn(ω) ≥ β and the
difference k− j is maximal subject to these constraints. In other words j < k is the
smallest index for which Xj(ω) ≤ α and k has the preceding property. This fixes
the starting point j of an upcrossing as the time of the first dip below α since the
last upcrossing and in consequence any two distinct upcrossings are disjoint. The
upcrossing (Xj(ω), Xj+1(ω), . . . , Xk(ω)) is said to occur before time N , if k < N .
The times j, k at which upcrossings start and end can be defined recursively and
will then be seen to be (Fn)-optional. For ω ∈ Ω set

S1(ω) = N ∧ inf{ 1 ≤ k < N | Xk(ω) ≤ α } and

T1(ω) = N ∧ inf{ 1 ≤ k < N | k > S1(ω) and Xk(ω) ≥ β }.

Assuming that Sn(ω), Tn(ω) have already been defined, we set

Sn+1(ω) = N ∧ inf{ 1 ≤ k < N | k > Tn(ω) and Xk(ω) ≤ α } and

Tn+1(ω) = N ∧ inf{ 1 ≤ k < N | k > Sn+1(ω) and Xk(ω) ≥ β }.

Note that

S1(ω) < T1(ω) < S2(ω) < T2(ω) < . . . <

{
Sj(ω) = N = Tj(ω) = Sj+1(ω) = . . .
Tj(ω) = N = Sj+1(ω) = Tj+1(ω) = . . . ,
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that is, the sequence (S1, T1, S2, T2, . . .) is strictly increasing until one of its terms
hits the value N , when all the following terms stabilize at N . Moreover Sj(ω), Tj(ω)
equal N if and only if the condition for k in the defining infimum can no longer be
satisfied. Clearly SN (ω) = TN (ω) = N .

The upcrossings of the interval (α, β) which occur before time N are exactly the
segments (XS1(ω)(ω), . . . , XT1(ω)(ω)),. . . ,(XSn(ω)(ω), . . . , XTn(ω)(ω)) with n ≥ 1 the
largest integer such that Tn(ω) < N (see Figure 1.2). In particular

UN (α, β)(ω) = sup{n ≥ 1 | Tn(ω) < N } ∨ 0 (= 0, if no such n ≥ 1 exists)

is the precise number of upcrossings of (α, β) by the sample path (Xn(ω)) which
occur before time N .

4.a.1. (a) The Tn, Sn, n ≥ 1, are bounded optional times.

(b) UN (α, β) : Ω → {0, 1, 2, . . .} is measurable.

(c) We have XTj(ω)(ω) −XSj(ω)(ω) ≥ β − α, for all j = 1, 2, . . . , UN (α, β)(ω).

Proof. (a) This follows from 4.a.0 by straightforward induction.
(b) The increasing nature of the Tn implies that [UN (α, β) ≤ m] = [Tm+1 = N ] ∈ F ,
for all m ≥ 0. Since UN (α, β) takes values in {0, 1, 2, . . .}, it follows that UN (α, β)
is measurable.
(c) For k = 1, 2, . . . , UN (α, β)(ω), the segment (XSk(ω)(ω), . . . , XTk(ω)(ω)) is an
upcrossing of (α, β) and thus in particular XSk(ω)(ω) ≤ α and XTk(ω)(ω) ≥ β.

The crucial step in the proof of our convergence theorems is the following
estimate of the expected number E

(
UN (α, β)

)
of upcrossings of (α, β) by X before

time N :
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4.a.2 Upcrossing Lemma.

E
(
UN (α, β)

)
≤ E(X+

N ) + |α|
β − α

.

Proof. For each n ≥ 1 set Yn = (Xn − α)+. Then Yn ≥ 0 is a submartingale and
we have

Xk ≤ α ⇐⇒ Yk ≤ 0 and Xk ≥ β ⇐⇒ Yk ≥ β − α.

Thus the upcrossings of (α, β) by (Xn(ω)) happen at exactly the same times as the
upcrossings of (0, β − α) by (Yn(ω)). Setting T0 = 1 and recalling that TN = N we
can write

YN ≥ YN − Y1 =
∑N

k=1

(
YTk

− YTk−1

)
=

∑N
k=1 (YTk

− YSk
) +

∑N
k=1

(
YSk

− YTk−1

)
.

If Sk(ω) < N , then YSk(ω)(ω) = 0, and if Sk(ω) = N , then Tk(ω) = N also. In any
case we have (YTk

−YSk
)(ω) ≥ 0, for all k = 1, 2, . . . , N . Moreover UN (α, β)(ω) ≤ N

and (YTk
−YSk

)(ω) ≥ β−α, for all k = 1, 2, . . . , UN (α, β)(ω), according to 4.a.1.(c).
Thus

∑N
k=1 (YTk

− YSk
) ≥ (β − α)UN (α, β) at each point of Ω and consequently

YN ≥ (β − α)UN (α, β) +
∑N

k=1

(
YSk

− YTk−1

)
.

Taking expectations we find that

E(YN ) ≥ (β − α)E(UN (α, β)) +
∑N

k=1

(
E(YSk

) − E(YTk−1)
)
.

Applying the Optional Sampling Theorem 3.b.1 to the submartingale (Yn) and
bounded optional times Tk−1 ≤ Sk yields E(YSk

) ≥ E(YTk−1), for all k = 1, . . . , N .
We conclude that

E(YN ) ≥ (β − α)E(UN (α, β)),

equivalently, that E(UN (α, β)) ≤ E(YN )/(β − α). It remains to be shown merely
that E(YN ) ≤ E(X+

N ) + |α|. This follows immediately from YN = (XN − α)+ ≤
X+

N + |α| upon taking expectations.

4.a.3 Submartingale Convergence Theorem. Assume that the submartingale (Xn)
satisfies K = supn E(X+

n ) < ∞. Then
(i) X∞ = limn Xn ∈ R exists P -as. and satisfies E(X+

∞) < ∞.
(ii) If E(Xn) > −∞, for some n, then X∞ ∈ L1(P ).
(iii) We have Xn ≤ E(X∞|Fn), for all n ≥ 1, if and only if the family {X+

n |n ≥ 1}
is uniformly integrable.

(iv) Assume that (Xn) ⊆ L1(P ). Then X∞ ∈ L1(P ) and Xn → X∞ in L1(P ), if
and only if the submartingale (Xn) is uniformly integrable.

Proof. (i) Set X∗ = lim infn↑∞ Xn and X∗ = lim supn↑∞ Xn. Then X∗, X∗ are
extended real valued random variables. We have to show that P (X∗ < X∗) = 0.
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As [X∗ < X∗] is the countable union of the sets A(α, β) = [X∗ < α < β < X∗] over
all rational numbers α, β with α < β, it will suffice to show that P (A(α, β)) = 0,
for all such α and β.

Now if ω ∈ A(α, β) then lim infn↑∞ Xn(ω) < α < β < lim supn↑∞ Xn(ω) and
consequently the sample path (Xn(ω)) must drop below α infinitely often and must
also exceed the value β infinitely often. In consequence it must cross up from below
α to above β infinitely often, and so

U(α, β)(ω) := lim
N↑∞

UN (α, β)(ω) = +∞.

It will now suffice to show that this can happen only on a P -null set, equivalently,
that U(α, β) < ∞, P -as. As U(α, β) = limN↑∞ UN (α, β) is measurable and nonneg-
ative, it will suffice to show that E(U(α, β)) < ∞. Indeed 0 ≤ UN (α, β) ↑ U(α, β),
and so E(UN (α, β)) ↑ E(U(α, β)), as N ↑ ∞. However, according to the Upcrossing
Lemma, we have E(UN (α, β)) ≤ (β−α)−1(K + |α|), for each N ≥ 1, and it follows
that E(U(α, β)) ≤ (β − α)−1(K + |α|) < ∞.

Thus X∞(ω) = limn↑∞ Xn(ω) ∈ R exists almost surely. Extending X∞ to all
of Ω by setting X∞ = lim supn Xn, X∞ becomes a random variable (defined and
measurable on all of Ω). Using Fatou’s Lemma, we see that

E(X+
∞) = E

(
limn X+

n

)
= E

(
lim infn X+

n

)
≤ lim infn E(X+

n ) ≤ K < ∞.

(ii) Assume now that m ≥ 1 and E(Xm) > −∞. Recall that the expectations
E(Xn) are nondecreasing. If n ≥ m, then |Xn| = X+

n + X−
n = 2X+

n − Xn and
so E(|Xn|) = 2E(X+

n ) − E(Xn) ≤ 2K − E(Xm). Another application of Fatou’s
Lemma now yields

E(|X∞|) = E
(
lim infn |Xn|

)
≤ lim infn E(|Xn|) ≤ 2K − E(Xm) < ∞.

(iii) Assume first that Xn ≤ E(X∞|Fn), for all n ≥ 1. Then the extended se-
quence (Xn)1≤n≤∞ is still a submartingale and hence so is the extended sequence
(X+

n )1≤n≤∞ (3.a.0). Consequently

0 ≤ X+
n ≤ E(X+

∞|Fn), n ≥ 1.

The uniform integrability of the family {X+
n | n ≥ 1 } now follows from the uniform

integrability of the family
{
EFn(X+

∞) | n ≥ 1
}

(2.b.13).
Conversely, assume that the family {X+

n | n ≥ 1 } is uniformly integrable (and
hence L1-bounded). Then E(X+

∞) < ∞, according to (i). We must show that
Xn ≤ E(X∞|Fn), equivalently

E(Xn1A) ≤ E(X∞1A), ∀n ≥ 1, A ∈ Fn. (0)



Chapter I: Martingale Theory 33

Fix r ∈ R and set Xn(r) = Xn∨r, n ≥ 1. Then (Xn(r))n is a submartingale (3.a.0).
Fix n ≥ 1 and let A ∈ Fn and m ≥ n. Then E(Xn(r)1A) ≤ E(Xm(r)1A). Letting
m ↑ ∞ and observing that the uniform integrability of {X+

m | m ≥ 1 } implies the
uniform integrability of {Xm(r) | m ≥ 1 }, we obtain

E(Xn(r)1A) ≤ E(X∞(r)1A).

Letting r ↓ −∞ now yields (0), by decreasing convergence. Note that the families
{Xn(r) | r ∈ R } and {X∞(r) | r ∈ R } are bounded above by the integrable
functions X+

n respectively X+
∞.

(iv) If (Xn) ⊆ L1(P ), then norm convergence Xn → X∞ ∈ L1(P ) implies the
uniform integrability of the sequence (Xn). Conversely, the uniform integrability of
the sequence (Xn) and almost sure convergence Xn → X∞ imply that X∞ ∈ L1(P )
and Xn → X∞ in norm (1.b.4).

Remark. In general the limit X∞ will not be integrable. For a trivial example set
Fn = {∅,Ω} and Xn = −∞, for all n ≥ 1. The sequence (Xn,Fn) is a submartingale
and X∞ = −∞ on all of Ω.

4.a.4 Corollary. A submartingale sequence (Xn) ⊆ L1(P ) is norm convergent to an
integrable random variable X∞ if and only if it is uniformly integrable.

Let now (Xn) be an L1-bounded martingale and K = supn ‖Xn‖1 < ∞. Then
(Xn) and (−Xn) are submartingale sequences with supn E(X+

n ), supn E
(
(−Xn)+

)
=

supn E
(
X−

n

)
< ∞. An application of 4.a.3, 4.a.4 to both submartingales (Xn) and

(−Xn) now yields:

4.a.5 Martingale Convergence Theorem. Let (Xn) be an L1-bounded martingale.
Then X∞ = limn Xn exists P -as. and is an integrable random variable. Moreover
the following conditions are equivalent:

(i) Xn = E(X∞|Fn), for all n ≥ 1.

(ii) Xn → X∞ in L1-norm.

(iii) (Xn) is uniformly integrable.

Remark. The reader will have noticed that the filtration (Fn) does not enter the
argument. If (Xn) is a submartingale with respect to any filtration (Fn), then (Xn)
is a submartingale with respect to the filtration Gn = σ(X1, X2, . . . , Xn) and this,
conversely, is sufficient for all the results above.
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4.b Reversed submartingales. Recall that a reversed submartingale is a sequence
(Xn,Fn)n≥1 which is a martingale when the natural order on the index set N is
reversed. In short F1 ⊇ F2 ⊇ F3 ⊇ . . ., (Xn) is (Fn)-adapted, E(X+

n ) < ∞ and

EFn+1(Xn) ≥ Xn+1, for all n ≥ 1. (0)

If Xn ∈ L1(P ) and equality holds here for each n ≥ 1, then the sequence (Xn,Fn) is
called a reversed martingale. The reversed order on N has a last element, namely
1, and so Xn ≤ E(X1|Fn), n ≥ 1, with equality in the martingale case. This has far
reaching consequences, as we shall see below. For example, if the sequence (Xn,Fn)
is a reversed martingale, then Xn = E(X1|Fn), for all n ≥ 1, and it follows that
(Xn) is uniformly integrable, especially L1-bounded (2.b.13).

Let (Xn,Fn) be a reversed submartingale and set F∞ =
⋂

n Fn. The in-
creasing property of the mean in the reversed order on N means that E(Xn) ↓,
as n ↑ ∞, and consequently M = limn↑∞ E(Xn) ∈ R exists. Moreover, for each
finite N , the reversed sequence ((XN ,FN ), (XN−1,FN−1), . . . , (X1,F1)) is a finite
submartingale sequence with the usual order to which the Upcrossing Lemma can
be applied. Thus, for α < β,

E(UN (α, β)) ≤ ‖X1‖1 + |α|
β − α

, (1)

where UN (α, β)(ω) is the number of upcrossings of the interval (α, β) by the fi-
nite reversed sample path (XN (ω), XN−1(ω), . . . , X1(ω)), which occur before time
N . Since the right hand side of (1) does not depend on N , almost everywhere
convergence follows without additional assumptions.

4.b.0 Theorem. Let (Xn,Fn)n≥1 be a reversed submartingale and M = limn E(Xn).
Then
(i) The family {X+

n |n ≥ 1} is uniformly integrable.
(ii) X∞ = limn↑∞ Xn ∈ R exists for P -as. and satisfies E(X+

∞) < ∞.
(iii) X∞ ≤ E(Xn|F∞), n ≥ 1.
(iv) If M > −∞, then the sequence (Xn) is L1-bounded, and so X∞ ∈ L1(P ).
(v) If M > −∞, then the sequence (Xn) is uniformly integrable.

Remark. Clearly (v) is stronger than (iv) but the proof is harder.

Proof. (i) According to 3.a.0, (X+
n ,Fn) is a reversed submartingale. Consequently

0 ≤ X+
n ≤ E(X+

1 |Fn), for all n ≥ 1. By definition of a submartingale X+
1 ∈ L1(P ).

The uniform integrability of the family {X+
n |n ≥ 1} now follows from the uniform

integrability of {E(X+
1 |Fn) | n ≥ 1 } (2.b.13).

(ii) The existence of the limit X = limn↑∞ Xn ∈ R, P -as., is shown exactly as in
the proof of 4.a.3 using estimate (1). By (i) the family {X+

n |n ≥ 1} is L1-bounded.
The finiteness of E(X+

∞) now follows by the usual application of Fatou’s lemma.
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(iii) Extend X∞ to all of Ω by setting X∞ = lim supn↑∞ Xn. It is easy to see that
then X∞ is Fn-measurable, for all n ≥ 1, and consequently X∞ is F∞-measurable.
Thus it will suffice to show that

E(X∞1A) ≤ E(Xn1A), ∀n ≥ 1, A ∈ Fn. (2)

Fix r ∈ R and set Xn(r) = Xn∨r, n ≥ 1. Then (Xn(r))n is a reversed submartingale
(3.a.0). Fix n ≥ 1 and let A ∈ Fn and m ≥ n. By the reversed submartingale
property E(Xm(r)1A) ≤ E(Xn(r)1A). Letting m ↑ ∞ and observing that the
uniform integrability of {X+

m | m ≥ 1 } implies the uniform integrability of {Xm(r) |
m ≥ 1 }, we obtain

E(X∞(r)1A) ≤ E(Xn(r)1A).

Letting r ↓ −∞ now yields (2), by decreasing convergence. Note that the families
{Xn(r) | r ∈ R } and {X∞(r) | r ∈ R } are bounded above by the integrable
functions X+

n respectively X+
∞.

(iv) Assume that M > −∞. From (i) it follows that K = supn E(X+
n ) < ∞. Let

n ≥ 1. Then E(Xn) ≥ M (since E(Xn) ↓ M) and |Xn| = 2X+
n − Xn. It follows

that E(|Xn|) ≤ 2K −M < ∞. The usual application of Fatou’s lemma now shows
that E(|X∞|) ≤ 2K −M < ∞ also.

(v) Assume that M > −∞. Because of (i) it will suffice to show that the family
{X−

n | n ≥ 1 } is uniformly integrable, that is,

E
(
X−

n ; [X−
n > a]

)
→ 0, uniformly in n ≥ 1, as a ↑ ∞. (3)

Let a > 0. Recall that E(Xn) ↓ M , especially E(Xn) ≥ M > −∞, n ≥ 1.
Combined with supn E(X+

n ) < ∞ (from (i)) this shows that C = supn E(X−
n ) < ∞.

According to Chebycheff’s inequality

P
(
X−

n > a
)
≤ 1

a
E(X−

n ) ≤ C

a

and consequently P
(
X−

n > a
)
→ 0, uniformly in n ≥ 1, as a ↑ ∞. Now let

1 ≤ m < n. By the reversed submartingale property we have

E(Xn1A) ≤ E(Xm1A), ∀A ∈ Fn. (4)

Note that the event A = [X−
n ≤ a] is in Fn and X−

n = −Xn on the set [X−
n > a].

Thus
X−

n 1[X−
n >a] = −Xn1[X−

n >a] = Xn1[X−
n ≤a] −Xn.

Using (4), it follows that

0 ≤ E
(
X−

n 1[X−
n >a]

)
= E

(
Xn1[X−

n ≤a]

)
− E(Xn) ≤ E

(
Xm1[X−

n ≤a]

)
− E(Xn)

= E(Xm) − E(Xn) − E
(
Xm1[X−

n >a]

)
≤ E(Xm) − E(Xn) + E

(
|Xm|1[X−

n >a]

)
.
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Now let ε > 0 be arbitrary. Since M = limn E(Xn) is finite, we can choose m such
that n > m ⇒ E(Xm) − E(Xn) < ε. Moreover the integrability of Xm combined
with the convergence P

(
X−

n > a
)
→ 0, uniformly in n ≥ 1, as a ↑ ∞, shows that

supn E
(
|Xm|1[X−

n >a]

)
→ 0, as a ↑ ∞. We can thus choose a0 such that

supn E
(
|Xm|1[X−

n >a]

)
< ε, ∀a ≥ a0.

Then 0 ≤ supn≥m E
(
X−

n 1[X−
n >a]

)
≤ ε + ε = 2ε, ∀a ≥ a0.

Increasing a0 we can obtain supn≥1 E
(
X−

n ; [X−
n > a]

)
≤ 2ε, for all a ≥ a0. Thus

the family {X−
n | n ≥ 1 } is uniformly integrable.

4.c Levi�s Theorem. Let Fn, G be sub-σ-fields of F , n ≥ 1, and write Fn ↑ G,
if F1 ⊆ F2 ⊆ F3 ⊆ . . . and F∞ = σ

(⋃
n≥1 Fn

)
. Similarly, write Fn ↓ G, if

F1 ⊇ F2 ⊇ F3 ⊇ . . . and F∞ =
⋂

n≥1 Fn.

4.c.0 Theorem. Let (Fn)n≥1 be a sequence of sub-σ-fields of F , X ∈ L1(P ) an
integrable random variable and Xn = EFn

(X), for all n ≥ 1.
(i) If Fn ↑ G, then the sequence (Xn,Fn) is a uniformly integrable martingale and

Xn → EG(X), P -as. and in norm.
(ii) If Fn ↓ G, then the sequence (Xn,Fn) is a uniformly integrable reversed mar-
tingale and Xn → EG(X), P -as. and in norm.

Remark. The pointwise limit Y = limn↑∞ Xn, if it exists, must be G-measurable
and thus cannot be expected to be X itself.

Proof. (i) The martingale property follows from 2.b.5.(b). According to 2.b.13
the martingale (Xn) is uniformly integrable and hence L1-bounded. Set Y =
lim supn Xn. Then Y is defined everywhere and F∞-measurable. By the Martingale
Convergence Theorem 4.a.5 we have Xn → Y , P -as. and in norm.

It remains to be shown only that Y = EG(X) P -as. According to 2.b.4.(iii)
it will now suffice to show that E(Y 1A) = E(X1A), for all sets A in the π-system
P =

⋃
n≥1 Fn which generates the σ-field G. Indeed, let A ∈ P and choose m ≥ 1

such that A ∈ Fm. If n ≥ m then A ∈ Fn and the definition of Xn shows that

E(Xn1A) = E(X1A). (5)

On the other hand the norm convergence Xn → Y implies that E(Xn1A) →
E(Y 1A). Letting n ↑ ∞ in (5) now shows that E(Y 1A) = E(X1A).
(ii) The reversed martingale property follows from 2.b.5.(b) and the uniform inte-
grability of the sequence (Xn) follows from 2.b.13. Set Y = lim supn Xn. Then Y

is defined everywhere and F∞-measurable. According to 4.b.0 we have Xn → Y ,
P -as. and so, because of the uniform integrability, also in norm.

It remains to be shown only that Y = EG(X), that is, E(Y 1A) = E(X1A), for
all sets A ∈ G. If A ∈ G, then A ∈ Fn and consequently

E(Xn1A) = E(X1A), (6)
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for each n ≥ 1. On the other hand the norm convergence Xn → Y implies that
E(Xn1A) → E(Y 1A). Letting n ↑ ∞ in (6) now shows that E(Y 1A) = E(X1A).

Convergence for conditional expectations revisited. Levi’s Theorem allows us to
strengthen our dominated convergence theorem for conditional expectations: it will
now be possible to cope with varying σ-fields also. Relatively weak assumptions
establish norm convergence:

4.c.1. (a) If Fn ↑ G and Xn → X in L1, then EFn(Xn) → EG(X) in L1.
(b) If Fn ↓ G and Xn → X in L1, then EFn

(Xn) → EG(X) in L1.

Proof. (a) Note first that ‖EFn
(Xn) − EFn

(X)‖1 ≤ ‖Xn − X‖1 → 0. Moreover
‖EFn

(X)−EG(X)‖1 → 0, by 4.c.0. Thus ‖EFn
(Xn)−EG(X)‖1 → 0, by the triangle

inequality. The proof of (b) is similar.

If we want to conclude P -as. convergence of the conditional expectations, we need
stronger hypotheses:

4.c.2 Ultimate Dominated Convergence Theorem. Let Fn,G ⊆ F be σ-fields,
Xn, X, Z ∈ L1(P ) and assume that |Xn| ≤ Z and Xn → X, P -as. Then
(i) If Fn ↑ G, then EFn

(Xn) → EG(X), P -as., as n ↑ ∞.
(ii) If Fn ↓ G, then EFn

(Xn) → EG(X), P -as., as n ↑ ∞.

Proof. For each n ≥ 1 set Wn = supk≥n |Xk −X|. Then 0 ≤ Wn ≤ 2Z and hence
Wn ∈ L1(P ). Moreover Wn ↓ 0, P -as. on Ω.
(i) Fix N ≥ 1. For n ≥ N we have |Xn−X| ≤ Wn ≤ WN and so EFn (|Xn −X|) ≤
EFn(WN ). By Levi’s theorem we have EFn(WN ) → EG(WN ), as n ↑ ∞, and so

lim supn EFn (|Xn −X|) ≤ limn EFn(WN ) = EG(WN ), for each N ≥ 1.

Let N ↑ ∞. Since 2Z ≥ WN ↓ 0 we have EG(WN ) ↓ 0, P -as., by monotone
convergence (2.b.6). It follows that lim supn EFn (|Xn −X|) = 0, P -as. Thus

|EFn
(Xn) − EFn

(X)| ≤ EFn
(|Xn −X|) → 0, P -as., as n ↑ ∞.

Again, by Levi’s theorem we have EFn
(X) → EG(X), P -as., and it follows that

EFn(Xn) = (EFn(Xn) − EFn(X)) + EFn(X) → EG(X), P -as., as n ↑ ∞.

The proof of (ii) is quite similar.

Remark. Note that our hypotheses imply that Xn → X in L1-norm (dominated
convergence theorem for functions), that is, the assumptions of 4.c.2. But the con-
clusion is now almost sure convergence of the conditional expectations, a strong
result with striking applications (even in its most elementary form; see the martin-
gale proof of Kolmogoroff’s Zero-One Law below) and does not follow from weaker
assumptions, not even if the σ-fields Fn = G are constant:
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Example. [DT] If our assumption of dominated convergence 2Z ≥ |Xn −X| → 0,
P -as., is replaced with the following weaker assumption: (Xn) uniformly integrable
and Xn → X, P -as. (this implies Xn → X in norm), the almost sure conver-
gence EG(Xn) → EG(X) no longer follows as the following example establishes.
Let (Yn) and (Zn) be sequences of independent random variables (the Yn assumed
independent of the Zn also) such that

Yn =
{

1 with probability 1/n
0 otherwise,

Zn =
{
n with probability 1/n
0 otherwise,

and set Xn = YnZn and G = σ(Y1, Y2, . . .). Note first that the events [Yn > 1/2] are
independent and satisfy

∑
n P (Yn > 1/2) = ∞. This implies P

(
Yn > 1/2 i.o.

)
= 1,

especially Yn �→ 0, P -as. By independence of Yn and Zn we have

Xn =
{
n with probability 1/n2

0 otherwise.

Thus P (Xn > 0) = 1/n2. By the Borel Cantelli Lemma P (Xn > 0 i.o.) = 0 and so
Xn → 0, P -as. Moreover

E
(
|Xn|; [|Xn| ≥ a]

)
≤ n

1
n2

=
1
n
,

for all a > 0. This implies that E
(
|Xn|; [|Xn| ≥ a]

)
→ 0, a ↑ ∞, uniformly in n ≥ 1

(finitely many integrals for n ≤ N can be handled by making a > 0 large enough).
In short the sequence (Xn) is uniformly integrable and Xn → 0, P -as. Nonetheless
EG(Xn) �→ 0, P -as., since the G-measurability of Yn and independence of G of Zn

imply that
EG(Xn) = EG(YnZn) = YnEG(Zn) = YnE(Zn) = Yn �→ 0, P -as.

4.d Strong Law of Large Numbers. As striking applications of Levi’s theorem we
prove the Kolmogoroff Zero One Law and the Strong Law of Large Numbers. Let
X = (Xn) be a sequence of random variables. The σ-field

T =
⋂

n≥1 σ(Xn, Xn+1, Xn+2, . . .)

is called the tail-σ-field with respect to the sequence X. A function f : Ω → R is
called a tail-function of X if it is measurable with respect to the tail-σ-field T of
X.

The events A ∈ T are called the tail events with respect to the sequence X.
Clearly A is a tail event with respect to X if and only if the indicator function 1A

is a tail function of X.
Let f be a tail function of X and n ≥ 1. Then f is σ(Xn, Xn+1, . . .)-measurable

and hence f = gn(Xn, Xn+1, . . .) for some measurable function gn : R∞ → R (R∞

equipped with the product σ-field). Thus a tail function of X should be thought
of as a measurable function of X which does not depend on any finite collection of
the Xn. Obvious examples are f = lim supn Xn and f = lim infn Xn.

Likewise A ∈ σ(X) is a tail event if, for each ω ∈ Ω, it does not depend on
any finite collection of values X1(ω), X2(ω), . . . , XN (ω) whether ω ∈ A or not, but
merely on the values Xn(ω), n ≥ m, where m ↑ ∞. We will frequently use the
following fact:
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4.d.0. Assume that A and B are independent σ-fields and X, Y random variables.
If X is A-measurable and Y is B-measurable, then X and Y are independent.

Proof. Then we have σ(X) ⊆ A and σ(Y ) ⊆ B and the independence of σ(X) and
σ(Y ) follows.

4.d.1 Kolmogoroff Zero One Law. Assume that X = (Xn) is a sequence of inde-
pendent, integrable random variables. Then
(i) Every integrable tail function f of X is constant, P -as.
(ii) Every tail event A with respect to X satisfies P (A) = 0 or P (A) = 1.

Proof. (i) Let f be an integrable tail function of X. Set Fn = σ(X1, X2, . . . , Xn),
for each n ≥ 1, and F∞ = σ

(⋃
n≥1 Fn

)
= σ(X), as usual. We note that f is

F∞-measurable and hence EF∞(f) = f , P -as.
By independence of the sequence (Xn) the σ-fields Fn = σ(X1, X2, . . . , Xn) and

σ(Xn+1, Xn+2, . . .) are independent. Since f is σ(Xn+1, Xn+2, . . .)-measurable, it
follows that f is independent of the σ-field Fn. Consequently Zn := EFn

(f) = E(f),
P -as., for each n ≥ 1 (2.b.2). On the other hand Levi’s Theorem implies that
Zn → EF∞(f) = f , P -as. Thus f = limn↑∞ Zn = E(f), P -as.

(ii) Let A be a tail event with respect to X. Then the indicator function 1A is a tail
function with respect to the sequence X and is thus constant P -as. This implies
that 1A = 0, P -as., or 1A = 1, P -as., that is, P (A) = 0 or P (A) = 1.

For the proof of the Strong Law of Large Numbers we need some preparation.
Let X = (Xn) be a sequence of independent and identically distributed (iid) in-
tegrable random variables. For n ≥ 1 set Sn = X1 + X2 + . . . + Xn and let Yn be
the Rn-valued random vector Yn = (X1, X2, . . . , Xn). By the iid property of X the
distribution of Yn is the product measure

PYn = Yn(P ) = ν ⊗ ν ⊗ . . .⊗ ν, (0)

where ν is the common distribution of the Xj on R. For 1 ≤ j ≤ n let T : Rn → Rn

be the (linear) map which interchanges the first and jth coordinate and πj : Rn → R

the jth coordinate projection (πj(t) = tj , t = (t1, t2, . . . , tn) ∈ Rn). An application
of T to the measure PYn

merely interchanges the first and jth factor in (0) and
consequently the image measure T

(
PYn

)
satisfies

T
(
PYn

)
= PYn . (1)

Note also that we have πj = π1 ◦ T . We claim that

E
(
Xj ; [Sn ≤ a]

)
= E

(
X1; [Sn ≤ a]

)
, ∀a ∈ R. (2)
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Let a ∈ R and set A = [Sn ≤ a] and B = {t ∈ Rn | t1 + t2 + . . . + tn ≤ a }. Then
A = [Yn ∈ B] = Y −1

n (B). Using the image measure theorem (appendix B.5), it now
follows that

∫
A
XjdP =

∫
[Yn∈B]

πj(Yn)dP =
∫

B

πjdPYn

=
∫

B

(π1 ◦ T )dPYn =
∫

B

π1d T
(
PYn

)
=

∫
B

π1dPYn =
∫

A

X1dP,

as desired. For random variables Z ∈ E(P ),W1,W2, . . . write E(Z|W1,W2, . . .) =
E

(
Z|σ(W1,W2, . . .)

)
. With this notation we claim that

E(Xj |Sn) = E(X1|Sn). (3)

Set Y = E(Xj |Sn). We want to show that Y = E(X1|Sn). According to 2.b.4.(iii)
it will suffice to show that E(Y 1A) = E(X11A), equivalently E(Xj1A) = E(X11A),
for all sets A in some π-system generating the σ-field σ(Sn). In fact, according to
(2) the sets [Sn ≤ a], a ∈ R, form such a π-system.

4.d.2 Strong Law of Large Numbers. Let (Xn)n≥1 be a sequence of independent,
identically distributed, integrable random variables and Sn = X1 + X2 + . . . + Xn.
If µ denotes the common mean of the Xn, we have

Sn

n
→ µ, P -as. and in norm.

Proof. Let n ≥ 1. As E(Xj |Sn) = E(X1|Sn), for all j = 1, 2, . . . , n, we have

nE(X1|Sn) =
∑n

j=1 E(Xj |Sn) = E
(∑n

j=1 Xj |Sn

)
= E(Sn|Sn) = Sn,

and so Sn/n = E(X1|Sn) = E(X1|A) with A = σ(Sn). Let B = σ(Xn+1, Xn+2, . . .).
By independence of the sequence (Xn) the σ-fields σ(X1, X2, . . . , Xn) and B are
independent. Since σ(σ(X1),A) ⊆ σ(X1, X2, . . . , Xn), the σ-fields σ(σ(X1),A) and
B are independent also. According to 2.b.14 this implies that

Sn

n
= E(X1|Sn) = E(X1|A) = E(X1|σ(A,B)) = E(X1|Sn, Xn+1, Xn+2, . . .).

Since σ(Sn, Xn+1, Xn+2, . . .) = σ(Sn, Sn+1, Sn+2, . . .), it follows that

Sn

n
= E(X1|Sn, Sn+1, Sn+2, . . .) = EFn

(X1),

where Fn = σ(Sn, Sn+1, Sn+2, . . .). But these Fn form a decreasing chain of sub-σ-
fields of F . By Levi’s theorem (Sn/n,Fn) is a reversed martingale which converges
P -as. and in norm to some integrable limit Y ∈ L1(P ). Moreover we can take
Y = lim supn↑∞ Sn/n (which is defined everywhere).
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We claim that Y is a tail function with respect to the iid sequence (Xn), that
is, Y is σ(Xk, Xk+1, . . .)-measurable, for each k ≥ 1. Let k ≥ 1 be arbitrary. Then
we have

Y = lim sup
n↑∞

Sn

n
= lim sup

n↑∞

[
X1 + . . . + Xk−1

n
+

Xk + . . . + Xn

n

]

= lim sup
n↑∞

(Xk + . . . + Xn)
n

,

at each point of Ω. It follows that Y is σ(Xk, Xk+1, . . .)-measurable. Thus Y is a
tail function with respect to the sequence (Xn). By the Kolmogoroff 0-1 Law, Y
is constant P -as. and hence Y = E(Y ), P -as. As Sn/n → Y in norm, it follows
that E(Sn/n) → E(Y ). But E(Sn/n) = µ, for all n ≥ 1, and so E(Y ) = µ, hence
Y = µ, P -as. It follows that Sn/n → µ, P -as. and in norm.
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5. OPTIONAL SAMPLING OF CLOSED SUBMARTINGALE SEQUENCES

5.a Uniform integrability, last elements, closure. A last element for the partially
ordered index set T is an element ∞ ∈ T satisfying t ≤ ∞, for all t ∈ T . Such an
element is uniquely determined, if it exists. A submartingale X = (Xt,Ft)t∈T is
called closed, if the index set T has a last element. In this case the random variable
X∞ is called the last element of X and satisfies

Xt ≤ E(X∞|Ft), ∀ t ∈ T .

Closed supermartingales and closed martingales are defined similarly. The last
element X∞ of a closed martingale X satisfies Xt = E(X∞|Ft), for all t ∈ T . The
existence of last elements has strong consequences:

5.a.0. (i) If the submartingale X = (Xt) is closed, then the family {X+
t | t ∈ T } is

uniformly integrable.
(ii) If the martingale X = (Xt) is closed, then X itself is uniformly integrable.

Proof. (i) Let X = (Xt) be a submartingale with a last element. Then so is the
process (X+

t ), according to 3.a.0. Thus 0 ≤ X+
t ≤ E(X+

∞|Ft), t ∈ T , and the
uniform integrability of the family {X+

t | t ∈ T } now follows from the uniform
integrability of the family {EFt(X

+
∞) | t ∈ T } (2.b.13). (ii) follows directly from

2.b.13.
Consider now a submartingale X = (Xt,Ft)t∈T , where the index set T does

not have a last element. Choosing ∞ 
∈ T and decreeing that t ≤ ∞, for all t ∈ T ,
T can be enlarged to a partially ordered index set T ∪ {∞} with last element ∞.
The filtration (Ft) can also be extended by setting

F∞ = σ
(⋃

t∈T Ft

)
.

The question is now if the submartingale X can be extended also, that is, if
there exists a random variable X∞ such that the process (Xt,Ft)t∈T ∪{∞} is still
a submartingale, that is, such that X∞ is F∞-measurable, E(X+

∞) < ∞ and
Xt ≤ E(X∞|Ft), for all t ∈ T . A random variable X∞ having these proper-
ties will be called a last element for the submartingale X. The submartingale
X will be called closeable if there exists a last element X∞ for X. In this case
(Xt,Ft)t∈T ∪{∞} is a closed submartingale extending X.

A last element for the supermartingale X is not uniquely determined: If X∞ is
a last element for X and Z ≥ 0 is F∞-measurable with E(Z) finite, then X∞ + Z
is also a last element for X.

Closeable supermartingales and martingales and last elements for these are
defined similarly. Note that X∞ is a last element for the martingale X if and only
if X∞ ∈ L1(P ) is F∞-measurable and Xt = E(X∞|Ft), for all t ∈ T . Equivalently
X∞ is a last element for the martingale X if and only if it is a last element for X
both as a submartingale and as a supermartingale.
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Note for example that each nonnegative supermartingale X = (Xt) has a last
element, namely X∞ = 0. However, if X happens to be a martingale, then X∞ = 0
will be a last element for the martingale X only if Xt = 0, for all t ∈ T .

In the case of martingale sequences, that is, T = N with the usual order,
F∞ = σ

(⋃
n≥1 Fn

)
and the convergence theorems yield the following:

5.a.1. (i) The submartingale sequence X = (Xn,Fn) is closeable, if and only if the
sequence (X+

n ) is uniformly integrable. In this case X∞ = limnXn exists P -as. and
is a last element for X.
(ii) The martingale sequence (Xn,Fn) is closeable, if and only if it is uniformly
integrable. In this case the last element X∞ is uniquely determined as X∞ =
limnXn, P -as.

Proof. (i) From 5.a.0 it follows that the sequence (X+
n ) is uniformly integrable,

if X is closeable. Conversely, if the sequence (X+
n ) is uniformly integrable (and

hence L1-bounded), then, according to the Submartingale Convergence Theorem
4.a.3.(i),(iii) X∞ = lim supnXn (defined everywhere and F∞-measurable) is a last
element for the submartingale X.

(ii) This follows similarly from 5.a.0 and 4.a.5. Only the uniqueness of the last
element X∞ requires additional argument. Indeed, let Z be any last element for X,
that is Z ∈ L1(P ) F∞-measurable and Xn = E(Z|Fn), for all n ≥ 1. Then, from
Levi’s theorem, Xn → Z, P -as., that is, Z = limnXn, P -as.

Remark. The uniform integrability of the sequence (X+
n ) follows, for example, if

Xn ≤ Z, n ≥ 1, for some integrable random variable Z.

5.a.2 Example. Here we construct a nonzero, nonnegative martingale X = (Xn)
which converges to zero almost surely. The nonnegativity implies that ‖Xn‖1 =
E(Xn) = E(X1) > 0, for all n ≥ 1. Thus the martingale X is L1-bounded and
does not converge to zero in norm. It follows that X is not uniformly integrable.
Consequently X does not admit a last element, although it converges almost surely.

To obtain suchX let Ω be [0, 1[ equipped with the Borel sets and Lebesgue mea-
sure. Inductively define a sequence (Pn) of partitions of Ω into intervals as follows:
P0 := {[0, 1]} and the intervals in Pn+1 arise from those in Pn by bisection. In short,
Pn consists of the dyadic intervals In

k := [k/2n, (k + 1)/2n[, k = 0, 1, . . . , 2n − 1.
Now let Fn := σ(Pn) and set Xn := 2n1In

0
= 2n1[0,1/2n[. Clearly Xn ≥ 0

and Xn → 0 at all points ω 
= 0. We have to show that (Xn,Fn) is a martingale.
Since In

0 ∈ Fn, Xn is Fn-measurable. It remains to be shown that E(Xn+11A) =
E(Xn1A), for all sets A ∈ Fn. Since each set A ∈ Fn is a (finite) union of intervals
In
k , k = 0, 1, . . . , 2n−1, it will suffice to show that E(Xn+11In

k
) = E(Xn1In

k
), for all

k = 0, 1, . . . , 2n − 1. Indeed, both integrals equal one, if k = 0, and both are equal
to zero, for all other k.
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5.b Sampling of closed submartingale sequences. Let (Fn) be a filtration on
(Ω,F , P ), F∞ =

∨
Fn = σ (

⋃
n Fn) and set N∞ := N ∪ {∞}. Assume that X =

(Xn,Fn)1≤n<∞ is a submartingale sequence. Recall that a last element Z for the
submartingale X is an F∞-measurable random variable Z such that E(Z+) < ∞
and

Xn ≤ E(Z|Fn), 1 ≤ n <∞. (1)

Thus, if we set X∞ = Z, then (Xn)1≤n≤∞ is again a submartingale. Inequality (1)
is reversed in the case of a last element of a supermartingale and replaced with an
equality in the case of a martingale.

We have seen in 5.a.1 that a submartingale sequence has a last element if and
only if the sequence (X+

n ) is uniformly integrable. In this case X∞ = limnXn exists
P -as. and is a last element forX. More precisely, since F∞ is not assumed to contain
the P -null sets, Z = lim supnXn, which is defined everywhere, F∞-measurable and
equals the limit limnXn almost surely, is a last element for X.

A last element Z provides a random variable X∞ := Z which closes the sub-
martingale (Xn)1≤n<∞, that is, the extended sequence (Xn)1≤n≤∞ is still a sub-
martingale (and hence a closed submartingale). Moreover the random variable XT

is now defined for each optional time T : Ω → N∞. Here we set XT = X∞ = Z on
the set [T = ∞].

We will now show that a closed submartingale X = (Xn)1≤n≤∞ satisfies the
Optional Sampling Theorem 3.b.1 for all optional times S, T : Ω → N∞. The
general case will be put together from the following two special cases:
(i) X has the form Xn = E(Z|Fn) (5.b.0).
(ii) X is a nonnegative supermartingale and thus a supermartingale with last ele-

ment X∞ = 0 (5.b.1).

5.b.0. Let Z ∈ E(P ) with E(Z+) < ∞ and set Xn = E(Z|Fn) for 1 ≤ n ≤ ∞.
Then for any two optional times S, T : Ω → N∞ we have
(a) E

(
X+

S

)
<∞ and XS = E(Z|FS).

(b) S ≤ T implies XS = E(XT |FS).

Remark. If Z ∈ L1(P ), then (Xn) is a martingale with last element Z.

Proof. (a) We have X+
n ≤ EFn

(Z+) (2.b.12) and so E
(
1AX

+
n

)
≤ E

(
1AZ

+
)
, for all

sets A ∈ Fn. It follows that

E
(
X+

S

)
=

∑
1≤n≤∞

E
(
X+

n ; [S = n]
)
≤

∑
1≤n≤∞

E
(
Z+; [S = n]

)
= E(Z+) <∞.

Thus XS ∈ E(P ). As XS is FS-measurable (3.b.0.(c)), it will now suffice to show
that E

(
1AXS

)
= E

(
1AZ

)
, for all sets A ∈ FS . If A ∈ FS , then A ∩ [S = n] ∈ Fn,

for all n ∈ N∞, and it follows that

E
(
1AXS

)
=

∑
1≤n≤∞

E
(
XS ;A ∩ [S = n]

)
=

∑
1≤n≤∞

E
(
Xn;A ∩ [S = n]

)
=

∑
1≤n≤∞

E
(
Z;A ∩ [S = n]

)
= E

(
1AZ

)
.

(b) If S ≤ T , then FS ⊆ FT and so, using (a), E(XT |FS) = E (E(Z|FT ) | FS) =
E(Z|FS) = XS .
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5.b.1. Assume that (Xn)1≤n<∞ is a nonnegative supermartingale. Then X∞ = 0
is a last element for X. If S, T : Ω → N∞ are any optional times with S ≤ T , then
XS , XT ∈ L1(P ) and we have XS ≥ E(XT |FS).

Remark. Here we set XS = X∞ = 0 on the set [S = ∞] and the same for XT .

Proof. Let us first show that XS is integrable. For n ≥ 1 apply the Optional
Sampling Theorem 3.b.1 to the bounded optional times 1, S ∧ n ≥ 1 to conclude
that E

(
XS∧n

)
≤ E(X1). Since Xn ≥ 0 = X∞, we have XS ≤ lim infnXS∧n

and Fatou’s Lemma now shows that E(XS) ≤ lim infnE(XS∧n) ≤ E(X1) < ∞.
Combined with the nonnegativity of XS this shows that XS ∈ L1(P ).

Assume now that S ≤ T . To see that XS ≥ E(XT |FS) we must show that
E

(
1AXS

)
≥ E

(
1AXT

)
, for all sets A ∈ FS . Let A ∈ FS and n ≥ 1. Then

A∩ [S ≤ n] ∈ FS∧n (3.b.0.(g)). Thus the Optional Sampling Theorem 3.b.1 applied
to the bounded optional times S ∧ n ≤ T ∧ n yields

E
(
XS∧n;A ∩ [S ≤ n]

)
≥ E

(
XT∧n;A ∩ [S ≤ n]

)
≥ E

(
XT∧n;A ∩ [T ≤ n]

)
,

the second inequality following from A ∩ [S ≤ n] ⊇ A ∩ [T ≤ n] and XT∧n ≥ 0.
Since XS∧n = XS on the set [S ≤ n] (and a similar fact for XT∧n), this can be
rewritten as E

(
XS ;A ∩ [S ≤ n]

)
≥ E

(
XT ;A ∩ [T ≤ n]

)
. Letting n ↑ ∞ and using

increasing convergence it follows that

E
(
XS ;A ∩ [S <∞]

)
≥ E

(
XT ;A ∩ [T <∞]

)
.

As XS = X∞ = 0 on the set [S = ∞] and XT = 0 on the set [T = ∞], this can be
rewritten as E

(
1AXS

)
≥ E

(
1AXT

)
, as desired.

5.b.2 Discrete Optional Sampling Theorem. Let X = (Xn)1≤n≤∞ be a closed
submartingale sequence. Then we have E

(
X+

T

)
< ∞ and XS ≤ E(XT |FS), for all

optional times S, T : Ω → N∞ with S ≤ T .

Proof. Let Z = X∞. Then E(Z+) < ∞ and Xn ≤ E(Z|Fn). Set An = E(Z|Fn).
Then An and −Xn are supermartingales and so Bn = An − Xn is a nonnegative
supermartingale satisfying Xn = An − Bn. Defining A∞ = E(Z|F∞) = Z = X∞
and B∞ = 0 we have X∞ = A∞ − B∞. Here 5.b.0 and 5.b.1 apply to A and B
respectively: If S, T : Ω → N∞ are optional times with S ≤ T , then BT ∈ L1(P ) and
XS = AS − BS , XT = AT − BT . Moreover BS ≥ E(BT |FS) and AS = E(AT |FS)
and thus

XS = AS −BS ≤ E(AT |FS)− E(BT |FS) = E(XT |FS).

It remains to be shown only that E(X+
T ) < ∞. Since BT ≥ 0 we have X+

T ≤
A+

T = 1[AT ≥0]AT . Moreover, according to 5.b.0, AT = E(Z|FT ) and integrating
this equality over the set [AT ≥ 0] ∈ FT yields

E(X+
T ) ≤ E(A+

T ) = E
(
1[AT ≥0]AT

)
= E

(
1[AT ≥0]Z

)
≤ E(Z+) <∞.
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Remark. XS is FS-measurable (3.b.0.(c)). According to 2.b.4.(i) the inequality
XS ≤ E(XT |FS) is thus equivalent with E

(
1AXS

)
≤ E

(
1AXT

)
, for all sets A ∈ FS ,

and implies in particular that E(XS) ≤ E(XT ). The corresponding fact for closed
supermartingales (all inequalities reversed) follows easily from this. If X is a closed
martingale, then it is both a closed supermartingale and a closed submartingale
with the same last element. The conclusion of 5.b.2 then becomes XT ∈ L1(P ) and
XS = E(XT |FS), for all optional times S, T : Ω → N∞ with S ≤ T .
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6. MAXIMAL INEQUALITIES FOR SUBMARTINGALE SEQUENCES

6.a Expectations as Lebesgue integrals. Let X be a random variable.

6.a.0. Assume that X ≥ 0 and that h : [0,+∞) → [0,+∞) is continuously differen-
tiable, nondecreasing and satisfies h(0) = 0. Then

E(h ◦X) =
∫
Ω
h(X(ω))P (dω) =

∫ +∞
0

h′(t)P (X > t) dt =
∫ +∞
0

h′(t)P (X ≥ t) dt.

Proof. For each ω ∈ Ω

h(X(ω)) = h(X(ω))− h(0) =
∫ X(ω)

0
h′(t)dt

=
∫ +∞
0

h′(t)1[0,X(ω)](t)dt =
∫ +∞
0

h′(t)1[0,X(ω)[(t)dt.

The last two integrals are equal, since they are integrals with respect to Lebesgue
measure on the line and their integrands differ only at the point t = X(ω). As
1[0,X(ω)](t) = 1[X≥t](ω) and 1[0,X(ω)[(t) = 1[X>t](ω) we can write this as

h(X(ω)) =
∫ +∞
0

h′(t)1[X≥t](ω)dt and h(X(ω)) =
∫ +∞
0

h′(t)1[X>t](ω)dt. (0)

Using the first equality in (0) we can show E(h◦X) =
∫ +∞
0

h′(t)P ([X ≥ t]) dt by an
application of Fubini’s theorem (justified by the σ-finiteness of Lebesgue measure
and the positivity of the integrand h′(t)1[X≥t](ω) below):

E(h ◦X) =
∫
Ω
h(X(ω))P (dω) =

∫
Ω

(∫ +∞
0

h′(t)1[X≥t](ω)dt
)
P (dω)

=
∫ +∞
0

h′(t)
(∫

Ω
1[X≥t](ω)P (dω)

)
dt =

∫ +∞
0

h′(t)P ([X ≥ t]) dt.

The proof of the equality E(h ◦ X) =
∫ +∞
0

h′(t)P ([X > t]) dt is exactly the same
starting from the second equality in (0).

Remark. 6.a.0 applies for example also to the function h(t) =
√
t, which is not

differentiable at the point 0, since this function h also satisfies h(x) =
∫ x

0
h′(t)dt,

for all x ≥ 0. We will need this in 9.d below.

6.a.1. (a) If X ≥ 0 then E(X) =
∫
Ω
X(ω)P (dω) =

∫ +∞
0

P (X > t)dt.
(b) If p ≥ 1 then ‖X‖p

p = E(|X|p) =
∫ +∞
0

ptp−1P (|X| > t)dt.

Proof. (a) Apply 6.a.0 with h(t) = t. (b) Apply 6.a.0 to the nonnegative random
variable |X| and the function h(t) = tp.

6.b Maximal inequalities for submartingale sequences. Let (Xk)N
k=1 be a (finite)

submartingale and set Fk = σ(Xj ; j ≤ k) and X∗
N = max1≤k≤N Xk.

For λ > 0 we have the trivial inequality λP (X∗
N ≥ λ) ≤ E

(
X∗

N ; [X∗
N ≥ λ]

)
.

Since the submartingale (Xk)N
k=1 has a tendency to increase we would expect the

random variable XN to play a large role in the computation of the maximum X∗
N .

Indeed, in the previous integral, X∗
N can be replaced with the smaller XN :
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6.b.0. λP ([X∗
N ≥ λ]) ≤ E

(
XN ; [X∗

N ≥ λ]
)
≤ E(X+

N ), for all λ > 0.

Proof. The second inequality above being clear, we concern ourselves only with the
first. Set Xk = XN and Fk = FN , for k ≥ N . Then (Xk)k≥1 is a submartingale
sequence. Let λ > 0 and define

T (ω) = min{ k ∈ {1, . . . , N} | Xk(ω) ≥ λ } ∧ (N + 1)

(= N + 1, if no such k exists). We claim that T : Ω → {1, 2, . . . , N + 1} is an
optional time for the filtration (Fk). Indeed, for k ≤ N ,

[T ≤ k] = [X1 ≥ λ] ∪ [X2 ≥ λ] ∪ . . . ∪ [Xk ≥ λ] ∈ Fk, (0)

while for k > N we have [T ≤ k] = Ω ∈ Fk. Let now A be the event

A = [X∗
N ≥ λ] = [X1 ≥ λ] ∪ [X2 ≥ λ] ∪ . . . ∪ [XN ≥ λ] = [T ≤ N ].

Since T is FT -measurable (3.b.0.(c)), we have A ∈ FT . By definition of T we have
XT ≥ λ on A. Recalling that XN+1 = XN and applying the Optional Sampling
Theorem 3.b.1 to the bounded optional times T ≤ N + 1 it follows that

λP ([X∗
N ≥ λ]) = λP (A) ≤ E

(
1AXT

)
≤ E(1AXN+1) = E(1AXN ) = E

(
XN ; [X∗

N ≥ λ]
)
.

6.b.1. Assume that (Xk)N
k=1 is a martingale and p ≥ 1. If E(|XN |p) < ∞, then(

|Xk|p
)N

k=1
is a submartingale.

Proof. Assume that E(|XN |p) <∞. Since the function φ(t) = |t|p is convex, it will
suffice to show that E(|Xk|p) <∞, for all k = 1,. . . , N (3.a.1). By the martingale
property |Xk| =

∣∣EFk
(XN )

∣∣ ≤ EFk

(
|XN |

)
and so, by Jensen’s inequality and the

convexity of φ,

|Xk|p ≤ EFk

(
|XN |

)p ≤ EFk

(
|XN |p

)
, P -as.

Integrating this inequality over the set Ω, we obtain E(|Xk|p) ≤ E(|XN |p) <∞, as
desired.

6.b.2. Assume that (Xk)N
k=1 is a martingale and set S∗ = max1≤k≤N |Xk|. Then

P (S∗ ≥ λ) ≤ λ−pE
(
|XN |p

)
, for all λ > 0 and p ≥ 1.

Proof. We may assume that E(|XN |p) < ∞ (otherwise the inequality is trivial).
Set Yk = |Xk|p and Y ∗

N = max1≤k≤N Yk. Then (Yk)N
k=1 is a submartingale (6.b.1).

Moreover [S∗ ≥ λ] = [Y ∗
N ≥ λp]. Applying 6.b.0 to (Yk) and λp now yields

λp P (S∗ ≥ λ) = λp P
(
Y ∗

N ≥ λp
)
≤ E(Y +

N ) = E(YN ) = E(|XN |p).
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6.b.3. Let (Xk)N
k=1 be a martingale and set S∗ = max1≤k≤N |Xk|. Then

‖XN‖p ≤ ‖S∗‖p ≤
p

p− 1
‖XN‖p, ∀p > 1.

Proof. If ‖XN‖p = ∞, there is nothing to prove. Thus assume that XN ∈ Lp(P ).
Then Xk ∈ Lp(P ), 1 ≤ k ≤ N (6.b.1) and so S∗ ∈ Lp(P ) also. Moreover (|Xk|)N

k=1

is a submartingale sequence and thus, according to 6.b.0,

tP ([S∗ ≥ t]) ≤
∫

Ω

|XN |1[S∗≥t], t ≥ 0. (1)

Using 6.a.0 with h(t) = tp, we can now write

1
p
E((S∗)p) =

∫ +∞

0

tp−1P (S∗ ≥ t)dt =
∫ +∞

0

tp−2tP (S∗ ≥ t)dt ≤ (using (1)) ≤

≤
∫ +∞

0

[∫
Ω

tp−2|XN (ω)|1[S∗≥t](ω)P (dω)
]
dt = (Fubini) =

=
∫

Ω

[∫ +∞

0

|XN |tp−21[0,S∗(ω)](t)dt
]
P (dω) = E

[
|XN |

∫ S∗(ω)

0

tp−2dt

]

=
1

p− 1
E

(
|XN |(S∗)(p−1)

)
.

Now let q denote the exponent conjugate to p, given by 1
p + 1

q = 1 and so q = p
p−1 .

Multiplying the above inequality with p and using Holder’s inequality we obtain

E((S∗)p) ≤ qE
(
|XN |(S∗)(p−1)

)
≤ qE(|XN |p)

1
pE

(
(S∗)(p−1)q

) 1
q

= q
∥∥XN

∥∥
p
E ((S∗)p)

1
q .

Divide by E ((S∗)p)
1
q using 1− 1

q = 1
p to obtain E((S∗)p)

1
p ≤ q

∥∥XN

∥∥
p
. This is the

second inequality in 6.b.3. The first inequality is trivial.
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7. CONTINUOUS TIME MARTINGALES

7.a Filtration, optional times, sampling. We now turn to the study of martingales
indexed by the set T = [0,∞) with the usual order. A T -filtration (Ft)t≥0 on
(Ω,F , P ) is called right continuous if it satisfies

Ft =
⋂

s>t Fs, and all t ≥ 0;

equivalently, if sn ↓ t implies that Fsn ↓ Ft, for all sequences (sn) ⊆ R and all
t ≥ 0. Recall also that the filtration (Ft) is called augmented if F0 (and hence
each σ-field Ft) contains the family of P -null sets. As in the discrete case we set
F∞ = σ

(⋃
t≥0 Ft

)
. The theory now proceeds under the following

7.a.0 Assumption. The probability space (Ω,F , P ) is complete and the filtration
(Ft)t≥0 on (Ω,F , P ) right continuous and augmented.

Augmentation eliminates measurability problems on null sets. Let X = (Xt), Y =
(Yt), X(n) = (Xt(n)) be stochastic processes on (Ω,F , P ) indexed by T = [0,∞)
and t ≥ 0. If Xt is Ft-measurable and Yt = Xt, P -as., then Yt is Ft-measurable.
Likewise, if Xt(n) is Ft-measurable, for all n ≥ 1, and Xt(n) → Xt, P -as., as n ↑ ∞,
then Xt is Ft-measurable. If ω ∈ Ω, the function

t ∈ [0,∞) �→ Xt(ω) ∈ R

is called the path of X in state ω. The process X is called (right, left) continuous if
X is (Ft)-adapted and P -ae. path ofX is finitely valued and (right, left) continuous.
Let us call the processes X, Y versions of each other and write X = Y if they
satisfy

Xt = Yt, P -as., for all t ≥ 0. (0)

Since the filtration (Ft) is augmented, each version of an (Ft)-adapted process is
again (Ft)-adapted.

The exceptional null set [Xt 
= Yt] in (0) is allowed to depend on t. If this null
set can be made independent of t ≥ 0, that is, if there is a P -null set N ⊆ Ω such
that Xt(ω) = Yt(ω), for all ω ∈ Ω \N and all t ≥ 0, then we call the processes X
and Y indistinguishable. Clearly X and Y are indistinguishable if and only if the
paths t ∈ [0,∞) �→ Xt(ω) and t ∈ [0,∞) �→ Yt(ω) are identical, for P -ae. ω ∈ Ω.
These notions of equality agree for right continuous processes, to which mostly we
shall confine our attention:

7.a.1. Assume that the right continuous processes X and Y are versions of each
other. Then they are indistinguishable.

Proof. For each rational number r ≥ 0 choose a null set Er ⊆ Ω such that Xr = Yr

on the complement Ec
r and let E ⊇

⋃
r Er be a null set such that the paths t �→

Xt(ω) and t �→ Yt(ω) are right continuous, for each ω ∈ Ec. If ω ∈ Ec then the
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paths t �→ Xt(ω) and t �→ Yt(ω) are right continuous and satisfy Xr(ω) = Yr(ω),
for all r ∈ [0,∞) ∩Q and so Xt(ω) = Yt(ω), for all t ≥ 0.

Recall that an (Ft)-optional time is a function T : Ω → [0,+∞] satisfying

[T < t] ∈ Ft, 0 ≤ t <∞. (1)

The value T = ∞ is allowed. It follows easily that (1) also holds for t = ∞. The
right continuity of the filtration (Ft) implies that condition (1) is equivalent with

[T ≤ t] ∈ Ft, 0 ≤ t <∞. (2)

Indeed, assuming (1), the set [T ≤ t] =
⋂

r>s>t[T < s] is in Fr, for each r > t, and
thus [T ≤ t] ∈ Ft. Conversely, assuming (2), the set [T < t] =

⋃
s<t[T ≤ s] ∈ Ft.

The equivalence of (1) and (2) is very useful and greatly simplifies the statements
and proofs of results below.

Let T be an optional time. Then all the sets [T < t], [T > t] and [T = t] are in
Ft, for each t ≥ 0. We set

FT : = {A ∈ F∞ | A ∩ [T < t] ∈ Ft, ∀ 0 ≤ t <∞}
= {A ∈ F∞ | A ∩ [T ≤ t] ∈ Ft, ∀ 0 ≤ t <∞}
= {A ⊆ Ω | A ∩ [T ≤ t] ∈ Ft, ∀ 0 ≤ t ≤ ∞},

(3)

the second equality again due to the right continuity of the filtration (Ft) and the
last being trivial. FT is the family of events of which it is known prior to time T
whether they have occurred or not. More precisely, for ω ∈ Ω it is known by time
T (ω), whether ω ∈ A or not, that is, the value 1A(ω) is known by time T (ω).

7.a.2. Assume that Tn, n = 1, 2, . . . are optional times. Then each of the following
are optional times also:

(a) supn Tn, infn Tn, T1 ∧ T2, T1 ∨ T2 and T1 + T2.

(b) lim supn Tn and lim infn Tn.

Proof. (a) Set T = supn Tn. For each t ≥ 0 we have [T ≤ t] =
⋂

n[Tn ≤ t] ∈ Ft.
Similarly, if S = infn Tn, then [S < t] =

⋃
n[Tn < t] ∈ Ft. Using the equivalent

conditions (1) and (2) for optionality, this shows that S and T are optional times.
The optionality of T1 ∧ T2 and T1 ∨ T2 follows as a special case. Finally set T =
T1+T2. Then, for each t ≥ 0, [T < t] =

⋃
r,s∈Q,r+s<t [T1 < r] ∩ [T2 < s] ∈ Ft. Thus

T is optional. (b) lim infn Tn = supn infm≥n Tm and lim supn Tn = infn supm≥n Tm

are optional, by (a).
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7.a.3. Let S, T, Tn, n ≥ 1, be optional times, T̃ : Ω → [0,∞] and Z a random
variable. Then
(a) S ≤ T implies FS ⊆ FT .
(b) FT is a σ-field and T is FT -measurable.
(c) Z is FT -measurable if and only if Z1[T<t] is Ft-measurable, for each t ≥ 0.
(d) [S < T ], [S = T ] ∈ FS∧T .
(e) If the filtration (Ft) is augmented, then FT contains all the null sets.
(f) If Tn ↓ T , then FTn

↓ FT .
(g) If Tn ↑ T and

⋃
n[Tn = T ] = Ω, then FTn ↑ FT .

(h) FT contains the P -null sets.
(i) If T̃ = T , P -as., then T̃ is an optional time and FT̃ = FT .
(j) If A ∈ FS then A ∩ [S ≤ T ] ∈ FS∧T .

Remark. The condition
⋃

n[Tn = T ] = Ω in (g) means that the limit T = limn Tn

is hit in finite time at each point ω ∈ Ω. This condition is satisfied for example if
the Tn are of the form Tn = S ∧ Sn, where S <∞ and Sn ↑ ∞ almost surely.

Proof. (e) is obvious. (a) Assume that S ≤ T . Then [T < t] ⊆ [S < t] and
[T < t] ∈ Ft, for each t ≥ 0. Let A ∈ FS and t ≥ 0. Then A ∩ [S < t] ∈ Ft and so
A ∩ [T < t] = (A ∩ [S < t]) ∩ [T < t] ∈ Ft. Thus A ∈ FT .

(b) It is easy to see that ∅ ∈ FT and that FT is closed under countable unions. Let
A ∈ FT and t ≥ 0. Then Ac ∩ [T < t] = [T < t] \

(
A∩ [T < t]

)
∈ Ft. Thus Ac ∈ FT

and FT is closed under complements. One easily verifies that [T < r] ∈ FT , for
each r ∈ R, and this shows that T is FT -measurable.

(c) (⇒) Assume that Z is FT -measurable. We wish to show that Z1[T<t] is Ft-
measurable, for each t ≥ 0. We follow the usual extension procedure from indicator
functions. Assume first that Z = 1F , where F ∈ FT and let t ≥ 0 be arbitrary.
Then F ∩ [T < t] ∈ Ft; equivalently, Z1[T<t] = 1F∩[T<t] is Ft-measurable. By
linearity it follows that Z1[T<t] is Ft-measurable, for each t ≥ 0, whenever Z is an
FT -measurable simple function.

Next let Z be a nonnegative FT -measurable function and t ≥ 0. Choose a
sequence (Zn) of nonnegative FT -measurable simple functions such that Zn ↑ Z.
Then Zn1[T<t] ↑ Z1[T<t]. By the previous step, Zn1[T<t] is Ft-measurable, for each
n ≥ 1, and it follows that Z1[T<t] is Ft-measurable. The extension to arbitrary
FT -measurable Z is accomplished by decomposing such Z as Z = Z+ − Z−.
(⇐) Assume now that Z1[T<t] is Ft-measurable, for each t ≥ 0. To see that Z is
FT -measurable, it will suffice to show that [Z ≥ r] ∈ FT , for all real numbers r;
equivalently, [Z ≥ r] ∩ [T < t] ∈ Ft, for all t ≥ 0 and r ∈ R. Indeed, for such r and
t we have [Z ≥ r] ∩ [T < t] =

[
Z1[T<t] ≥ r

]
∩ [T < t] ∈ Ft, where we have used

[T < t] ∈ Ft, by optionality of the random time T .

(d) [S < T ]∩ [S ∧T < t] = [S < T ]∩ [S < t] =
⋃{

[S < q < T ] : q ∈ Q∩ [0, t]
}
∈ Ft,

for all t ≥ 0. This shows that [S < T ] ∈ FS∧T . By symmetry [T < S] ∈ FS∧T and
so [S = T ] = ([S < T ] ∪ [T < S])c ∈ FS∧T .
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(f) Assume that TN ↓ T , as N ↑ ∞. From (a) it follows that FT1 ⊇ FT2 ⊇ . . . and
FT ⊆

⋂
N FTN

. Thus it remains to be shown only that
⋂

N FTN
⊆ FT .

Let A ∈ FTN
, for all N ≥ 1. Then A ∩ [TN < t] ∈ Ft, for all t ≥ 0 and

all N ≥ 1. Let t ≥ 0. As TN ↓ T , N ↑ ∞, we have [T < t] =
⋃

N [TN < t]
and so A ∩ [T < t] =

⋃
N (A ∩ [TN < t]) ∈ Ft. Thus A ∈ FT . This shows that

FT =
⋂

N FTN
.

(g) Set G = σ (
⋃

N FTN
). From (a) it follows that FT1 ⊆ FT2 ⊆ . . . ⊆ FT and so

G ⊆ FT . Thus it remains to be shown only that FT ⊆ G. Let A ∈ FT . We claim
that AN := A ∩ [T = TN ] ∈ FTN

, for all N ≥ 1.
Since [T = TN ] ∈ FT∧TN

⊆ FT we have AN ∈ FT . Let t ≥ 0. Since T = TN

on the set AN , we have AN ∩ [TN < t] = AN ∩ [T < t] ∈ Ft. This shows that
AN ∈ FTN

⊆ G. From
⋃

N [T = TN ] = Ω it now follows that A =
⋃

N AN ∈ G, as
desired. (h), (i) follow easily from the fact that Ft contains the P -null sets, for each
t ≥ 0 (assumption 7.a.0).

(j) Let A ∈ FS and r ≥ 0. To verify A ∩ [S ≤ T ] ∈ FS∧T we must show that
A ∩ [S ≤ T ] ∩ [S ∧ T ≤ r] ∈ Fr. Indeed A ∩ [S ≤ r] ∈ Fr, the optional times T ∧ r,
S ∧ r are Fr-measurable (7.a.3.(a),(b)) and so [S ∧ r ≤ T ∧ r] ∈ Fr. Consequently
A∩ [S ≤ T ]∩ [S∧T ≤ r] = A∩ [S ≤ T ]∩ [S ≤ r] = A∩ [S ≤ r]∩ [S∧r ≤ T ∧r] ∈ Fr,
as desired.

Remark. Measurability with respect to FT should be interpreted as follows: A
random variable Z is FT -measurable, if the value Z(ω) is known by time T (ω), for
each ω ∈ Ω.

Sampling a process X. Let now X = Xt(ω) = X(t, ω) be any adapted process on
the filtered probability space (Ω,F , (Ft), P ) and T : Ω → [0,∞] a random time.
The random variable XT , to be interpreted as the process X sampled at time T , is
defined as follows

(XT ) (ω) = XT (ω)(ω), ω ∈ Ω.

Here provisions have to be made for the case T (ω) = ∞. We set XT = X∞ on
the set [T = ∞], where X∞ is some previously specified, F∞-measurable random
variable (exactly which will depend on the context).

The most common choice for X∞ is X∞ = lim supnXn in case limt↑∞Xt ∈ R
exists almost surely. Then X∞ is defined everywhere, F∞-measurable and satisfies
X∞ = limt↑∞Xt ∈ R, P -as. On occasion the choice X∞ = 0 is made. This is the
case in particular if XT is to be interpreted as the reward for quitting a game at
time T (no reward if we have to wait infinitely long).

At present it is not even clear that XT , so defined, is measurable. We will
turn to this problem several times below. The following lemma is the basic tool
which will allow us to reduce many questions from continuous time martingales to
martingale sequences: It approximates arbitrary optional times by optional times
with countable range. Recall that [x] denotes the greatest integer not exceeding x.
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7.a.4 Discretization Lemma. Let T be an optional time. For each N ≥ 1 set

TN (ω) :=
(
[2NT (ω)] + 1

)/
2N (= ∞, if T (ω) = ∞), ω ∈ Ω. (4)

Then each TN is an optional time and TN ↓ T , pointwise on Ω, as N ↑ ∞.

Proof. For N ≥ 1 set DN := { k2−N | k = 0, 1, 2, . . .}. The points in DN are
the endpoints of dyadic intervals [k/2N , (k + 1)/2N ) of degree N , which form a
partition of the interval [0,∞). For t ∈ [0,∞] set

bN (t) = inf{β ∈ DN | β > t } and aN (t) = bN (t)− 2−N .

Thus, if t <∞, t ∈ [aN (t), bN (t)) and so [aN (t), bN (t)) is the unique dyadic interval
[k/2N , (k+1)/2N ) of degree N which contains the point t. If t = ∞, then bN (t) = ∞
also. One verifies easily that bN (t) =

(
[2N t] + 1

)/
2N and so

TN (ω) = bN (T (ω)), ω ∈ Ω. (5)

Note that t ≤ bN (t) ≤ t + 2−N and DN ⊆ DN+1 which implies bN+1(t) ≤ bN (t).
Consequently bN (t) ↓ t, as N ↑ ∞, for each t ∈ [0,∞]. From (5) it now follows
that TN ↓ T pointwise everywhere on Ω. It remains to be shown only that the TN

are optional. Let N ≥ 1, ω ∈ Ω and t ≥ 0. Then TN (ω) = bN (T (ω)) ≤ t if and
only if the degree N dyadic interval containing t is to the right of the degree N
dyadic interval containing T (ω) and this is equivalent with aN (t) > T (ω). Thus
[TN ≤ t] = [T < aN (t)] ∈ FaN (t) ⊆ Ft.

7.a.5. Assume that the process X = (Xt) has right continuous paths almost surely,
X∞ is any F∞-measurable random variable and that T is an optional time. Then
XT is FT -measurable.

Proof. Let TN be as in 7.a.4. If ω ∈ Ω is such that the path t �→ Xt(ω) is right
continuous, then the convergence TN (ω) ↓ T (ω) implies that

(XTN
)(ω) = XTN (ω)(ω) → XT (ω)(ω) = (XT )(ω), as N ↑ ∞.

Thus we have XTN
→ XT , as N ↑ ∞, P -as. Moreover the random time T has

countable range in the set DN = { k2−N | k = 0, 1, 2, . . .}. Thus the random
variable XTN

can be viewed as a sample of the sequential process (Xk2−N )k≥1

at time TN . It follows from the sequential theory (3.b.0.(c)) that XTN
is FTN

measurable, for each N ≥ 1. According to 7.a.3.(f) we have FTN
↓ FT . It is easily

verified that the limit Y = lim supnXTn = lim supn≥N XTn is FTN
-measurable, for

each N ≥ 1.
Since FT =

⋂
N≥1 FTN

it follows that Y is FT -measurable. Finally, since
XT = Y , P -as. and the σ-field FT contains the null sets, it follows that XT is
FT -measurable.
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7.a.6 Examples. (1) It is easy to see that the constant time T = t is optional.
To get a more interesting example, let A ∈ F , 0 ≤ s < t and set T = s1Ac + t1A.
Then, for each real number r we have

[T ≤ r] =

{ ∅ if r < s,
Ac if s ≤ r < t,
Ω if r ≥ t.

Thus the requirement for optionality of T , [T ≤ r] ∈ Fr, r ≥ 0, translates into the
condition Ac ∈ Fs. In other words, T is an optional time if and only if A ∈ Fs. In
particular the random time T = t1A is optional if and only if A ∈ F0.

(2) Let P = {A1, A2, . . .} be a countable partition of Ω and 0 ≤ t1 < t2 < . . . and set
T =

∑
n tn1An . If T is optional, then A1 = [T ≤ t1] ∈ Ft1 , A1∪A2 = [T ≤ t2] ∈ Ft2

and so A2 ∈ Ft2 . Continuing in this fashion we see that An ∈ Ftn
, for all n ≥ 1.

Conversely this condition implies that T is optional. This characterizes all optional
times T with countable range. If X is any process, then XT =

∑
n 1An

Xtn
.

(3) Hitting times. Let E be a Polish space (complete separable metric space), E
the Borel σ-field on E and assume that the process X = (Xt) takes values in the
(E, E). More precisely we assume that Xt : (Ω,F) → (E, E) is measurable, for each
t ≥ 0. For a subset A ⊆ E we define the hitting time TA and first exit time τA
as follows:

TA := inf{ t > 0 | Xt ∈ A }
τA := inf{ t > 0 | Xt 
∈ A }.

Then τA = TAc . From the definition it is clear that A ⊆ B ⇒ TA ≥ TB .

7.a.7. Assume that the process X is adapted and has continuous paths, P -as. Then
the hitting time TA is optional, for each open and each closed subset A ⊆ E.

Proof. We may assume that all paths t �→ Xt(ω) are continuous. Otherwise we can
replace X with a process which has this property and is indistinguishable from X.
This affects hitting times only on P -null sets and has no effect on optionality since
the filtration (Ft) is augmented.

Assume first that the set A is open and t > 0. The path continuity of X implies
that [TA < t] =

⋃
q∈Q,q<t[Xq ∈ A] ∈ Ft, for all t ≥ 0. Thus TA is optional.

Assume now that the set A is closed and set Gn = {x ∈ E | dist(x,A) < 1/n },
n > 0. Then Gn ↓ A, since A is closed. Since each set Gn is open, TGn

is optional,
for each n > 0. According to 7.a.2.(b) it will now suffice to show that TGn

↑ TA, as
n ↑ ∞.

Indeed, Gn ↓ implies TGn ↑ and consequently TGn ↑ T , where T = supn TGn .
It will thus suffice to show that TA = T . From Gn ⊇ A it follows that TGn

≤ TA,
for each n > 0, and consequently T ≤ TA. Thus it remains to be shown only that
TA ≤ T .

Indeed, let ω ∈ Ω and r > T (ω) be arbitrary. Then, for each n > 0, we have
r > TGn(ω) and consequently there exists tn < r such that Xtn(ω) ∈ Gn. Replacing
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the sequence (n) with a suitable subsequence (kn) if necessary (this maintains the
relationship Gn ↓ A), we may assume that tn → t ≤ r. The continuity of the path
s→ Xs(ω) now implies thatXtn(ω) → Xt(ω). From this and dist(Xtn(ω), A) < 1/n
it follows that dist(Xt(ω), A) = 0, that is, Xt(ω) ∈ A, by closedness of the set
A. Thus TA(ω) ≤ t ≤ r. Since here r > T (ω) was arbitrary we conclude that
TA(ω) ≤ T (ω), as desired.

7.b Pathwise continuity. The Upcrossing Lemma implies certain continuity proper-
ties of submartingale paths. Indeed, we will see below (7.b.3) that every martingale
has a right continuous version.

7.b.0. Let (Xt)t≥0 be a submartingale and S ⊆ [0,+∞) a countable dense subset.
Then, for P -ae. ω ∈ Ω,
(i) the limits limS�s↓tX(s, ω) and limS�s↑tX(s, ω) exist in [−∞,+∞) for each

t ≥ 0 respectively t > 0.
(ii) The set {X(s, ω) | s ∈ I ∩S } ⊆ [−∞,+∞) is bounded above, for each bounded
interval I ⊆ [0,+∞).

Remark. (a) Here the value of the limits in (i) does not depend on the countable
dense subset S ⊆ [0,+∞) (given any two such sets the union is another such set)
but the exceptional null set on which the limits may fail to exist does depend on
the set S. Thus it is in general not true that lims↓tX(s, ω) exists, for each t ≥ 0,
P -as. This question of right continuity of the paths will be dealt with later.
(b) We claim that the limits in (i) are less than +∞. Note that this property follows
from (ii).
(c) In the supermartingale case the limits exist and are bigger than −∞ and the
set in (ii) is bounded from below. In the martingale case the limits exist and are
finite and the set in (ii) is bounded both above and below.

Proof. (i) Let m ≥ 1. For a finite subset T = { t1 < t2 < . . . < tn } ⊆ S ∩ [0,m]
and real numbers α < β let UT (α, β)(ω) denote the number of times the sample
path (Xt1(ω), Xt2(ω), . . . , Xtn(ω)) crosses from below α to above β. Applying the
Upcrossing Lemma to the finite submartingale sequence (Xt1 , Xt2 , . . . , Xtn

, Xm) we
obtain

E (UT (α, β)) ≤ E(X+
m) + |α|
β − α , for all finite subsets T ⊆ S ∩ [0,m]. (0)

Now write the countable set S ∩ [0,m] as the increasing union S ∩ [0,m] =
⋃

n Tn,
for some increasing sequence of finite subsets Tn ⊆ S ∩ [0,m]. Then the sequence
of random variables UTn(α, β) increases at each point of Ω and we set

US∩[0,m](a, β)(ω) = lim
n↑∞

UTn(α, β)(ω), ω ∈ Ω,

to be interpreted (vaguely) as the number of upcrossings of the sample path t ∈
S ∩ [0,m] → Xt(ω) from below α to above β. If T ⊆ S ∩ [0,m] is any finite subset,
then T ⊆ Tn, for some n ≥ 1, and consequently

UT (α, β) ≤ US∩[0,m](a, β) on Ω, for each finite subset T ⊆ S ∩ [0,m]. (1)
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By monotone convergence we have

E
(
US∩[0,m](a, β)

)
= lim

n
E (UTn

(a, β)) ≤ E(X+
m) + |α|
β − α <∞, (2)

and in particular thus US∩[0,m](a, β) < ∞, P -as., where the exceptional set may
still depend on m ≥ 1. Since a countable union of null sets is again a null set, it
follows that there exists a null set N ⊆ Ω such that

US∩[0,m](a, β)(ω) <∞, for all ω ∈ Ω \N, m ≥ 1,

and all pairs of rational numbers (α, β) with α < β.
(3)

Let ω ∈ Ω \ N . We claim that the one sided limit limS�s↓tX(s, ω) exists for each
t ≥ 0 and the one sided limit limS�s↑tX(s, ω) exists for each t > 0. Indeed let t > 0
and assume that limS�s↑tX(s, ω) does not exist. Then there exist rational numbers
α < β such that

lim inf
S�s↑t

X(s, ω) < α < β < lim sup
S�s↑t

X(s, ω).

Fix m ≥ t and let N ≥ 1. Then there exists a finite subset T ⊆ S∩ [0, t) ⊆ S∩ [0,m]
such that the sample path t ∈ T �→ Xt(ω) crosses from below α to above β more
than N times. Thus, using (1), US∩[0,m](a, β)(ω) ≥ UT (a, β)(ω) > N . Since here
N was arbitary, it follows that US∩[0,m](a, β)(ω) = ∞ in contradiction to (3). The
existence of the limit limS�s↓tX(s, ω), for t ≥ 0, is shown similarly.
(ii) We still have to show that the limits in (i) are less than +∞ but this will follow
from (ii), that is, the existence of a further null set F ⊆ Ω such that for every point
ω ∈ Ω\F the subset {X(s, ω) | s ∈ I ∩S } ⊆ [−∞,+∞) is bounded above, for each
bounded interval I ⊆ [0,+∞). Clearly it will suffice to have this boundedness for
all intervals I = [0,m], m ≥ 1. Since a countable union of null sets is again a null
set, it will suffice to show that for each m ≥ 1 the set {X(s, ω) | s ∈ S ∩ [0,m] } is
bounded above, for P -ae. ω ∈ Ω; equivalently,

P (supt∈S∩[0,m]X
+
t = +∞) = 0, m ≥ 1. (4)

Let m ≥ 1 and T = { t1 < t2 < . . . < tn } ⊆ S ∩ [0,m] a finite subset. The maximal
inequality 6.b.0 applied to the finite submartingale sequence (X+

t1 , X
+
t2 , . . . , X

+
tn
, X+

m)
yields

P
(
supt∈T X

+
t ≥ λ

)
≤ λ−1E(X+

m), ∀λ > 0. (5)

Fix λ > 0 and write the set S ∩ [0,m] as the increasing union S ∩ [0,m] =
⋃

n Tn,
for some increasing sequence of finite subsets Tn ⊆ S ∩ [0,m]. Then

[
supt∈Tn

X+
t > λ

]
↑

[
supt∈S∩[0,m]X

+
t > λ

]
, as n ↑ ∞.

Note the strict inequalities. From (5) we now conclude that

P
(
supt∈S∩[0,m]X

+
t > λ

)
≤ λ−1E(X+

m).

Letting λ ↑ ∞ now yields (4).
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7.b.1. Let (Xt)t≥0 be a submartingale. Assume that almost every sample path is
right continuous at each point. Then almost every sample path has left limits at
each point and is bounded above on each finite interval.

Proof. Choose a countable dense subset S ⊆ [0,+∞). Continuing with the notation
of the proof of 7.b.0 we have US∩[0,m](α, β) <∞, P -as., for all α < β, and the sample
path f(t) = Xt(ω) is right continuous at each point and has the property that the
set {X(s, ω) | s ∈ S∩I } ⊆ [−∞,+∞) is bounded above, for each bounded interval
I ⊆ [0,+∞), for P -ae. ω ∈ Ω. The right continuity of f and density of S now imply
that f itself is bounded above on any bounded interval I ⊆ [0,+∞).

If f does not have a left limit at the point t, then there exist rational numbers
α < β such that f(t) crosses infinitely often from strictly below α to strictly above
β on the interval [0, t) (in fact on each left neighborhood of the point t). The right
continuity of f and density of S now imply that the restriction f |S∩[0,t) crosses
infinitely often from below α to above β. But then US∩[0,m](α, β) = ∞, for any
integer m with t ≤ m, and this is impossible P -almost surely.

7.b.2. Let f : [0,+∞) → R and S ⊆ [0,+∞) be a countable dense subset such that
f(t+) = limS�s↓t f(s) exists for each t ≥ 0 and f(t−) = limS�s↑t f(s) exists for
each t > 0 and both are finite. Then the function g(t) = f(t+) is right continuous
and the function h(t) = f(t−) is left continuous on [0,+∞).

Remark. Here h(0) = f(0−) := f(0).

Proof. We show merely the right continuity of g(t). Let t ≥ 0 and assume that
tn ↓ t, as n ↑ ∞. We have to show that g(tn) → g(t) = limS�s↓t f(s), as n ↑ ∞.

Let n ≥ 1. As g(tn) = limS�s↓tn
f(s) we can choose sn ∈ S such that tn <

sn < tn + 1
n and |f(sn)− g(tn)| < 1

n . Then S ! sn ↓ t and so f(sn) → g(t). This
implies g(tn) → g(t), as desired.

7.b.3. Every martingale (Xt,Ft)t≥0 has a right continuous version.

Proof. Let S ⊆ [0,+∞) be a countable dense set and choose, according to 7.b.0, a
null set N ⊆ Ω such that the right limit X(t+, ω) = limS�s↓tXs(ω) ∈ R exists for
all ω ∈ Ω \N . Define

Yt(ω) =
{
X(t+, ω) t ≥ 0 and ω ∈ Ω \N
0 t ≥ 0 and ω ∈ N .

We claim that Yt is Ft measurable: Since the filtration (Ft) is augmented, 1N is
Fr-measurable, for each r ≥ 0. Now if r > t, then Yt is the pointwise limit

Yt = lim
s∈S,s<r,s↓t

1NXs

on all of Ω, and thus is Fr-measurable. Since this is true for each r > t, it follows
that Yt is measurable with respect to the σ-field Ft =

⋂
r>t Fr. This shows that

the process Y is adapted to the filtration (Ft).
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From 7.b.2 it follows that every sample path f(t) = Yt(ω) of the process Y is
right continuous on [0,+∞). It remains to be shown only that Yt = Xt, P -as., for
each t ≥ 0. Let t ≥ 0 and choose sn ∈ S, n ≥ 1, such that sn ↓ t. Then Xsn → Yt,
P -as.

Now choose any number r such that sn ≤ r, for all n ≥ 1 and set Z = Xr.
Then, by the martingale property, Xsn = E(Z | Fsn), for all n ≥ 1, and so the
family {Xsn | n ≥ 1 } is uniformly integrable (2.b.13). It follows that Xsn → Yt in
norm (1.b.4) and so, since the conditional expectation operators are contractions
on L1(P ),

E(Xsn |Ft) → E(Yt|Ft) = Yt, in norm, as n ↑ ∞.

On the other hand E(Xsn
|Ft) = Xt, for all n ≥ 1, by the martingale property. Since

a limit in L1(P )-norm is uniquely determined, it follows that Xt = Yt, P -almost
surely.

7.c Convergence theorems.

7.c.0 Submartingale Convergence Theorem. Assume that the right continuous sub-
martingale (Xt) satisfies K = suptE(X+

t ) <∞. Then
(i) X∞ = limt↑∞Xt ∈ R exists P -as. and satisfies E(X+

∞) <∞.
(ii) If E(Xt) > −∞, for some t, then X∞ ∈ L1(P ).
(iii) We have Xt ≤ E(X∞|Ft), for all t ≥ 0, if and only if the family {X+

t | t ≥ 0 }
is uniformly integrable.

(iv) If (Xt) is uniformly integrable then X∞ ∈ L1(P ) and Xt → X∞ in L1(P ), as
t ↑ ∞.

Proof. (i) Let S ⊆ [0,+∞) be a countable dense set. With the notation of the proof
of 7.b.0 we set, for real numbers α < β,

US(α, β) = sup{UT (α, β) | T ⊆ S finite }.

Since every finite subset T ⊆ S is contained in S ∩ [0,m], for some m ≥ 1, it
follows that US∩[0,m](α, β) ↑ US(α, β), as m ↑ ∞, at each point of Ω. By monotone
convergence and 7.b.eq.(2) above, we have

E (US(α, β)) = lim
m
E

(
US∩[0,m](α, β)

)
≤ K + |α|

β − α <∞.

In particular US(α, β) <∞, P -as. Assume now that ω ∈ Ω is such that the sample
path f(t) = Xt(ω) is right continuous but limt↑∞Xt(ω) does not exist (in R).
Choose real numbers α, β such that lim inft↑∞Xt(ω) < α < β < lim supt↑∞Xt(ω).
Then the sample path f(t) crosses infinitely often from strictly below α to strictly
above β. By right continuity the restriction f |S crosses infinitely often from below α
to above β and this implies that US(α, β)(ω) = ∞. This is impossible for P -ae. ω ∈
Ω and so the limit X∞(ω) = limt↑∞Xt(ω) exists in R, for P -ae. ω ∈ Ω. Moreover,
using Fatou’s lemma, E(X+

∞) = E (lim infnX
+
n ) ≤ lim infnE(X+

n ) ≤ K <∞.
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(ii) Note that E(Xt) ↑ and that X∞ = limnXn. If E(Xt) > −∞, for some t ≥ 0,
then E(Xn) > −∞, for some n ≥ 1, and (ii) now follows from the corresponding
result 4.a.3.(ii) in the discrete case.
(iii) Assume first that Xt ≤ E(X∞|Ft), for all t ≥ 1. Then the extended process
(Xt)0≤t≤∞ is still a submartingale and hence so is the process (X+

t )0≤t≤∞ (3.a.0).
Consequently 0 ≤ X+

t ≤ E(X+
∞|Ft), t ≥ 0.

The uniform integrability of the family {X+
t | t ≥ 0 } now follows from the uniform

integrability of the family
{
EFt(X

+
∞) | t ≥ 0

}
(2.b.13).

Conversely, assume that the family {X+
t | t ≥ 0 } is uniformly integrable (and

hence L1-bounded). Then E(X+
∞) < ∞, according to (i). We must show that

Xt ≤ E(X∞|Ft); equivalently (since Xt is Ft-measurable),

E(Xt1A) ≤ E(X∞1A), ∀ t ≥ 0, A ∈ F0. (0)

Fix r ≤ 0 and set Xt(r) = Xt ∨ r. Then (Xt(r))t is a submartingale (3.a.0). Fix
t ≥ 0 and let A ∈ Ft and m ≥ t. Then E(Xt(r)1A) ≤ E(Xm(r)1A). Letting m ↑ ∞
and observing that the uniform integrability of {X+

m | m ≥ 1 } implies the uniform
integrability of {Xm(r) | m ≥ 1 }, we obtain

E(Xt(r)1A) ≤ E(X∞(r)1A).

Letting r ↓ −∞ now yields (0), by decreasing convergence. Note that the families
{Xt(r) | r ≤ 0 } and {X∞(r) | r ≤ 0 } are bounded above by the integrable
functions X+

t respectively X+
∞.

(iv) Note that Xt → X∞ in L1(P ), as t ↑ ∞, if and only if Xtn → X∞ in L1(P ),
as n ↑ ∞, for each sequence tn ↑ ∞, and apply 4.a.3.(iv).

Remark. A converse of (iv) such as in 4.a.3 is no longer possible. Consider any
martingale (Xt)t∈[0,1) which is not uniformly integrable and satisfies Xt ≤ 0. Now
set Xt = 0, for t ≥ 1. Then X = (Xt)t≥0 is a submartingale with Xt → 0 in
norm, but X is not uniformly integrable. The converse can be established in the
martingale case. See 7.c.2.

7.c.1. The right continuous submartingale X = (Xt) is closeable if and only if the
family {X+

t | t ≥ 0 } is uniformly integrable.

Proof. (⇒) Let Z be a last element for X. Then E(Z+) < ∞ and the extended
process (Xt)0≤t≤∞, where X∞ = Z, is still a submartingale. It follows that the
process (X+

t )0≤t≤∞ is a submartingale (3.a.0) and consequently

0 ≤ X+
t ≤ E(Z+|Ft), t ≥ 0.

The uniform integrability of the family {X+
t | t ≥ 0 } now follows from the uniform

integrability of the family {E(Z+|Ft) | t ≥ 0 } (2.b.13).
(⇐) If the family {X+

t | t ≥ 0 } is uniformly integrable, then X∞ = limt↑∞Xt

exists almost surely and is a last element for X, according to 7.c.0 (note that F∞
contains the null sets by assumption 7.a.0).

Let now (Xt) be a right continuous martingale with K = supt ‖Xt‖1 < ∞.
Then (Xt) and (−Xt) are right continuous submartingales satisfying suptE(X+

t ),
suptE

(
(−Xt)+

)
≤ K < ∞. An application of 7.c.0 to both submartingales (Xt)

and (−Xt) now yields:
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7.c.2 Martingale Convergence Theorem. Let X = (Xt)t≥0 be a right continuous,
L1-bounded martingale. Then X∞ = limt↑∞Xt exists P -as. and is an integrable
random variable. Moreover the following conditions are equivalent:
(i) Xt = E(X∞|Ft), for all t ≥ 0.
(ii) (Xt) is uniformly integrable.
(iii) Xt → X∞ in L1-norm, as t ↑ ∞.

Proof. (i)⇒ (ii): follows from 2.b.13.
(ii)⇒ (iii): Note that Xt → X∞ in L1-norm, as t ↑ ∞, if and only if Xtn → X∞ in
L1-norm, as n ↑ ∞, for each sequence tn ↑ ∞, and use 1.b.4.
(iii)⇒ (i): Assume that Xt → X∞ in L1-norm, as t ↑ ∞. Fix t ≥ 0. We wish to
show that Xt = E(X∞|Ft); equivalently (since Xt is Ft-measurable), E(Xt1A) =
E(X∞1A), for all sets A ∈ Ft.

LetA be such a set. Then E(Xt1A) = E(Xn1A), for all n ≥ t, by the martingale
property. Let n ↑ ∞. Then E(Xn1A) → E(X∞1A), by the norm convergence
Xn → X∞. It follows that E(Xt1A) = E(X∞1A).

7.c.3 Corollary. Let Z ∈ L1(P ) and let X = (Xt) be a right continuous version of
the martingale E(Z|Ft), t ≥ 0. Then Xt → E(Z|F∞), as t ↑ ∞, almost surely and
in L1.

Proof. The martingale Xt is right continuous and uniformly integrable. According
to 7.c.2, Xt → X∞, t ↑ ∞, P -as. and in norm, for some integrable random variable
X∞ satisfying

E(Z|Ft) = Xt = E(X∞|Ft), t ≥ 0. (1)

In fact we can take X∞ = lim supnXn, which is defined everywhere and F∞-
measurable. It remains to be shown that X∞ = E(Z|F∞). According to 2.b.4 it
will now suffice to show that E(X∞1A) = E(Z1A), for all sets A in some π-system
P which generates the σ-field F∞. From (1) it follows easily that the π-system
P =

⋃
t≥0 Ft has this property.

7.c.4 Corollary. For a right continuous martingale X = (Xt)t≥0 the following con-
ditions are equivalent:
(i) X is closeable.
(ii) X is uniformly integrable.
(iii) Xt → Z in L1-norm, as t ↑ ∞, for some integrable random variable Z.

Proof. (i)⇒ (ii): If X∞ ∈ L1(P ) is a last element for X, then Xt = E(X∞|Ft), for
all t ≥ 0, and the uniform integrability of X follows from 2.b.13.
(ii)⇒ (iii): follows from 7.c.2.
(iii)⇒ (i): Assume that Xt → Z ∈ L1(P ) in L1-norm, as t ↑ ∞. We claim that
X∞ = E(Z|F∞) is a last element for X. Since X∞ is F∞-measurable and satisfies
E(X∞|Ft) = E(Z|Ft), t ≥ 0, it will suffice to show that Xt = E(Z|Ft), t ≥ 0. The
proof is identical to the proof of (iii)⇒ (i) in theorem 7.c.2.
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7.d Optional Sampling Theorem. Let us now extend the discrete parameter Op-
tional Sampling Theorem 5.b.2 to the case of a continuous parameter.

7.d.0 Optional Sampling Theorem. Let (Xt)0≤t≤∞ be a right continuous, closed
submartingale. Then we have E(X+

S ), E(X+
T ) <∞ and

XS ≤ E(XT |FS) (0)

for all optional times S ≤ T (not necessarily finitely valued).

Remark. A similar statement holds for closed supermartingales (the inequality in
(0) is reversed) and closed martingales (with equality in (0)).

Proof. Let S, T be optional times satisfying S ≤ T .
(i) Assume first that E(X0) > −∞ (equivalently that (Xt) ⊆ L1(P )). The dis-
cretization lemma yields optional times Sn, Tn : Ω → { k2−n | k ≥ 0 } ∪ {∞} which
satisfy

Sn ≤ Tn, Sn ↓ S and Tn ↓ T.

By the special nature of the range of Sn, Tn, the variablesXSn
, XTn

can be viewed as
samplings of the closed submartingale sequence (Xk2−n)0≤k≤∞. Thus the discrete
case 5.b.2 applies and shows that E

(
X+

Sn

)
, E

(
X+

Tn

)
<∞ and

XSn ≤ E (XTn |FSn) , ∀n ≥ 1. (1)

Moreover we have FSn
↓ FS , by right continuity of the filtration (Ft) (7.a.3.(f)),

as well as XSn
→ XS and XTn

→ XT , almost surely, by right continuity of X.
To pass to the limit as n ↑ ∞ in (1) we need L1-convergence (4.c.1) which follows
from almost sure convergence if we can show that the sequences (XSn

), (XTn
) are

uniformly integrable.
Note first that the discrete Optional Sampling Theorem 5.b.2 applied to the

closed submartingale sequence (Xk2−n)0≤k≤∞ and optional times 0 ≤ Sn implies
that E(XSn

) ≥ E(X0) > −∞. Moreover the filtration (FSn
) is nonincreasing and

the inequality Sn+1 ≤ Sn and a similar application of 5.b.2 implies that

XSn+1 ≤ E
(
XSn

|FSn+1

)
.

Thus the sequence (XSn) is a reversed submartingale with E(XSn) ≥ E(X0) > −∞.
According to 4.b.0 this implies that the sequence (XSn) is uniformly integrable and
the same is true of the sequence (XTn). Consequently the pointwise convergence
XSn → XS and XTn → XT implies that XS , XT ∈ L1(P ) and XSn → XS and
XTn → XT in L1(P ). It follows that E (XTn |FSn) → E (XT |FS) in L1(P ) also
(4.c.1) and so, upon passing to a suitable subsequence, almost surely. Thus, letting
n ↑ ∞, (1) implies that XS ≤ E(XT | FS), as desired.
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(ii) In the general case let m ≤ 0 be any integer and set Xt(m) = Xt ∨m, t ≥ 0.
Then (Xt(m))t is a right continuous submartingale with E(X0(m)) ≥ m > −∞.
Thus, according to (i), XT ∨m ∈ L1(P ) and

XS ≤ XS ∨m ≤ E
(
XT ∨m | FS

)
. (2)

Since X+
T ≤ (XT ∨ m)+, it follows that E(X+

T ) < ∞. Likewise E(X+
S ) < ∞.

Moreover the random variables XT ∨m, m ≤ 0, are bounded above by the integrable
random variable X+

T . Now let m ↓ −∞. The Monotone Convergence Theorem for
conditional expectations (2.b.6) yields E

(
XT ∨m | FS

)
↓ E

(
XT |FS

)
, P -as., and so

(0) follows from (2).
Remarks. (a) If the right continuous submartingale X = (Xt)0≤t<∞ is not closed,
then it is closeable if and only if the family {X+

t | t ≥ 0 } is uniformly integrable.
In this case the limit X∞ = limt↑∞Xt exists P -as. and is a last element for the
submartingale X (note that F∞ contains the null sets by assumption 7.a.0).
(b) If the optional times S, T satisfy S ≤ T <∞, P -as., then we do not need X∞
to define XS , XT . Nonetheless we need the closeability of the submartingale X
for 7.d.0 to hold. See example 3.b.3 in the discrete case. However, if the optional
times S, T are bounded, say S ≤ T ≤ C <∞, the conclusion of 7.d.1 holds for all
submartingales X = (Xt). Indeed the closed submartingale XC =

(
Xt∧C

)
0≤t≤+∞

satisifies XS = XC
S and XT = XC

T .

7.d.1 Corollary. Let X = (Xt,Ft)0≤t≤∞ be a closed, right continuous submartin-
gale and (Tt)0≤t<∞ a nondecreasing family of optional times. Then the family(
XTt

,FTt

)
0≤t<∞ is a submartingale.

Proof. According to 7.a.1 the process
(
XTt

)
t
is

(
FTt

)
-adapted. Let 0 ≤ s ≤ t. Then,

according to 7.d.0, E
(
X+

Ts

)
, E

(
X+

Tt

)
< +∞ and XTs ≤ E

(
XTt |FTs

)
, as desired.

Remark. It is assumed that the optional times Tt satisfy s ≤ t ⇒ Ts ≤ Tt. If the
Tt are individually bounded, that is if Tt ≤ Ct, P -as., for some constant Ct, then
the assumption of closedness of X is not necessary. The proof remains the same.
7.d.1 will be applied primarily to bounded optional times Tt of the form Tt = t∧T ,
where T is a fixed optional time.

7.d.2 Corollary. Let X be a closed, right continuous submartingale and S, T any
optional times. Then E(XT |FS) ≥ XS∧T , P -as.

Remark. This generalizes the Optional Sampling Theorem in that it is no longer
assumed that S ≤ T . If the optional times S, T are bounded, then the submartingale
X need not be closed. In the martingale case we have equality.

Proof. Since XS∧T is FS-measurable (7.a.5, 7.a.3.(a)) it is to be shown only that

E(XT ;D) ≥ E(XS∧T ;D), for all sets D ∈ FS , (3)

(2.b.4). Let D ∈ FS . Then D ∩ [T ≥ S] ∈ FS∧T (7.a.3.(j)). By the Optional
Sampling Theorem, E(XT |FS∧T ) ≥ XS∧T and so

E
(
XT ;D ∩ [T ≥ S]

)
≥ E

(
XS∧T ;D ∩ [T ≥ S]

)
. (4)

Also E
(
XT ;D ∩ [T < S]

)
= E

(
XS∧T ;D ∩ [T < S]

)
, (5)

as XT = XS∧T on the set [T < S]. Adding (4) and (5) now yields (3).
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7.e Continuous time Lp-inequalities. We now turn to the continuous time version
of the maximal inequalities of 6.b.2, 6.b.3.

7.e.0. If (Xt)0≤t≤T is a right continuous process then S∗ := sup0≤t≤T |Xt| is a
random variable, that is, measurable.

Remark. By completeness of (Ω,F , P ) it will show that S∗ = S∗
0 , P -as., for some

random variable S∗
0 .

Proof. Let D ⊆ [0, T ] be any countable dense subset with T ∈ D. Then S∗
0 :=

supt∈D |Xt| is measurable. If the path t ∈ [0, T ] → Xt(ω) ∈ R is right continuous,
it follows that S∗(ω) = S∗

0 (ω). Here we are using that T ∈ D, as right continuity
on [0, T ] has no implications at the point T . Thus S∗

0 = S∗, P -as.

7.e.1 Lp-inequalities. Let (Xt)0≤t≤T be a right continuous martingale and S∗ =
sup0≤t≤T |Xt|. Then

(a) P (S∗ ≥ λ) ≤ λ−pE(|XT |p) for all λ > 0, p ≥ 1.

(b) ‖S∗‖p ≤ p
p−1‖XT ‖p, for all p > 1.

Proof. Let D ⊆ [0, T ] be a countable dense subset with T ∈ D. Then S∗ =
supt∈D |Xt|, P -as. Enumerate the set D as D = {tn}n≥1. For N ≥ 1, set IN =
{t1, t2, . . . , tN , T}, S∗

N = maxt∈IN
|Xt| and note that

S∗
N ↑ S∗, P -as., as N ↑ ∞. (0)

With the understanding that the index t ranges through the elements of IN in
increasing order, the finite sequence (Xt)t∈IN

is a martingale. From 6.b.2 we get

P (S∗
N ≥ λ) ≤ λ−pE(|XT |p), λ > 0, p ≥ 1. (1)

Let N ↑ ∞. From (0) it follows that
[
S∗

N > λ
]
↑ [S∗ > λ ] on the complement of a

null set. Here the use of strict inequalities is essential. Thus (1) yields

P (S∗ > λ) = lim
N↑∞

P (S∗
N > λ) ≤ λ−pE(|XT |p). (2)

Choose λn > 0 such that λn < λ and λn ↑ λ, as n ↑ ∞. (2) applied to λn instead
of λ yields

P (S∗ ≥ λ) ≤ P (S∗ > λn) ≤ (λn)−pE(|XT |p).

Letting n ↑ ∞ now yields (a). 6.b.3 applied to the finite martingale sequence
(Xt)t∈IN

yields ‖S∗
N‖p ≤

(
p/(p − 1)

)
‖XT ‖p, for all N ≥ 1. Let N ↑ ∞. Then

0 ≤ S∗
N ↑ S∗, P -as., and so ‖S∗

N‖p ↑ ‖S∗‖p. This establishes (b).
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8. LOCAL MARTINGALES

Recall that the filtration (Ft)t≥0 on (Ω,F , P ) is assumed to be right continuous
and augmented and that F∞ =

∨
t Ft ⊆ F . The process of localization, described

below, is another interesting application of sampling (here stopping) a process by
optional times.

8.a Localization. Let X = Xt(ω) be an adapted process and T : Ω → [0,∞] an
optional time (the value ∞ is allowed). The process XT , defined by XT

t := Xt∧T ,
t ≥ 0, is called the process X stopped at time T . If ω ∈ Ω then

XT
t (ω) =

{
Xt(ω), if t ≤ T (ω)
XT (ω)(ω) if t > T (ω) ,

i.e., the path t �→ Xt(ω) is stopped at time t = T (ω), when it turns constant.
This justifies the terminology and shows that the process XT inherits all continuity
properties of the process X: clearly, if the path t �→ Xt(ω) is (left, right) continuous,
then the same is true of the path t �→ XT

t (ω). Note that
(
XS

)T
= XS∧T (0)

and in particular (XT )T = XT . Stopping X at a constant time T = a is equivalent
to redefining Xt := Xa, for t ≥ a; equivalently, Xa

t = Xa, for all t ≥ a.
8.a.0. The filtration (Ft∧T )t is also right continuous. If X is a right continuous
submartingale then the same is true of the process XT relative to the filtration
(Ft∧T )t.

Proof. Let us first show that the filtration (Ft∧T )t is right continuous. It has to be
shown that

⋂
s>t Fs∧T ⊆ Ft∧T , for all t ≥ 0. Let t ≥ 0 and A ∈

⋂
s>t Fs∧T . We

wish to show that A ∈ Ft∧T , that is, A ∩ [t ∧ T < r] ∈ Fr, for all r ≥ 0.
Let r ≥ 0. Since A ∈ Fs∧T , we have A∩ [s∧T < r] ∈ Fr, for all s > t. Choose

a sequence (sn) such that sn > t and sn ↓ t, as n ↑ ∞. Then sn∧T ↓ t∧T pointwise
and consequently [sn∧T < r] ↑ [t∧T < r], whence A∩[sn∧T < r] ↑ A∩[t∧T < r], as
n ↑ ∞. Since A∩ [sn∧T < r] ∈ Fr, for all n ≥ 1, it follows that A∩ [t∧T < r] ∈ Fr,
as desired. This shows the right continuity of the filtration (Ft∧T )t.

According to 7.a.5 the process XT = (Xt∧T )t is adapted to the filtration
(Ft∧T )t. The right continuity is inherited from the process X. The rest now follows
from 7.d.1 applied to the bounded optional times Tt = t ∧ T .

Let A ∈ F be a measurable subset of Ω. If X = (Xt) is a stochastic process
we define the stochastic process Y = 1AX as Yt(ω) = 1A(ω)Xt(ω), t ≥ 0, ω ∈ Ω.
Thus, multiplication of X by 1A affects the paths of X in a very simple way: the
path t �→ Yt(ω) agrees with the path t �→ Xt(ω), if ω ∈ A, and is identically zero
otherwise. If X is (Ft)-adapted and A ∈ F0, then Y = 1AX is (Ft)-adapted also.
Now let T be an optional time. Then A = [T > 0] ∈ F0. Thus, if X is an adapted
process, then so is the process 1[T>0]X.
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8.a.1 DeÞnition. An optional time T is said to reduce the process X, if the process
1[T>0]X

T
t is an (Ft∧T )-martingale. The process X is called a local martingale if

there exists a sequence (Tn) of optional times such that
(a) Tn ↑ ∞, P -as., and
(b) Tn reduces X, for each n ≥ 1.
In this case we will say that the sequence (Tn) reduces X.

Remark. The definition of a local martingale depends on the underlying filtration
(Ft) and we should therefore speak more properly of (Ft)-local martingales. How-
ever, unless varying filtrations are involved, we shall stick with the simpler term
“local martingale”.

If the process X is adapted and right continuous, then the process 1[T>0]X
T
t is

adapted to the filtration (Ft∧T ) (7.a.5). We use this filtration rather than (Ft) to
facilitate the application of the Optional Sampling Theorem 7.d.0 and streamline
the development. However, this is not crucial. See the remark following 8.a.2 below.

The special provision on the set [T = 0] (cutoff to zero) is designed to be able
to handle nonintegrable X0 but is also useful otherwise (see proof of 8.a.5 below).
If X0 is integrable, then T reduces X if and only if XT

t is a martingale (see 8.a.2.(b)
below), that is the factor 1[T>0] can be dropped in definition 8.a.1.

Assume that X is right continuous and let (Tn) be a reducing sequence of
optional times for X. Fix t ≥ 0. Then 1[Tn>0]X

Tn
t is Ft-measurable, for all n ≥ 1

(7.a.5), and 1[Tn>0]X
Tn
t → Xt, P -as., as n ↑ ∞. It follows that Xt is Ft-measurable.

Thus a right continuous local martingale is automatically (Ft)-adapted.
If X is a martingale, then E(|Xt|) <∞ and it follows that |Xt| <∞, P -as., for

each t ≥ 0. It is now easy to see that local martingales have the same property. In
consequence local martingales X, Y can be added by means of (X + Y )t = Xt + Yt
and are easily seen to form a vector space. We will see below that this vector space
is not closed under multiplication. This will be the starting point of important
developments.

8.a.2. Let Xt, Yt be right continuous, adapted processes and S, T optional times.
(a) Let Yt = XT

t or Yt = 1[T>0]X
T
t . Then Yt is an (Ft∧T )-martingale if and only

if it is an (Ft)-martingale.
(b) If X is an (Ft)-martingale, then so are XT

t and 1AX, for each set A ∈ F0. In
particular X is a local martingale.

(c) If X is a local martingale, then so are XT , 1AX and Yt = Xt −X0, for each
set A ∈ F0.

(d) If XT
t is a martingale, then T reduces X. Conversely, if X0 is integrable and

T reduces X, then XT
t is a martingale.

(e) If T reduces X and S ≤ T , then S reduces X.
(f) Let X be a local martingale. Then there exists a reducing sequence (Tn) for X
such that Tn ↑ ∞ at each point of Ω and (1[Tn>0]X

Tn
t )t is a uniformly integrable

martingale, for each n ≥ 1.

Remark. Assume that X is right continuous and adapted. From 7.a.1 it follows
that the process XT

t is (Ft∧T )-adapted and hence so is Yt = 1[T>0]X
T
t . Applying
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(a) to this process, we see that it is irrelevant whether we use the filtration (Ft∧T )
or the filtration (Ft) in definition 8.a.1.

Proof. (a) (⇐) The filtration (Ft∧T )t satisfies Ft∧T ⊆ Ft, for all t ≥ 0. However,
if Yt is a martingale with respect to the filtration (Ft), then it is also a martingale
with respect to any filtration (Gt) which satisfies Gt ⊆ Ft, t ≥ 0, and to which
it is adapted. To see this, note that for 0 ≤ s < t the conditional expectation
E(Yt|Fs) = Ys is in fact Gs-measurable and so Ys = E(Yt|Fs) = E(Yt | Gs), as
desired.
(⇒) Assume now that Yt is a martingale relative to the filtration (Ft∧T )t. To get
to the larger filtration (Ft) we must show that

E(Yt;A) = E(Ys;A), 0 ≤ s ≤ t, (1)

for all sets A ∈ Fs, and this is known to be true for all sets A ∈ Fs∧T . Assume that
0 ≤ s ≤ t and let A ∈ Fs. Split the set A as A = (A∩ [T ≤ s])∪ (A∩ [T > s]). The
set B = A ∩ [T > s] is in Fs∧T (7.a.3.(j),(d)) and so

E(Yt;A ∩ [T > s]) = E(Ys;A ∩ [T > s]). (2)

On the set A ∩ [T ≤ s] we have Xt∧T = XT = Xs∧T and so Yt = Ys. Thus

E(Yt;A ∩ [T ≤ s]) = E(Ys;A ∩ [T ≤ s]). (3)

Adding (2) and (3) now yields (1).

(b) Let X be an (Ft)-martingale. Then, by 7.d.1, XT
t is an (Ft∧T )-martingale.

From (a) it follows that it is an (Ft)-martingale. Now let A ∈ F0. The process
Y = 1AX is defined by Yt(ω) = 1A(ω)Xt(ω). Thus the integrability of Yt follows
from the integrability of Xt. Let 0 ≤ s < t. Since the function 1A is bounded
and Fs-measurable, we have E(Yt|Fs) = E(1AXt|Fs) = 1AE(Xt|Fs) = 1AXs = Ys
(2.b.10). Thus Yt is an (Ft)-martingale.

(c) Let (Tn) be a reducing sequence of optional times for X. Fix n ≥ 1. Using (a),
1[Tn>0]X

Tn is an (Ft)-martingale. In particular 1[Tn>0]X0 = 1[Tn>0]X
Tn
0 ∈ L1(P ).

Thus 1[Tn>0]Y
Tn
t = 1[Tn>0]X

Tn
t − 1[Tn>0]X0 is a martingale (indexed by t) also.

Consequently the sequence (Tn) reduces Y .
Likewise, using (c), 1[Tn>0](XT )Tn = (1[Tn>0]X

Tn)T is an (Ft)-martingale.
Thus the sequence (Tn) reduces XT .

Now let A ∈ F0. For each optional time T we have (1AX)T = 1AXT and so
1[Tn>0](1AX)Tn = 1A

(
1[Tn>0]X

Tn
)

which is an (Ft)-martingale, according to (c).
Thus the sequence (Tn) reduces 1AX as well.

(d) If XT
t is a martingale, then so is 1[T>0]X

T
t , that is, T reduces X. Conversely

assume that X0 is integrable and T reduces X, that is, 1[T>0]X
T
t is a martingale.

Then XT
t = 1[T>0]X

T
t + 1[T=0]X

T
t = 1[T>0]X

T
t + 1[T=0]X0 is a martingale also.
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(e) Assume that T reduces X and S ≤ T . Then Mt = 1[T>0]Xt∧T is a martingale
and [S > 0] ⊆ [T > 0] and thus 1[S>0] = 1[S>0]1[T>0]. By 7.d.1 applied to the
optional times Tt = t ∧ S and (c), 1[S>0]Xt∧S = 1[S>0]Mt∧S is a martingale, that
is, S reduces X.
(f) Let (Rn) be a reducing sequence for X and choose a null set N ⊆ Ω such that
Tn(ω) ↑ ∞, for all ω ∈ N c. Set Sn = n1N +Rn1Nc . Then Sn ↑ ∞ at each point of
Ω and Sn = Rn, P -as. Since the filtration (Ft) is augmented, it follows that Sn is
an optional time also. Let n ≥ 1. Then 1[Sn>0]X

Sn
t = 1[Rn>0]X

Rn
t , P -as., for each

t ≥ 0, and it follows that 1[Sn>0]X
Sn
t is a martingale. Thus (Sn) reduces X.

Now set Tn = Sn∧n. Then Tn ↑ ∞ everywhere. According to (e), the sequence
(Tn) reduces X. Fix n ≥ 1. Then Yt = 1[Sn>0]X

Sn
t is a martingale. We can write

1[Tn>0]X
Tn
t = 1[Tn>0]Yt∧n. Since Yt∧n is a martingale with last element Yn and

hence uniformly integrable, the same is true of 1[Tn>0]X
Tn
t .

Remark. Local martingales are considerably more general than martingales. If in-
tegrability is understood in the extremely strong form of uniform integrability in
8.a.3 below, then a local martingale is a martingale if and only if it is integrable.
However, weaker forms of integrability do not suffice. A local martingale can be
contained in Lp(P ) for each p > 1 without being a martingale. It can be uniformly
integrable without being a martingale. See example 8.a.6 below. The correct in-
tegrability condition which forces the martingale property on a local martingale is
given as follows:

For each a > 0 let Ta denote the class of all optional times T : Ω → [0, a]. The
right continuous and adapted process X is said to be of class DL, if the family
of random variables (XT )T∈Ta

is uniformly integrable, for each a > 0. This is a
strengthening of the uniform integrability of the families (Xt)t∈[0,a], a > 0.

8.a.3. A right continuous local martingale is a martingale if and only if it is of class
DL.

Proof. Let X = (Xt) be a right continuous martingale. If T ∈ Ta is any optional
time, then the Optional Sampling Theorem 7.d.0 applied to the bounded optional
times T ≤ a yields XT = E(Xa|FT ). The uniform integrability of the family
{XT | T ∈ Ta } now follows from 2.b.13. Thus X is of class DL.

Conversely, let Xt be a right continuous local martingale which is of class DL
and (Tn) a reducing sequence for X. For n ≥ 1 set Y nt = 1[Tn>0]Xt∧Tn . Using
8.a.2.(a), (Y nt )t is an (Ft)-martingale, for each n ≥ 1. Fix n ≥ 1 and 0 ≤ s < t.
Then Y ns = E(Y nt |Fs). (4)

Let n ↑ ∞. Then Y ns → Xs and Y nt → Xt almost surely. Since X is of class DL, the
sequences

(
Y ns

)
n
,

(
Y nt

)
n

are uniformly integrable. Consequently Xs, Xt ∈ L1(P )
and Y ns → Xs and Y nt → Xt in norm. Thus E(Y nt |Fs) → E(Xt|Fs) in norm and it
follows from (4) that Xs = E(Xt|Fs).

Remark. For a > 0 set S∗a = supt≤a |Xt|. If E (S∗a) < ∞, for each a > 0, then X
is of class DL, as 0 ≤ |XT | ≤ S∗a , for all optional times T ∈ Ta. Especially if X is
uniformly bounded, then X is of class DL.
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8.a.4. If the right continuous local martingale X is uniformly bounded or satisfies
E

(
supt≤a |Xt|

)
<∞, for each a > 0, then it is a martingale.

The next fact shows that there is always a canonical reducing sequence for a
continuous local martingale:

8.a.5. Let X be a continuous local martingale. Then Tn := inf{ t ≥ 0 | |Xt| > n }
defines a reducing sequence (Tn) of optional times for X. In fact, any sequence
(Sn) of optional times which satisfies Sn ↑ ∞ and Sn ≤ Tn reduces X and satisfies

∣∣1[Sn>0]X
Sn
t

∣∣ ≤ n. (5)

Thus the martingale
(
1[Sn>0]X

Sn
t

)
t

is uniformly bounded and hence uniformly in-
tegrable, for each n ≥ 1.

Proof. Let us first show that Tn is an optional time, for each n ≥ 1. Let t ≥ 0.
Then Tn(ω) < t if and only if |Xq(ω)| > n, for some rational number q < t. Thus
[Tn < t] =

⋃{
[|Xq| > n] | q ∈ Q ∩ [0, t)

}
∈ Ft.

Let now (Sn) be any sequence of optional times such that Sn ≤ Tn, for all
n ≥ 1. Fix n ≥ 1. The left continuity of the process X implies that |XSn

t | ≤ n, as.,
on the set [Tn > 0] and hence on its subset [Sn > 0], which implies (5). According to
8.a.2.(c) the process (1[Sn>0]X

Sn
t )t is a local martingale, which is uniformly bounded

and hence is a martingale. Thus the sequence (Sn) reduces X.

8.a.6 Example. Our example uses Brownian motions which are introduced in
chapter II. Here we need only the following properties: if B is a Brownian motion
in R2 starting at x, then the distribution of Bt has density

h(t, y) = (2πt)−1e−‖x−y‖2/2t, y ∈ R2, (6)

and the process Xt = log ‖Bt‖ is a local martingale (III.3.g below). We will see
that this process is highly integrable in the sense that Xt ∈ Lp(P ), for all p ≥ 1,
t ≥ 0 and yet E(Xt) → ∞, as t ↑ ∞. Thus Xt does not have a constant mean and
hence cannot be a martingale. Indeed, using the density (6),

E(Xt) = E
(
log‖Bt‖

)
= (2πt)−1

∫
R2
h(t, y)log‖y‖ dy, (7)

if this latter integral exists. Integration by parts shows that
∫ 1

0
rlog(r)dr > −∞.

Integration using polar coordinates now shows that the function f(y) = log‖y‖ is
integrable near zero: ∫

B1(0)

log‖y‖dy = 2π
∫ 1

0

rlog(r)dr > −∞.
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As the exponential kills off everything near infinity, the integral on the right of
(7) exists and is finite. Fix n ≥ 1 and write Bn(0) = { y | ‖y‖ ≤ n }. Since
log‖y‖ ≥ log(n) on R2 \Bn(0), we have

∫
R2
h(t, y)log‖y‖ dy =

∫
R2\Bn(0)

h(t, y)log‖y‖ dy +
∫
Bn(0)

h(t, y)log‖y‖ dy

≥ log(n)
∫
R2\Bn(0)

h(t, y)dy +
∫
Bn(0)

h(t, y)log‖y‖ dy.

Multiply with (2πt)−1 and let t ↑ ∞. The second integral converges to zero, by the
integrability of log‖y‖ near zero and the boundedness 0 ≤ h(t, y) = e−‖x−y‖2/2t ≤ 1.
Thus

lim inf
t↑∞

E(Xt) = lim inf
t↑∞

1
2πt

∫
R2
h(t, y)log‖y‖ dy

≥ log(n) lim inf
t↑∞

1
2πt

∫
R2\Bn(0)

h(t, y)dy

= log(n) lim inf
t↑∞

1
2πt

∫
R2
h(t, y)dy

= log(n) lim inf
t↑∞

1
2πt

∫
R2
e−‖y‖2/2t dy.

Integration using polar coordinates yields

∫
R2
e−‖y‖2/2t dy = 2π

∫ ∞

0

re−r
2/2tdr = 2πt.

Thus lim inft↑∞E(Xt) ≥ log(n) and this is true for all n ≥ 1. It follows that
lim inft↑∞E(Xt) = +∞, that is, E(Xt) → +∞, as t ↑ ∞. Similarly, for each p ≥ 1
and 0 < ε ≤ t ≤ a we have

E (|Xt|p) = E
(∣∣log‖Bt‖∣∣p) = (2πt)−1

∫
R2
e−‖x−y‖2/2t|log(‖y‖)|p dy

≤ (2πε)−1

∫
R2
e−‖x−y‖2/2a|log(‖y‖)|p dy.

The last integral is finite (integrability of |log(‖y‖)|p near zero) and independent
of t. It follows that (Xt)t∈[ε,a] ⊆ Lp(P ) is bounded and hence uniformly integrable
(1.b.7). If a is chosen large enough the mean E(Xt) will not be constant on the
interval [0, a].
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8.a.7. Let Xt be a nonnegative local martingale. Then X is a supermartingale.
Consequently X is a martingale if and only if it has a constant mean.

Proof. Since E(X−
t ) = 0 we have to show only that E(Xt|Fs) ≤ Xs, for all

0 ≤ s ≤ t. Consider such s and t and let (Tn) be a reducing sequence of optional
times for X. Then Tn ↑ ∞, P -as., as n ↑ ∞, and 1[Tn>0]Xt∧Tn

is a martingale
(indexed by t), for each n ≥ 1. Fix such n. Then

E
(
1[Tn>0]Xt∧Tn

|Fs

)
= 1[Tn>0]Xs∧Tn

. (8)

Letting n ↑ ∞ and using Fatou’s Lemma I.2.b.8 for conditional expectations (with
h = 0), we obtain

E(Xt|Fs) = E
(
lim inf

n
1[Tn>0]Xt∧Tn

| Fs

)
≤ lim inf

n
E

(
1[Tn>0]Xt∧Tn

| Fs

)
= lim inf

n
1[Tn>0]Xs∧Tn

= Xs.

Thus X is a supermartingale. If X is a martingale, then it has a constant mean.
Assume conversely that t ≥ 0 �→ E(Xt) is constant. By the supermartingale prop-
erty we have E(Xt|Fs) ≤ Xs, P -as., for all 0 ≤ s < t. If X were not a martingale
we would have P (E(Xt|Fs) < Xs) > 0, for some 0 ≤ s < t. Integration over Ω
then yields E(Xt) = E (E(Xt|Fs)) < E(Xs) in contradiction to the constancy of
the mean.
Remark. If X0 ∈ L1(P ) then the inequality E(Xt|F0) ≤ X0 integrated over Ω yields
E(Xt) ≤ E(X0) < ∞. Combined with Xt ≥ 0 this shows that Xt ∈ L1(P ), for all
t ≥ 0.

8.b Bayes Theorem. The Bayes theorem handles the elementary aspects of changing
from the probability measure P to another probability measure Q. Assume that
(Ω,F , (Ft)t≥0, P ) is a filtered probability space, Q another probability measure on
F and let Pt = P |Ft and Qt = Q|Ft denote the restrictions of P and Q to the
σ-field Ft, for all t ≥ 0.

The probability measures P and Q are called (Ft)-locally equivalent, if the
measures Pt and Qt on Ft are equivalent, for each t ≥ 0. This does not imply that
P and Q are equivalent on F∞. In fact P and Q can even be mutually singular on
F∞. Examples will be encountered in III.4.c below. Set

Mt =
dQt
dPt

=
d(Q|Ft)
d(P |Ft)

, t ≥ 0.

Then, for each t ≥ 0 and each set A ∈ Ft, we have Q(A) = Qt(A) = EQt(1A) =
EPt

(Mt1A) = EP (Mt1A). The usual extension procedure now implies that

EQ(f) = EQt(f) = EPt(Mtf) = EP (Mtf), (0)

for each nonnegative Ft-measurable function f . Thus, if f is any Ft-measurable
function, then f ∈ L1(Q) ⇐⇒Mtf ∈ L1(P ) in which case EQ(f) = EP (Mtf). The
following theorem generalises this relation to conditional expectations:



72 8.b Bayes Theorem.

8.b.0 Bayes Theorem. Assume that P and Q are locally equivalent. Then
(a) Mt is a strictly positive P -martingale.
(b) For 0 ≤ t < T and each function f ∈ L1(Q,FT ) we have

EQ (f |Ft) =
EP (MT f |Ft)

Mt
=
EP (MT f |Ft)
EP (MT |Ft)

.

Proof. (a) Fix 0 ≤ t < T . The equivalence of Pt and Qt on Ft implies that
Mt = dQt/dPt > 0, P -as. and Mt ∈ L1(P,Ft), especially Mt is Ft-measurable, by
definition of the Radon-Nikodym derivative. Moreover for A ∈ Ft ⊆ FT we have
EP (1AMt) = Q(A) = EP (1AMT ) (see (0)). This shows that Mt = EP (MT |Ft).

(b) Let 0 ≤ t < T , f ∈ L1(Q,FT ) and h = EQ(f |Ft). We want to show that
Mth = EP (MT f |Ft). Let A ∈ Ft and note that h is Ft-measurable and satisfies
EQ(1Ah) = EQ(1Af). Using the Ft-measurability of 1Ah, the FT -measurability of
1Af and (0), we can now write this as EP (1AMth) = EP (1AMT f). Since Mth is
Ft-measurable this implies that Mth = EP (MT f |Ft), as desired.

Remark. Recalling that MT = dPT /dQT , (b) can also be written as

EQ (f |Ft) =
EP ((dQT /dPT )f | Ft)
EP (dQT /dPT | Ft)

, ∀ 0 ≤ t < T, f ∈ L1(Q,FT ).

We are mainly interested in the following

8.b.1 Corollary. The adapted process (Xt) is a Q-martingale (Q-local martingale)
if and only if the process (MtXt) is a P -martingale (P -local martingale).

Proof. Regarding the martingale case we have, using 8.b.0.(b),

(Xt) is a Q-martingale ⇐⇒ Xt ∈ L1(Q) and Xt = EQ (XT |Ft) , ∀ 0 ≤ t < T
⇐⇒ MtXt ∈ L1(P ) and MtXt = EP (MTXT |Ft) ,

∀ 0 ≤ t < T
⇐⇒ (MtXt) is a P -martingale.

Turning to the case of local martingales, assume that X = (Xt) is a Q-local martin-
gale and let (Tn) be a reducing sequence of optional times for X such that Tn ↑ ∞ at
each point of Ω (8.a.2.(f)). Then 1[Tn>0]Xt∧Tn is a Q-martingale (indexed by t) and
so Yt =Mt1[Tn>0]Xt∧Tn a P -martingale and hence so is Y Tn

t = 1[Tn>0]Mt∧TnXt∧Tn ,
for each n ≥ 1. Thus (Tn) is a reducing sequence for the process (MtXt) with re-
spect to the probability measure P . Consequently (MtXt) is a P -local martingale.
The converse can be shown similarly or follows from this by interchanging P and
Q and observing that dPt/dQt =M−1

t .
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9. QUADRATIC VARIATION

9.a Square integrable martingales. A martingale (Mt) is called square integrable if
it satisfies E(M2

t ) <∞, that is, Mt ∈ L2(P ), for all t ≥ 0. In this case M2
t is a sub-

martingale (3.a.1) and hence the function t �→ E(M2
t ) nondecreasing. The martin-

galeMt is called L2-bounded if it is square integrable and satisfies suptE(M2
t ) <∞.

In this case the martingale Mt is uniformly integrable (1.b.7) and consequently has
a last element M∞ which satisfies M∞ = limt↑∞Mt, P -as. (7.c.2). Fatou’s lemma
now implies that

E(M2
∞) = E

(
lim infnM2

n

)
≤ lim infnE(M2

n). (0)

On the other hand, using Jensen’s inequality (2.b.12) for conditional expectations,
M2

t = E(M∞|Ft)2 ≤ E(M2
∞|Ft). Integration over Ω yields E(M2

t ) ≤ E(M2
∞).

Combining this with (0), we see that

E(M2
∞) = suptE(M2

t ) = limt↑∞E(M2
t ), (1)

especially M∞ ∈ L2(Ω,F∞, P ). Let H2 denote the space of all L2-bounded, right
continuous martingales and set

‖M‖2 := supt ‖Mt‖L2 = ‖M∞‖L2 , M ∈ H2.

Identifying martingales which are versions of each other, we see that ‖ ·‖2 is a norm
on H2 and the map

M ∈ H2 �→M∞ ∈ L2(Ω,F∞, P )

is an isometry. It is also surjective: if f ∈ L2(Ω,F∞, P ), then the martingale
Mt = E(f |Ft) has a right continuous version (7.b.3). From Jensen’s inequality
for conditional expectations, M2

t ≤ E(f2|Ft). Integrating this over Ω, we obtain
E(M2

t ) ≤ E(f2). Taking the sup over all t ≥ 0, it follows that ‖M‖2 ≤ ‖f‖L2 <∞.
Thus M ∈ H2. Moreover M∞ = f , according to 7.c.3. Consequently the space H2

is isometrically isomorphic to the Hilbert space L2(Ω,F∞, P ) and so is a Hilbert
space itself. It follows that the inner product on H2 is given by

(M,N)H2 =
(
M∞, N∞

)
L2 = E

[
M∞N∞

]
, M,N ∈ H2.

For M ∈ H2 set M∗
∞ = supt≥0 |Mt|. The right continuity of M implies that M∗

∞ is
measurable and hence a nonnegative random variable. M∗

∞ is called the maximal
function of the process M . We claim that

‖M‖2 ≤ ‖M∗
∞‖L2 ≤ 2‖M‖2. (2)

Since M2
t ≤ (M∗

∞)2 we have E
[
M2

t

]
≤ E

[
(M∗

∞)2
]
. Taking the sup over all t ≥ 0

shows the left inequality. Fix n ≥ 1 and set M∗
n = supt≤n|Mt|. By Doob’s L2-

inequality (7.e.1.(b)) we have E
[
(M∗

n)2
]
≤ 4E

[
M2

n

]
≤ 4‖M‖2

2. Letting n ↑ ∞ it
follows that E

[
(M∗

∞)2
]
≤ 4‖M‖2

2. The right inequality in (2) follows upon taking
square roots.

Consequently, for M ∈ H2, the maximal function M∗
∞ is square integrable

and ‖M‖ = ‖M∗
∞‖L2 defines an equivalent norm on H2. However with respect to

this norm H2 is no longer a Hilbert space. Let H2 be the space of continuous
L2-bounded martingales and H2

0 = {M ∈ H2 | M0 = 0 }. Clearly H2
0 ⊆ H2 ⊆ H2

are subspaces of H.
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9.a.0. The subspaces H2, H2
0 are closed in H2.

Proof. We show closedness in H2 in the equivalent norm ‖M‖ = ‖M∗
∞‖L2 on H2.

Let (M(n)) ⊆ H2,M ∈ H2 and assume that ‖M(n)−M‖ = ‖(M(n)−M)∗∞‖L2 → 0,
as n ↑ ∞. ReplacingM(n) with a suitable subsequence if necessary we may assume
that (M(n) −M)∗∞ → 0, P -as., equivalently that M(n)t →Mt uniformly in t ≥ 0,
P -as. on Ω (1.a.0,1.a.1). Thus, for P -ae. ω ∈ Ω, the path t �→Mt(ω) is the uniform
limit of the continuous paths t �→ M(n)t(ω), and hence itself continuous. This
shows that M is continuous and hence M ∈ H2. Thus H2 is closed in H2. If in fact
(M(n)) ⊆ H2

0 and so M(n)0 = 0, for all n ≥ 1, then M0 = limnM(n)0 = 0 and so
M ∈ H2

0. It follows that H2
0 is closed in H2.

A martingaleMt will be called uniformly bounded, if it satisfies |Mt| ≤ K <∞
P -as., for all t ≥ 0 and some constant K. Clearly such a martingale is in H2 with
‖M‖2 ≤ K.

9.b Quadratic variation. A process A will be called a bounded variation process, if
the path t ≥ 0 �→ At(ω) is of bounded variation on finite intervals, for P -ae. ω ∈ Ω.
Clearly each increasing process A has this property.

Consider a continuous, square integrable martingale M . Then M2
t is a sub-

martingale but it is not a martingale if it is not constant in time (seen below).
It will now be seen that M2

t differs from a martingale by a uniquely determined
continuous, increasing process At with A0 = 0, called the quadratic variation of
M . The root of much that is to follow is the following simple observation:

9.b.0. Let Mt be a square integrable martingale. Then

E
[
(Mt −Ms)2

∣∣Fa] = E[M2
t −M2

s |Fa], 0 ≤ a ≤ s ≤ t. (0)

Proof. Let 0 ≤ a ≤ s ≤ t. Then E[Ms(Mt −Ms)|Fs] = MsE[Mt −Ms|Fs] = 0
(2.b.10). Conditioning on Fa, we obtain E[Ms(Mt −Ms)|Fa] = 0. Observing that
(M2

t −M2
s ) − (Mt −Ms)2 = 2Ms(Mt −Ms), equation (0) follows by taking the

conditional expectation.

Remark. Let 0 ≤ a ≤ b ≤ s ≤ t. As above one shows that E[Ma(Mt−Ms)|Fa] = 0.
Integrating this over the set Ω we obtain E

[
Ma(Mt−Ms)

]
= 0, i.e.,Ma ⊥Mt−Ms

in the Hilbert space L2(P ). It follows that Mb −Ma ⊥ Mt −Ms. Unsurprisingly
this relation is referred to as the orthogonality of martingale increments.

9.b.1. Assume that the continuous local martingale M is also a bounded variation
process. Then M is constant (in time), that is, Mt =M0, P -as., for each t > 0.

Proof. ReplacingMt with the continuous local martingaleMt−M0 we may assume
that M0 = 0 and must prove that Mt = 0, P -as., for each t ≥ 0. Let Vt(ω) denote
the total variation of the path s �→ Ms(ω) on the interval [0, t]. It is known that
the increasing function t �→ Vt(ω) is continuous, whenever the path t �→ Mt(ω) is
continuous and of bounded variation on finite intervals, and so for P -ae. ω ∈ Ω.
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(A) Assume first that M is a martingale satisfying |Vt| ≤ K, P -as., for all t ≥ 0
and some constant K. Because of M0 = 0 we have |Mt| = |Mt −M0| ≤ Vt ≤ K,
P -as., for all t ≥ 0, as well.

Fix t > 0 and let ∆ = { 0 = t0 < . . . < tn = t } be any partition of the interval
[0, t]. Set ‖∆‖ = maxj<n|tj+1 − tj |. Then, using 9.b.0 integrated over Ω,

E
[
M2

t

]
= E

[
M2

t −M2
0

]
= E

[∑n
j=1(M

2
tj −M

2
tj−1

)
]

= E
[∑n

j=1

(
Mtj −Mtj−1

)2
]

≤ E
[
Vt · sup1≤j≤n

∣∣Mtj −Mtj−1

∣∣] .
Now let ‖∆‖ → 0. Then the integrand Vt supj

∣∣Mtj −Mtj−1

∣∣ converges to zero at all
points ω ∈ Ω for which Vt(ω) < ∞ and the path s ∈ [0, t] �→ Mt(ω) is continuous
(and hence uniformly continuous) on the interval [0, t], and hence at P -ae. point
ω ∈ Ω. Moreover this integrand is uniformly bounded by the constant 2K2. The
Dominated Convergence Theorem now shows that

E
[
Vt · supj

∣∣Mtj −Mtj−1

∣∣] → 0.

Thus E
[
M2

t

]
= 0 and hence Mt = 0, P -as., as desired.

(B) Let now Mt be a continuous local martingale as in 9.b.1 and set, for each
n ≥ 1,

Tn = inf{ t ≥ 0 | Vt > n } (= ∞ on the set [Vt ≤ n,∀t ≥ 0]).

According to 7.a.7, Tn is an optional time. The finiteness of Vt implies that Tn ↑ ∞,
P -as., as n ↑ ∞. Fix n ≥ 1. Then the process MTn

t is a local martingale with
MTn

0 = 0 and thus its variation process Vt
(
MTn

)
satisfies

∣∣MTn
t

∣∣ ≤ ∣∣Vt(MTn
)∣∣ ≤ n.

Thus MTn
t is a uniformly bounded local martingale and hence a martingale as in

step (A). It follows that MTn
t = 0, P -as., for each t ≥ 0. Letting n ↑ ∞ it follows

that Mt = 0, P -as., for each t ≥ 0.

Corollary 9.b.2. Let Xt be any process. Then there is at most one continuous
bounded variation process At such that A0 = 0 and the difference Xt−At is a local
martingale.

Proof. If At, Bt are continuous bounded variation processes such that A0 = B0 = 0
and both Xt−At and Xt−Bt are local martingales, then by subtraction, Bt−At is
a continuous local martingale which is also a bounded variation process. By 9.b.1
it follows that Bt −At = B0 −A0 = 0, P -as., for each t ≥ 0.
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The quadratic variation process. Let X be a process and 0 ≤ a < b. For a partition
∆ = { a = t0 < . . . < tn = b } of the interval [a, b] let ‖∆‖ = maxj<n|tj+1 − tj | and
define the random variable Q∆(X) by

Q∆(X) =
∑n

j=1

(
Xtj −Xtj−1

)2
. (1)

More generally, if ∆ = { 0 = t0 < . . . < tn < . . . } is any partition of the interval
[0,∞) which has only finitely many points in each finite interval, we define the
process Q∆

t (X) by

Q∆
t (X) = (Xt −Xtk)2 +

∑k(t)
j=1

(
Xtj −Xtj−1

)2
, t ≥ 0, (2)

where the index k(t) is defined by k(t) = max{ k ≥ 0 | tk ≤ t }. Thus

Q∆
t (X) = Q∆(t)(X),

where ∆(t) is the partition ∆(t) =
(
∆ ∪ {t}

)
∩ [0, t] of the interval [0, t]. If the

partition ∆ contains the point t, then (2) simplifies to

Q∆
t (X) =

∑n
j=1

(
Xtj −Xtj−1

)2
, (3)

where the index n is defined by t = tn. This is the case in particular if ∆ is
a partition of the interval [0, t] which can be regarded as a partition of [0,∞)
containing the point t. In this case Q∆

t (X) = Q∆(X).

9.b.3 Theorem. Let M be a continuous, uniformly bounded martingale. Then there
exists a unique continuous bounded variation process A such that A0 = 0 and the
difference M2

t −At is a martingale. The process A is called the quadratic variation
of M , denoted 〈M〉. The quadratic variation 〈M〉 is an adapted and increasing
process and we have 〈M〉t ∈ L2(P ) and

〈M〉t = lim
‖∆‖→0

Q∆(M) in L2(P ), for each t ≥ 0, (4)

where the limit is taken over all partitions ∆ of the interval [0, t].

Proof. The uniqueness of the process A has already been dealt with in 9.b.2. If
M2

t − At is a martingale and hence adapted, the process At = M2
t − (M2

t − At) is
automatically adapted also. Let us now turn to the construction of the process At.
Choose a constant K <∞ such that

|Mt| ≤ K, P -as., ∀ t ≥ 0. (5)

(a) Motivation. Fix t > 0 and consider any partition ∆ = { 0 = t0 < . . . < tn = t }
of [0, t]. If the process M2

t −At is to be a martingale, a rearrangement of terms in
the martingale equation combined with 9.b.0 yields

E [Ar −As|Fs] = E
[
M2

r −M2
s |Fs

]
= E

[
(Mr −Ms)2|Fs

]
.
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Assume now that the increment r−s is small. The continuity of the processes A,M
and the right continuity of the filtration (Ft) leads us to believe that the increments
Ar − As and Mr −Ms are almost Fs-measurable and so dropping the conditional
expectations will result in an approximate equality Ar −As ≈ (Mr −Ms)2.

Thus, if ‖∆‖ is small, then Atj − Atj−1 ≈ (Mtj −Mtj−1)
2 and summing over

j = 1, . . . , n, telescoping the left hand side, observing that A0 = 0 and a healthy
dose of optimism lead to the approximate equality

At ≈
∑n

j=1
(Mtj −Mtj−1)

2 = Q∆(M)

with hopes that this will turn into an equality in the limit, as ‖∆‖ → 0.

(b) Let ∆ = { 0 = t0 < . . . < tn < . . . } be any partition of the interval [0,∞) which
has only finitely many points in each finite interval. Then the process M2

t −Q∆
t (M)

is a continuous martingale.

Clearly the process Ht =M2
t −Q∆

t (M) is continuous and satisfies Ht ∈ L1(P ), for
all t ≥ 0. After rearrangement of terms the martingale equation for H becomes

E
[
Q∆
t (M) −Q∆

s (M)|Fs

]
= E

[
M2

t −M2
s |Fs

]
, (6)

for all 0 ≤ s < t. Consider such s and t and set m = k(s) = max{ k | tk ≤ s } and
n = k(t). Then we have m ≤ n,

Q∆
t (M) = (Mt −Mtn)2 +

∑n
j=1

(
Mtj −Mtj−1

)2
,

Q∆
s (M) = (Ms −Mtm)2 +

∑m
j=1

(
Mtj −Mtj−1

)2
, and so

Q∆
t (M) −Q∆

s (M) = −(Ms −Mtm)2 +
∑n

j=m+1

(
Mtj −Mtj−1

)2 + (Mt −Mtn)2.

Using 9.b.0 and telescoping the sum on the right yields E
[
Q∆
t (M) −Q∆

s (M)|Fs

]
=

EFs

[
(M2

tm −M2
s ) +

∑n
j=m+1

(
M2

tj −M2
tj−1

)
+ (M2

t −M2
tn)

]
= E

[
M2

t −M2
s |Fs

]
,

as desired.

(c) For r > 0 the limit Ãr = lim‖∆‖→0Q
∆
r (M) exists in L2(P ).

Recall that a partition ∆ of [0, r] can be viewed as a partition of [0,∞) containing
the point r. Consequently

Q∆
r (X) = Q∆(X) =

∑n
j=1

(
Xtj −Xtj−1

)2
, where tn = r. (7)

Fix r > 0. By completeness of L2(P ) it will suffice to show that

‖Q∆1
r (M) −Q∆2

r (M)‖L2 → 0, as ‖∆1‖ + ‖∆2‖ → 0. (8)

Let now ∆1, ∆2 be any two partitions of [0, r] and let ∆ = { 0 = s0 < . . . < sm = r }
denote their common refinement. According to (b), the processes M2

t − Q∆1
t (M)
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and M2
t − Q∆2

t (M) are both martingales. Taking the difference we see that the
process

Xt = Q∆1
t (M) −Q∆2

t (M)

is a martingale also, which is again continuous and uniformly bounded. Applying
(b) to X instead of M we see that X2

t − Q∆
t (X) is a martingale and hence has a

constant mean. Since X0 = 0, this process vanishes at t = 0 and it follows that the
constant mean is zero. Thus

‖Q∆1
r (M) −Q∆2

r (M)‖2
L2 = E(X2

r ) = E
(
Q∆
r (X)

)
. (9)

Set Yt = Q∆1
t (M) and Zt = Q∆2

t (M). Then Xt = Yt − Zt and thus Q∆
r (X) is

a sum of squares of the form
[
(Ysj

− Ysj−1) + (Zsj
− Zsj−1)

]2. Using the estimate
(a− b)2 ≤ 2(a2 + b2) on each summand we see that Q∆

r (X) ≤ 2
[
Q∆
r (Y ) +Q∆

r (Z)
]
.

In view of (9) and by symmetry it will now suffice to show that

E
(
Q∆
r (Y )

)
→ 0, as ‖∆1‖ + ‖∆2‖ → 0. (10)

Note that Q∆
r (Y ) =

∑m
k=1(Ysk

− Ysk−1)
2

and denote the points of the partition ∆1 by tj with tn = r. To get an estimate for
Q∆
r (Y ), let k ≤ m and choose the index j such that tj ≤ sk−1 < sk ≤ tj+1. This is

possible since ∆ refines ∆1. From definition (2) it follows that

Ysk
− Ysk−1 = Q∆1

sk
(M) −Q∆1

sk−1
(M) =

(
Msk

−Mtj

)2 −
(
Msk−1 −Mtj

)2

=
(
Msk

−Msk−1

)(
Msk

+Msk−1 − 2Mtj

)
,

and so (
Ysk

− Ysk−1

)2 ≤ C
(
‖∆1‖

)(
Msk

−Msk−1

)2
, (11)

where, for δ > 0,
C(δ) = sup |Ms +Mq − 2Mt|2

and the sup is taken over all numbers s, q, t ∈ [0, r] such that t ≤ q < s and
s − t < δ. Because of the continuity of M we can restrict ourselves to rational
numbers t, q, s and it follows that C(δ) is measurable and hence a nonnegative
random variable. Recall that |M | ≤ K. Thus |C(δ)| ≤ 16K2. If ω ∈ Ω is such that
the path t ∈ [0, r] �→Mt(ω) is continuous and hence uniformly continuous, we have
C(δ)(ω) → 0, as δ ↓ 0. In particular

C(δ) → 0, P -as., as δ ↓ 0. (12)

Summing the inequalities in (11) over all subintervals of ∆ we obtain

Q∆
r (Y ) ≤ C

(
‖∆1‖

)
Q∆
r (M).
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The Cauchy-Schwartz inequality now implies that

E
(
Q∆
r (Y )

)
≤ E

[
C2

(
‖∆1‖

)] 1
2 E

[
Q∆
r (M)2

] 1
2 . (13)

As ‖∆1‖ → 0 we have E
[
C2

(
‖∆1‖

)]
→ 0, by bounded, almost sure convergence of

the integrand. To verify (10) it will thus suffice to show that the second factor on
the right of (13) remains bounded by a constant independent of ∆1 and ∆. Write
Q∆
t = Q∆

t (M). Recalling that r = sm we have

Q∆
r =

∑m

k=1

(
Msk

−Msk−1

)2
.

Square this and note that the sum of the mixed products can be written as
∑

1≤k<j≤m(Msk
−Msk−1

)2(
Msj −Msj−1

)2

=
∑m

k=1

(
Msk

−Msk−1

)2 ∑m

j=k+1

(
Msj

−Msj−1

)2

=
∑m

k=1

(
Msk

−Msk−1

)2(
Q∆
r −Q∆

sk

)
=

∑m

k=1

(
Q∆
sk

−Q∆
sk−1

)(
Q∆
r −Q∆

sk

)
.

It follows that

Q∆
r (M)2 = 2

∑m

k=1

(
Q∆
sk

−Q∆
sk−1

)(
Q∆
r −Q∆

sk

)
+

∑m

k=1

(
Msk

−Msk−1

)4
. (14)

Now take expectations. From the martingale property of M2
t −Q∆

t (M) and 9.b.0

E
[
Q∆
r −Q∆

sk
|Fsk

]
= E

[
M2

r −M2
sk
|Fsk

]
= E

[
(Mr −Msk

)2|Fsk

]
.

Since the factor Q∆
sk

−Q∆
sk−1

is bounded and Fsk
-measurable 2.b.10 yields

E
[(
Q∆
sk

−Q∆
sk−1

)(
Q∆
r −Q∆

sk

)∣∣Fsk

]
= E

[(
Q∆
sk

−Q∆
sk−1

)
(Mr −Msk

)2
∣∣Fsk

]
.

Integrating over Ω and observing that (Mt −Ms)2 ≤ 4K2 yields

E
[(
Q∆
sk

−Q∆
sk−1

)(
Q∆
r −Q∆

sk

)]
= E

[(
Q∆
sk

−Q∆
sk−1

)
(Mr −Msk

)2
]

≤ E
[
4K2

(
Q∆
sk

−Q∆
sk−1

)]
,

where we have used that Q∆
sk

− Q∆
sk−1

≥ 0. Thus, taking expectations in (14) and
telescoping the sum of differences Q∆

sk
−Q∆

sk−1
to the value Q∆

r −Q∆
0 = Q∆

r yields

E
[
Q∆
r (M)2

]
≤ E

[
8K2Q∆

r +
∑m

k=1

(
Msk

−Msk−1

)4
]
.

Using the estimate
(
Msk

−Msk−1

)4 ≤ 4K2
(
Msk

−Msk−1

)2 this becomes

E
[
Q∆
r (M)2

]
≤ E

[
8K2Q∆

r + 4K2Q∆
r

]
= 12K2E

[
Q∆
r (M)

]
.
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Since the process M2
t −Q∆

t (M) is a martingale and thus has a constant mean, we
have E

[
Q∆
r (M)

]
= E(M2

r −M2
0 ) ≤ E(M2

r ) ≤ K2. It follows that E
[
Q∆
r (M)2

]
≤

12K4, as desired. This proves (c).

We now have the existence of the limit Ãt = lim‖∆‖→0Q
∆
t (M) ∈ L2(P ), for

each t ≥ 0, but this does not yet provide us with the desired process t �→ At.
We must show that the random variables At can be chosen consistently within the
equivalence class Ãt in L2 so that the resulting process t �→ At has the desired
properties. The process A will be constructed path by path rather than random
variable by random variable.

Fix r > 0 and let ∆n be a sequence of partitions of [0, r] such that ∆n ⊆ ∆n+1

and
⋃
n ∆n is dense in [0, r]. Necessarily then ‖∆n‖ → 0, as n ↑ ∞. Write Q∆n

t =
Q∆n
t (M). Then the sequence Q∆n

r converges in L2(P ) and, replacing (∆n) with a
suitable subsequence if necessary, we may assume that

∑
n ‖Q

∆n+1
r −Q∆n

r ‖L2 <∞.

Fix n ≥ 1, observe ‖f‖L1 ≤ ‖f‖L2 and apply Doob’s L2-inequality (7.e.1.(b) with
p = 2) to the martingale Q∆n+1

t −Q∆n
t to obtain

E
[∑

n supt≤r |Q
∆n+1
t −Q∆n

t |
]
≤

∑
n ‖ supt≤r |Q

∆n+1
t −Q∆n

t |‖L2

≤ 2
∑

n ‖Q∆n+1
r −Q∆n

r ‖L2 <∞

and so
∑

n supt≤r
∣∣Q∆n+1

t −Q∆n
t

∣∣ <∞, P -as.

Let ω ∈ Ω be in the set where the above sum is finite. As n ↑ ∞ the continuous
paths t ∈ [0, r] �→ Q∆n

t (ω) converge uniformly to some path t ∈ [0, r] �→ At(ω),
which is therefore itself continuous.

It follows in particular that Q∆n
t → At, P -as., for each t ∈ [0, r]. For such t

E
(
M2

r −Q∆n
r |Ft

)
=M2

t −Q∆n
t , ∀n ≥ 1. (15)

Let now n ↑ ∞. On the left Q∆n
r → Ar, P -as. Since the sequence Q∆n

r also
converges in L2(P ) it follows that Ar ∈ L2(P ) and Q∆n

r → Ar in L2(P ) and hence
in L1(P ). Thus

E
(
M2

r −Q∆n
r |Ft

)
→ E

(
M2

r −Ar|Ft

)
in L1(P ) and so P -as., if ∆n is replaced with a suitable subsequence (1.a.0,1.a.1).
Likewise, on the right Q∆n

t → At, P -as. Thus (15) implies that

E
(
M2

r −Ar|Ft

)
=M2

t −At, P -as.

Hence the process M2
t − At is a martingale on the interval [0, r]. Finally, let us

establish the increasing nature of the paths t ∈ [0, r] �→ At(ω). The processes Q∆
t
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are not increasing because of the last term in the summation in (2). However, if
s, t ∈ ∆ and s < t, then Q∆

s ≤ Q∆
t (everywhere).

If now s, t ∈ D :=
⋃
n ∆n ⊆ [0, r] with s < t, then there exists an index n0 such

that s, t ∈ ∆n, for all n ≥ n0. For such n we have Q∆n
s ≤ Q∆n

t and, letting n ↑ ∞,
As ≤ At, P -as. Here the exceptional set can depend on s and t but, since the set
D is countable, it follows that

As ≤ At, for all s, t ∈ D with s < t, P -as.,

that is, P -ae every path t ∈ [0, r] �→ At(ω) increases on the subset D ⊆ [0, r]. By
continuity and density of D it must increase on all of [0, r].

Let us now verify the representation (4). Fix t ∈ [0, r]. According to (c),
B = L2- lim‖∆‖→0Q∆(M) exists, if this limit is taken over all partitions ∆ of [0, t].
From our construction, Q∆n

t → At, P -as. Note that Q∆n
t = Q∆n(t)(M), where

∆n(t) =
(
∆n ∪ {t}

)
∩ [0, t] is a sequence of partitions of [0, t] with ‖∆n(t)‖ → 0. It

follows that Q∆n
t → B in L2. Consequently

At = B = L2- lim
‖∆‖→0

Q∆(M), P -as.

This gives us the desired process At on each finite interval [0, r]. Because of the
uniqueness on each of these intervals, we can extend At uniquely to a process defined
on [0,∞) with the desired properties.

The definition of the quadratic variation will now be extended to continuous local
martingales using the localization procedure. For this we need

9.b.4. Let (Mt) be a continuous, uniformly bounded martingale and T any optional
time. Then
(a) E[〈M〉t] = E

[
(Mt −M0)2

]
, for all t ≥ 0.

(b) MT is a continuous, uniformly bounded martingale and
〈
MT

〉
= 〈M〉T .

Proof. (a) The martingale M2
t −〈M〉t has a constant mean. Thus E[M2

t −〈M〉t] =
E[M2

0 − 〈M〉0] = E[M2
0 ]. Using 9.b.0 it follows that E[〈M〉t] = E[M2

t −M2
0 ] =

E[(Mt −M0)2].

(b) According to 8.a.2.(b), MT is an (Ft)-martingale. It is clearly again uniformly
bounded. Thus the quadratic variation

〈
MT

〉
is defined and is the unique continu-

ous bounded variation process A such that (MT )2 −A is a martingale.
Stopping the martingale M2 − 〈M〉 at time T yields the martingale (MT )2 −

〈M〉T . Since 〈M〉T is again a continuous, bounded variation process, it follows that
〈M〉T = A =

〈
MT

〉
.
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9.b.5 Theorem. Let X be a continuous local martingale. Then there exists a unique
continuous, bounded variation process A such that A0 = 0 and X2 − A is a local
martingale. The process A is called the quadratic variation of X, denoted 〈X〉. The
quadratic variation 〈X〉 is an adapted and increasing process and we have

〈X〉t = lim
‖∆‖→0

Q∆(X) in probability, for each t ≥ 0, (16)

where the limit is taken over all partitions ∆ of the interval [0, t].

Proof. The uniqueness of A follows from 9.b.2. The adaptedness of A is automatic,
if X2 − A is a local martingale and hence adapted. Let us now show the existence
of A.

As X is indistinguishable from a process every path of which is continuous,
we may assume that X itself has this property. Then the reducing sequence (Tn)
given in 8.a.5 satisfies Tn ↑ ∞, as n ↑ ∞, at all points of Ω, and the process
X(n) = 1[Tn>0]X

Tn is a continuous, uniformly bounded martingale, for each n ≥ 1.
Thus, for each n ≥ 1, there exists a unique continuous increasing process A(n)

such that the difference X(n)2 − A(n) is a martingale. Since Tn ≤ Tn+1 we have
[Tn > 0] ⊆ [Tn+1 > 0] and so 1[Tn>0]1[Tn+1>0] = 1[Tn>0]. It follows that

X(n) = 1[Tn>0]X(n+ 1)Tn . (17)

Fix n ≥ 1 and stop the martingale X(n + 1)2 − A(n + 1) at Tn to conclude that(
X(n + 1)Tn

)2 − A(n + 1)Tn is a martingale. Multiplying this with 1[Tn>0] and
observing (17) shows that X(n)2−1[Tn>0]A(n+1)Tn is a martingale also (8.b.1.(b)).
From the characteristic property of A(n) we now conclude that

A(n) = 1[Tn>0]A(n+ 1)Tn , (18)

along P -ae. path. A routine modification along paths indexed by points ω in a
suitable null set yields this equality along every path, that is, as an equality of
functions on Π = R+ × Ω. Then (18) shows that A(n) = A(n + 1) on the set
Πn = { (t, ω) ∈ R+ × Ω | Tn(ω) > 0 and t ≤ Tn(ω) } ⊆ R+ × Ω. The sets Πn are
increasing and so

A(n) = A(n+ 1) = A(n+ 2) = . . . , on Πn.

Since Πn ↑ Π we can define a process A on Π by setting

A = A(n) on Πn, n ≥ 1. (19)

Fix t ≥ 0. If ω ∈ Ω, then we have At(ω) = At(n)(ω), for all n ≥ 1 such that
Tn(ω) > 0 and t ≤ Tn(ω), that is, for all but finitely many n ≥ 1. Thus At(ω) =
limnAt(n)(ω) and so At is an Ft-measurable random variable. From (19) it follows
that

1[Tn>0]A
Tn = 1[Tn>0]A(n)Tn = A(n), (20)



Chapter I: Martingale Theory 83

the second equality because of (18). It follows that

X(n)2 −A(n) =
(
1[Tn>0]X

Tn
)2 − 1[Tn>0]A

Tn = 1[Tn>0]

(
X2 −A

)Tn

and in particular that this last expression is a martingale. Thus the sequence (Tn)
reduces the process X2−A. It follows that X2−A is a local martingale. Because of
(20) the process 1[Tn>0]A

Tn is continuous and of bounded variation, for each n ≥ 1.
It follows that the process A has the same property. Finally A0 = limnA0(n) = 0.
This establishes the existence of A.

Fix t ≥ 0. With ∆ ranging through partitions of [0, t] we have Q∆
t (X(n)) →

At(n), as ‖∆‖ → 0, in L2(P ) and hence in probability. Since X(n) = X and
A(n) = A on the set Πn ⊆ R+ × Ω, the process Q∆

· (X(n)) satisfies Q∆
· (X(n)) =

Q∆
· (X) on Πn as well. Thus Q∆

t (X(n)) = Q∆
t (X) and At(n) = At on the t-section

Ωn := [Tn > 0] ∩ [t ≤ Tn] ⊆ Ω of Πn. It follows that

Q∆
t (X) → At, as ‖∆‖ → 0, (21)

in probability on the set Ωn. Since Ωn ↑ Ω, the convergence (21) holds in probability
on all of Ω (1.a.2).

9.b.6. Let X be a continuous local martingale and T an optional time. Then
(a) 〈X〉 is a continuous increasing process with 〈X〉0 = 0. Especially 〈X〉 ≥ 0.
(b)

〈
XT

〉
= 〈X〉T .

(c) 〈X〉 = 0 if and only if X is constant (in time).
(d) If A ∈ F0 then 〈1AX〉 = 1A〈X〉.
Proof. (a) Clear. (b) Stopping the local martingale X2 − 〈X〉 at time T produces
the local martingale

(
XT

)2 − 〈X〉T (8.a.2.(d)). It follows that
〈
XT

〉
= 〈X〉T , since

〈X〉T is a continuous bounded variation process.

(c) If Xt = X0, for all t ≥ 0, then X2 is a local martingale and hence 〈X〉 = 0.
Conversely assume now that 〈X〉 = 0. Then

〈
XT

〉
= 〈X〉T = 0, for each optional

time T . Since X can be reduced to a sequence of uniformly bounded martingales,
we may assume that X is itself such a martingale. Then 9.b.4.(a) implies that
E

[
(Xt −X0)2

]
= E

[
〈X〉t

]
= 0 and thus Xt = X0, P -as., for each t ≥ 0.

(d) This follows at once from the limit representation of 〈1AX〉 in 9.b.5 and the
effect multiplication with A has on the paths of X.

Remark. From the very definition of the process 〈X〉 it follows that X2 is again a
local martingale if and only if 〈X〉 = 0. Thus (a) shows that X2 is again a local
martingale if and only if X is constant (in time).

Let us now show a path by path version of property (c). To this end we
introduce the notation 〈X〉ba = 〈X〉b − 〈X〉a, whenever a < b. From 9.b.5 it follows
that

〈X〉ba = lim
‖∆‖→0

Q∆(X) in probability, (22)

where this limit is taken over all partitions ∆ of [a, b].
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9.b.7. Let X be a continuous local martingale. Then, for P -ae. ω ∈ Ω we have, for
all 0 ≤ a < b, 〈X〉ba(ω) = 0 ⇐⇒ Xt(ω) = Xa(ω), ∀ t ∈ [a, b].

Remark. Recalling that 〈X〉 is an increasing process, this means that the paths
t �→ Xt(ω) and t �→ 〈X〉t(ω) have exactly the same intervals of constancy, for P -ae.
ω ∈ Ω.

Proof. Fix 0 ≤ a < b. For a suitable sequence ∆n of partitions of [a, b] we have
almost sure convergence in (22). If ω is in this set of convergence and the path
t �→ Xt(ω) is constant on [a, b], then it follows trivially that 〈X〉ba(ω) = 0. This
shows (⇐) with an exceptional null set depending on the interval [a, b].

To see the other direction, set Nt = Xt+a − Xa. Then N is a continuous
(Ft+a)-local martingale with Nt −Ns = Xt+a −Xs+a. Thus, for each partition ∆
of [0, t], we have Q∆(N) = Qa+∆(X), where a + ∆ (translate of ∆) is a partition
of [a, a+ t] which satisfies ‖a+ ∆‖ = ‖∆‖. Letting ‖∆‖ → 0 we obtain

〈N〉t = 〈X〉a+ta , P -as., for each t ≥ 0. (23)

Now consider the (Ft+a)-optional time T = inf{ s > 0 | 〈N〉s > 0 } (7.a.7). We
have

〈
NT

〉
= 〈N〉T = 0. Thus NT is constant in time. Since NT

0 = N0 = 0, we
have NT = 0. That means that the path t �→ Xt(ω) is constant on the interval
[a, a + T (ω)], for P -ae. ω ∈ Ω. Consider such ω which also satisfies (23) with
t = b − a. If 〈X〉ba(ω) = 〈N〉b−a(ω) = 0, then T (ω) ≥ b − a and consequently the
path t �→ Xt(ω) is constant on the interval [a, b]. This establishes the direction (⇒)
again with an exceptional null set depending on the interval [a, b].

The dependence of the exceptional set on [a, b] is now removed as usual. By
countability we obtain an exceptional null set for simultaneously all intervals [a, b]
with rational endpoints. The rest follows from the almost sure continuity of the
paths t �→ Xt(ω) and t �→ 〈X〉t(ω).

Remarks. (1) IfM is a uniformly bounded, continuous martingale (and hence also a
local martingale), then the quadratic variation of M viewed as a martingale agrees
with the quadratic variation of M viewed as a local martingale. This follows from
the limit representations

〈M〉t = lim‖∆‖→0Q
∆
t (M)

in 9.b.3, 9.b.5. Note that convergence in L2 implies convergence in probability
and that limits in probability are unique. In other words: if A is a continuous,
bounded variation process such that M2 − A is a local martingale, then A = 〈M〉
and consequently M2 −A is a martingale.

(2) The limit representation (17) shows that the quadratic variation process 〈M〉
is unaffected if the filtration (Ft) is replaced with some other (right continuous
and augmented) filtration (Gt) with respect to which X is still a local martingale.
The quadratic variation process 〈M〉 is also unaffected if the probability measure
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P is replaced with some absolutely continuous probability measure Q << P , with
respect to which X is still a local martingale. This follows from the fact that
convergence in P -probability implies convergence in Q-probability.

Example. Let us compute the quadratic variation process of a one dimensional
Brownian motion B = (Bt) with associated filtration (Ft). Brownian motions are
introduced in chapter II. Here we need only the following properties:
(a) B is a continuous square integrable martingale.
(b) The increment Bt −Bs is independent of Fs, for all 0 ≤ s < t.
(c) Bt−Bs is a normal variable with mean zero and variance t−s, for all 0 ≤ s < t.
We claim that the process B2

t − t is also a martingale. To see this, we have to
show that E

[
B2
t − t | Fs

]
= B2

s − s; equivalently E
[
B2
t −B2

s | Fs

]
= t − s, for all

0 ≤ s < t. Indeed, for such s and t we have

E
[
B2
t −B2

s | Fs

]
= E

[
(Bt −Bs)2 | Fs

]
= E

[
(Bt −Bs)2

]
= V ar(Bt−Bs) = t− s.

Here the first equality follows from (a) and 9.b.0, the second equality from (b) and
the third from (c). The uniqueness part of 9.b.5 now shows that 〈B〉t = t for all
t ≥ 0, that is, the quadratic variation of a Brownian motion is indistinguishable from
the nonrandom process Vt = t. This can also be shown using the representation
(16), as follows: fix t ≥ 0 and consider, for each n ≥ 1, the following partition ∆n

of the interval [0, t]:

∆n = { 0 < t
n < . . . <

(j−1)t
n < jt

n < . . . <
(n−1)t

n < t }.

We will show that Q∆n
(B) → t in L2(P ), as n ↑ ∞. Set Hj = Bjt/n − B(j−1)t/n

and note that Q∆n
(B) − t =

∑n
j=1(H

2
j − t

n ). Thus

E
[
(Q∆n(B) − t)2

]
= E

[(∑n
j=1

[
H2
j − t

n

])2
]

= E
[(∑n

j=1 Zj
)2

]
,

where Zj = H2
j − t

n , for all j = 1, . . . , n. The Zj are independent, mean zero
variables and consequently orthogonal in L2(P ). Thus

E
[
(Q∆n

(B) − t)2
]

= E
[(∑n

j=1 Zj
)2

]
=

∑n
j=1E(Z2

j ), where

E(Z2
j ) = E

[
(H2

j − t
n )2

]
= E

[
H4
j − 2t

nH
2
j + t2

n2

]

and the increment Hj = Bjt/n − B(j−1)t/n is a mean zero normal variable with
variance σ2 = t/n. Such a variable has moment generating function MHj (s) =
exp(σ2s2/2). Clearly E(H2

j ) = σ2 = t/n and the moment E(H4
j ) can be found as

the derivative M (4)
Hj

(0) = 3σ4 = 3t2/n2. Consequently

E(Z2
j ) = 3t2

n2 − 2t
n · t

n + t2

n2 = 2t2

n2 ,

and so E
[
(Q∆n(B) − t)2

]
=

∑n
j=1E(Z2

j ) = 2t2

n → 0, as n ↑ ∞.

Thus 〈B〉t = limn↑∞Q∆n(B) = t, P -a.s., for each t ≥ 0.
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9.c Quadratic variation and L2-bounded martingales. Recall that H2 is the space
of all continuous, L2-bounded martingales M with norm

‖M‖2 = supt≥0‖Mt‖L2 = ‖M∞‖L2 ,

whereM∞ = limt↑∞Mt is the last element ofM . ForM ∈ H2 the maximal function
M∗

∞ = supt≥0|Mt| is square integrable and satisfies ‖M‖2 ≤ ‖M∗
∞‖L2 ≤ 2‖M‖2.

The quadratic variation 〈M〉 is an increasing process and hence

〈M〉∞ = limt↑∞〈M〉t = limn↑∞〈M〉n

exists and defines an extended real valued, nonnegative random variable on Ω. Let
us call the process 〈M〉 integrable, if E

[
〈M〉∞

]
< ∞. We will see below (9.c.1)

that for M ∈ H2
0 = {M ∈ H2 |M0 = 0 },

‖M‖2 = ‖M∞‖L2 = E
[
〈M〉∞

] 1
2 =

∥∥〈M〉1/2∞
∥∥
L2 .

Note that a martingale M ∈ H2 need not be uniformly bounded and hence the
quadratic variation 〈M〉 has to be computed as the quadratic variation of a local
martingale.

9.c.0. Let M be a continuous local martingale. Then the following are equivalent:
(a) M is in H2.
(b) M0 ∈ L2 and the process 〈M〉 is integrable, that is, E

[
〈M〉∞

]
<∞.

In this case M2
t − 〈M〉t is a uniformly integrable martingale.

Proof. Choose a sequence Tn of optional times such that M(n) = 1[Tn>0]M
Tn is a

uniformly bounded martingale, for each n ≥ 1, and Tn ↑ ∞, P -as., as n ↑ ∞. Then
Zt =M(n)2t − 〈M(n)〉t is a martingale and thus has a constant mean. Noting that
〈M(n)〉 = 1[Tn>0]〈M〉Tn (9.b.6.(b),(d)), the equality E(Zt) = E(Z0) can be written
as

E
[
1[Tn>0]M

2
t∧Tn

]
− E

[
1[Tn>0]〈M〉t∧Tn

]
= E

[
1[Tn>0]M

2
0

]
. (0)

(a)⇒(b) Let M ∈ H2. Then M0 ∈ L2. In fact M∗
∞ ∈ L2. Since (M∗

∞)2 dominates
1[Tn>0]M

2
t∧Tn

, we can go first with n ↑ ∞, to obtain E
[
M2

t

]
− E

[
〈M〉t

]
= E

[
M2

0

]
and then with t ↑ ∞, to obtain E

[
M2

∞
]
− E

[
〈M〉∞

]
= E

[
M2

0

]
and thus

E
[
〈M〉∞

]
= E

[
M2

∞
]
− E

[
M2

0

]
= ‖M‖2

2 − ‖M0‖2
2 <∞.

(b)⇒(a) Assume that (b) is satisfied and set K = E
[
〈M〉∞

]
+E

[
M2

0

]
<∞. Then

(0) implies
E

[
1[Tn>0]M

2
t∧Tn

]
≤ K. (1)

We have E(M2
t ) = E

[
lim infn1[Tn>0]M

2
t∧Tn

]
≤ lim infnE

[
1[Tn>0]M

2
t∧Tn

]
≤ K, for

all t ≥ 0, by Fatou’s Lemma, and it follows that the local martingale M is L2-
bounded. It remains to be shown that M is a martingale. Fix 0 ≤ s < t. Since
M(n) is a martingale, we have

E
[
1[Tn>0]Mt∧Tn |Fs

]
= 1[Tn>0]Ms∧Tn . (2)
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Because of (1), the sequence 1[Tn>0]M
2
t∧Tn

is L2-bounded, hence uniformly inte-
grable. Moreover 1[Tn>0]Mt∧Tn →Mt almost surely and hence also in L1-norm (by
uniform integrability). We can thus pass to the limit in the conditional expectation
in (2) to obtain E[Mt|Fs] = Ms, P -as. (4.c.1). Finally to show that the process
M2 − 〈M〉 is uniformly integrable it suffices to note that

supt≥0

∣∣M2
t − 〈M〉t

∣∣ ≤ (M∗
∞)2 + 〈M〉∞,

where the right hand side is an integrable random variable.

In general the norm and inner product on H2 are given by

‖M‖2 = ‖M∞‖L2 and (M,N)H2 =
(
M∞, N∞

)
L2 = E

[
M∞N∞

]
.

However, on the subspace H2
0 ⊆ H2, the norm can also be written as follows:

9.c.1. For M ∈ H2
0 we have ‖M‖2 = E

[
〈M〉∞

] 1
2 =

∥∥〈M〉1/2∞
∥∥
L2 .

Proof. In the proof of 9.c.0 we have seen that E
[
M2

∞
]
− E

[
〈M〉∞

]
= E

[
M2

0

]
. If

M0 = 0 it follows that
‖M‖2

2 = ‖M∞‖2
L2 = E

[
〈M〉∞

]
=

∥∥〈M〉1/2∞
∥∥2

L2 .

Remark. All our results extend easily to local martingales (Mt)t∈[0,a] defined on
a finite time interval. By simply setting Mt = Ma, for t > a, we extend M to a
local martingale M defined on [0,∞) satisfying M∞ =Ma and 〈M〉∞ = 〈M〉a. For
example 9.c.0 becomes

9.c.2. For a continuous local martingale (Mt)t∈[0,a] the following are equivalent:
(a) M is an L2-bounded martingale.
(b) M0 ∈ L2 and E

[
〈M〉a

]
<∞.

The following gives a glimpse of the significance of the quadratic variation process:

9.c.3. Let M be a continuous local martingale. Then limt↑∞Mt exists P -as. on the
set

[
〈M〉∞ <∞

]
.

Proof. We may assumeM0 = 0. Fix n ≥ 1 and set Tn = inf{ t ≥ 0 | 〈M〉t > n } with
the usual provision that inf(∅) = ∞. Because of the continuity of the process 〈M〉,
Tn is an optional time (7.a.7). Moreover

〈
MTn

〉
= 〈M〉Tn ≤ n. Thus the process〈

MTn
〉

is integrable and hence MTn an L2-bounded martingale. Consequently the
limit limt↑∞M

Tn
t exists almost surely. The exceptional set can be made independent

of n and so, for P -ae. ω ∈
[
〈M〉∞ < ∞

]
, the limit limt↑∞M

Tn
t (ω) exists for all

n ≥ 1. If n > 〈M〉∞(ω), then Tn(ω) = ∞ and consequently MTn
t (ω) = Mt(ω), for

all t ≥ 0, and it follows that the limit limt↑∞Mt(ω) exists.

For the construction of the stochastic integral we need the following result:
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9.c.4. For a right continuous, adapted process X the following are equivalent:
(a) X is a martingale.
(b) XT ∈ L1 and E(XT ) = E(X0), for each bounded optional time T .

Proof. (a)⇒(b) This follows from the Optional Sampling Theorem 7.d.0.
(b)⇒(a) By assumption Xt ∈ L1, for all t ≥ 0. Fix 0 ≤ s < t. We must show that
E(Xt|Fs) = Xs. Since Xs is Fs-measurable, it will suffice to show that E(Xt1A) =
E(Xs1A), for all sets A ∈ Fs.

Let A ∈ Fs. Then T = t1Ac + s1A is a bounded optional time (7.a.6). Note
that XT = 1AcXt + 1AXs. Likwise t itself is a bounded optional time and so, by
assumption (b), we have

E(X0) = E(XT ) = E
(
Xt1Ac

)
+ E

(
Xs1A

)
and

E(X0) = E(Xt) = E
(
Xt1Ac

)
+ E

(
Xt1A

)
.

By subtraction it follows that E
(
Xt1A

)
= E

(
Xs1A

)
, as desired.

9.d Quadratic variation andL1-bounded martingales. LetM be a continuous local
martingale with M0 = 0 and 〈M〉∞ = limt↑∞〈M〉t. In section 9.b we have seen
that M is an L2-bounded martingale if and only if E

(
〈M〉∞

)
< ∞. Now we will

see that the condition E
(
〈M〉1/2∞

)
< ∞ implies that M is a uniformly integrable

martingale.

9.d.0 Lemma. Let X, A be (adapted) continuous, nonnegative processes with A
nondecreasing. Set X∗

t = sups∈[0,t]Xs and assume that E(Xτ ) ≤ E(Aτ ), for each
bounded optional time τ . Then

E
(√
X∗
t

)
≤ 3E

(√
At

)
, t ≥ 0. (0)

Proof. Define A∞ = sups≥0As, let u, t ≥ 0 and set σ = inf{ s |Xs ≥ u }. If τ is any
bounded optional time then X∗

τ ≥ u ⇒ σ ≤ τ and hence Xτ∧σ = Xσ ≥ u on the
set B = [X∗

τ ≥ u]. Thus

P (X∗
τ ≥ u) = P (B) ≤ u−1E

(
Xτ∧σ1B

)
≤ u−1E

(
Xτ∧σ

)
≤ u−1E

(
Aτ∧σ

)
≤ u−1E

(
Aτ

)
.

(1)

Now set ρ = inf{ s |As ≥ u }. If At < u, then ρ ≥ t, by the nondecreasing nature of
the process A, and so X∗

t = X∗
t∧ρ on the set [At < u]. Applying (1) to the bounded

optional time τ = t ∧ ρ, it follows that

P
(
X∗
t ≥ u,At < u

)
≤ P

(
X∗
t∧ρ ≥ u

)
≤ u−1E

(
At∧ρ

)
≤ u−1E

(
u ∧At

)
, thus

P
(
X∗
t ≥ u

)
≤ P

(
X∗
t ≥ u,At < u

)
+ P (At ≥ u) ≤ u−1E(u ∧At) + P (At ≥ u).

Consequently, using 6.a.0 (and subsequent remark),

E
(√
X∗
t

)
=

∫ ∞

0

1
2
√
u
P

(
X∗
t ≥ u

)
du

≤
∫ ∞

0

1
2u3/2

E(u ∧At) du+
∫ ∞

0

1
2
√
u
P

(
At ≥ u

)
du.

(2)
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The second integral on the right is simply E
(√
At

)
. Using Fubini’s Theorem to

interchange the integral and expectation, the first integral becomes

E

(∫ ∞

0

u ∧At
2u3/2

du

)
= E

(∫ At

0

1
2
√
u
du+At

∫ ∞

At

1
2u3/2

du

)

= E
(√
At +AtA

−1/2
t

)
= 2E

(√
At

)
.

Thus (0) follows from (2).

9.d.1. Let M be a continuous local martingale, M0 = 0 and M∗
t = sup0≤s≤t |Ms|.

Then
E

(
M∗

t

)
≤ 3E

(
〈M〉1/2t

)
, t ≥ 0. (3)

Proof. (a) Assume first thatM is a uniformly bounded martingale. ThenM2
t −〈M〉t

is a martingale vanishing at zero and so E
(
M2

τ − 〈M〉τ
)

= 0, that is, E
(
M2

τ

)
=

E
(
〈M〉τ

)
, for all bounded optional times τ . Using 9.d.0 with Xt = M2

t and At =
〈M〉t and observing that

√
X∗
t =M∗

t now yields (3).

(b) Assume now that M is a local martingale and choose a sequence (Tn) of op-
tional times such that Tn ↑ ∞ and MTn is a uniformly bounded martingale, for
each n ≥ 1 (8.a.5). Observing that

(
MTn

)∗
t

=M∗
t∧Tn

, (a) implies that E
(
M∗

t∧Tn

)
≤

3E
(〈
MTn

〉1/2

t

)
= 3E

(
〈M〉1/2t∧Tn

)
. Letting n ↑ ∞ and using the Monotone Conver-

gence Theorem now establishes (3).

9.d.2 Corollary. Let M be a continuous local martingale with M0 = 0.
(a) If T > 0 and E

(
〈M〉1/2T

)
<∞, then M is a martingale on the interval [0, T ].

(b) If E
(
〈M〉1/2∞

)
<∞, then M is a uniformly integrable martingale.

Proof. (a) follows from (b) applied to the local martingale MT .
(b) Assume E

(
〈M〉1/2∞

)
< ∞. Then, for all t ≥ 0, E

(
M∗

t

)
≤ 3E

(
〈M〉1/2∞

)
, where

M∗
t = sup0≤s≤t |Ms|. Letting t ↑ ∞ we see that E

(
M∗

∞
)
< ∞. This implies that

M is a uniformly integrable martingale (8.a.4).
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10. THE COVARIATION PROCESS

10.a DeÞnition and elementary properties. Let X, Y be continuous local martin-
gales. Then the product XY is not in general a local martingale. However, using
the polarization identity

XY =
1
4

[
(X + Y )2 − (X − Y )2

]
(0)

we see that the process

〈X,Y 〉 :=
1
4

[〈X + Y 〉 − 〈X − Y 〉]

is a continuous bounded variation process such that 〈X,Y 〉0 = 0 and the process
XY − 〈X,Y 〉 is a local martingale. From 9.b.2 it follows that〈X,Y 〉 is the unique
continuous bounded variation process with this property. Moreover, the product
XY is a local martingale if and only if 〈X,Y 〉 = 0. Note that 〈X,X〉 = 〈X〉 is the
quadratic variation process of X. Set

Q∆(X,Y ) =
∑n

j=1
(Xtj −Xtj−1)(Ytj − Ytj−1),

for each t > 0 and each partition ∆ = { 0 = t0 < . . . < tn = t } of the interval [0, t].
The polarization identity (0) yields

Q∆(X,Y ) =
1
4

[Q∆(X + Y ) −Q∆(X − Y )] .

From 9.b.3 and 9.b.5 it now follows that

Q∆(X,Y ) → 〈X,Y 〉t, in probability, as ‖∆‖ → 0. (1)

Here the limit is taken over all partitions ∆ of the interval [0, t]. If X and Y are
uniformly bounded martingales, then the convergence is also in L2(P ).

This limit representation shows that the covariation process 〈X,Y 〉 is not af-
fected if the filtration (Ft) is replaced with some other (right continuous and aug-
mented) filtration (Gt) with respect to which X, Y are still local martingales. The
covariation process 〈X,Y 〉 is also unaffected if the probability measure P is re-
placed with some absolutely continuous probability measure Q << P , with respect
to which X, Y are still local martingales. This follows from the fact that conver-
gence in P -probability implies convergence in Q-probability.

The bracket 〈X,Y 〉 has many properties of an inner product: it is symmetric,
bilinear and nonnegative and even satisifies 〈X〉 = 0 ⇒ X = 0, if we restrict our-
selves to processes X with X0 = 0. The bilinearity of 〈X,Y 〉 is easily established
from the universal property. For example (αX)Y − α〈X,Y 〉 = α

(
XY − 〈X,Y 〉

)
is a local martingale. Since the process α〈X,Y 〉 is a continuous bounded variation
process vanishing at time zero and 〈αX, Y 〉 is the unique continuous bounded vari-
ation process A vanishing at time zero such that (αX)Y −A is a local martingale,
it follows that α〈X,Y 〉 = 〈αX, Y 〉.
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10.a.0. Let X, Y be continuous local martingales and T an optional time. Then
〈
XT , Y T

〉
=

〈
XT , Y

〉
= 〈X,Y 〉T .

Proof. (a) Stopping the local martingale XY − 〈X,Y 〉 at time T we see that
XTY T − 〈X,Y 〉T is a local martingale and thus that

〈
XT , Y T

〉
= 〈X,Y 〉T .

(b) To see that
〈
XT , Y

〉
=

〈
XT , Y T

〉
, it suffices to show that

〈
XT , Y − Y T

〉
= 0;

equivalently, XT (Y−Y T ) is a local martingale. Intuitively, the factor XT is constant
after time T so that the product XT (Y − Y T ) is a constant multiple of the local
martingale Y − Y T after time T , while before time T the factor Y − Y T is zero.

More precisely set Z = XT and W = Y −Y T . We must show that 〈Z,W 〉 = 0.
Fix ω ∈ Ω. Then the path s �→ Zs(ω) is constant for s ≥ T (ω) while the path
s �→ Ws(ω) is identically zero for s ≤ T (ω).

Fix t ≥ 0 and let ∆ = { 0 = t0 < . . . < tn = t } be a partition of [0, t].
The preceding shows that the product

(
Ztj (ω) − Ztj−1(ω)

)(
Wtj (ω) −Wtj−1(ω)

)
is

nonzero only if tj−1 < T (ω) < tj . Thus, for ω ∈ Ω, we have

Q∆(Z,W )(ω) =
{

0 if T (ω) > t(
Ztj (ω) − Ztj−1(ω)

)(
Wtj (ω) −Wtj−1(ω)

)
if T (ω) ≤ t

, (2)

where tj = tj(ω) satisfies tj−1 < T (ω) ≤ tj . It follows that Q∆(Z,W )(ω) → 0,
as ‖∆‖ → 0, for each ω ∈ Ω such that the paths s �→ Zs(ω) and s �→ Ws(ω)
are continuous, and so for P -ae. ω ∈ Ω. Replacing ∆ with a sequence ∆n such
that ‖∆n‖ → 0 and recalling that almost sure convergence implies convergence in
probability (1.a.0), it follows that 〈Z,W 〉t = P -limnQ∆n(Z,W ) = 0, as desired.

10.b Integration with respect to continuous bounded variation processes. Recall
that (Ω,F , P, (Ft)) is a complete filtered probability space. Let A be a continuous
bounded variation process, which is adapted to the filtration (Ft). For each t ≥ 0
let |A|t denote the total variation of A on the interval [0, t] defined pathwise, that is,
|A|t(ω) is the total variation of the path s ∈ [0, t] �→ As(ω), for each ω ∈ Ω. Then
|A|t is a continuous increasing (Ft)-adapted process and the same is true of the
process |A|t −At. Thus At = |A|t − (|A|t −At) provides a canonical decomposition
of A as a difference of continuous increasing (Ft)-adapted processes.

Let ω ∈ Ω. If the path Aω : s ∈ [0,+∞) �→ As(ω) is continuous and of
bounded variation on finite intervals, then it induces a unique signed Borel measure
µt

ω on each finite interval I = [0, t] such that µt
ω([a, b]) = Aω(b) − Aω(a), for all

subintervals [a, b] ⊆ I. Aω does not in general induce a measure on all of [0,+∞)
but the measures µt

ω satisfy µr
ω = µt

ω|[0,r], for all 0 < r ≤ t. We shall thus drop
the dependence on t and use the simpler notation µω. It is customary to write
µω(ds) = dAs(ω), that is, ∫ t

0

f(s)dAs(ω) =
∫ t

0

f(s)µω(ds),

whenever this integral exists. If the path Aω is nondecreasing, then it does induce a
unique positive Borel measure µω on [0,+∞) satisfying µω([a, b]) = Aω(b)−Aω(a),
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for all finite intervals [a, b] ⊆ [0,+∞). This is the case in particular for P -ae. path
s ∈ [0,+∞) �→ |A|s(ω) of the variation process |A|. The corresponding measure is
the total variation |µω| of the measure µω. We use the notation |µω|(ds) = |dAs|(ω),
that is, we write ∫ t

0

f(s)|dAs|(ω) =
∫ t

0

f(s)|µω|(ds),

whenever this integral exists. Assume now that Hs is a process with measurable
paths s �→ Hs(ω) satisfying

∫ t

0

|Hs(ω)| |dAs|(ω) < ∞, P -as., for each t ≥ 0. (0)

Then, for each t ≥ 0, the stochastic integral It =
∫ t

0
HsdAs is defined pathwise as

It(ω) =
∫ t

0
Hs(ω)dAs(ω), for P -ae. ω ∈ Ω.

Let B, Bt denote the Borel σ-fields on [0,∞), [0, t] respectively. Call the process
H = H(s, ω) : R+ ×Ω → R (jointly) measurable, if it is measurable for the product
σ-field B×F on R+ ×Ω. Call H progressively measurable, if the restriction of H
to [0, t] × Ω is Bt ×Ft-measurable, for all t ≥ 0.

Since the measurability with respect to a product σ-field implies the measura-
bility of all sections, it follows that a measurable process H has Borel measurable
paths s �→ Hs(ω) and that a progressively measurable process Ht is adapted to the
filtration (Ft). Clearly a progressively measurable process H is measurable.

Let L1
loc(A) denote the family of all real valued, jointly measurable processes

H satisfying (0). The subscript signifies local integrability, that is, the finiteness
of the integral over compacts, equivalently, over sufficiently small neighborhoods of
points. For H ∈ L1

loc(A) and t ≥ 0 the integral It =
∫ t

0
HsdAs is a function defined

P -as. on Ω.

10.b.0. Let H ∈ L1
loc(A). Then It =

∫ t

0
HsdAs is a random variable, that is, measur-

able on Ω, for each t ≥ 0. If H is progressively measurable, then It is Ft-measurable,
for each t ≥ 0, that is, the process It is (Ft)-adapted.

Proof. Let us first show that It is measurable. Recalling that the process A can
be written as a difference of continuous increasing (Ft)-adapted processes we may
assume that A is itself increasing and hence the associated measures µω positive.
It will then suffice to conduct the proof for nonnegative H. Linearity and the usual
approximation of H as an increasing limit of B×F-measurable simple functions on
R+×Ω shows that we can restrict ourselves to the case H = 1Γ, where Γ ⊆ R+×Ω is
a B×F-measurable set. Application of the π-λ-Theorem (appendix B.3) now shows
that we can limit ourselves to measurable rectangles Γ of the form Γ = [a, b] × F ,
where 0 ≤ a < b < ∞ and F ∈ F . However, if H = 1[a,b]×F , an easy computation
shows that It = 1F

(
At∧b −At∧a

)
, P -as., for all t ≥ 0, which is measurable on Ω.

Assume now that the process H is progressively measurable and fix t ≥ 0. In
the computation of the integral It =

∫ t

0
HsdAs we make use only of the restriction



Chapter I: Martingale Theory 93

H|[0,t]×Ω which is Bt × Ft-measurable. Thus, in the preceding argument we can
stop the filtration Fs and the process As at time t and replace the σ-field F with
Ft. Then the preceding argument shows that It is Ft-measurable.

Assume that H ∈ L1
loc(A). Then the process It =

∫ t

0
HsdAs is also denoted H •A,

that is, we set

(H •A)t =
∫ t

0

HsdAs, t ≥ 0.

The integral process H •A is a continuous bounded variation process. If H is pro-
gressively measurable, then this process is also adapted. The family of all jointly
measurable processes H satisfying the stronger condition

∫ ∞

0

|Hs(ω)| |dAs|(ω) < ∞, P -as., (1)

is denoted L1(A). Note L1(A) ⊆ L1
loc(A). For H ∈ L1(A) the stochastic integral∫ ∞

0
HsdAs is defined pathwise as the limit

∫ ∞
0

HsdAs = limt↑∞
∫ t

0
Hs(ω)dAs(ω),

for P -ae. ω ∈ Ω. The existence of the limit is ensured by (1). The random variable∫ ∞
0

HsdAs is also denoted (H •A)∞.
For an optional time T define the stochastic interval [[0, T ]] as the set

[[0, T ]] = { (t, ω) ∈ R+ × Ω | 0 ≤ t ≤ T (ω) } ⊆ R+ × Ω.

Thus X = 1[[0,T ]] is a stochastic process satisfying Xt(ω) = 1[0,T (ω)](t). It follows
that the process Z = 1[[0,T ]]H is given by Zt(ω) = 1[0,T (ω)](t)Ht(ω). In short, mul-
tiplication by 1[[0,T ]] cuts the process H off to zero after time T . Let us now gather
the properties of the integral process H •A which are relevant for the definition of
more general stochastic integrals below:

10.b.1. Let A be a continuous, bounded variation process, H ∈ L1
loc(A) and T be

any optional time. Then
(a) H •A =

∫ ·
0
HsdAs is a continuous bounded variation process. If H is progres-

sively measurable, then the process H •A is adapted.
(b) H •A is bilinear in H and A.
(c) H •(AT ) =

(
1[[0,T ]]H

)
•A = (H •A)T .

(d) L1
loc(A) = L1

loc(A−A0) and H •A = H •(A−A0), for all H ∈ L1
loc(A).

(e) AT = A0 + 1[[0,T ]] •A, especially A = A0 + 1•A.

Proof. This follows from standard results in Real Analysis in a path by path manner.
(c) Note that the pathwise Lebesgue-Stieltjes measures corresponding to the paths
s → AT

s (ω) do not charge the interval (T (ω),∞) ⊆ R. Consequently the process
H •AT remains constant on this interval. The same is obviously true of the processes(
1[[0,T ]]H

)
•A and (H •A)T . Moreover all three processes agree on the interval [[0, T ]].
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(d) Note that the pathwise Lebesgue-Stieltjes measures corresponding to A and
A−A0 coincide. (e) Note that for t ≥ 0,

(
A0 + 1[[0,T ]] •A

)
t
(ω) = A0(ω) +

∫ t

0

1[0,T (ω)](s)dAs(ω)

= A0(ω) +
∫ t∧T (ω)

0

1dAs(ω) = At∧T (ω)(ω).

The following associative property is particularly important in the theory of stochas-
tic integration. It is this property which supports the formalism of stochastic dif-
ferentials developed in chapter III.

10.b.2. If K ∈ L1
loc(A) and H ∈ L1

loc(K •A), then HK ∈ L1
loc(A) and we have

H •(K •A) = (HK)•A.

Proof. The equality (K •A)t(ω) =
∫ t

0
Ks(ω)dAs(ω) implies that

d(K •A)t(ω) = Kt(ω)dAt(ω) (2)

for P -ae. ω ∈ Ω. This equality is to be interpreted as follows: For P -ae. ω ∈ Ω,
the function t �→ Kt(ω) is the Radon Nikodym derivative of the Lebesgue-Stieltjes
measure corresponding to the path t �→ (K •A)t(ω) with respect to the Lebesgue-
Stieltjes measure corresponding to the path t �→ At(ω). Recall that this implies the
same relation |d(K •A)t|(ω) = |Kt(ω)| |dAt|(ω) for the associated total variation
measures. Thus, for t ≥ 0, we have

∫ t

0
|HsKs| |dAs| =

∫ t

0
|Hs| |d(K •A)s| < ∞,

P -as., since H ∈ L1
loc(K •A). It follows that HK ∈ L1

loc(A). Moreover, using (2),

(
(HK)•A

)
t
=

∫ t

0

HsKsdAs =
∫ t

0

Hsd(K •A)s =
(
H •(K •A)

)
t
, P -as. on Ω.

10.b.3 Remark. If the integrator A is a continuous increasing process, and hence
the associated Lebesgue-Stieltjes measures nonnegative, then the stochastic integral∫ ∞
0

HsdAs is defined also for each jointly measurable process H ≥ 0 and is a random
variable, that is, measurable. Likewise the integral process H •A is defined and
satisfies 10.b.2, 10.b.3 with proofs similar to the above.

10.c Kunita-Watanabe inequality. Let M , N be continuous local martingales and
t > 0. The considerations of 10.b will now be applied to the continuous bounded
variation processes A = 〈M,N〉, 〈M〉, 〈N〉. For ω ∈ Ω let µω, νω, σω denote the
following Lebesgue-Stieltjes measures

µω(ds) = d〈M,N〉s(ω), νω(ds) = d〈M〉s(ω) and σω(ds) = d〈N〉s(ω)

on the Borel subsets of finite intervals [0, t]. Let us now study the relation of the
measures µω, νω and σω. Note that all these measures vanish on singletons as the
path s �→ As(ω) is continuous, for all A as above. Recall that |µω| denotes the
absolute variation of the signed measure µω.
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10.c.0. For P -ae. ω ∈ Ω we have |µω|([a, b]) ≤ νω([a, b])1/2 σω([a, b])1/2, for all
subintervals [a, b] ⊆ [0, t].

Proof. Step 1. Fix a subinterval [a, b] ⊆ [0, t]. We show that
∣∣µω([a, b])

∣∣ ≤
νω([a, b])1/2 σω([a, b])1/2, equivalently, by definition of the measures µω, νω, σω,
that ∣∣〈M,N〉ba(ω)

∣∣ ≤ 〈M〉ba(ω)1/2〈N〉ba(ω)1/2, for P -ae. ω ∈ Ω. (0)

Choose a sequence (∆n) of partitions of [a, b] such that ‖∆n‖ → 0, as n ↑ ∞. Then

Q∆n
(M,N) → 〈M,N〉ba Q∆n

(M) → 〈M〉ba and Q∆n
(N) → 〈N〉ba, (1)

in probability. Replacing (∆n) with a suitable subsequence the convergence will be
almost sure. Consider any ω ∈ Ω such that the convergence (1) holds at the point
ω. If ∆ = { a = t0 < t1 < . . . < tn = b } is any partition of the interval [a, b], then,
using the Cauchy-Schwartz inequality,

∣∣Q∆(M,N)
∣∣2 =

∣∣∣∑(Mtj −Mtj−1)(Ntj −Ntj−1)
∣∣∣2

≤
∑

(Mtj
−Mtj−1)

2
∑

(Ntj
−Ntj−1)

2 = Q∆(M)Q∆(N).

Taking square roots, replacing ∆ with ∆n, evaluating the inequality at the point ω

and letting n ↑ ∞, we obtain (0).

Step 2. We observe that the exceptional P -null set in step 1 can be made inde-
pendent of the interval [a, b] ⊆ [0, t]. This follows by taking the countable union of
the exceptional sets for all intervals [a, b] ⊆ [0, t] with rational endpoints a, b and
approximating the general subinterval [a, b] ⊆ [0, t] with these.

Step 3. Let [a, b] be a subinterval of [0, t] and ∆ = { a = t0 < t1 < . . . < tn = b } a
partition of [a, b]. According to step 1 we have

∣∣µω([tj−1, tj ])
∣∣ ≤ νω([tj−1, tj ])1/2 σω([tj−1, tj ])1/2,

for P -ae. ω ∈ Ω and all j = 1, 2, . . . , n. Summing and using the Cauchy-Schwartz
inequality, we obtain

∑ ∣∣µω([tj−1, tj ])
∣∣ ≤ {∑

νω([tj−1, tj ])
}1/2 {∑

σω([tj−1, tj ])
}1/2

= νω([a, b])1/2σω([a, b])1/2.

Here the exceptional set does not depend on the partition ∆ (step 2). Taking the sup
over all such partitions ∆ of [a, b] we obtain |µω|([a, b]) ≤ νω([a, b])1/2 σω([a, b])1/2,
as desired. Recall that in the computation of the total variation |µω|([a, b]) of the
(continuous) Lebesgue-Stieltjes measure µω on [a, b] it suffices to consider partitions
of [a, b] into subintervals (rather than general measurable sets). Note that the
exceptional set is independent of the interval [a, b] (see step 2).
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10.c.1. For P -ae. ω ∈ Ω we have |µω|(A) ≤ νω(A)1/2 σω(A)1/2, for all Borel sets
A ⊆ [0, t].

Proof. Since the measures |µω|, νω, σω all vanish on singletons, it will suffice to
establish the claim for all Borel sets A ⊆ [0, t). Let ω ∈ Ω be such that 10.c.1 holds
for all intervals [a, b] ⊆ [0, t].

The family G of all finite disjoint unions of intervals of the form [a, b) ⊆ [0, t)
is a field of sets which generates the Borel-σ-field on [0, t). If A ⊆ [0, t) a Borel set
then, according to appendix B.9.0, there exists a sequence of sets An ∈ G such that
(|µω| + νω + σω)(A∆An) → 0 and consequently

|µω|(An) → |µω|(A), νω(An) → νω(A) and σω(An) → σω(A), as n ↑ ∞.

It will thus suffice to establish the claim for all sets A ∈ G. Indeed, if A = [a1, b1)∪
[a2, b2) ∪ . . . ∪ [an, bn), where 0 ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ an < bn, then, using
10.c.1 and the Cauchy-Schwartz inequality,

|µω|(A) =
∑

|µω|([aj , bj)) ≤
∑

νω([aj , bj))1/2σω([aj , bj))1/2

≤
{∑

νω([aj , bj))
}1/2 {∑

σω([aj , bj))
}1/2

= νω(A)1/2 σω(A)1/2.

10.c.2. For P -ae. ω ∈ Ω we have

∫ t

0

fgd|µω| ≤
{∫ t

0

f2dνω

}1/2 {∫ t

0

g2dσω

}1/2

,

for all nonnegative Borel measurable functions f, g : [0, t] → R.

Proof. Let ω ∈ Ω be such that 10.c.2 holds for all Borel sets A ⊆ [0, t]. It will suffice
to establish the claim for Borel measurable simple functions f , g. Such f , g can be
written as

f =
∑

αj1Aj
and g =

∑
βj1Aj

,

where P = {A1, A2, . . . , An } is a Borel measurable partition of [0, t]. Then

f2 =
∑

α2
j1Aj

, g2 =
∑

β2
j 1Aj

and fg =
∑

αjβj1Aj
.

Thus, using 10.c.2 and the Cauchy-Schwartz inequality,

∫ t

0

fgd|µω| =
∑

αjβj |µω|(Aj) ≤
∑

αjβjνω(Aj)1/2 σω(Aj)1/2

≤
{∑n

j=1
α2

jνω(Aj)
}1/2 {∑n

j=1
β2

j σω(Aj)
}1/2

=
{∫ t

0

f2dνω

}1/2 {∫ t

0

g2dσω

}1/2

.
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10.c.3 Kunita-Watanabe Inequality. Let M , N be continuous local martingales,
U , V be B × F-measurable processes and t ≥ 0. Then

∫ t

0

|UsVs| |d〈M,N〉s| ≤
{∫ t

0

U2
s d〈M〉s

}1/2 {∫ t

0

V 2
s d〈N〉s

}1/2

, P -as. (2)

Proof. Let ω ∈ Ω be such that 10.c.3 holds for all nonnegative Borel measurable
functions f, g : [0, t] → R and let f(s) = Us(ω) and g(s) = Vs(ω). Recalling that
|µω|(ds) = |d〈M,N〉s|(ω), νω(ds) = d〈M〉s(ω) and σω(ds) = d〈N〉s(ω), 10.c.3 shows
that (2) holds at the point ω.

10.c.4 Remark. The special case U = V = 1 (already contained in 10.c.1) is useful
and yields ∣∣〈M,N〉t

∣∣ ≤ 〈M〉1/2
t 〈N〉1/2

t , P -as. ∀ t ≥ 0.
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11. SEMIMARTINGALES

11.a DeÞnition and basic properties. Recall that (Ω,F , P, (Ft)) is a filtered prob-
ability space with (Ft) a right continuous and augmented filtration. The family of
continuous local martingales with respect to this probability space is a real vector
space but is not closed under multiplication. Indeed, if X, Y are continuous local
martingales, then even the square X2 is a local martingale only if X itself is con-
stant (Xt = X0). However the processes X2 and XY differ from a local martingale
only by a continuous bounded variation process. In fact

X2 = M + A and XY = N + B,

where M = X2 − 〈X〉 and N = XY − 〈X,Y 〉 are continuous local martingales and
A = 〈X〉, B = 〈X,Y 〉 are continuous bounded variation processes. This suggests
that we enlarge the class of continuous local martingales and define

11.a.0 DeÞnition. The process X is called a continuous semimartingale if it can be
represented as a sum Xt = Mt+At, t ≥ 0, where M is a continuous local martingale
and A a continuous (adapted) bounded variation process satisfying A0 = 0.

Equivalently, X is a continuous semimartingale if and only if there exists a con-
tinuous bounded variation process A such that X − A is a local martingale. The
condition A0 = 0 can always be satisfied by replacing A with At −A0.

The requirement A0 = 0 ensures that the decomposition X = M +A is unique.
Indeed, using 9.b.2, A is the unique continuous bounded variation process such
that A0 = 0 and X −A is a local martingale, and M = X −A. The decomposition
X = M + A is referred to as the semimartingale decomposition of X, the process
M is called the local martingale part of X and the process A the compensator of
X, denoted

A = uX .

Note that each continuous bounded variation process A is a semimartingale with
local martingale part Mt = A0 and compensator uA(t) = At − A0. More precisely,
a continuous semimartingale X is a bounded variation process if and only if its
compensator satisfies uX(t) = Xt −X0. If X0 = 0, then X is a bounded variation
process if and only if uX = X and X is a local martingale if and only if uX = 0.
Example. If X, Y are continuous local martingales, then X2 and XY are semi-
martingales with compensator uX2 = 〈X〉 and uXY = 〈X,Y 〉 respectively.

Let S denote the family of all continuous semimartingales with respect to
(Ω,F , P, (Ft)). It is easily seen that S is a real vector space. However, at present it
is not even clear that S is closed under multiplication. Miraculously the Ito formula
of the Stochastic Calculus will show that S is in fact closed under the application of
all twice continuously differentiable multivariable functions. That is, if f ∈ C2(Rn)
and if X1, . . . , Xn are continuous semimartingales, then Y = f(X1, . . . , Xn) is also
a continuous semimartingale. The Ito formula will also provide a formula for the
local martingale part and compensator uY of Y . It thus turns out that the choice
of the space S of continuous semimartingales is extremely fortunate.
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11.b Quadratic variation and covariation. If X, Y are continuous semimartingales,
we define the covariation process 〈X,Y 〉 as 〈X,Y 〉 = 〈M,N〉,

where M and N are the local martingale parts of X, Y respectively. In particular, if
A is a continuous bounded variation process, then A is a continuous semimartingale
with constant martingale part. It follows easily that 〈X,A〉 = 0, for each continuous
semimartingale X. The following justifies our definition of 〈X,Y 〉:

11.b.0. Let X, Y be continuous semimartingales, A a continuous bounded variation
process and t ≥ 0. Then
(a) Q∆(X,A) → 0, P -as., as ‖∆‖ → 0, and
(b) Q∆(X,Y ) → 〈X,Y 〉t in probability, as ‖∆‖ → 0.
Here the limits are taken over all partitions ∆ of the interval [0, t].

Proof. (a) Let ω ∈ Ω be such that the path s → As(ω) is of bounded variation
and the path s → Xs(ω) is continuous and hence uniformly continuous on the
interval [0, t]. This is the case for P -ae. ω ∈ Ω. Let |A|t(ω) < ∞ denote the total
variation of the path s → As(ω) on the interval [0, t] and set, for any partition
∆ = { 0 = t0 < t1 < . . . < tn = t } of the interval [0, t],

C∆(ω) = sup1≤j≤n |Xtj (ω) −Xtj−1(ω)|.

The uniform continuity of the path s → Xs(ω) on the interval [0, t] implies that
lim‖∆‖→0 C(∆)(ω) = 0. Thus

∣∣Q∆(X,A)(ω)
∣∣ ≤ ∑

|Xtj
(ω) −Xtj−1(ω)| |Atj

(ω) −Atj−1(ω)|

≤ C∆(ω)
∑

|Atj (ω) −Atj−1(ω)| ≤ C∆(ω)|A|t(ω) → 0,

as ‖∆‖ → 0. This shows (a).

(b) Let X = M + Ã and Y = N + B be the semimartingale decompositions of
X, Y . Fix t ≥ 0 and let ∆ = { 0 = t0 < t1 < . . . < tn = t } be a partition of the
interval [0, t]. By elementary algebra

Q∆(X,Y ) =
∑ [

(Mtj −Mtj−1) + (Ãtj − Ãtj−1)
][

(Ntj −Ntj−1) + (Btj −Btj−1)
]

= Q∆(Ã, Y ) + Q∆(M,N) + Q∆(M,B).

Now let ‖∆‖ → 0. Then we have Q∆(Ã, Y ), Q∆(M,B) → 0 according to (a) and,
Q∆(M,N) → 〈M,N〉t, according to 10.a.eq.(1), in probability, as n ↑ ∞. It follows
that Q∆(X,Y ) → 〈M,N〉t = 〈X,Y 〉t, in probability.

Let X be a continuous semimartingale and X = M +A the semimartingale decom-
position of X. If T is any optional time XT is again a continuous semimartingale
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with semimartingale decomposition XT = MT + AT . Most properties of the co-
variation process 〈M,N〉 of continuous local martingales M , N extend easily to the
case of continuous semimartingales X, Y .

It is of course no longer true that X2 − 〈X〉 is a local martingale (it is a
continuous semimartingale, but this is no longer interesting, since much stronger
statements are true for the space S). Thus, it is also no longer true that uX2 = 〈X〉.
Likewise 〈X〉 = 0 no longer implies that X is constant in time, merely that X is a
bounded variation process. We collect these results below:

11.b.1. Let X, Y be continuous semimartingales, T an optional time and C an
F0-measurable random variable satisfying P (|C| < ∞) = 1. Then
(a) If X is a local martingale, then so is the process CX.
(b) 〈X,Y 〉 is a continuous bounded variation process and 〈X〉 a continuous increas-

ing process both vanishing at time zero.
(c) 〈X〉 = 0 if and only if X is a bounded variation process.
(d)

〈
XT , Y T

〉
=

〈
XT , Y

〉
= 〈X,Y 〉T .

(e) The bracket 〈·, ·〉 is symmetric, bilinear and nonnegative.
(f) 〈X +A, Y +B〉 = 〈X,Y 〉, for all continuous bounded variation processes A, B.
(g) 〈CX, Y 〉 = C〈X,Y 〉.

Proof. (a) Set Tn = inf{ t ≥ 0 | |CXt| ∨ |Xt| > n. }. From the continuity of X and
the fact that C is almost surely finitely valued, it follows that Tn ↑ ∞, P -as. If X

is a continuous local martingale then the sequence (Tn) reduces X (8.a.5), that is,
X(n) = 1[Tn>0]X

Tn is a martingale, for each n ≥ 1. It will now suffice to show that
(Tn) reduces the process CX also, that is, the process 1[Tn>0](CX)Tn = CX(n) is
a martingale, for each n ≥ 1.

Fix n ≥ 1 and note that |CX(n)| ≤ n, by definition of the optional time
Tn. Now let 0 ≤ s < t. Then X(n)t, CX(n)t ∈ E(P ) and so, using the F0-
measurability of C, 2.b.10 and the martingale property of X(n), it follows that
E(CX(n)t|Fs) = CE(X(n)t|Fs) = CX(n)s. Thus CX(n) is a martingale.

(b)-(f) now follow immediately from the definitions and 10.a.1.

(g) Since C is F0-measurable, CX is adapted. Let X = M+A be the semimartingale
decomposition of X. According to (a), CM is a local martingale and CA a bounded
variation process. Thus CX = CM + CA is a semimartingale. Let t ≥ 0 and ∆ be
any partition of [0, t]. Then Q∆(CX, Y ) = CQ∆(X,Y ). Letting ‖∆‖ → 0 it follows
that 〈CX, Y 〉t = C〈X,Y 〉t.

Remark. The useful property (e) shows that bounded variation summands can be
dropped from a covariation process. This is the case in particular if A, B are random
variables (viewed as processes constant in time).

If X, Y are continuous local martingales, then the process XY − 〈X,Y 〉 is a
local martingale but it is known to be a martingale only if X, Y are uniformly
bounded martingales. In fact the following is true:
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11.b.2. (a) If M,N ∈ H2, then MN −〈M,N〉 is a uniformly integrable martingale.
(b) If M , N are square integrable martingales, then MN −〈M,N〉 is a martingale.

Proof. (a) We may assume that M,N ∈ H2
0. Then the functions M∗

∞ = supt≥0 |Mt|,
N∗

∞, 〈M〉1/2
∞ , 〈N〉1/2

∞ are all square integrable (9.c.1). Let t ≥ 0. From 10.c.4 we

have
∣∣〈M,N〉t

∣∣ ≤ 〈M〉1/2
t 〈N〉1/2

t and so

f = supt≥0

∣∣MtNt − 〈M,N〉t
∣∣ ≤ M∗

∞N∗
∞ + 〈M〉1/2

∞ 〈N〉1/2
∞ is integrable.

Thus MtNt − 〈M,N〉t is a uniformly integrable local martingale of class DL and
hence a martingale.

(b) Let X = MN − 〈M,N〉 and a > 0. Then Xa = MaNa − 〈Ma, Na〉, where
Ma, Na ∈ H2. Thus Xa is a martingale by (a). It follows that X is a martingale.

11.b.3. The Kunita-Watanabe inequality 10.c.4 still holds if the local martingales
M , N are replaced with semimartingales X,Y ∈ S.

Proof. If X = L+A, Y = M +B are the semimartingale decompositions of X and
Y then 〈X,Y 〉 = 〈M,N〉, 〈X〉 = 〈M〉 and 〈Y 〉 = 〈N〉.

11.b.4 Remark. Let X,Y ∈ S. The limit representation

〈X,Y 〉t = lim
‖∆‖→0

Q∆(X,Y ) = lim
‖∆‖→0

∑
(Xtj −Xtj−1)(Ytj − Ytj−1), (0)

where the limit is taken over partitions ∆ = { tj } of the interval [0, t], shows that
the covariation process 〈X,Y 〉 is unaffected if the filtration (Ft) is replaced with
some other (right continuous and augmented) filtration (Gt) with respect to which
X, Y are still semimartingales. We will see below that the family S of continuous
P -semimartingales is invariant under change to a locally equivalent probability mea-
sure Q. Since convergence in P -probability implies convergence in Q-probability it
follows from (0) that the covariation 〈X,Y 〉 is unaffected if P is replaced with Q.

Let 0 ≤ t < T . From (0) it follows that 〈X,Y 〉Tt = 〈X,Y 〉T − 〈X,Y 〉t has a
similar limit representation where the limit is taken along partitions of the interval
[t, T ]. Thus this quantity is a measure of the aggregate comovement of the processes
X and Y over the interval [t, T ]. Normalization (10.c.4) yields the quantity

〈X,Y 〉Tt√
〈X〉Tt

√
〈Y 〉Tt

∈ [−1, 1]

which is a measure of the aggregate correlation of X and Y on the interval [t, T ].
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CHAPTER II

Brownian Motion

1. GAUSSIAN PROCESSES

Recall that (Ω,F , P ) is a complete probability space. The elements of Eu-
clidean space Rk will be viewed as column vectors and we denote the dot product
on Rk by (t, x) or t · x, that is,

(t, x) = t · x =
∑k

j=1 tjxj ,

for all vectors t = (t1, t2, . . . , tk)′, x = (x1, x2, . . . , xk)′ ∈ Rk. Here the prime denotes
transposition as usual. Let { e1, e2, . . . , ek } denote the standard basis of Rk.

1.a Gaussian random variables in Rk. The normal distribution N = N(µ, σ2) on
R with mean µ and variance σ2 is defined by

N(dx) =
1

σ
√

2π
exp

(
− (x− µ)2

2σ2

)
dx

The characteristic function (Fourier transform) of this distribution is given by

N̂(t) =
∫
R

eitxN(dx) = exp

(
iµt− 1

2
σ2t2

)
, t ∈ R.

In the case of a mean zero normal distribution N = N(0, σ2) this becomes

N(dx) =
1

σ
√

2π
e−x2/2σ2

dx, and N̂(t) = e−σ2t2/2, t ∈ R

and the standard normal distribution N(0, 1) satisfies

N(0, 1)(dx) =
1√
2π

e−x2/2 dx, and ̂N(0, 1)(t) = e−t2/2, t ∈ R.

For σ2 = 0 the distribution N(0, σ2) = N(0, 0) is not defined by the above density
but is interpreted to be the point measure N(0, 0) = ε0 concentrated at 0. With
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this interpretation the formula for the characteristic function ̂N(0, 0)(t) = ε̂0(t) =
1 = e−σ2t2/2 holds in this case also.

The characteristic function of a random vector X : Ω → Rk is defined to be
the characteristic function of the distribution PX of X, that is, the function

FX(t) = P̂X(t) =
∫
Rk

ei(t,x)PX(dx) = E
(
ei(t,X)

)
, t ∈ Rk.

Recall that the components X1,. . . , Xk of the random vector X = (X1, . . . , Xk)′

are independent if and only if the joint distribution PX is the product measure
PX1 ⊗ PX2 ⊗ . . .⊗ PXk

. This is easily seen to be equivalent with the factorization

FX(t) = FX1(t1)FX2(t2) . . . FXk
(tk), ∀ t = (t1, t2, . . . , tk)′ ∈ Rk.

Covariance matrix. The k× k-matrix C defined by Cij = E
[
(Xi −mi)(Xj −mj)

]
,

where mi = EXi, is called the covariance matrix C of X. Here it is assumed
that all relevant expectations exist. Set m = (m1,m2, . . . ,mk)′ and note that the
matrix

(
(Xi −mi)(Xj −mj)

)
ij

can be written as the product (X −m)(X −m)′

of the column vector (X −m) with the row vector (X −m)′. Taking expectations
entry by entry, we see that the covariance matrix C of X can also be written as
C = E [(X −m)(X −m)′] in complete formal analogy to the covariance in the
one dimensional case. Clearly C is symmetric. Moreover, for each vector t =
(t1, . . . , tk)′ ∈ Rk we have

0 ≤ V ar(t1X1 + . . .+ tkXk) =
∑

ij titjCov(XiXj) =
∑

ij Cijtitj = (Ct, t)

and it follows that the covariance matrix C is positive semidefinite. Let us note the
effect of affine transformations on characteristic functions:

1.a.0. Let X : Ω → Rk be a random vector, A : Rk → Rn a linear map and
y0 ∈ Rn. Then the random vector Y = y0 + AX : Ω → Rn has characteristic
function FY (t) = ei(t,y0)FX(A′t), for all t ∈ Rn.

Proof. For t ∈ Rn we have FY (t) = E [exp(i(t, Y ))] = E [exp(i(t, y0 +AX))] =
E

[
e(t,y0)exp(i(t, AX))

]
= e(t,y0)E [exp(i(A′t,X))] = e(t,y0)FX(A′t).

1.a.1. Let X = (X1, X2, . . . , Xk)′ : Ω → Rk be a random vector.
(a) If FX(t) = exp

(
− 1

2

∑n
j=1 λjt

2
j

)
, t ∈ Rk, then the components Xj are in-

dependent normal variables with Xj ∼ N(0, λj). In particular E(Xj) = 0,
E(X2

j ) = λj and E(XiXj) = 0, for i �= j.
(b) If FX(t) = exp

(
i(t,m)− 1

2 (Ct, t)
)
, for some vector m ∈ Rk and some sym-

metric real k × k matrix C, then m = EX and C is the covariance matrix of X.
Consequently C is positive semidefinite.

Proof. (a) Assume that FX(t) = E
[
ei(t,X)

]
= exp

(
− 1

2

∑n
j=1 λjt

2
j

)
for all t ∈ Rn.

Let j ∈ { 1, 2, . . . , n } and s ∈ R. Setting t = sej = (0, . . . , 0, s, 0, . . . 0) ∈ Rk in the
characteristic function of X yields

FXj (s) = E
[
eisXj

]
= E

[
ei(sej ,X)

]
= FX(sej) = e−

1
2λjs

2
,
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and this is the characteristic function of a real valued normal N(0, λj)-variable.
Thus in particular E(Xj) = 0 and E(X2

j ) = V ar(Xj) = λj . Moreover, for each
t = (t1, t2, . . . , tk)′ ∈ Rk, we have

FX(t) = exp
(
− 1

2

∑n
j=1 λjt

2
j

)
=

∏n
j=1 e

− 1
2λjt

2
j =

∏n
j=1 FXj (tj),

and this shows the independence of the random variables X1, X2, . . . , Xk. In par-
ticular it follows that E(XiXj) = E(Xi)E(Xj) = 0, for i �= j.
(b) Set Y = X −m. We have to show that EY = 0 and E(YiYj) = Cij . Indeed,
using 1.a.0,

FY (t) = e−i(t,m)FX(t) = exp
(
− 1

2 (Ct, t)
)
, ∀t ∈ Rk.

The expectations E(Yi), E(YiYj) can be computed from the characteristic function
of Y as E(Yi) = −i(∂FY /∂ti)(0) and E(YiYj) = −(∂2FY /∂ti∂tj)(0). Using the
product rule and symmetry of C we have (∂/∂ti)(Ct, t) = (Cei, t) + (Ct, ei) =
2(Cei, t). Consequently repeated differentiation yields

∂FY /∂ti = −(Cei, t)exp
(
− 1

2 (Ct, t)
)

and

∂2FY /∂ti∂tj = −
{
(Cei, ej)− (Cei, t)(Cej , t)exp

(
− 1

2 (Ct, t)
)}

.

Setting t = 0 now yields E(Yi) = 0 and E(YiYj) = (Cei, ej) = Cij .

1.a.2. If m ∈ Rk and C is a positive semidefinite, symmetric real k×k matrix, then
there exists an Rk-valued random vector X with FX(t) = exp

(
i(t,m)− 1

2 (Ct, t)
)
,

for all t ∈ Rk. For such X the distribution PX satisfies PX(m + range(C)) = 1,
that is, X ∈ m+ range(C) almost surely.

Proof. Step 1. We show that there exists a random vector Y : Ω → Rk with
characteristic function FY (t) = exp

(
−‖t‖2

/
2
)
, t ∈ Rk. Indeed, let (Ω,F , P ) be any

probability space which supports independent standard normal real valued random
variables Y1, Y2, . . . , Yk. Then FYj (s) = exp(−s2/2), s ∈ R. Let Y = (Y1, . . . , Yk)′.
By independence of the coordinates we have

FY (t) = FY1(t1) . . . FYk
(tk) = e−t21/2 . . . e−t2k/2 = e−‖t‖2

/
2, for all t ∈ Rk.

Step 2. Let now m ∈ Rk be a vector, C a real, symmetric, positive semidefinite
k × k matrix, write C = QQ′ as in appendix C and note that (Ct, t) = ‖Q′t‖2, for
all t ∈ Rk. According to step 1 there exists a random vector Y : Ω → Rk such that
FY (t) = exp

(
−‖t‖2

/
2
)
. Set X = m+QY . Using 1.a.0 we have

FX(t) = ei(t,m)FY (Q′t) = ei(t,m)e−‖Q′t‖2
/

2 = exp
(
i(t,m)− 1

2 (Ct, t)
)
,

for each t ∈ Rk, as desired. Recall now from appendix C that range(C) = range(Q).
Thus X = m + QY ∈ m + range(Q) = m + range(C) always. It follows that
PX(m + range(C)) = 1, at least for our special random vector X as above. If
now Z is any random vector in Rk such that FZ(t) = exp

(
i(t,m)− 1

2 (Ct, t)
)
, then

P̂Z(t) = FZ(t) = FX(t) = P̂X(t), for all t ∈ Rk, and since the Fourier transform
determines a measure uniquely, PZ = PX . It follows that PZ(m+ range(C)) = 1.
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DeÞnition. For any vector m ∈ Rk and real, symmetric, positive semidefinite k×k
matrix C the Gaussian measure N(m,C) is the unique probability measure P on
Rk which has Fourier transform

P̂ (t) = exp
(
i(t,m)− 1

2 (Ct, t)
)
, ∀t ∈ Rk.

Remark. This measure is concentrated on the affine space m + range(C). The
parameters m and C are called the mean and covariance matrix of P respectively.
This terminology is justified by 1.a.1.(b). If X is any Rk-valued random vector
such that PX = N(m,C), then m = EX = (EX1, EX2, . . . , EXk)′ ∈ Rk is the
mean of X and Cij = Cov(Xi, Xj). In this case the random vector X will be called
Gaussian and we write X ∼ N(m,C). Each random vector X as in 1.a.2 has this
property and this shows the existence of the Gaussian measure N(m,C). Let us
now record some of the properties of Gaussian distributions:

1.a.3. Let X : Ω → Rn be a random vector.
(a) If X is Gaussian, so is Y = y + AX, for every linear map A : Rn → Rk and

every vector y ∈ Rk.
(b) X is Gaussian if and only if ΛX : Ω → R is a normal variable, for each linear
functional Λ : Rn → R.

Proof. (a) Assume that X ∼ N(m,C), that is, FX(t) = exp
(
i(t,m)− 1

2 (Ct, t)
)
,

t ∈ Rn, for some vector m ∈ Rn and some symmetric, positive semidefinite n × n

matrix C. Let y ∈ Rk, A : Rn → Rk be a linear map and Y = y+AX. Using 1.a.0,

FY (t) = Fy+AX(t) = ei(t,y)FX(A′t) = ei(t,y)exp
(
i(A′t,m)− 1

2 (CA′t, A′t)
)

= ei(t,y)exp
(
i(t, Am)− 1

2 (ACA′t, t)
)

= exp
(
i(t, y +Am)− 1

2 (ACA′t, t)
)
,

for all t ∈ Rk. Here y+Am ∈ Rk and ACA′ is a positive semidefinite k×k matrix.
It follows that Y ∼ N(y +Am,ACA′) is Gaussian.

(b) (⇒). This follows from (a). (⇐). Assume now that ΛX is a normal variable, for
each linear functional Λ : Rk → R. We wish to show that X is itself Gaussian, that
is, FX(t) = exp

(
i(t,m)− 1

2 (Ct, t)
)
, for all t ∈ Rk, where m = EX ∈ Rk and Cij =

Cov(Xi, Xj) (this matrix C is automatically symmetric and positive semidefinite).
Fix t = (t1, t2, . . . , tk)′ ∈ Rk, consider the linear functional Λ(x) = (t, x), x ∈ Rk

and let s ∈ R. Since ΛX = (t,X) = t1X1 + t2X2 + . . .+ tkXk is a normal variable,

E [exp(is(t,X)] = E [exp(isΛX)] = FΛX(s) = eisµ−s2σ2/2, where

µ = EΛX = ΛEX = (t, EX) = (t,m) and

σ2 = V ar(ΛX) = V ar(t1X1 + . . .+ tkXk) = (Ct, t).

Setting s = 1, FX(t) = E [exp(i(t,X))] = exp(iµ−σ2/2) = exp
(
i(t,m)− 1

2 (Ct, t)
)
,

that is, X ∼ N(m,C).
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Remark. Our results about Gaussian random vectors can be reinterpreted as results
about Gaussian measures: Recall that for any random vector X and measurable
map φ on the range space of X we have φ(PX) = Pφ(X), where here φ(PX) denotes
the image of the measure PX under φ. Since every probability measure Q on Rk is
the distribution Q = PX of some random vector in Rk, 1.a.3 can be reinterpreted as
follows: every affine image of a Gaussian measure is itself a Gaussian measure. A
probability measure Q on Rn is Gaussian if and only if the image Λ(Q) is a normal
distribution on R, for every linear functional Λ on Rk.

1.a.4. If Xj : Ω → R, j = 1, . . . , k are independent normal variables, then the
random vector X = (X1, X2, . . . , Xk)′ is Gaussian.

Proof. Assume that Xj ∼ N(mi, σ
2
j ) and hence FXj (s) = exp

(
ismj − σ2

j s
2/2

)
. Let

t ∈ Rk. From the independence of the Xj it follows that,

FX(t) =
∏k

j=1 FXj
(tj)

=
∏k

j=1 e
−itjmj−σ2

j t
2
j/2

= exp
(
i(t,m)− 1

2

∑n
j=1 σ

2
j t

2
j

)

= exp
(
i(t,m)− 1

2 (Ct, t)
)
,

where m = (m1, . . . ,mk)′ ∈ Rk and C = diag(σ2
j ). Thus X ∼ N(m,C).

1.a.5 Normal Correlation Theorem. Let X1, . . . , Xk : Ω → R be random variables.
If the joint distribution of the Xj is Gaussian (i.e., if X = (X1, . . . , Xk)′ is a
Gaussian random variable), then the Xj are independent if and only if they are
pairwise uncorrelated.

Proof. Since independence implies pairwise independence which implies pairwise
uncorrelatedness, we need to concern ourselves only with the converse. Thus assume
that X = (X1, X2, . . . , Xk)′ ∼ N(m,C) is a Gaussian random variable and that the
Xj are pairwise uncorrelated: Then Cij = Cov(Xi, Xj) = 0, for all i �= j and hence
C = diag(λj) is a diagonal matrix. Let Z = X −m. Then Z ∼ N(0, C), that is,

FZ(t) = exp
(
− 1

2 (Ct, t)
)

= exp
(
− 1

2

∑n
j=1 λjt

2
j

)
,

for all t ∈ Rk. According to 1.a.1.(a) this implies that the components Zj are
independent and hence so are the Xj = mj + Zj .
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Standard Normal Distribution N(0, I) in Rk. The Gaussian distribution N(0, I)
with mean zero and covariance matrix I (the k × k identity matrix) is called the
standard normal distribution on Rk. If X is a standard normal random vector in
Rk, then

FX(t) = e−‖t‖2
/

2, t ∈ Rk. (0)

According to 1.a.1.(a) it follows that the components Xj ∼ N(0, 1) are independent
standard normal variables in R and consequently their joint distribution PX =
N(0, I) is the product measure

N(0, I) = N(0, 1)⊗N(0, 1)⊗ . . .⊗N(0, 1).

Since N(0, 1)(ds) = (2π)−
1
2 e−s2/2ds, it follows that N(0, I) has density

nk(x) = (2π)−k/2e−x2
1/2e−x2

2/2 . . . e−x2
k/2 = (2π)−k/2e−‖x‖2

/
2, (1)

with respect to Lebesgue measure λk on Rk. The characteristic function (0) is
spherically symmetric, that is, invariant under orthogonal transformations of Rk.
Indeed

FUX(t) = FX(U ′t) = e−‖U ′t‖2
/

2 = e−‖t‖2
/

2 = FX(t).

It follows that UX is again a standard normal random vector in Rk. Thus the
standard normal distribution N(0, I) on Rk satisfies

U(N(0, I)) = U (PX) = PU(X) = N(0, I),

for every orthogonal transformation U of Rk. This can be used to give an easy
proof of the invariance under orthogonal transformations of Lebesgue measure λk
on Rk:

1.a.6. Lebesgue measure λk on Rk satisfies U(λk) = λk, for each orthogonal trans-
formation U of Rk.

Proof. From (1) we have N(0, I)(dx) = (2π)−k/2exp
(
−‖x‖2

/
2
)
λk(dx) and so

λk(dx) = f(x)N(0, I)(dx), where the function f(x) = (2π)k/2exp
(
‖x‖2

/
2
)

satis-
fies f(Ux) = f(x), x ∈ Rk, for each orthogonal transformation U of Rk. It follows
that for each nonnegative measurable function g on Rk we have∫

g(x)U(λk)(dx) =
∫
g(Ux)λk(dx) =

∫
g(Ux)f(x)N(0, I)(dx)

=
∫
g(Ux)f(Ux)N(0, I)(dx) =

∫
g(x)f(x) [U(N(0, I))](dx)

=
∫
g(x)f(x)N(0, I)(dx) =

∫
g(x)λk(dx).

Remarks. (a) Note that (U(λk))(A) = λk(U−1(A)) = λk(U ′(A)). Thus the equality
U(λk) = λk means that λk(U ′(A)) = λk(A); equivalently, λk(U(A)) = λk(A), for
each orthogonal transformation U of Rk and each Borel set A ⊆ Rk.
(b) For later use we note the following property of Gaussian random variables:
Let π be any permutation of { 1, 2, . . . , k }. If X = (X1, X2, . . . , Xk)′ is a ran-
dom vector in Rk, then X is Gaussian if and only if the permuted vector Xπ =
(Xπ1, Xπ2, . . . , Xπk)′ is Gaussian. This follows immediately from 1.a.3.(a) and the
fact that permutation of coordinates is an invertible linear map on Rk.
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1.a.7 Integration with respect to Gaussian measures. It will suffice to consider
integration with respect to the distribution N(0, C) on Rk. We might now be
tempted to derive the density of this distribution. It is however easier and more
elegant to reduce integration with respect to N(0, C) to integration with respect to
the standard normal distribution N(0, I) on Rk with known density

nk(x) = (2π)−k/2e−
1
2‖x‖

2
, x ∈ Rk.

To this end we represent the symmetric, positive semidefinite matrix C as C = A′A

for some k×k matrix A, i.e., Cij = θi ·θj , where θj = cj(A) denotes the jth column
of A. Then (Ct, t) = ‖At‖2, for all t ∈ Rk. Now let X be any N(0, I)-random
vector on Rk (PX = N(0, I)). Then, using 1.a.0,

FA′X(t) = FX(At) = e−
1
2‖At‖2

= e−
1
2 (Ct,t),

and so A′X is an N(0, C)-variable. Thus N(0, C) = PA′X = A′(PX) = A′(N(0, I)
)

(image measure). The image measure theorem [appendix B.5] now shows that for
all nonnegative measurable functions f on Rk and all f ∈ L1(N(0, C)) we have

∫
Rk

f(x)N(0, C)(dx) =
∫
Rk

f(A′x)N(0, I)(dx)

=
∫
Rk

f(θ1 · x, θ2 · x, . . . , θk · x)N(0, I)(dx)

=
∫
Rk

f(θ1 · x, θ2 · x, . . . , θk · x)nk(x)dx.

The representation C = A′A can be effected as follows: Let λ1, λ2, . . . , λk be the
eigenvalues of C (these are nonnegative) and u1, u2 . . . , uk be an orthonormal basis
of eigenvectors of C satisfying Cuj = λjuj . Now let A be the k×k matrix with rows
rj(A) =

√
λjuj . We claim that C = A′A. It will suffice to show that A′Auj = Cuj ,

for all j = 1, . . . , k. Indeed, the orthonormality of the uj implies that Auj =
√
λjej

and so A′Auj =
√
λjA

′ej =
√
λjcj(A′) =

√
λjrj(A) = λjuj = Cuj , as desired.

1.b Gaussian Processes. In order to be able to introduce isonormal processes, it
will be necessary to consider certain real valued stochastic processes indexed by a
set T without order. A real valued stochastic process X = (Xt)t∈T indexed by T

will now be viewed as a function X : ω ∈ Ω �→ X(ω) = (Xt(ω))t∈T ∈ RT .

Thus X(ω) is the path t ∈ T �→ Xt(ω), for each ω ∈ Ω. For each t ∈ T

let πt : RT → R denote the tth coordinate projection, and let BT = σ (πt; t ∈ T )
denote the product σ-field on RT . Then the measurability of the individual random
variables Xt = πt ◦X, t ∈ T , implies that X : (Ω,F) → (RT ,BT ) is a measurable
map. The process X = (Xt)t∈T : (Ω,F , P ) → (RT ,BT ) is called Gaussian if the
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variable XF := (Xt)t∈F : Ω → RF is Gaussian, for each finite subset F ⊆ T , that is,
if all the finite dimensional marginal distributions ofX are Gaussian. The absence of
order on the index set T is irrelevant, since the Gaussian property is invariant under
permutations of coordinates. If X is Gaussian the distribution of the random vector
XF on RF is completely determined by its mean mF = E(XF ) = (E(Xt))t∈F and
covariance matrix CF =

(
C(s, t)

)
s,t∈F =

(
Cov(Xs, Xt)

)
s,t∈F which is selfadjoint

and positive semidefinite. Thus the functions

m : t ∈ T �→ E(Xt) ∈ R and C : (s, t) ∈ T × T �→ Cov(Xs, Xt) ∈ R

completely determine the finite dimensional marginal distributions and hence the
distribution of X on (RT ,BT ). Conversely

1.b.0 Theorem. Let T be an index set, m : T → R, C : T × T → R functions and
assume that the matrix CF :=

(
C(s, t)

)
s,t∈F is selfadjoint and positive semidefinite,

for each finite set F ⊆ T .

Then there exists a probability P on the product space (Ω,F) = (RT ,BT ) such
that the coordinate maps Xt : ω ∈ Ω �→ Xt(ω) = ω(t), t ∈ T , form a Gaussian
process X = (Xt)t∈T : (Ω,F , P ) → (RT ,BT ) with mean function E(Xt) = m(t)
and covariance function Cov(Xs, Xt) = C(s, t), s, t ∈ T .

Remark. Our choice of Ω and Xt implies that the process X : (Ω,F) → (RT ,BT )
is the identity map, that is, the path t ∈ T �→ Xt(ω) is the element ω ∈ RT = Ω
itself, for each ω ∈ Ω.

Proof. Fix any linear order on T and use it to order vector components and matrix
entries consistently. For finite subsets F ⊆ G ⊆ T let

πF : x = (xt)t∈T ∈ Ω = RT → (xt)t∈F ∈ RF and

πGF : x = (xt)t∈G ∈ RG → (xt)t∈F ∈ RF

denote the natural projections and set

mF = (m(t))t∈F ∈ RF , CF =
(
C(s, t)

)
s,t∈F and XF = (Xt)t∈F .

Let P be any probability on (Ω,F) = (RT ,BT ). Since X : (Ω,F , P ) → (RT ,BT )
is the identity map, the distribution of X on (RT ,BT ) is the measure P itself and
πF (P ) is the joint distribution of XF = (Xt)t∈F on RF . Thus X is a Gaussian
process with mean function m and covariance function C on the probability space
(Ω,F , P ) if and only if the finite dimensional distribution πF (P ) is the Gaussian
Law N(mF , CF ), for each finite subset F ⊆ T . By Kolmogoroff’s existence theorem
(appendix D.5) such a probability measure on (Ω,F) = (RT ,BT ) exists if and only if
the system of Gaussian Laws {N(mF , CF ) : F ⊆ T finite } satisfies the consistency
condition

πGF

(
N(mG, CG)

)
= N(mF , CF ),



Chapter II: Brownian Motion 111

for all finite subsets F ⊆ G ⊆ T . To see that this is true, consider such sets F ,
G and let W be any random vector in RG such that PW = N(mG, CG). Then
πGF

(
N(mG, CG)

)
= πGF (PW ) = PπGF (W ) and it will thus suffice to show that

Y = πGF (W ) is a Gaussian random vector with law N(mF , CF ) in RF , that is,
with characteristic function

FY (y) = exp
(
i(y,mF )− 1

2 (CF y, y)
)
, y = (yt)t∈F ∈ RF .

Since W is a Gaussian random vector with law N(mG, CG) on RG, we have

FW (y) = exp
(
i(x,mG)− 1

2 (CGx, x)
)
, x = (xt)t∈G ∈ RG,

and consequently (1.a.0), for y ∈ RF ,

FY (y) = FπGF (W )(y) = FW (π′
GF y) = exp

(
i(π′

GF y,mG)− 1
2 (CGπ

′
GF y, π

′
GF y)

)
.

Here π′
GF : RF → RG is the adjoint map and so (π′

GF y,mG) = (y, πGFmG) =
(y,mF ). Thus it remains to be shown only that (CGπ

′
GF y, π

′
GF y) = (CF y, y). Let

y = (yt)t∈F ∈ RF . First we claim that π′
GF y = z, where the vector z = (zt)t∈G ∈

RG is defined by
zt =

{
yt if t ∈ F
0 if t ∈ G \ F , ∀ y = (yt)t∈F ∈ RF .

Indeed, if x = (xt)t∈G ∈ RG we have (y, πGFx) =
∑

t∈F ytxt =
∑

t∈G ztxt = (z, x)
and so z = π′

GF y. Thus (CGπ
′
GF y, π

′
GF y) = (CGz, z) =

∑
s,t∈G C(s, t)zszt =∑

s,t∈F C(s, t)ysyt = (CF y, y).

1.c Isonormal processes. Let H be a real Hilbert space and (Ω,F , P ) a probability
space. An isonormal process on (Ω,F , P ) indexed by H is a real valued Gaussian
process X = (Xf )f∈H : (Ω,F , P ) → (RH ,BH) which satisfies

EXf = 0 and Cov(Xf , Xg) = E(XfXg) = (f, g)H ,

for all vectors f, g ∈ H.

1.c.0 Theorem. If H is a real Hilbert space then there exists an isonormal process
X = (Xf )f∈H indexed by H (on some suitable probability space (Ω,F , P )).

Proof. According to 1.b.0 it will suffice to show that the covariance function
C(f, g) = (f, g)H has the property that the matrix(

C(fi, fj)
)n
ij=1

=
(
(fi, fj)H

)n
ij=1

is symmetric and positive semidefinite, for each finite subset { f1, f2, . . . , fn } ⊆ H.
The symmetry of this matrix is an immediate consequence of the symmetry of the
inner product in a real Hilbert space. Moreover

∑n
i,j=1 C(fi, fj)titj =

∑n
i,j=1 titj(fi, fj)H =

(∑n
i=1 tifi ,

∑n
j=1 tjfj

)
H

=
∥∥∑n

i=1 tifi
∥∥2 ≥ 0,

for all t1, . . . , tn ∈ R. Thus the matrix
(
C(fi, fj)

)n
ij=1

is positive semidefinite.
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2. ONE DIMENSIONAL BROWNIAN MOTION

2.a One dimensional Brownian motion starting at zero. Recall that (Ω,F , P ) is
a complete probability space and let B = (Bt)t∈I : (Ω,F , P ) → (RI ,BI) be a real
valued stochastic process with index set I = [0,∞). Then B is called a Brownian

motion (starting at zero) if
(α) B is a Gaussian process.
(β) B0 = 0 almost surely.
(γ) E(Bt) = 0 and Cov(Bs, Bt) = E(BsBt) = s ∧ t, for all s, t ≥ 0, and
(δ) For every ω ∈ Ω the path t ∈ [0,∞) �→ Bt(ω) ∈ R is continuous.
Condition (β) is redundant (it follows from (γ): E(B2

0) = Cov(B0, B0) = 0) and
is included for ease of reference only. Brownian motion can be characterized by an
equivalent set of conditions:

2.a.0. The process B = (Bt)t≥0 is a Brownian motion if and only if
(a) B0 = 0 almost surely.
(b) For 0 ≤ s < t the increment Bt − Bs is normal with mean zero and variance

t− s: Bt −Bs ∼ N(0, t− s).
(c) For all 0 ≤ t1 < t2 < . . . < tn the variables Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1 are

independent.
(d) For every ω ∈ Ω the path t ∈ [0,∞) �→ Bt(ω) ∈ R is continuous.

Proof. (⇒). Assume first that B is a Brownian motion starting at zero. Because
of (β) and (δ) we have to show only that (b) and (c) hold.

Let 0 ≤ s < t. According to (γ) we have E(Bs) = E(Bt) = 0, E(B2
s ) =

E(BsBs) = s ∧ s = s, similarly E(B2
t ) = t and finally E(BsBt) = s. Moreover,

according to (1), (Bs, Bt) is a two dimensional Gaussian variable and hence its linear
image Bt−Bs is a one dimensional normal variable with mean E(Bt)−E(Bs) = 0
and variance V ar(Bt − Bs) = E

[
(Bt −Bs)2

]
= E

[
B2
t − 2BtBs +B2

s

]
= t − s.

Thus Bt −Bs ∼ N(0, t− s). This shows (b).
(c) Let 0 ≤ t1 < . . . < tn. By (α) the random vector (Bt1 , Bt2 , . . . , Btn) is

Gaussian and hence so is its linear image (Bt1 , Bt2−Bt1 , . . . , Btn−Btn−1). According
to 1.a.5 the independence of the variables Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1 follows if
we can show that they are pairwise uncorrelated, that is, E

[
Bt1(Btj −Btj−1)

]
= 0

and E
[
(Btj −Btj−1)(Btk −Btk−1)

]
= 0, for all j �= k (recall that all these variables

have mean zero). Indeed, we may assume k < j and thus tk−1 < tk ≤ tj−1 < tj . It
follows that E

[
Bt1(Btj −Btj−1)

]
= E(Bt1Btj )−E(Bt1Btj−1) = t1∧tj−t1∧tj−1 =

t1 − t1 = 0 and similarly

E
[
(Btj −Btj−1)(Btk −Btk−1)

]
= tk − tk − tk−1 + tk−1 = 0.

(⇐). Assume now that (a)-(d) are satisfied. We must verify (α)-(δ). In view of (a)
and (d) we need to show only (α) and (γ). Note first that Bt = Bt−B0 is a normal
variable, according to (a) and (b). Let now 0 ≤ t1 < . . . < tn. According to (b), (c)
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and the preceding remark, Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1 are independent normal
variables. It follows that (Bt1 , Bt2 − Bt1 , . . . , Btn − Btn−1) is a Gaussian vector
(1.a.4) and hence so is its linear image (Bt1 , Bt2 , . . . , Btn). Thus B is a Gaussian
process. This shows (α).

To show (γ), note now that (a) and (b) with s = 0 imply that Bt ∼ N(0, t) and
thus E(Bt) = 0 and E(B2

t ) = t. Let 0 ≤ s ≤ t. Then E(BsBt) = E [Bs(Bt −Bs)]+
E(B2

s ) = E(Bs)E(Bt − Bs) + s = s, where we have used the independence of Bs

and Bt −Bs, according to (c). This shows (γ).

Remark. Condition (b) implies that the increments Bt −Bs are stationary, that is,
the distribution of this increment depends on s, t only through t− s. From (a) and
(b) it follows that Bt ∼ N(0, t), for all t > 0. Regarding the distribution N(0, 0) as
the point measure ε0 concentrated at zero, this relation holds for t = 0 also.

Brownian motion on (Ω,F , (Ft), P ). The reader will note that no filtration is
involved in the definition of a Brownian motion. However condition (c), the “in-
dependence of increments”, can be shown to be equivalent with the independence
of Bt − Bs from the σ-field F0

s = σ (Br; r ≤ s), for all 0 ≤ s < t (2.e.1 below).
This motivates the following terminology: the process B will be called a Brown-
ian motion on the filtered probability space (Ω,F , (Ft), P ) if it is adapted, satisfies
conditions (a),(b),(d) of 2.a.0 and the increment Bt − Bs is independent of the σ-
field Fs, for all 0 ≤ s < t. Thus each Brownian motion B is a Brownian motion
on (Ω,F , (F0

t ), P ), where F0
t = σ (Br; r ≤ t). Let us now show that a Brownian

motion starting at zero exists. We need the following

2.a.1 Lemma. Let a, δ > 0. If the real valued random variable X has distribution
N(0, δ), then

P ( |X| ≥ a ) ≤
√
δ
a e−a2/2δ.

Proof. Recall that N(0, δ)(dx) = (2πδ)−1/2 e−x2/2δdx. Thus

N(0, δ) ([a,+∞)) =
∫ +∞

a

(2πδ)−1/2 e−x2/2δdx ≤
∫ +∞

a

x
a · (2πδ)−1/2 e−x2/2δdx

≤
√
δ

2a

∫ +∞

a

x
δ e

−x2/2δdx =
√
δ

2a

[
−e−x2/2δ

]+∞

a
=

√
δ

2a e
−a2/2δ.

Assume now that X ∼ N(0, δ). From the symmetry of the normal distribution it
follows that

P ( |X| ≥ a ) = 2N(0, δ) ([a,+∞)) ≤
√
δ
a e−a2/2δ.

2.a.2 Theorem. A Brownian motion B = (Bt)t≥0 exists.

Proof. Let H be the Hilbert space L2 ([0,+∞)) (with respect to Lebesgue measure
on [0,+∞)) and L =

(
L(f)

)
f∈H an isonormal process with index set H. Set

Xt = L
(
1[0,t]

)
, t ≥ 0. Then X = (Xt)t≥0 is a Gaussian process, since so is L. Also

E(Xt) = 0 and Cov(Xs, Xt) = E [XsXt] =
(
1[0,s], 1[0,t]

)
H

= s ∧ t, by definition
of an isonormal process. This implies that E(X2

0 ) = 0 and hence X0 = 0 almost
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surely. Thus X has all the properties of a Brownian motion except the continuity
of the paths. We note in particular that this implies that the increment Xt − Xs

satisfies
Xt −Xs ∼ N(0, t− s), (0)

for all 0 ≤ s < t (see proof of 2.a.0). We now show that a suitable version B of
the process X has continuous paths. The process B then satisfies Bt = Xt almost
surely, for each t ≥ 0, and this implies that B also has properties (α), (β), (γ)
above. Combined with the continuity of paths this will show that B is in fact a
Brownian motion starting at zero.

(a) Let us first observe that the map t ∈ [0,+∞) → Xt is continuous in probability,
that is, tn → t implies Xtn → Xt in probability. Set δn = |tn− t|, n ≥ 1. According
to (0), Xtn − Xt ∼ N(0, δn) and consequently, using 2.a.1, P (|Xtn −Xt| ≥ ε) ≤
(
√
δn/ε)exp

(
−ε2/2δn

)
→ 0, as δn = |tn − t| → 0, for each ε > 0.

(b) Fix n ≥ 1, let Dn = { k/2n | k ≥ 0 } and set an(t) = max{ r ∈ Dn | r ≤ t } =
[2nt] /2n, for each t ≥ 0. Thus an(t) ∈ Dn and |an(t)− t| ≤ 2−n. Since Dn ⊆ Dn+1,
it follows that an(t) ↑ t, as n ↑ ∞. Now let

∆n = {Xr+2−n −Xr | r ∈ Dn ∩ [0, n] }.

The set ∆n consists of n2n + 1 random variables Y all of which have distribution
N(0, 2−n). Set Mn = max Y ∈∆n |Y |. Using lemma 2.a.1 every random variable
Y ∈ ∆n satisfies P

(
|Y | ≥ 1/n2

)
≤ n22−n/2 exp

(
−2n−1/n4

)
≤ n2 exp

(
−2n−1/n4

)
and so

P
(
Mn ≥ 1/n2

)
≤

∑
Y ∈∆n

P
(
|Y | ≥ 1/n2

)
≤ (1 + n2n)n2 exp

(
−2n−1/n4

)
:= pn.

We have 2n−1 > n5 and so pn ≤ (1 + n2n)n2e−n, for all sufficiently large n. It
follows that ∑

n P (Mn ≥ 1/n2) ≤
∑

n≥1 pn <∞.

The Borel Cantelli Lemma now shows that P
(
Mn ≥ 1/n2 i.o.

)
= 0. In particular

the series
∑

Mn converges almost surely.
Now let n ≥ t ≥ 0. Then an(t), an+1(t) ∈ Dn+1∩[0, n+1] and an+1(t)−an(t) =

0, 2−(n+1) and so
∣∣Xan+1(t) −Xan(t)

∣∣ ≤Mn+1. Thus

∑
n≥t

∣∣Xan+1(t) −Xan(t)

∣∣ ≤ ∑
n≥1 Mn <∞, P -as., (1)

and it follows that Zt := limn↑∞Xan(t) ∈ R exists on the set
[∑

Mn < ∞
]

and
hence almost surely with exceptional set independent of t ≥ 0.

We have Xan(t) → Zt almost surely and hence in probability. Also an(t) → t

and hence Xan(t) → Xt in probability, according to (a). As limits in probability are
almost surely uniquely determined, we have Zt = Xt almost surely. Next we wish
to show that almost every path t �→ Zt(ω) is continuous. Let D :=

⋃
nDn be the

family of all dyadic rationals and observe that
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(c) If r ∈ D is dyadic rational with r ≤ m, then
∣∣Xr −Xam(r)

∣∣ ≤ ∑
j>mMj .

If r = am(r) (equivalently if r ∈ Dm), there is nothing to prove. If am(r) < r we
can write

r = am(r) +
∑m+p

j=m+1 εj/2
j ,

with εj ∈ {0, 1}, for all j = m+1, m+2,. . . , m+p. Set rk = am(r)+
∑m+k

j=m+1 εj/2
j ,

k = 0, 1,. . . , p. Then r0 = am(r), rp = r, and rk+1, rk ∈ Dm+k+1∩ [0,m+k+1] and
rk+1−rk = 0, 1/2k+1 and hence

∣∣Xrk+1 −Xrk

∣∣ ≤Mm+k+1, for all k = 0, 1, . . . , p−1.
Thus ∣∣Xr −Xam(r)

∣∣ =
∣∣Xrp −Xr0

∣∣ ≤ ∑p−1
k=0

∣∣Xrk+1 −Xrk

∣∣
≤

∑p−1
k=0 Mm+k+1 ≤

∑
j>mMj .

(d) If r, s ∈ D ∩ [0,m] with |r − s| ≤ 2−m, then |Xr −Xs| ≤ 2
∑

j≥mMj .

If |r − s| ≤ 2−m, then am(r), am(s) ∈ Dm ∩ [0,m] and |am(r)− am(s)| = 0, 2−m

and it follows that
∣∣Xam(r) −Xam(s)

∣∣ ≤Mm. Thus, using (c),

|Xr −Xs| ≤
∣∣Xr −Xam(r)

∣∣ +
∣∣Xam(r) −Xam(s)

∣∣ +
∣∣Xam(s) −Xs

∣∣
≤Mm + 2

∑
j>mMj ≤ 2

∑
j≥mMj .

(e) The path t ∈ [0,+∞) �→ Zt(ω) is continuous, for almost every ω ∈ Ω, indeed
for each ω such that

∑
j≥1 Mj(ω) <∞.

Consider such ω ∈ Ω and recall from (1) that then Xan(s)(ω) → Zs(ω), for each
s ≥ 0. Fix t ≥ 0 and consider any sequence of nonnegative numbers tk such that
tk → t. We want to show that Ztk(ω) → Zt(ω), as k ↑ ∞.

Let ε > 0 be arbitrary, choose m ≥ t, supk tk such that
∑

j≥mMj(ω) < ε

and consider any k such that |tk − t| < 2−m. Since Xan(tk)(ω) → Ztk(ω) and
Xan(t)(ω) → Zt(ω), we can choose n ≥ m such that

∣∣Xan(tk)(ω)− Ztk(ω)
∣∣ < ε and∣∣Xan(t)(ω)− Zt(ω)

∣∣ < ε. Then an(tk), an(t) ∈ D ∩ [0,m] and |tk − t| < 2−m implies
|an(tk)− an(t)| ≤ 2−m and so

∣∣Xan(tk)(ω)−Xan(t)(ω)
∣∣ ≤ 2

∑
j≥mMj(ω) < 2ε,

according to (d). It follows that

|Ztk(ω)− Zt(ω)| ≤
∣∣Ztk(ω)−Xan(tk)(ω)

∣∣ +
∣∣Xan(tk)(ω)−Xan(t)(ω)

∣∣ +∣∣Xan(t)(ω)− Zt(ω)
∣∣ ≤ ε+ 2ε+ ε = 4ε.

Thus the path s �→ Zs(ω) is continuous at the point s = t.

Finally we make a trivial modification which forces all paths to be continuous.
Choose a null set N ⊆ Ω such that the path t ∈ [0,+∞) �→ Zt(ω) is continuous, for
each ω ∈ Ω \ N and set B = (1 − 1N )Z. Then the path t �→ Bt(ω) is continuous,
for each ω ∈ Ω and Bt = Zt = Xt almost surely, for each t ≥ 0. It follows that
the process B = (Bt)t≥0 inherits properties (α)-(γ) of a Brownian motion from the
process X. Thus B is a Brownian motion starting at zero.
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2.b Pathspace and Wiener measure. Let B = (Bt)t≥0 be a Brownian motion
starting at zero on the complete probability space (Ω,F , P ) and let B denote the
Borel σ-field on R. We can view B as a measurable map B : (Ω,F , P ) → (RI ,BI),
where I = [0,+∞) and BI is the product σ-field, that is, BI = σ(Xt : t ≥ 0) is the
σ-field generated by the coordinate maps

Xt : x = (xt)t≥0 ∈ RI �→ xt ∈ R. (0)

The measurability of B follows from the measurability of the compositions Bt =
Xt ◦ B : (Ω,F) → (R,B). The product space (RI ,BI) exhibits many pathological
properties. For example it is not metrizable and the product σ-field BI is weaker
than the Borel σ-field generated by the product topology on RI . The pathwise
continuity of B however allows us to restrict the range of B to a far smaller and
more managable space. Let

C := C(I,R) = { f | f : I = [0,+∞) → R is continuous }.

Then C is a real vector space (and obviously a miniscule subspace of the product
space RI). Equipped with the seminorms ‖f‖n := supt∈[0,n] |f(t)|, f ∈ C, n ≥ 1,
C becomes a Fréchet space. The metric topology on C is the topology of uniform
convergence on compact subsets of I and is far stronger than the trace of the product
topology (the topology of pointwise convergence) on RI . It is not difficult to see
that the metric space C is in fact separable: Piecewise linear functions with graphs
whose vertices have rational coordinates and which are eventually constant form a
countable dense subset of C. Thus C is a complete, separable metric space. For
t ≥ 0 the evaluation functional

Xt : f ∈ C → f(t) ∈ R (1)

is simply the restriction to C of the coordinate functional Xt in (0) and we let
C := σ(Xt; t ≥ 0) be the σ-field generated by these functionals. Then C = {C ∩A |
A ∈ BI } is the trace of the product σ-field BI on the subset C ⊆ RI .

The subsets A ⊆ RI such that the indicator function 1A depends on only
countably many coordinates Xt are easily seen to form a σ-field G containing the
generators X−1

t (A), t ≥ 0, A ∈ B(R), of the product σ-field BI and hence all of BI .
Since continuity is not a property depending on the value at only countably many
points, the subset C ⊆ RI is not in G and hence not in BI .

On the product space RI the product σ-field BI is weaker than the Borel σ-
field generated by the product topology. However, on the smaller space C the two
σ-fields agree:
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2.b.0. C is the Borel σ-field generated by the metric topology of the space C.

Proof. Let B(C) denote the Borel σ-field generated by the metric topology on C.
Since each map Xt : C → R is continuous (and hence Borel measurable), it follows
that C = σ(Xt; t ≥ 0) ⊆ B(C). On the other hand the Borel σ-field is generated by
the closed balls

Bn,r(f) := { g ∈ C | ‖f − g‖n ≤ r }, n ≥ 1, r > 0, f ∈ C.

Thus the reverse inclusion B(C) ⊆ C will be established, if we can show that
Bn,r(f) ∈ C, for all such n, r and f . Indeed

Bn,r(f) = { g ∈ C | supt∈[0,n] |g(t)− f(t)| ≤ r }
= { g ∈ C | |g(t)− f(t)| ≤ r, ∀ t ∈ Q ∩ [0, n] }
= { g ∈ C | Xt(g) ∈ [f(t)− r, f(t) + r], ∀ t ∈ Q ∩ [0, n] }
=

⋂
t∈Q∩[0,n]

X−1
t ([f(t)− r, f(t) + r]) ∈ σ(Xt; t ≥ 0) = C.

Terminology. The measurable space (C, C) is called path space. It is a complete,
separable metric space together with its Borel σ-field C. We keep in mind however
that C is also the σ-field generated by the evaluation functionals Xt in (2). Due to
the continuity of all paths, our Brownian motion B : (Ω,F , P ) → (RI ,BI) actually
takes values in path space, that is, B : (Ω,F , P ) → (C, C) is a measurable map.

Let PB denote the distribution of B on path space (C, C), and set X = (Xt)t≥0.
Then X : (C, C, PB) → (C, C) is a stochastic process on (C, C, PB) and in fact

X : f ∈ C → (Xt(f))t≥0 = f ∈ C

is the identity map. It follows that the distribution of X is identical to the dis-
tribution of B (PX = X(PB) = PB) and in particular X is another Brown-
ian motion starting at zero. By the special nature of X, the entire information
about the stochastic process X is concentrated in the underlying probability mea-
sure Q = PX = PB on path space (C, C). This measure is called the Wiener

measure. The measure Q is easily seen to be independent of the probability space
(Ω,F , P ) and Brownian motion B : (Ω,F , P ) → (C, C). It is completely deter-
mined by its finite dimensional marginal distributions. If F ⊆ I = [0,+∞) is
a finite subset and πF : C → RF the corresponding coordinate projection, then
πF (Q) = πF (PB) = PπF ◦B = P(Bt)t∈F

= N(0, D), where the Gaussian measure
N(0, D) is completely determined by its covariance function D(s, t) = s ∧ t and is
thus independent of the special choices of (Ω,F , P ) and B. In short we may assume
that our Brownian motion B is defined on the probability space (Ω,F , P ), where

Ω = C = {ω | ω : I = [0,+∞) → R is continuous },
Bt = Xt : ω ∈ Ω = C �→ ω(t) ∈ R, t ≥ 0,

F = C = σ(Xt; t ≥ 0) and

P = Q is the Wiener measure.

(2)
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In this case we might be tempted to use the natural filtration F0
t := σ(Bs; s ≤ t),

t ≥ 0, to which the process B is adapted. This filtration however is not right
continuous, a very serious flaw: indeed the set {ω ∈ Ω = C | limt↓0+ t−1ω(t) = 0 }
is in

⋂
t>0 F0

t but not in F0
0 . This problem will be overcome below, where it is

shown that augmentation of the σ-field F and of filtration (F0
t ) by the null sets

makes this filtration right continuous.

2.c The measures Px. Consider the Brownian motion B on the probability space
(C, C, Q), where Q is the Wiener measure and Bt(ω) = ω(t), for all ω ∈ Ω. Then
B : (C, C) → (C, C) is the identity map and B0 = 0 almost surely.

Often it is more desirable to start the Brownian motion at some other point
x ∈ R, while maintaining properties 2.a.0.(b)-(d) above.

Set Bx = x + B, that is, Bx
t = x + Bt, t ≥ 0. Then obviously Bx

0 = x,
P -as., while the process Bx has the same increments as the process B and hence
the properties 2.a.0.(b)-(d) remain in force for Bx with respect to the underlying
probability measure Q. However it is better to leave the process B unchanged and
force the desired property by a change of the underlying probability measure Q.

Since B : (C, C) → (C, C) is the identity map, Q = B(Q) = QB is also the
distribution of the process B. The above suggests that we let Px = Bx(Q) = QBx

be the distribution of the process Bx:

2.c.0 DeÞnition. For x ∈ R set Px = Bx(Q) = QBx , where Bx = x+B.

Recalling that B is the identity map, we have B(Px) = Px = Bx(Q), that is, the
distribution of the process B under the measure Px is identical to the distribution of
the process Bx under the measure Q. Thus, with respect to the probability measure
Px, the process B satisfies:
(a) B0 = x almost surely,
(b) For all 0 ≤ s < t the increment Bt −Bs has distribution N(0, t− s),
(c) For all 0 ≤ t1 < t2 < . . . < tn the variables Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1 are

independent,
(d) For every ω ∈ Ω the path t ∈ [0,∞) �→ Bt(ω) ∈ R is continuous,

since this is true of the process Bx relative to the probability measure Q. In par-
ticular, relative to the underlying measure Px we have Bt ∼ N(x, t), that is, Bt is
normal with mean x and variance t. Note that, relative to Px, B remains a path
continuous process with stationary and independent increments.

2.d Brownian motion in higher dimensions. Let d ≥ 1. A d-dimensional Brownian
motion B starting at 0 ∈ Rd on the probability space (Ω,F , P ) is an Rd-valued
stochastic process, Bt =

(
B1
t , B

2
t , . . . , B

d
t

)′, such that the the coordinate processes

Bj : (Ω,F , P ) → (C, C), j = 1, 2, . . . , d

are independent one dimensional Brownian motions on (Ω,F , P ) starting at 0 ∈ R.
The independence here is the usual independence of random objects and implies
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in particular the independence of the random variables f1(B1), f2(B2), . . . , fd(Bd),
for all measurable functions fj : (C, C) → R. One verifies easily:
(a) B0 = 0 almost surely.
(b) The increment Bt −Bs is a Gaussian variable with distribution N(0, (t− s)I),

for all 0 ≤ s < t.
(c) For all 0 ≤ t1 < t2 < . . . < tn the variables Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1 are

independent.
(d) For every ω ∈ Ω the path t ∈ [0,∞) �→ Bt(ω) ∈ Rd is continuous,
in close analogy to the one dimensional case. In particular B is a path continuous
process with stationary and independent increments. Note that the process B can
be viewed as a measurable map

B : (Ω,F , P ) →
(
Cd, Cd

)
:= (C, C)d.

Let I = [0,+∞). The product Cd = C(I,R)d can be identified with the space
C(I,Rd) of all continuous functions f : I → Rd. With seminorms analogous to the
one dimensional case, C(I,Rd) is a Fréchet space, its topology the product topology
on Cd and hence the product σ-field Cd the Borel σ-field on C(I,Rd).

Obviously properties (a)-(c) specify all the finite dimensional distributions of
the process B and consequently uniquely determine the distribution of B on the
space

(
Cd, Cd

)
. Indeed, if 0 = t0 < t1 < . . . < tn, then (a),(b),(c) specify the joint

distribution of the random vector (Bt0 , Bt1 − Bt0 , . . . , Btn − Btn−1) and hence the
distribution of its (linear) image (Bt0 , Bt1 , . . . , Btn). Thus a Brownian motion in Rd

starting at zero is characterized by properties (a)-(d) above, that is, (a)-(d) imply
that B is an Rd-valued Brownian motion starting at zero in Rd.

The existence of such Brownian motions follows easily from the existence in
the one dimensional case: if (Ω,F , P ) is the d-fold product space (C, C, Q)d, where
Q is the (one dimensional) Wiener measure, then the identity map

B : (Ω,F , P ) → (C, C)d =
(
Cd, Cd

)

is such a process (the standard Brownian motion in Rd). The coordinates with
respect to the product measure are independent and identically distributed and
hence one dimensional Brownian motions as required above.

Consider this process B and let x ∈ Rd. Then the process Bx = x + B and
the probability measure Px := Bx(P ) satisfy Bx(P ) = Px = B(Px), that is, the
distribution of B under Px is identical to the distribution of Bx under P . As in
2.c this implies that, relative to the probability measure Px, the process B satisfies
B0 = x almost surely and (b)-(d) as above.

The shift operators. The special nature of the space (Ω,F , P ) = (C, C, Q)d provides
an additional useful structural element. On the set Ω = Cd = C(I,Rd) we can
introduce the shift operators θs : Ω → Ω, s ∈ I, as follows

(θsω) (t) = ω(t+ s), ω ∈ Ω, s, t ∈ I = [0,+∞).
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The operator θs shifts us s seconds into the future. If B is the standard Brownian
motion Bt(ω) = ω(t), ω ∈ Ω = C(I,Rd), then Bt ◦ θs = Bt+s. If Y : Ω → R is
any function, then Y ◦ θs is the same function restricted to the future after time
s. Let for example Y = f(Bt1 , Bt2 , . . . , Btn), where 0 ≤ t1 < t2 < . . . < tn and
f : (Rd)n → R. Then Y ◦ θs = f(Bt1+s, Bt2+s, . . . , Btn+s). These relations will be
useful in the formulation of the Markov property.

For the remainder of chapter II we assume that our probability space (Ω,F , P )
and Brownian motion B are of the above special form: (Ω,F , P ) = (C, C, Q)d

and B : (Ω,F , P ) → (Cd, Cd) the identity map. In consequence we have the shift
operators θs, s ∈ [0,+∞), and measures Px, x ∈ Rd. Let Ex = EPx

denote
expectation with respect to the measure Px.

2.e Markov property. Let B be a Brownian motion in Rd and F0
t := σ(Bs; s ≤ t),

t ≥ 0, the associated filtration. We have noted above that this filtration is not
satisfactory as it is not right continuous. It will be replaced with a more satisfactory
filtration below.

At time s the development of the path t ∈ [0, s] �→ Bt(ω) has already been
observed, that is, all the information in the σ-field F0

s is at hand. A natural question
is now what this implies about the future development of the path t �→ Bt(ω).

To investigate this, we study the conditional probabilities P (Bt ∈ A | F0
s ),

for Borel subsets A ⊆ Rd, or, more generally and more elegantly, the conditional
expectations E

(
f(Bt) | F0

s

)
, for 0 ≤ s < t.

We will see that these depend only on the σ-field σ(Bs) and not on all of F0
s ,

that is, the development of the path t �→ Bt(ω) from time t = s onward depends
only on the present state (value of Bs(ω)), but not on its past t ∈ [0, s) �→ Bt(ω).
For t > 0 and x, y ∈ Rd, set

qt(x, y) := (2πt)−d/2e−‖x−y‖2/2t.

From 1.a.7 it follows that the Gaussian measure N(0, tI) with mean 0 ∈ Rd and
covariance matrix tI has density N(0, tI)(dy) = (2πt)−d/2e−‖y‖2/2tdy. It follows
that the Gaussian measure N(x, tI) has density

N(x, tI)(dy) = (2πt)−d/2e−‖x−y‖2/2tdy = qt(x, y)dy.

2.e.0. We have qt(x, y) = qt(x + h, y + h), qt(x, y) = qt(y, x) = qt(x − y, 0) and
N(x, tI)(dy) = qt(x, y)dy especially

∫
Rd qt(x, y)dy = 1, for all x, y, h ∈ Rd.

Poisson kernels. Let b(Rd) denote the Banach space of all bounded, measurable
functions on f : Rd → R. For t ≥ 0 define the linear operator Pt : b(Rd) → b(Rd)
as the convolution

Ptf = f ∗N(0, tI), f ∈ b(Rd).

Consequently, for x ∈ Rd,
(Ptf)(x) =

∫
Rd

f(y)qt(x, y)dy = E(f(W )), (0)

where W is any random variable with distributionN(x, tI). We will use the notation
Ptf = f ∗N(0, tI) =

∫
Rd f(y)qt(·, y)dy for all measurable functions f , for which the

corresponding integral exists, especially for nonnegative f .
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From the Fourier transform ̂N(0, tI)(y) = exp (−(tIy, y)) = exp
(
−t‖y‖2

)
we

infer the semigroup property N(0, sI) ∗ N(0, tI) = N(0, (s + t)I), s, t ≥ 0. The
associativity of convolution now yields Ps ◦ Pt = Ps+t; in other words the family
{Pt}t≥0 is a semigroup of operators on b(Rd).

2.e.1. Let 0 ≤ s < t. Then Bt − Bs is independent of the σ-field F0
s under all

measures Px, x ∈ Rd.

Proof. Let x ∈ Rd, 0 ≤ s1 < s2 < . . . < sn ≤ s and set ∆ = Bt − Bs. Then the
variables B0, Bs1 − B0, Bs2 − Bs1 ,. . . , Bsn

− Bsn−1 , ∆ are independent under Px

(2.d.(c)) and so ∆ is independent of the σ-field σ(B0, Bs1 −B0, . . . , Bsn
−Bsn−1) =

σ(B0, Bs1 , . . . , Bsn
).

Consequently Π =
⋃
{σ(Bs1 , . . . , Bsn) | 0 ≤ s1 < . . . < sn ≤ s } ⊆ F0

s is a
π-system which generates the σ-field F0

s and satisfies Px(A ∩ B) = Px(A)Px(B),
for all sets A ∈ Π and B ∈ σ(∆). 2.e.1 now follows by applying appendix B.10.0 to
each event B ∈ σ(∆).

2.e.2. Let 0 ≤ s < t, x ∈ Rd and f : Rd → R a bounded or nonnegative measurable
function. Then
(a) Ex

(
f(Bt) | F0

s

)
= (Pt−sf) (Bs) =

∫
Rd f(y)qt−s(Bs, y)dy.

(b) Ex (f(Bt)) = (Ptf) (x) =
∫
Rd f(y)qt(x, y)dy.

(c) Ex

(
f(Bt) | F0

s

)
= E (f(Bt) | Bs).

(d) Ex

(
f(Bt) | F0

s

)
(ω) = EBs(ω) (f(Bt−s)), for P -ae. ω ∈ Ω.

Remark. Here E
(
f(Bt) | Bs

)
= E

(
f(Bt) | σ(Bs)

)
as usual. The reader will note

that the right hand sides of (a),(c) and (d) do not depend on x explicitly. It does
not matter where B starts. It matters only where it is at time s.

Proof. (a) Note that the random variable Bs is F0
s -measurable while the random

variable Bt − Bs is independent of the σ-field F0
s under the measure Px (2.e.1).

Using I.2.b.11, we obtain

Ex

(
f(Bt) | F0

s

)
= Ex

(
f(Bs + (Bt −Bs)) | F0

s

)
=

∫
Rd

f(Bs + y)PBt−Bs
(dy).

Since Bt−Bs ∼ N(0, (t− s)I) under Px, we have PBt−Bs
(dy) = qt−s(0, y)dy. Thus

Ex

(
f(Bt) | F0

s

)
=

∫
Rd

f(Bs + y)qt−s(0, y)dy =
∫
Rd

f(y)qt−s(0, y −Bs)dy

=
∫
Rd

f(y)qt−s(Bs, y)dy = (Pt−sf) (Bs).

(b) Use (a) for s = 0 and note that the σ-field F0
0 consists only of events of Px-

probability zero or one. Thus Ex

(
f(Bt) | F0

0

)
= Ex (f(Bt)). Moreover B0 = x,

Px-as.



122 2.e Markov property.

(c) The right side of (a) is σ(Bs)-measurable. It follows that E
(
f(Bt) | F0

s

)
=

E (f(Bt) | σ(Bs)).

(d) Let ω ∈ Ω. According to (b) with x = Bs(ω) and t replaced with t − s, the
right hand side of (a) can be written as (Pt−sf) (Bs(ω)) = EBs(ω) (f(Bt−s)) and
thus (d) follows from (a).

Remark. 2.e.2 deals with random variables Z : Ω = C(I,Rd) → R which are of the
particularly simple form Z = f(Bt). Note that (c) says that E(Z | F0

s ) = E(Z | Bs),
that is, the future, given the entire past up to time s, is the same as the future,
given the state exactly at time s: the past influences the future only through the
present.

Part (d) expresses this same fact in a more explicit way: At time s our path has
arrived at the point Bs(ω). However, the process Yt = Bt+s has all the properties
of a Brownian motion except Y0 = 0. Thus we can view the path t ≥ s �→ Bt(ω) as
the path of a Brownian motion starting at the point Bs(ω) and consequently the
future after time s should be evaluated through the measure Px, where x = Bs(ω).
The transition from time s to time t is then accomplished through the increment
Bt −Bs ∼ N(0, (t− s)I) ∼ Bt−s.

The Markov property is the generalization of (d) to arbitrary bounded or
nonnegative measurable random variables Y : Ω = C(I,Rd) → R. Let us see
what would be an appropriate formulation: if in (d) we set Y = f(Bt−s), then
f(Bt) = Y ◦ θs and (d) becomes

E
(
Y ◦ θs | F0

s

)
(ω) = EBs(ω) (Y ) , for P -ae. ω ∈ Ω.

Notice that Y ◦θs represents the random variable Y evaluated s seconds in the future
and that, after s seconds, the state Bs(ω) is reached, so that evaluation should now
proceed using the measure EBs(ω). Indeed we will be able to replace the σ-field F0

s

with the stronger σ-field F+
s =

⋂
r>s F0

r . This will have useful consequences.

2.e.3. Let X, Y be Rm-valued random vectors and T : Rm → Rm an invertible
linear map. If X = T (Y ) and PX(dx) = g(x)dx then PY (dy) = g(T (y))|det(T )|dy.

Proof. For each Borel subset A ⊆ Rm we have

P (Y ∈ A) = P (X ∈ T (A)) =
∫
T (A)

g(x)dx =
∫
A

g(T (y))|det(T )|dy,

where we have used the substitution formula for Lebesgue integrals and the fact
that the Jacobian JT of a linear map T satisfies JT (y) = T , for all y ∈ Rm.
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2.e.4. Let x0 ∈ Rd, 0 = t0 < t1 < . . . < tn, write y = (y1, y2, . . . , yn) ∈ (Rd)n and
set y0 = x0. Then with respect to the probability measure Px0 the random vector
Y =

(
Bt1 , Bt2 , . . . , Btn

)
in (Rd)n has density

f(y) =
∏n

j=1 qtj−tj−1(yj−1, yj)dy

= qt1(x0, y1)qt2−t1(y1, y2) . . . qtn−tn−1(yn−1, yn)dy1dy2 . . . dyn.

Proof. Set X1 = Y1 = Bt1 , X2 = Y2−Y1,. . . ,Xn = Yn−Yn−1, in short X = T (Y ),
where T (y1, y2, . . . , yn) = (y1, y2−y1, . . . , yn−yn−1). Note that T : (Rd)n → (Rd)n

is an invertible linear map with determinant one.
By stationarity of the increments of our Brownian motion B we have Xj =

Btj − Btj−1 ∼ N(0, (tj − tj−1)I) and hence PXj
(dxj) = qtj−tj−1(0, xj)dxj , for

all j = 2, 3, . . . , n, and X1 = B0 + (Bt1 − B0) with Bt1 − B0 ∼ N(0, t1I) and
B0 = x0. Thus PX1 = N(x0, t1I) and so PX1(dx1) = qt1(x0, x1)dx1. Combining
this with the independence of X1, X2, . . . , Xn it follows that the random vector
X = (X1, X2, . . . , Xn) on (Rd)n has density

g(x) = qt1(x0, x1)qt2−t1(0, x2) . . . qtn−tn−1(0, xn)dx,

x = (x1, x2, . . . , xn) ∈ (Rd)n.

Since X = T (Y ) and T is a linear map with determinant one, 2.e.3 yields that the
random vector Y = (Bt1 , Bt2 . . . , Btn) has density

f(y) = g(Ty)dy = qt1(x0, y1)qt2−t1(0, y2 − y1) . . . qtn−tn−1(0, yn − yn−1)

= qt1(x0, y1)qt2−t1(y1, y2) . . . qtn−tn−1(yn−1, yn),

as desired.
Finite dimensional cylinders. The sets A = [Bs1 ∈ A1, . . . , Bsn ∈ An, ] ∈ F , where
0 < s1 < . . . < sn and Aj ⊆ Rd is a Borel set, for all j = 1, 2, . . . , n, are called the
finite dimensional cylinders. Note that 1A = 1A1(Bs1)1A2(Bs2) . . . 1An

(Bsn
).

Such a cylinder A is in the σ-field F0
s if and only if 0 < s1 < s2 < . . . < sn ≤ s.

Note the stipulation s1 > 0. It is crucial for the following arguments. Thus a finite
dimensional cylinder cannot put restrictions on the first coordinate B0(ω) = ω(0).
Nonetheless the finite dimensional cylinders generate the σ-field F . This is due to
the continuity of Brownian motion paths at t = 0.

2.e.5. The finite dimensional cylinders form a π-system which generates the σ-field
F = σ (Bs; s ≥ 0). For each t > 0 the finite dimensional cylinders in F0

t form a
π-system which generates the σ-field F0

t .

Proof. It is easy to see that the intersection of two finite dimensional cylinders is
another such cylinder, that is, the finite dimensional cylinders form a π-system.

Recall that F0
t = σ (Bs; 0 ≤ s ≤ t) and let G be the σ-field generated by all

finite dimensional cylinders A ∈ F . Then G ⊆ F and to show that G = F it suffices
to show that each projection Bs : Ω → R is G-measurable. For s > 0 this follows
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from the fact that the set A = [Bs ∈ D] is itself a finite dimensional cylinder, hence
in G, for each Borel set D ⊆ Rd. If s = 0, then Bs = B0 = limn↑∞B1/n, at each
point of Ω, because of the path continuity of our Brownian motion B. Since B1/n

is G-measurable, for each n ≥ 1, so is B0. The proof for the σ-field F0
t is identical.

Remark. The indicator function Y = 1A of a finite dimensional cylinder A is an
example of a random variable Y : (Ω,F) → R of the form Y (ω) =

∏n
j=1 fj(Btj (ω)),

where the fj are bounded measurable functions on R and 0 < t1 < . . . < tn. We
now turn our attention to such random variables.

2.e.6 Corollary. Let Y =
∏n

j=1 fj(Btj ) : (Ω,F) → R, where the fj are bounded
measurable functions on Rd, 0 < t1 < . . . < tn and x ∈ Rd. Then

Ex(Y ) =
∫
Rd

dy1

[
qt1(x, y1)f1(y1)

∫
Rd

dy2

[
qt2−t1(y1, y2)f2(y2) . . .

. . .

∫
Rd

dyn
[
qtn−tn−1(yn−1, yn)fn(yn)

]]
. . .

]
.

Remark. The right hand side of 2.e.6 is an iterated integral with integration from
the right to the left.

Proof. From the form 2.e.4 of the joint density for the distribution P(Bt1 ,Bt2 ,...,Btn )

under the measure Px it follows that

Ex(Y ) =
∫

(Rd)n

f1(y1)f2(y2) . . . fn(yn)
qt1(x, y1)qt2−t1(y1, y2) . . . qtn−tn−1(yn−1, yn)dy1dy2 . . . dyn.

Integrating in the order dyndyn−1 . . . dy1, the right hand side can be written as the
iterated integral 2.e.6.

2.e.7 Lemma. Let Y =
∏m

k=1 fk(Btk) : (Ω,F) → R, where the fk are bounded
measurable functions on Rd and 0 < t1 < . . . < tm. Then

Ex [(Y ◦ θs)1A] = Ex [φ(Bs+h, h)1A] , (1)

for all x ∈ Rd and all sets A ∈ F0
s+h with s ≥ 0 and 0 < h < t1, where

φ(y, h) =
∫
Rd

dy1 qt1−h(y, y1)f1(y1)
∫
Rd

dy2 qt2−t1(y1, y2)f2(y2) . . .

. . .

∫
Rd

dym qtm−tm−1(ym, ym−1)fm(ym).

Proof. Assume first that A ∈ Fs+h is a finite dimensional cylinder, that is, A =
[Bs1 ∈ A1, . . . , Bsn ∈ An, ] ⊆ Ω, where 0 < s1 < . . . < sn ≤ s + h and Aj ⊆ Rd
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a Borel set, for all j = 1, 2, . . . , n. Then 1A =
∏n

j=1 1Aj (Bsj ). Let s ≥ 0. Then
Y ◦ θs =

∏m
k=1 fk(Btk+s) and consequently

1A(Y ◦ θs) =
∏n

j=1 1Aj (Bsj ) · 1Rd(Bs+h) ·
∏m

k=1 fk(Btk+s),

where 0 < s1 < s2 < . . . < sn < h+ s < t1 + s < . . . < tm + s. Likewise

1Aφ(Bs+h, h) = 1A1(Bs1) . . . 1An
(Bsn

)φ(Bs+h, h).

According to 2.e.6 both expectations Ex [1A(Y ◦ θs)] and Ex (1Aφ(Bs+h, h)) can be
written as

∫
A1

dx1 qs1(x, x1) . . .
∫
An

dxn qsn−sn−1(xn−1, xn) ·
∫
Rd

dy qh+s−sn
(xn, y)φ(y, h),

with φ(y, h) as above. In particular Ex (Y ◦ θs;A) = Ex (φ(Bs+h, h);A). Thus (1)
is verified for all finite dimensional cylinders A ∈ F0

s+h. These cylinders form a π-
system which generates the σ-field F0

s+h. Moreover the family of all sets A ∈ F0
s+h

for which (1) is true is a λ-system. An application of the π-λ-theorem (appendix
B.3) now shows that (1) is true for all sets A ∈ F0

s+h.

DeÞnition. For s ≥ 0 set F+
s =

⋂
r>s F0

r .

Remark. Then (F+
s )s is a right continuous filtration which satisfies F0

s ⊆ F+
s , for

all s ≥ 0.

2.e.8. Let Y : (Ω,F) → R be measurable and bounded or nonnegative. Then the
function gY (y) := Ey(Y ), y ∈ Rd, is measurable on Rd.

Proof. It will suffice to treat the nonnegative case. The family L of all functions
Y : (Ω,F) → [0,+∞) such that gY is measurable on Rd is easily seen to be a λ-cone
on (Ω,F). By the extension theorem (appendix B.4) and 2.e.5 it will now suffice
to show that 1A ∈ L, for all finite dimensional cylinders A. The indicator function
1A of such a cylinder has the form 1A =

∏n
j=1 1Aj (Btj ) and an application of 2.e.6

now yields the measurability of g(y) = Ey(1A).

2.e.9 Markov Property. Let Y : (Ω,F) → R be any bounded or nonnegative random
variable and x ∈ Rd. Then we have Ex (Y ◦ θs | F+

s ) (ω) = EBs(ω)(Y ), for P -ae.
ω ∈ Ω.

Remark. It is interesting that we can use the stronger σ-field F+
s instead of F0

s .
This is possible because of the path continuity of Brownian motion (used in the
proof of 2.e.5).

Proof. The right hand side is g(w) = Ew(Y ) evaluated at w = Bs(ω) ∈ Rd.
According to 2.e.8 the function g = g(w), w ∈ Rd, is measurable on Rd. It follows
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that the function H(ω) = EBs(ω)(Y ) = g(Bs(ω)) is σ(Bs)-measurable and hence
F+
s -measurable on Ω. Thus we have to show only that

Ex [(Y ◦ θs)1A] = Ex [H1A] = Ex

[
EBs(ω)(Y )1A(ω)

]
, for all sets A ∈ F+

s . (2)

Step 1. Assume first that Y has the form Y =
∏m

k=1 fk(Btk), where the fk are
bounded measurable functions on Rd and 0 < t1 < t2 < . . . < tm. If A ∈ F+

s , then
A ∈ F0

s+h, for all h > 0. If in addition 0 < h < t1, then, using 2.e.7,

Ex (Y ◦ θs;A) = Ex (φ(Bs+h, h);A) , where

φ(y, h) =
∫
Rd qt1−h(y, y1)ψ(y1)dy1 and

ψ(y1) = f1(y1)
∫
Rd dy2 qt2−t1(y1, y2)f2(y2) . . .

. . .
∫
Rd dym qtm−tm−1(ym, ym−1)fm(ym)

is bounded, since the functions fk(yk) are bounded and the kernels qt(x, y) integrate
to one (2.e.0). Thus the function φ(y, h) is seen to be continuous and bounded for
(y, h) ∈ Rd × [0, ε], where 0 < ε < t1.

Let h ↓ 0 and note that the continuity of φ and path continuity of B imply that
φ(Bs+h, h) → φ(Bs, 0) everywhere and so Ex [φ(Bs+h, h)1A] → Ex [φ(Bs, 0)1A], by
bounded convergence. It follows that

Ex [(Y ◦ θs)1A] = Ex [φ(Bs, 0)1A] , where (3)

φ(y, 0) =
∫
Rd dy1 qt1(y, y1)f1(y1)

∫
Rd dy2 qt2−t1(y1, y2)f2(y2) . . .

. . .
∫
Rd dym qtm−tm−1(ym, ym−1)fm(ym) = Ey(Y ),

for all y ∈ Rd. Consequently φ(Bs(ω), 0) = EBs(ω)(Y ), for all ω ∈ Ω, and thus (3)
implies (2). This concludes step 1.
Step 2. Step 1 verifies (3) in particular for Y = 1A = 1A1(Bt1)1A2(Bt2) . . . 1An

(Btn),
the indicator function of a finite dimensional cylinder A ∈ F . These sets form a
π-system which generates the σ-field F .

It is easy to see that the family L of all random variables Y : (Ω,F) → [0,+∞)
satisfying (3) is a λ-cone on (Ω,F). The extension theorem appendix B.4 now
implies that Λ contains every nonnegative measurable function Y : (Ω,F) → R.
The extension to bounded Y now follows by writing Y = Y + − Y −.

Remark. Let Y : (Ω,F) → R be bounded and measurable. From 2.e.9

Ex

(
Y ◦ θs | F+

s

)
(ω) = EBs(ω)(Y ), a.e. ω ∈ Ω. (4)

The function g(y) = Ey(Y ), y ∈ Rd, is measurable on Rd (2.e.8) and so the function
EBs(ω)(Y ) = g(Bs) is σ(Bs)-measurable and hence F0

s -measurable. Thus (4) implies
that

Ex

(
Y ◦ θs | F+

s

)
= Ex

(
Y ◦ θs | F0

s

)
= Ex (Y ◦ θs | Bs) . (5)

Consequently the development Y ◦ θs of Y after time s depends only on the present
state Bs and not on any other information in the σ-field F+

s including the infinites-
imal future. The fact that we can even disregard the infinitesimal future is due to
the path continuity of Brownian motion and has interesting consequences:
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2.e.10. If Z ∈ E(Px) then Ex (Z | F+
s ) = Ex

(
Z | F0

s

)
, Px-as., for all x ∈ Rd and

all s ≥ 0.

Remark. Here Z is a random variable on d-dimensional pathspace Ω = C(I,Rd).
Proof. Clearly it will suffice to conduct the proof for nonnegative Z. Let x ∈ Rd

and s ≥ 0. The family of all nonnegative measurable Z : (Ω,F) → R satisfying
Ex (Z | F+

s ) = Ex

(
Z | F0

s

)
, Px-as., is easily seen to be a λ-cone on (Ω,F , Px). By

the extension theorem B.4 (appendix) it will suffice to verify 2.e.10 for all Z = 1A,
where A ranges through a π-system generating the σ-field F .

The finite dimensional cylinders A = [Bs1 ∈ A1, . . . , Bsn
∈ An ], where the

Aj ⊆ Rd are Borel sets and 0 < s1 < . . . < sn, form such a π-system (2.e.5). For
such A, Z = 1A =

∏n
j=1 1Aj

(Bsj
). We may assume that sn > s. Now choose k such

that 0 < s1 < . . . < sk < s ≤ sk+1 < . . . < sn and set X = 1A1(Bs1) . . . 1Ak
(Bsk

)
and Y = 1Ak+1(Bsk+1−s) . . . 1An(Bsn−s). Then X and Y are nonnegative and mea-
surable and X is in fact F0

s -measurable. Moreover we have Z = X(Y ◦ θs). Using
(5) it follows that

Ex

(
Z | F+

s

)
= Ex

(
X (Y ◦ θs) | F+

s

)
= X Ex

(
Y ◦ θs | F+

s

)
= X Ex

(
Y ◦ θs | F0

s

)
= Ex

(
X (Y ◦ θs) | F0

s

)
= Ex

(
Z | F0

s

)
.

2.e.11 Corollary. Let x ∈ Rd and s ≥ 0. For each set A ∈ F+
s there exists a set

B = Bx ∈ Fs such that Px (A∆B) = 0.

Proof. Let A ∈ F+
s . Then g = Ex (1A | Fs) = Ex (1A | F+

s ) = 1A, Px-as. (2.e.10),
and so the function g is Fs-measurable and {0, 1}-valued Px-as. Thus g = 1B ,
Px-as., where B = [g = 1] ∈ Fs. It follows that 1A = g = 1B , Px-as., that is,
Px (A∆B) = 0.

Remark. The set B = Bx depends on x ∈ Rd. Since Px

(
[B0 = x]

)
= 1, the

measures Px are concentrated on the pairwise disjoint sets [B0 = x], x ∈ Rd, and
hence are mutually singular. In consequence the Px-null sets and Py-null sets are
completely unrelated, for x �= y. Note that, for x = 0 ∈ Rd, Px = P = Qd is the
d-dimensional Wiener measure.

2.f The augmented Þltration (Ft). We have seen above that the filtration (F0
t ) is

not right continuous. The filtration (F+
t ) is right continuous by its very definition

and satisfies E (Z | F+
s ) = E

(
Z | F0

s

)
, P -as., for all Z ∈ E(P ) and all s ≥ 0 (2.e.10

for x = 0 ∈ Rd). In other words passage to the larger filtration (F+
t ) does not

change any conditional expectations. However we have seen in chapter I that it is
desirable to work with augmented filtrations, that is, we prefer the filtration (Ft)
defined as

Ft = σ(F0
t ∪N ), t ≥ 0,

where N is the family of P -null sets. This filtration has all the desired properties:
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2.f.0. (a) Ft = {A ∈ F | ∃B ∈ F0
t : P (A∆B) = 0 }, for all t ≥ 0.

(b) F0
t ⊆ F+

t ⊆ Ft, for all t ≥ 0.
(c) The filtration (Ft) is right continuous.
(d) E (Z|Ft) = E

(
Z|F0

t

)
, P -as., for all Z ∈ E(P ) and all t ≥ 0.

Proof. (a) Let t ≥ 0. Then G = {A ∈ F | ∃B ∈ F0
t : P (A∆B) = 0 } is easily

seen to be a σ-field which contains F0
t and N and hence also Ft. Conversely,

if A ∈ G, then P (A∆B) = 0, for some set B ∈ F0
t and it follows that A =

(B ∪ (A \B))\(B\A) ∈ σ
(
F0
t ∪N

)
= Ft, since here B ∈ F0

t and A\B,B\A ∈ N .
(b) follows from (a) and 2.e.11 (with x = 0 ∈ Rd).
(c) We have to show that

⋂
r>s Fr ⊆ Fs, for all s ≥ 0. Consider such s, let

A ∈
⋂

r>s Fr and choose a sequence rn ↓ s. For each n ≥ 1 we have A ∈ Frn

and so, using (a), we can choose Bn ∈ F0
rn

such that P (A∆Bn) = 0. Set C =
[Bn io. ] =

⋂
n

⋃
m>nBm. Then C ∈ F+

s and A∆C ⊆
⋃

n(A∆Bn) and consequently
P (A∆C) = 0. Using 2.e.11 we can now choose D ∈ F0

s such that P (C∆D) = 0.
Then D ∈ F0

s and P (A∆D) = 0 and so A ∈ Fs, according to (a).
(d) Augmentation of a σ-field by null sets does not change conditional expectations
with respect to that σ-field. See I.2.b.14 and subsequent remark.

2.g Miscellaneous properties. Let B be a one dimensional Brownian motion.

2.g.0. (a) Bt −Bs is independent of the σ-field Fs, for all 0 ≤ s < t,
(b) B is a continuous square integrable martingale and
(c) B2

t − t is a martingale and so 〈B〉t = t, t ≥ 0, under all measures Px, x ∈ Rd.

Proof. Recall that P = Q = P0 is the Wiener measure. Since the distribution of B
under Px is the distribution of Bx = x + B under P (2.c.0) it will suffice to verify
(a)-(c) for the process Bx relative to the probability measure P and it is now easy
to see that we may assume x = 0 ∈ Rd.
(a) Bt−Bs is independent of the σ-field F0

s (2.e.1). According to B.10.2 this implies
that Bt −Bs is independent of Fs = σ(F0

s ∪N ).
(b) Let 0 ≤ s < t and recall that E(Bt) = E(Bs) = 0. Writing Bt = Bs +(Bt−Bs)
and using (a) and I.2.b.2 it follows that E(Bt|Fs) = Bs + E(Bt −Bs) = Bs, P -as.
Thus B is a P -martingale.
(c) At = 〈B〉t is the unique continuous increasing process A such that B2 − A
is a local martingale. It will thus suffice to show that the process B2

t − t is also a
martingale. To see this, we have to show that E

[
B2
t − t | Fs

]
= B2

s−s, equivalently
E

[
B2
t −B2

s | Fs

]
= t − s, for all 0 ≤ s < t. Indeed, for such s and t we have

E
[
B2
t −B2

s | Fs

]
= E

[
(Bt −Bs)2 | Fs

]
= E

[
(Bt −Bs)2

]
= V ar(Bt−Bs) = t− s.

Here the first equality follows from the martingale property of B (I.9.b.0), the
second equality from the independence of the increment Bt − Bs from the σ-field
Fs and the third equality from the fact that Bt−Bs is a normal variable with mean
zero and variance t− s.
Remark. Since E(B2

t ) = t, B is not L2-bounded. However if B is stopped at
any bounded optional time T , then it becomes L2-bounded, that is, BT

t = Bt∧T
is an L2-bounded martingale. Likewise, one dimensional Brownian motion is not
uniformly integrable; indeed the family { |Bt| : t ≥ 0 } is not L1-bounded.
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2.g.1 Scaling. Bt ∼
√
tB1 (same distribution), t ≥ 0.

Proof. If the real valued random variable Z is N(0, 1), then
√
tZ ∼ N(0, t). Apply

this to the coordinates of B1 to obtain that the coordinates of
√
tB1 are independent

and distributed as N(0, t). It follows that
√
tB1 ∼ Bt.

2.g.2. If α > 1/2 then t−αBt → 0, as t ↑ ∞, P -as.

Proof. Fix α > 1/2. Set Mt := sup0≤s≤t |Bs| and recall that B is a continuous
martingale. It will suffice to show that t−αMt → 0. The increasing nature of M
now implies that it suffices to show that n−αMn → 0, as n ↑ ∞.

The Lp-estimate I.7.e.1 yields E(Mp
n) ≤ CpE(Bp

n) = CpE(np/2Bp
1) = np/2Dp,

where Cp is a constant depending only on p and Dp = CpE(Bp
1). Here we have

used the scaling property 2.g.1. Multiplication with n−αp yields

E
[(
n−αMn

)p] ≤ np(1/2−α)Dp = n−kDp,

with k = p(α− 1/2). Choose p > 1 so large that k = p(α− 1/2) > 1. Then

E
[∑

n (n−αMn)p
]
<∞ and so

∑
n (n−αMn)p <∞, P -as.

It follows that n−αMn → 0, P -a.s.

Remarks. (a) The precise order of growth of |Bt| is known to be
√

2t loglog t (Law
of the Iterated Logarithm), see [KS, 9.23].
(b) Our treatment of Brownian motion has been rudimentary. We have merely
assembled the necessary theory to support subsequent developments. For a fuller
account see [KS, RY].
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CHAPTER III

Stochastic Integration

1. MEASURABILITY PROPERTIES OF STOCHASTIC PROCESSES

Recall that (Ω,F , (Ft), P ) is a complete filtered probability space with right
continuous and augmented filtration (Ft), F∞ = σ

(⋃
t Ft

)
and set Π = [0,∞) × Ω.

We can then view a stochastic process X = (Xt) as a function X : Π → R by
setting X(t, ω) = Xt(ω), for t ∈ [0,∞) and ω ∈ Ω. To simplify the exposition we
introduce a further assumption on the filtration (Ft):

1.0 Assumption. The σ-field F0 is trivial (consists of the null sets and their com-
plements).

In consequence the random variable X0 is constant, P -almost surely, for every
adapted processXt. This allows us to rid ourselves of the cumbersome factor 1[Tn>0]

in the reduction from local martingales to martingales (I.8.a.2.(b)). Assumption 1.0
is in accordance with our intuition that the value of each process at time zero (the
present) is known. We will now introduce several σ-fields on the set Π = [0,∞)×Ω
and corresponding measurability properties of X.

1.a The progressive and predictable σ-Þelds on Π. Let Bt, B and B denote the
Borel σ-fields on [0, t], [0,∞) and R respectively, for each t ≥ 0. The product σ-field
B × F is the strongest σ-field that will be considered on Π. The process X will be
called jointly measurable, if it is measurable with respect to B × F .

Recall from I.10.b that the process X is called progressively measurable, if
the restriction of X to the set [0, t] × Ω is Bt × Ft-measurable, for each t ≥ 0. A
subset ∆ ⊆ Π will be called progressive if 1∆ is a progressively measurable process.
This is equivalent with the requirement ∆ ∩ ([0, t] × Ω) ∈ Bt × Ft, for all t ≥ 0. It
is easily seen that the family Pg of all progressive subsets of Π forms a σ-field, the
progressive σ-field on Π.

If B ⊆ R and t ≥ 0, then
(
X|[0,t]×Ω

)−1(B) = X−1(B) ∩
(
[0, t] × Ω

)
. It follows

that X is progressively measurable if and only if X is measurable with respect to
the progressive σ-field.

Each progressively measurable process X is (Ft)-adapted. This follows from
the fact that measurability with respect to a product σ-field implies measurability
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of all sections. It is easily seen that a progressively measurable process X is jointly
measurable. The notion of progressive measurability has already proven useful in
I.10.b.0.

1.a.0. Let X be a progressively measurable process and T an (Ft)-optional time.
Then the process XT is progressively measurable and the random variable XT is
FT -measurable.

Remark. Here XT = X∞ on the set [T = ∞], where X∞ is any F∞-measurable
random variable.

Proof. Fix t ≥ 0. The maps (s, ω) ∈
(
[0, t]×Ω, Bt×Ft

)
→ u = T (ω)∧s ∈

(
[0, t], Bt

)
and (s, ω) ∈

(
[0, t] × Ω, Bt × Ft

)
→ ω ∈

(
Ω, Ft

)
are measurable and hence so is

(s, ω) ∈
(
[0, t] × Ω, Bt × Ft

)
→ (u, ω) = (T (ω) ∧ s, ω) ∈

(
[0, t] × Ω, Bt × Ft

)
.

Likewise the map (u, ω) ∈
(
[0, t] × Ω, Bt × Ft

)
→ X(u, ω) ∈ (R,B) is measurable

by progressive measurability of X and hence so is the composition of the last two
maps, that is the map

(s, ω) ∈
(
[0, t] × Ω, Bt × Ft

)
→ X(T (ω) ∧ s, ω) = XT

s (ω) ∈ (R,B).

This shows that the process XT is progressively measurable and hence in particular
adapted. To see that the random variable XT is FT -measurable let B ⊆ R be a
Borel set. We must show that [XT ∈ B] ∈ FT , equivalently [XT ∈ B]∩[T ≤ t] ∈ Ft,
for all 0 ≤ t ≤ ∞.

If t < ∞ then [XT ∈ B] ∩ [T ≤ t] = [Xt∧T ∈ B] ∩ [T ≤ t] ∈ Ft, as [T ≤ t] ∈ Ft

and the process XT is adapted. This implies that [XT ∈ B] ∩ [T < ∞] ∈ F∞
and since [XT ∈ B] ∩ [T = ∞] ∈ F∞, by F∞-measurability of X∞, it follows that
[XT ∈ B] ∩ [T ≤ t] ∈ Ft for t = ∞ also.

A set R of the form R = {0} × F , where F ∈ F0, or R = (s, t] × F , where
0 ≤ s < t < ∞ and F ∈ Fs, is called a predictable rectangle. Note that the
predictable rectangles form a π-system. The predictable σ-field is the σ-field P
generated by the predictable rectangles on the set Π. The sets in P are called the
predictable sets. The process X : Π → R is called predictable, if it is measurable
relative to the predictable σ-field P. The process X is called simple predictable, if
it is a finite sum of processes of the form

Z0(ω)1{0}(t), Z(ω)1(a,b](t), (0)

where 0 ≤ a < b, Z0 is F0-measurable and Z is an Fa-measurable random variable.
If for example R is a predictable rectangle, then X = 1R is a simple predictable
process.
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1.a.1. (a) A simple predictable process X is predictable.
(b) A left continuous (adapted) process X is predictable.

Proof. (a) Since sums of measurable functions are measurable it will suffice to
consider X as in (0). Let X = Z(ω)1(a,b](t) where Z is Fa-measurable. If B ⊆ R

is a Borel set with 0 �∈ B, then [X ∈ B] = { (t, ω) | t ∈ (a, b] and Z(ω) ∈ B } =
(a, b] × Z−1(B). Here Z−1(B) ∈ Fa, and so [X ∈ B] is a predictable rectangle.
Thus X is predictable. The case X = Z0(ω)1{0}(t) is handled similarly.

(b) Using (a) it will suffice to represent X as a pointwise limit of simple predictable
processes XN . For each N ≥ 1 set DN = { k/2N | k ≥ 0 } and write rN (t) = 0, if
t = 0, and

rN (t) = max{ r ∈ DN | r < t }, if t > 0.

Thus rN (t) = k/2N , for all t ∈
(
k/2N , (k + 1)/2N

]
. Since DN ⊆ DN+1, it follows

that rN (t) ≤ rN+1(t) and it is now easy to see that rN (t) ↑ t, as N ↑ ∞. Now set

XN
t (ω) = 1[0,N ](t)XrN (t)(ω), ∀ t ∈ [0,∞), ω ∈ Ω.

As rN (t) ↑ t the left continuity of X implies that XN → X pointwise at each point
(t, ω) ∈ Π, as N ↑ ∞. Moreover

XN
t (ω) = 1{0}(t)X0(ω) +

∑N2N−1

k=0
1( k/2N ,(k+1)/2N ](t)Xk2−N (ω).

Since X is adapted it follows that XN is simple predictable.

Remark. The paths t �→ Xt(ω) of the elementary predictable processes in (0) are
left continuous step functions. It follows that the same is true of the paths of all
simple predictable processes. The left continuity is due to our choice of intervals
(s, t], left open and right closed, in our definition of simple predictable process.
This choice is crucial also for the definition of the predictable σ-field P. A left
continuous process is very benign as the behaviour of each path at time t can be
predicted from its past via Xt(ω) = lims→t− Xs(ω).

1.a.2. Every predictable process X is progressively measurable.

Proof. We use the Extension Theorem (appendix, B.4). The family X of nonneg-
ative progressively measurable processes X = X(t, ω) : Π = [0,∞) × Ω → R is a
λ-cone on (Π,Pg). We wish to show that X contains every nonnegative predictable
process. Since the predictable rectangles R form a π-system generating the pre-
dictable σ-field, it will now suffice to show that X contains the process X = 1R, for
each predictable rectangle R.

Let X = 1R, where R = (a, b] ×F , with F ∈ Fa. If t ≤ a, then X|[0,t]×Ω = 0 is
Bt×Ft-measurable. If t > a, thenX|[0,t]×Ω = 1(a,b∧t]×F , where (a, b∧t]×F ∈ Bt×Ft

and so X|[0,t]×Ω is again Bt × Ft-measurable. Thus X is progressively measurable.
The case R = {0} × F , F ∈ F0, is handled similarly.
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1.b Stochastic intervals and the optional σ-Þeld. For optional times S, T : Ω →
[0,∞] define the stochastic interval [[S, T ]] to be the set

[[S, T ]] = { (t, ω) ∈ Π | S(ω) ≤ t ≤ T (ω) }.

The stochastic intervals ]]S, T ]], [[S, T [[ and ]]S, T [[ are defined similarly and are easily
seen to be B × F-measurable. A stochastic interval is a subset of Π and hence does
not contain a point of the form (∞, ω), even if T (ω) = ∞. It is not assumed that
S ≤ T . If S(ω) > T (ω) then the ω-section of any of the above stochastic intervals
is empty. Note that

1[[S,T ]](t, ω) = 1[S(ω),T (ω)](t),

and similar relations hold for all stochastic intervals. Real numbers 0 ≤ s < t can
be interpreted as constant optional times. Then the stochastic interval [[s, t]] is the
set [s, t] × Ω ⊆ Π.

Every predictable rectangle R is a stochastic interval. To see this, assume first
that R is of the form R = (s, t] × F , with F ∈ Fs, 0 ≤ s < t. Then we can write
R =]]S, T ]], where S = s and T = s1F c + t1F . For the optionality of T see I.7.a.6.
Note that the simpler representation R =]]S, T ]], where S = s1F and T = t1F , does
not work since in general neither of these is an optional time. In a similar way a
predictable rectangle R of the form R = {0} × F , with F ∈ F0, can be written as
R = [[S, T ]] with T = 0 and S = 1F c . S is optional since F ∈ F0.

The optional σ-field O on Π is the σ-field generated by the family of all stochas-
tic intervals. The sets in O are called the optional sets. From the above it follows
that P ⊆ O ⊆ B × F .

A process X : Π → R is called optional if it is measurable relative to the
optional σ-field O on Π. Thus every predictable process is optional.

A more thorough investigation of the measurability properties of processes
[CW] yields the following result (which we do not need):

1.b.0. (a) Every optional process is progressively measurable.
(b) Every right continuous process is optional.

Certain stochastic intervals are predictable:

1.b.1. Let S, T be optional times. Then the stochastic intervals [[0, T ]] and ]]S, T ]]
are predictable sets.

Proof. The processes X = 1[[0,T ]] and Y = 1]]S,T ]] are left continuous and hence
predictable.



Chapter III: Stochastic Integration 135

2. STOCHASTIC INTEGRATION WITH RESPECT TO CONTINUOUS
SEMIMARTINGALES

2.a Integration with respect to continuous local martingales. Let M be a contin-
uous local martingale. For suitable processes H and t ≥ 0 we want to define the
stochastic integral It =

∫ t

0
HsdMs. Here the process H will be called the integrand

and M the integrator.
Since the paths t �→ Mt(ω) are no longer of bounded variation, a pathwise

definition It(ω) =
∫ t

0
Hs(ω)dMs(ω) is not possible and we have to use a global

definition.
We could define the random variables It, t ≥ 0, one by one but we will instead

use a definition that introduces the process (It)t≥0 through a universal property.
First it is necessary to define the space of suitable integrands.

Doleans measure µM and space L2(M). Recall that Π = [0,∞) × Ω and B is the
Borel σ-field on [0,∞). For each measurable set ∆ ∈ B × F , the nonnegative
function

∫ s=∞
s=0

1∆(s, ω)d〈M〉s(ω) on Ω is measurable (I.10.b.3) and hence we can
set

µM (∆) = EP

[∫ ∞

0

1∆(s, ω)d〈M〉s(ω)
]
. (0)

Clearly µM is a positive measure on B × F . The usual extension procedure from
indicator functions to simple functions to nonnegative measurable functions shows
that, for each jointly measurable process K ≥ 0, we have

∫
Π

KdµM = EP

[∫ ∞

0

K(s, ω)d〈M〉s(ω)
]
. (1)

Although µM is defined on the large σ-field B × F , we will work only with its
restriction to the progressive σ-field Pg. The reason for this will become apparent
during the proof of 2.a.1 below. Let now

L2(M) = L2(Π,Pg, µM ).

In view of (1) and since progressive measurability is equivalent with measurabil-
ity with respect to the progressive σ-field, L2(M) is the space of all progressively
measurable processes H which satisfy

∥∥H∥∥2

L2(M)
= EP

[∫ ∞

0

H2
sd〈M〉s

]
< ∞. (2)

Let T be an optional time, K a nonnegative progressively measurable process and
t ≥ 0. Letting t ↑ ∞ in the equality

(
K •

〈
MT

〉)
t
=

(
(1[[0,T ]]K)•〈M〉

)
t
(I.10.b.1.(c))

yields ∫ ∞

0

Ksd
〈
MT

〉
s

=
∫ ∞

0

1[[0,T ]](s)Ksd〈M〉s =
∫ T

0

Ksd〈M〉s.
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Thus, for any progressively measurable process H,

‖H‖2
L2(MT ) =

∥∥1[[0,T ]]H
∥∥2

L2(M)
= EP

[∫ T

0
H2
sd〈M〉s

]
.

2.a.0. Let T be an optional time. Then µMT (∆) = µM
(
[[0, T ]] ∩ ∆

)
, for each set

∆ ∈ B × F and
‖H‖2

L2(MT ) =
∥∥1[[0,T ]]H

∥∥2

L2(M)
(3)

and so H ∈ L2(MT ) ⇐⇒ 1[[0,T ]]H ∈ L2(M), for each measurable process H. In
particular L2(M) ⊆ L2(MT ).

Note that µM (Π) = EP

[∫ ∞
0

1d〈M〉s
]

= EP [〈M〉∞]. It follows that the measure
µM is finite if and only if M ∈ H2 (I.9.c.0). In general µM is σ-finite.

To see this note that M is indistinguishable from a process every path of which
is continuous and we may thus assume that M itself has this property. Then the
reducing sequence (Tn) of optional times given in I.8.a.5 satisfies MTn ∈ H2, n ≥ 1,
and Tn ↑ ∞, at each point of Ω. Consequently [[0, Tn]] ↑ Π, as n ↑ ∞. Moreover

µM
(
[[0, Tn]]

)
= µMTn (Π) < ∞, for each n ≥ 1.

Recall that H2 denotes the Hilbert space of continuous, L2-bounded martingales
N with norm ‖N‖2 = ‖N∞‖L2(P ) and inner product

(
I,N

)
H2 = EP

[
I∞N∞

]
,

where N∞ = limt↑∞Nt denotes the last element of the martingale N ∈ H2 and
〈N〉∞ = limt↑∞〈N〉t is integrable (I.9.a, I.9.c.0).

Recall also from I.9.a.0 that H2
0 = {N ∈ H2 | N0 = 0 } ⊆ H2 is a closed

subspace and hence a Hilbert space itself. On H2
0 the norm can also be written as

(I.9.c.1) ∥∥N∥∥
2

= EP

[
〈N〉∞

]1/2
, N ∈ H2

0.

2.a.1. Let H ∈ L2(M). Then H ∈ L1
(
〈M,N〉

)
and hence the process H •〈M,N〉 is

defined and is a continuous, bounded variation process, for all N ∈ H2.

Proof. Let N ∈ H2. Then 〈M,N〉 is a continuous bounded variation process
and the increasing process 〈N〉 is integrable, that is EP

[
〈N〉∞

]
< ∞ (I.9.c.0). In

particular we have 〈N〉∞ < ∞, P -as. Similarly, from H ∈ L2(M) it follows that∫ ∞
0
H2
sd〈M〉s < ∞, P -as. The Kunita-Watanabe inequality now shows that

∫ ∞

0

|Hs| |d〈M,N〉s| ≤
(∫ ∞

0

H2
sd〈M〉s

)1/2 (∫ ∞

0

12d〈N〉s
)1/2

= 〈N〉1/2∞

(∫ ∞

0

H2
sd〈M〉s

)1/2

< ∞, P -as.

(4)

Thus H ∈ L1
(
〈M,N〉

)
. The rest now follows from I.10.b.1.(a).

The next theorem introduces the integral process I = H •M for H ∈ L2(M).
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2.a.2 Theorem. Let M be a continuous local martingale and H ∈ L2(M). Then
there exists a unique continuous local martingale I vanishing at zero which satisfies

〈I,N〉 = H •〈M,N〉, (5)

for all continuous local martingales N . The process I is called the integral of H
with respect to M and denoted I = H •M =

∫ ·
0
HsdMs. In fact I ∈ H2

0 and the
map H ∈ L2(M) �→ H •M ∈ H2

0 is a linear isometry.

Remark. Thus the defining property of the process I = H •M has the form

(H •M)0 = 0 and

〈H •M,N〉 = H •〈M,N〉, for all continuous local martingales N.

Proof. Uniqueness. Assume that I, L are continuous local martingales satisfying
(5) and I0 = L0 = 0. Then 〈I − L,N〉 = 〈I,N〉 − 〈L,N〉 = 0, for all continuous
local martingales N . Letting N = I − L we see that 〈I − L〉 = 0. Thus I − L is
constant (I.9.b.6) and so I − L = 0.

Existence. Let N ∈ H2
0 and T be any optional time. Then H ∈ L1

(
〈M,N〉

)
,

by 2.a.0, and so the process H •〈M,N〉 and the random variable
(
H •〈M,N〉

)
∞ =∫ ∞

0
Hsd〈M,N〉s are defined. Using (4) we have

∣∣(H •〈M,N〉
)
T

∣∣ ≤
∫ ∞

0

|Hs| |d〈M,N〉s| ≤ 〈N〉1/2∞

(∫ ∞

0

H2
sd〈M〉s

)1/2

.

The Cauchy-Schwartz inequality now yields

∥∥(
H •〈M,N〉

)
T

∥∥
L1(P )

≤
(
EP

[
〈N〉∞

])1/2
(
EP

[∫ ∞

0

H2
sd〈M〉s

])1/2

= ‖N‖2‖H‖L2(M).

(6)

Here the equality ‖N‖2 =
(
EP

[
〈N〉∞

])1/2 uses that N ∈ H2
0 (I.9.c.1). Combining

the inequality |E(f)| ≤ ‖f‖L1 with (6) for T = ∞ shows that

ΦH : N ∈ H2
0 �→ EP

[∫ ∞

0

Hsd〈M,N〉s
]

= EP

[(
H •〈M,N〉

)
∞

]

defines a continuous linear functional on the Hilbert space H2
0. Consequently there

exists a unique element I ∈ H2
0 satisfying

ΦH(N) =
(
I,N)H2 = EP

[
I∞N∞

]
, ∀N ∈ H2

0.

It remains to be shown that the process I satisfies (5). Let us first verify (5) for
N ∈ H2

0. Set A = H •〈M,N〉. Then A is known to be an adapted continuous
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bounded variation process vanishing at time zero. The progressive measurability
of H ensures the adaptedness of the process A (I.10.b.0). This is why we have to
restrict ourselves to progressively measurable processes H in our construction of the
stochastic integral. We have to show that 〈I,N〉 = A. By definition of the bracket
〈I,N〉, it will suffice to show that

X = IN −A = IN −H •〈M,N〉

is a local martingale. In fact we will show that X is a martingale. According
to I.9.c.4 it will suffice to show that XT ∈ L1(P ) and EP (XT ) = EP (X0) = 0;
equivalently

EP

[
ITNT

]
= EP

[
(H •〈M,N〉)T

]
,

for each bounded optional time T . Indeed, according to (6),
(
H •〈M,N〉

)
T

∈ L1(P )
and the square integrability of the maximal functions I∗∞, N∗

∞ (I.9.a) now implies
that ITNT ∈ L1(P ). Thus XT ∈ L1(P ). Furthermore NT is another martingale in
H2

0 and consequently has a last element which clearly satisfies NT
∞ = NT . Thus

EP

[
ITNT

]
= EP

[
EP

[
I∞|FT

]
NT

]
= EP

[
I∞NT

]
= EP

[
I∞N

T
∞

]
= ΦH(NT ) = EP

[(
H •〈M,NT 〉

)
∞

]
= EP

[(
H •〈M,N〉T

)
∞

]
= EP

[(
H •〈M,N〉

)T
∞

]
= EP

[(
H •〈M,N〉

)
T

]
,

where we have used the FT -measurability of NT , I.11.b.1.(c) and I.10.b.1.(c) to
justify the 2nd, 5th and 6th equalities respectively.

Thus I ∈ H2
0 satisfies (5) for all N ∈ H2

0. Let now N be any continuous local
martingale with N0 = 0. According to I.8.a.5 there exist optional times Tn ↑ ∞
such that NTn ∈ H2

0, for all n ≥ 1. Then we have

〈I,N〉Tn =
〈
I,NTn

〉
= H •

〈
M,NTn

〉
=

(
H •〈M,N〉

)Tn
,

for all n ≥ 1. Letting n ↑ ∞ we obtain 〈I,N〉 = H •〈M,N〉. Finally, since replacing
N with N −N0 does not change the brackets (I.11.b.1.(e)), it follows that (5) holds
for all continuous local martingales N and settles the existence of the process I.

To see the isometric property of the map H ∈ L2(M) �→ I = H •M ∈ H2
0, use

(7) with N = I = H •M to obtain

∥∥I∥∥2

2
= EP

[
I2
∞

]
= ΦH(I) = EP

[(
H •〈M, I〉

)
∞

]
. (7)

The characteristic property (5) combined with the associative law I.10.b.2 shows
that H •〈M, I〉 = H2 •〈M〉. Thus (7) can be rewritten as

∥∥I∥∥2

2
= EP

[(
H2 •〈M〉

)
∞

]
= EP

[∫ ∞

0

H2
sd〈M〉s

]
=

∥∥H∥∥2

L2(M)
,

as desired. The linearity of the map H �→ I follows from the linearity of the
covariation and uniqueness of I with regard to its defining property.
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Remark. We now set
∫ t

0
HsdMs = (H •M)t, t ≥ 0.

This definition does not reveal why the random variable It = (H •M)t should
be called a stochastic integral (for this see 2.c.6, 2.c.7) but has the advantage of
reducing all properties of the integral process I = H •M to the corresponding
properties I.10.b of the integral process H •A, where A is a continuous bounded
variation process.

As I = H •M ∈ H2
0 is an L2-bounded martingale and so has a last element I∞,

we can set
∫ ∞
0
HsdMs = limt↑∞

∫ t

0
HsdMs = limt↑∞ It = I∞.

2.a.3. Let M,N be continuous local martingales, H ∈ L2(M), K ∈ L2(N) and T be
any optional time. Then H •M,K •N ∈ H2

0 and
(a)

∥∥∫ ∞
0
HsdMs

∥∥
L2(P )

= ‖H •M‖2 = ‖H‖L2(M).
(b) H •M is bilinear in H and M .
(c) MT = M0 + 1[[0,T ]] •M , especially M = M0 + 1•M .
(d) HT •MT = H •(MT ) =

(
1[[0,T ]]H

)
•M = (H •M)T .

(e) 〈H •M,N〉t =
∫ t

0
Hsd〈M,N〉s, t ≥ 0.

(f) 〈H •M,K •N〉t =
∫ t

0
HsKsd〈M,N〉s, t ≥ 0.

(g) 〈H •M〉t =
∫ t

0
H2
sd〈M〉s, t ≥ 0.

(h)
∥∥∫ T

0
HsdMs

∥∥
L2(P )

=
∥∥1[[0,T ]]H

∥∥
L2(M)

.

Proof. (a) The last element I∞ =
∫ ∞
0
HsdMs of I satisfies ‖I∞‖L2(P ) = ‖I‖2. Now

use the isometric nature of H ∈ L2(M) �→ I = H •M ∈ H2.
(b) Follows from the bilinearity of the covariation the uniqueness of I = H •M with
regard to its defining property. (c) Clearly 1[[0,T ]] ∈ L2(M). Since MT − M0 is
a continuous local martingale which vanishes at zero, we need to show only that〈
MT − M0, N

〉
= 1[[0,T ]] •〈M,N〉, for all continuous local martingales N . Indeed,

for such N ,
〈
MT −M0, N

〉
=

〈
MT , N

〉
= 〈M,N〉T = (I.10.b.1.(e)) = 1[[0,T ]] •〈M,N〉.

(d) To show that H •(MT ) = (H •M)T set I = (H •M)T ∈ H2
0 and let N be a

continuous local martingale. Using I.11.b.1.(d) and the defining property of H •M

we have 〈I,N〉 =
〈
(H •M)T , N

〉
=

〈
H •M,NT

〉
= H •〈M,NT 〉 = H •

〈
MT , N

〉
.

Thus I = H •MT . The proof of HT •MT = (H •M)T is similar and the equality(
1[[0,T ]]H

)
•M = (H •M)T is reduced to the corresponding equality I.10.b.1.(c) when

M is a bounded variation process in much the same way.
(e) This is the defining poperty 〈H •M,N〉 = H •〈M,N〉 of the process H •M .
(f) The Kunita-Watanabe inequality implies that HK ∈ L1

(
〈M,N〉

)
. Moreover,

according to (e) in differential form, d〈H •M,N〉t = Htd〈M,N〉t. Thus, using (e)
again

〈H •M,K •N〉t =
∫ t

0
Ksd〈H •M,N〉s =

∫ t

0
HsKsd〈M,N〉s.

(g) Let K = H and N = M in (e). (h) Replace H with 1[[0,T ]]H in (a).

Remark. The following associative law is particularly important as it is the basis
for the future stochastic differential formalism.
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2.a.4. Let M be a continuous local martingale, K ∈ L2(M) and H ∈ L2(K •M).
Then HK ∈ L2(M) and we have H •(K •M) = (HK)•M .

Proof. We have 〈K •M〉 = K2 •〈M〉 and so d〈K •M〉s(ω) = K2
s (ω)d〈M〉s(ω), for

P -ae. ω ∈ Ω (2.a.2.(g)). Thus
∥∥HK∥∥2

L2(M)
= EP

[∫ ∞
0
H2
sK

2
sd〈M〉s

]
= EP

[∫ ∞
0
H2
sd〈K •M〉s

]
=

∥∥H∥∥2

L2(K •M)
< ∞.

Consequently HK ∈ L2(M) and so I = (HK)•M ∈ H2 is defined. For each
continuous local martingale N , we have 〈I,N〉 = (HK)•〈M,N〉 = (I.10.b.2) =
H •

(
K •〈M,N〉

)
= H •〈K •M,N〉, and so I = H •(K •M), as desired.

2.b M -integrable processes. Let M be a continuous local martingale. We now
define a larger space of integrands H as follows:

2.b.0. A process H is called M -integrable if there exists a sequence (Tn) of optional
times such that Tn ↑ ∞, P -as., and H ∈ L2

(
MTn

)
, for all n ≥ 1. Let L2

loc(M)
denote the space of all M -integrable processes H.

Remarks. (a) Obviously L2(M) ⊆ L2
loc(M) (let Tn = ∞).

(b) The sequence of optional times (Tn) in 2.b.0 can always be chosen so as to
satisfy Tn(ω) ↑ ∞, as n ↑ ∞, at each point ω ∈ Ω.

Indeed, let (Tn) be as in 2.b.0 and E ⊆ Ω a null set such that Tn(ω) ↑ ∞ at
each point ω ∈ Ec. Set τn = Tn1Ec + n1E , n ≥ 1. Then τn ↑ ∞ everywhere. Let
n ≥ 1. Then τn = Tn, P -as., and since the filtration (Ft) is augmented it follows
that τn is again an optional time. Finally Mτn is indistinguishable from MTn and
so L2

(
Mτn

)
= L2

(
MTn

)
(see (0)).

(c) If H ∈ L2
loc(M) then H is progressively measurable and H ∈ L2

(
MTn

)
, that is,

1[[0,Tn]]H ∈ L2(M), n ≥ 1, for a sequence (Tn) as in (a). Then |H| < ∞, µM -as.
on the set [[0, Tn]]. Letting n ↑ ∞ it follows that |H| < ∞, µM -as. on Π. This
latter property ensures that L2

loc(M) is a vector space under the usual pointwise
operations.

2.b.1. For a progressively measurable process H the following are equivalent:
(a) H ∈ L2

loc(M).
(b) There exist optional times Tn ↑ ∞ such that 1[[0,Tn]]H ∈ L2(M), for all n ≥ 1.
(c)

∫ t

0
H2
sd〈M〉s < ∞, P -as., for each t ≥ 0.

Proof. (a)⇒(b): Since H ∈ L2(MT ) ⇐⇒ 1[[0,T ]]H ∈ L2(M) (2.a.0).

(b)⇒(c): Let Tn be a sequence of optional times as in (b). Then

EP

[∫ Tn

0
H2
sd〈M〉s

]
< ∞ and so

∫ Tn

0
H2
sd〈M〉s < ∞, P -as., ∀n ≥ 1.

Let t ≥ 0 and ω ∈ Ω be such that this inequality holds simultaneously for all n ≥ 1.
Choose n ≥ 1 such that Tn(ω) ≥ t. Then

∫ t

0
H2
s (ω)d〈M〉s(ω) < ∞.
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(c)⇒(a): As the process H2 •〈M〉 is continuous and vanishes at zero, the optional
times

Tn = inf
{
t ≥ 0 |

∫ t

0
H2
sd〈M〉s > n or |Mt| > n

}
satisfy Tn ↑ ∞ and ∫ Tn

0
H2
sd〈M〉s ≤ n, P -as.

For n > |M0|, MTn is a continuous local martingale with
∣∣MTn

∣∣ ≤ n. It follows that
MTn is a martingale (I.8.a.3) and so MTn ∈ H2 and we have

∫ Tn

0
H2
sd〈M〉s ≤ n;

thus ‖H‖2
L2(MTn ) = EP

[∫ Tn

0
H2
sd〈M〉s

]
≤ n and consequently H ∈ L2

(
MTn

)
, for

all n ≥ 1. This shows H ∈ L2
loc(M).

2.b.2. Let X(n) be a sequence of continuous martingales and Tn a sequence of op-
tional times such that (a) Tn ↑ ∞, P -as. and (b) X(n+ 1)Tn = X(n), n ≥ 1.
Then there exists a unique adapted process X such that XTn = X(n), for all n ≥ 1.
X is a continuous local martingale.

Proof. From (a) and (b) we can find a null set E ⊆ Ω such that Tn(ω) ↑ ∞ and
X(n + 1)Tn

t (ω) = X(n)t(ω), for all t ≥ 0, n ≥ 1 and ω ∈ Ω0 := Ω \ E. Set
Π0 = [0,∞) × Ω0. Then the sets [[0, Tn]] ∩ Π0 increase to Π0 and X(n+ 1) = X(n)
at all points of [[0, Tn]]∩Π0, for all n ≥ 1. We can thus define X : Π → R by setting
X = X(n) on [[0, Tn]] ∩ Π0 and X = 0 on Π \ Π0.

Let t ≥ 0. Then Xt = X(n)t on the set [t ≤ Tn] ∩ Ω0 ⊆ Ω. Thus Xt =
limn↑∞X(n)t on Ω0 and consequently P -as. Since each X(n)t is Ft-measurable
and Ft contains the null sets, it follows that Xt is Ft-measurable. Thus the process
X is adapted. The path t �→ Xt(ω) agrees with the path t �→ X(n)t(ω) and so
is continuous on the interval [0, Tn(ω)], for P -ae. ω ∈ Ω. It follows that X is a
continuous process. From (b) it follows that X(n)Tn = X(n) and the definition of
X now shows that XTn

t = X(n)Tn
t = X(n)t, on Ω0 and hence P -as., for each t ≥ 0.

Thus XTn = X(n) and so XTn is a martingale, for each n ≥ 1. Consequently X a
local martingale.

This shows the existence of the process X. To see uniqueness assume that X,
Y are two processes satisfying XTn = X(n) = Y Tn , for all n ≥ 1, and let t ≥ 0.
Then Xt∧Tn

= X(n)t = Yt∧Tn
, P -as., for each n ≥ 1. Letting n ↑ ∞ we conclude

that Xt = Yt, P -as. Thus X = Y .

We are now ready to introduce the stochastic integral of a process H ∈ L2
loc(M):

2.b.3 Theorem. Let M be a continuous local martingale and H ∈ L2
loc(M). Then

H ∈ L1
loc

(
〈M,N〉

)
, for each continuous local martingale N , and there exists a

unique continuous local martingale H •M vanishing at zero such that 〈H •M,N〉 =
H •〈M,N〉, for all continuous local martingales N .

Proof. Let N be a continuous local martingale. If t ≥ 0, then

∫ t

0
|Hs| |d〈M,N〉s| ≤ 〈N〉1/2t

(∫ t

0
H2
sd〈M〉s

)1/2

< ∞, P -as.,
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by the Kunita-Watanabe inequality and 2.b.1. ThusH ∈ L1
loc

(
〈M,N〉

)
. Uniqueness

of the process H •M is shown as in the proof of 2.a.2. Let us now show the existence
of H •M .

Because of H ∈ L2
loc(M) we can choose a sequence Tn ↑ ∞ of optional times

such that H ∈ L2
(
MTn

)
, for all n ≥ 1. Set I(n) = H •MTn ∈ H2

0, n ≥ 1. Then
I(n) is a continuous martingale with I(n+ 1)Tn = I(n), for all n ≥ 1 (2.a.3.(d)).

According to 2.b.3 there exists a continuous local martingale I satisfying ITn =
I(n) = H •MTn , for all n ≥ 1. Then, for each continuous local martingale N we
have 〈I,N〉Tn =

〈
ITn , N

〉
=

〈
H •MTn , N

〉
= H •

〈
MTn , N

〉
=

(
H •〈M,N〉

)Tn , for
all n ≥ 1. Letting n ↑ ∞, it follows that 〈I,N〉 = H •〈M,N〉.
Remark. We set

∫ t

0
HsdMs = (H •M)t, H ∈ L2

loc(M), t ≥ 0, as in the case of
integrands H ∈ L2(M). The integral process H •M will also be denoted

∫ ·
0
HsdMs.

We should note that 2.b.3 produces an extension of the stochastic integral H •M ,
where H ∈ L2(M):

2.b.4. If M ∈ H2, then L2(M) ⊆ L2
loc(M) and for each H ∈ L2(M) the integral

process H •M of 2.b.3 coincides with the integral process H •M of 2.a.1.

Proof. The process H •M of 2.b.3 satisfies the defining property 2.a.eq.(5) in 2.a.1.
The inclusion L2(M) ⊆ L2

loc(M) follows immediately from definition 2.b.0.

2.c Properties of stochastic integrals with respect to continuous local martingales.

2.c.0. Let M , N be continuous local martingales, H ∈ L2
loc(M), K ∈ L2

loc(N) and
T any optional time.
(a) H •M =

∫ ·
0
HsdMs is a continuous local martingale with (H •M)0 = 0.

(b) H •M is bilinear in H and M .
(c) MT = M0 + 1[[0,T ]] •M , especially M = M0 + 1•M .
(d) HT •MT = H •(MT ) =

(
1[[0,T ]]H

)
•M = (H •M)T .

(e) 〈H •M,N〉t =
∫ t

0
Hsd〈M,N〉s, t ≥ 0.

(f) 〈H •M,K •N〉t =
∫ t

0
HsKsd〈M,N〉s, t ≥ 0.

(g) 〈H •M〉t =
∫ t

0
H2
sd〈M〉s, t ≥ 0.

Proof. Identical to the proof of 2.a.3 since the defining property of the process
H •M is the same.

Remark. Let H ∈ L2
loc(M) and let us rewrite the equality

(
1[[0,T ]]H •M

)
= (H •M)T

in a less abstract form. Set Y = H •M , that is, Yt =
∫ t

0
HsdMs, t ≥ 0. In analogy

to ordinary integration theory we define
∫ t∧T

0

HsdMs =
∫ t

0

1[[0,T ]](s)HsdMs, t ≥ 0. (0)

Then
∫ t∧T
0

HsdMs =
(
1[[0,T ]]H •M

)
t
= Y T

t = Yt∧T . Thus (0) produces the desirable
property

Yt =
∫ t

0

HsdMs ⇒ Yt∧T =
∫ t∧T

0

HsdMs.
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2.c.1 Associativity. Let M be a continuous local martingale. If K ∈ L2
loc(M) and

H ∈ L2
loc(K •M), then HK ∈ L2

loc(M) and we have H •(K •M) = (HK)•M .

Proof. From 2.c.0.(g) 〈K •M〉 = K2 •〈M〉 and so d〈K •M〉s(ω) = K2
s (ω)d〈M〉s(ω),

for P -ae. ω ∈ Ω. Using 2.b.1 and H ∈ L2
loc(K •M) we have

∫ t

0

H2
sK

2
sd〈M〉s =

∫ t

0

H2
sd〈K •M〉s < ∞, P -as., for each t ≥ 0.

Thus HK ∈ L2
loc(M) and consequently the process I = (HK)•M is defined and is

a continuous local martingale. For each continuous local martingale N we have

〈I,N〉 = (HK)•〈M,N〉 = (I.10.b.2) = H •
(
K •〈M,N〉

)
= H •〈K •M,N〉,

and so I = H •(K •M), as desired.

2.c.2 Review of spaces of integrands. Let M be a continuous local martingale.
The largest space of processes H for which the integral process I = H •M is defined
is the space L2

loc(M). Two processes H,K ∈ L2
loc(M) are identified if they satisfy

H = K, µM -as. This is not equivalent with the usual identification of processes
which are versions of each other or which are indistinguishable and implies that
H •M = K •M (note that 〈(H −K)•M〉t =

∫ t

0
|Hs −Ks|2d〈M〉s).

We follow the usual custom of neglecting a careful distinction between equiv-
alence classes and their representatives. If H ∈ L2

loc(M), then the process I is a
continuous local martingale with quadratic variation

〈I〉t = 〈H •M〉t =
∫ t

0
H2
sd〈M〉s, t ≥ 0.

Thus 〈I〉∞ =
∫ ∞
0
H2
sd〈M〉s. If now H ∈ L2(M) then

EP

(
〈I〉∞

)
= ‖H‖2

L2(M) < ∞

and so I = H •M ∈ H2
0 with ‖I‖2 = EP

(
〈I〉∞

)
= ‖H‖2

L2(M). Although this has
already been established in 2.a.2, it points us to the following weaker condition
E(〈I〉t) < ∞, 0 < t < ∞, which implies that I is a square integrable martingale.

This suggests that we introduce the intermediate space Λ2(M) of all progres-
sively measurable processes H satisfying

EP

[∫ t

0
H2
sd〈M〉s

]
< ∞, ∀ t ≥ 0, equivalently,

π2
n(H) = EP

[∫ n

0
H2
sd〈M〉s

]
=

∥∥1[[0,n]]H
∥∥2

L2(M)
< ∞, for all n ≥ 1.

Thus Λ2(M) is the space of all progressively measurable processes H such that
1[[0,n]]H ∈ L2(M), for all n ≥ 1. If H ∈ Λ2(M), then 1[[0,n]]H ∈ L2(M) and so,
using I.10.b.1.(c), (H •M)n = (1[[0,n]]H)•M ∈ H2

0, for all n ≥ 1. From this it
follows that H •M is a square integrable martingale.
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Two processes H,K ∈ L2(M) are identified if they satisfy
∥∥H − K

∥∥
L2(M)

=
0, equivalently H = K, µM -as. Likewise two processes H,K ∈ Λ2(M) will be
identified if πn(H −K) = 0, for all n ≥ 1, which is again equivalent with H = K,
µM -as.

With this identification Λ2(M) becomes a Fréchet space with increasing semi-
norms πn, n ≥ 1, and L2(M) is continuously embedded in Λ2(M) as a subspace.
From 2.b.1 it follows that

L2(M) ⊆ Λ2(M) ⊆ L2
loc(M).

We collect these observations as follows:

2.c.3. Let M be a continuous local martingale.
(a) If H ∈ L2(M) then the increasing process 〈H •M〉 is integrable, H •M is a

martingale in H2
0 and the map H ∈ L2(M) �→ H •M ∈ H2

0 an isometry:
∥∥∫ ∞

0
HsdMs

∥∥2

L2(P )
= ‖H •M‖2

2 = ‖H‖2
L2(M) = EP

[∫ ∞
0
H2
sd〈M〉s

]
.

(b) If H ∈ Λ2(M) then H •M is a square integrable martingale satisfying

∥∥∫ t

0
HsdMs

∥∥2

L2(P )
=

∥∥1[[0,t]]H
∥∥2

L2(M)
= EP

[∫ t

0
H2
sd〈M〉s

]
, ∀ t ≥ 0.

Proof. (a) has already been verified above (2.a.2, 2.a.3). (b) ReplaceH with 1[[0,T ]]H

in (a).

2.c.4 Example. If B is a one dimensional Brownian motion, then 〈B〉s = s and
consequently the space L2(B) consists of all progressively measurable processes H
satisfying EP

[∫ ∞
0
H2
sds

]
< ∞.

2.c.5. Let M , N be continuous local martingales, H ∈ Λ2(M) and K ∈ Λ2(N). For
0 ≤ r < t set (H •M)tr = (H •M)t − (H •M)r =

∫ t

r
HsdMs and define (K •N)tr

accordingly. Then

EP

[
(H •M)tr(K •N)tr | Fr

]
= EP

[∫ t

r
HsKsd〈M,N〉s

∣∣ Fr

]
, and

EP

[
(H •M)tr(K •N)tr

]
= EP

[∫ t

r
HsKsd〈M,N〉s

]
.

(1)

Proof. Fixing 0 ≤ r < t and replacing H and K with 1[0,t]H and 1[0,t]K (this does
not change the above integrals), we may assume that H ∈ L2(M) and K ∈ L2(N).
Then X = H •M , Y = K •N are martingales in H2 and so Zt = XtYt − 〈X,Y 〉t is
a martingale (I.11.b.2.(a)). From 2.c.0.(f), 〈X,Y 〉t =

∫ t

0
HsKsd〈M,N〉s. Thus

Zt = XtYt − 〈X,Y 〉t = (H •M)t(K •N)t −
∫ t

0
HsKsd〈M,N〉s.

As X is a martingale, EP [(H •M)tr | Fr] = EP [(H •M)t − (H •M)r | Fr] = 0.
Since Z is a martingale, EP [Zt − Zr | Fr] = 0, that is,

EP

[
(H •M)t(K •N)t − (H •M)r(K •N)r −

∫ t

r
HsKsd〈M,N〉s

∣∣ Fr

]
= 0.
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Writing (H •M)t(K •N)t = [(H •M)r + (H •M)tr] [(K •N)r + (K •N)tr], multiply-
ing out and cancelling the term (H •M)r(K •N)r this becomes

EP

[
(H •M)r(K •N)tr + (K •N)r(H •M)tr + (H •M)tr(K •N)tr | Fr

]
= EP

[∫ t

r
HsKsd〈M,N〉s

∣∣ Fr

]
.

Distribute the conditional expectation, pull out the Fr-measurable factors (H •M)r,
(K •N)r and use that EP [(H •M)tr | Fr] = EP [(K •N)tr | Fr] = 0 to obtain

EP

[
(H •M)tr(K •N)tr | Fr

]
= EP

[∫ t

r
HsKsd〈M,N〉s

∣∣ Fr

]
.

The second equality in (1) follows by integration over Ω.

Our next result shows that the stochastic integral H •M agrees with pathwise in-
tuition, at least for suitably simple integrands H:

2.c.6. Let M be a continuous local martingale, S ≤ T be optional times and Z a
real valued FS-measurable random variable. Then H = Z1]]S,T ]] ∈ L2

loc(M) and∫ t

0
Z1]]S,T ]](s)dMs = Z

(
Mt∧T −Mt∧S

)
, t ≥ 0.

Proof. Let us first show that H is progressively measurable. Fix t ≥ 0. The
restriction of H to [0, t] × Ω can be written as Z1]]S∧t,T∧t]] = Z1[S<t]1]]S∧t,T∧t]].
Since the random variable Z is FS-measurable, the random variable Z1[S<t] is
Ft-measurable (I.7.a.3.(c)). Since the optional times S ∧ t, T ∧ t : Ω → [0, t] are
Ft-measurable, the stochastic interval ]]S ∧ t, T ∧ t]] is Bt × Ft-measurable.
It follows that the restriction of H to [0, t] × Ω is Bt × Ft-measurable. Thus the
process H is progressively measurable. From

∫ t

0

H2
sd〈M〉s = Z2

∫ t

0

1]]S,T ]]d〈M〉s = Z2
(
〈M〉t∧T − 〈M〉t∧S

)
< ∞, P -as.,

it follows that H ∈ L2
loc(M) (2.b.1). Our claim can now be written as H •M =

Z(MT − MS). Set Y = Z(MT − MS). Then Y0 = 0. Let us show that Y is a
continuous local martingale. Writing Yt = Z1[S<t]

(
Mt∧T −Mt∧S

)
and recalling that

Z1[S<t] is Ft-measurable, it follows that Y is adapted. It is obviously continuous.
Thus, by stopping we can reduce the claim to the case where both M and Y are
uniformly bounded. In this case M is a martingale (I.8.a.4) and we show that Y is
a martingale. Using I.9.c.4, it will suffice to show that E(YA) = 0, for each bounded
optional time A. Indeed, for such A,

E(YA) = E
[
E(YA|FS)

]
= E

[
E

(
Z(MT∧A −MS∧A) | FS

)]
= E

[
ZE

(
MT∧A −MS∧A | FS

)]
= 0,

where we use I.7.d.2 for the last equality.
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Thus it remains to be shown only that
〈
Z(MT − MS), N

〉
= H •〈M,N〉, for

all continuous local martingales N . Indeed, using 2.c.0.(d),
〈
Z(MT − MS), N

〉
=

Z
〈
MT − MS , N

〉
= Z

(
〈M,N〉T − 〈M,N〉S

)
= Z1]]S,T ]] •〈M,N〉 = H •〈M,N〉, for

all such N .

Remark. Let L2
pred(M) = L2(Π,P, µM ) ⊆ L2(M) be the space of predictable

processes H ∈ L2(M) and R ⊆ L2
pred(M) denote the subspace generated by the

indicator functions of predictable rectangles.
2.c.6 shows that the stochastic integral agrees with pathwise intuition for all

integrands H as in 2.c.6 and so, by linearity, for all H ∈ R. The following density
result shows that the integral process I = H •M is uniquely determined from this
and the continuity and linearity of the map M ∈ L2(M) �→ H •M ∈ H2, at least
for predictable integrands H ∈ L2(M):

2.c.7. R is dense in L2
pred(M).

Proof. We must show that for each predictable process H,

H ∈ L2(M) ⇒ ∀ε > 0 ∃S ∈ R : ‖H − S‖L2(M) < ε (2)

and it will suffice to verify this for nonnegative H. Let C denote the family of
all predictable processes H ≥ 0 satisfying (2). Then C contains every nonnegative
process H ∈ R and so in particular the indicator functions of predictable rectangles.
Since the predictable rectangles are a π-system generating the predictable σ-field
P, the Extension Theorem (appendix B.4) shows that it will suffice to verify that C
is a λ-cone on (Π,P). Let us verify properties (a), (c) in the definition of a λ-cone.
To simplify notation write ‖ · ‖L2(M) = ‖ · ‖.

(a) Assume 1 ∈ L2(M). Then µM (Π) = ‖1‖2 < ∞. Set Sn = 1[0,n]×Ω ∈ R. Then
‖1 − Sn‖2 = ‖1(n,∞)×Ω‖2 = µM

(
(n,∞) × Ω

)
↓ 0, as n ↑ ∞. Thus 1 ∈ C.

(c) Let Hk ∈ C and αk > 0, k ≥ 1, and set H =
∑

k αkHk and Jn =
∑

k≤n αkHk,
n ≥ 1. We must show that H ∈ C.

Assume that H ∈ L2(M) and let ε > 0. Then |H| < ∞ and so |H − Jn|2 → 0,
µM -as., as n ↑ ∞. Moreover this convergence is dominated by the µM -integrable
function H2. Thus

‖H − Jn‖2 =
∫

Π

|H − Jn|2dµM → 0

and so we can choose n ≥ 1 such that ‖H − Jn‖ < ε/2. From H ∈ L2(M) and
αk > 0 it follows that Hk ∈ L2(M), k ≥ 1, and we can thus choose Sk ∈ R such
that ‖Hk − Sk‖ < ε/αk2k+1, for all k ≤ n. Set S =

∑
k≤n αkSk ∈ R. Then

‖Jn − S‖ ≤
∑

k≤n αk‖Hk − Sk‖ < ε/2 and it follows that ‖H − S‖ < ε.
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2.d Integration with respect to continuous semimartingales. The extension of the
stochastic integral to integrators which are continuous semimartingales is now a very
small step. Let S denote the family of all (real valued) continuous semimartingales
on (Ω,F , (Ft), P ) and X ∈ S with semimartingale decomposition X = M + A,
that is, M is a continuous local martingale and A a continuous bounded variation
process vanishing at zero. Then we define the space L(X) of X-integrable processes
as L(X) = L2

loc(M)∩L1
loc(A). Thus L(X) is the space of all progressively measurable

processes H satisfying ∫ t

0
H2
sd〈M〉s +

∫ t

0
|Hs| |dAs| < ∞, P -as., ∀ t ≥ 0.

For H ∈ L(X) we set H •X = H •M +H •A and
∫ t

0
HsdXs = (H •X)t. In short

∫ t

0
HsdXs =

∫ t

0
HsdMs +

∫ t

0
HsdAs, t ≥ 0.

Thus the case of a general integrator X ∈ S can often be reduced to the cases
X = M a local martingale and X = A a bounded variation process by appeal to
the semimartingale decomposition.

SinceH •M is a local martingale andH •A a continuous bounded variation pro-
cess vanishing at zero it follows thatH •X is a continuous semimartingale with semi-
martingale decomposition H •X = H •M + H •A. In particular uH •X = H •A =
H •uX and H •X is a local martingale if and only if H •A = 0.

2.d.0. Let X,Y ∈ S, H,H ′ ∈ L(X), K ∈ L(Y ), S ≤ T optional times, W an
FS-measurable random variable, a ≥ 0 and Z an Fa-measurable random variable.
Then
(a) H •X =

∫ ·
0
HsdXs is a continuous semimartingale with (H •X)0 = 0.

(b) H •X is bilinear in H and X.
(c) XT = X0 + 1[[0,T ]] •X, especially X = X0 + 1•X.
(d) HT •XT = H •(XT ) =

(
1[[0,T ]]H

)
•X = (H •X)T .

(e) 〈H •X,Y 〉t =
∫ t

0
Hsd〈X,Y 〉s, t ≥ 0.

(f) 〈H •X,K •Y 〉t =
∫ t

0
HsKsd〈X,Y 〉s, t ≥ 0.

(g) 〈H •X〉t =
∫ t

0
H2
sd〈X〉s, t ≥ 0.

(h) H(t, ω) = 1{a}(t)Z(ω) ∈ L(X) and H •X = 0.
(i) H = W1]]S,T ]] ∈ L(X) and H •X = W (XT −XS).
(j) If H and H ′ are indistinguishable then so are the processes H •X and H ′ •X.

Proof. All except (h),(i),(j) follow by combining I.10.b.1, I.10.b.2 and 2.c.0. Let us
show for example (e).

Here the claim is 〈H •X,Y 〉 = H •〈X,Y 〉. Let X = M + A and Y = N + B

be the semimartingale decompositions of X and Y . Then H ∈ L2
loc(M) ∩ L1

loc(A).
By 2.b.3 we have 〈H •M,N〉 = H •〈M,N〉. As H •A is a continuous bounded
variation process and bounded variation summands can be dropped from covaria-
tions (I.11.b.1.(e)), we obtain 〈H •X,Y 〉 = 〈H •M +H •A,N +B〉 = 〈H •M,N〉 =
H •〈M,N〉 = H •〈X,Y 〉, as desired.
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(h) Since Z is Fa-measurable, the process H is progressively measurable. If X is a
local martingale the equations (H •X)0 = 0 and 〈H •X〉t =

∫ t

0
H2
sd〈X〉s = 0, P -as.,

for each t ≥ 0, show H •X = 0.
If X is a continuous, bounded variation process, standard Real Analysis argu-

ments lead to the same conclusion. The general case follows using the semimartin-
gale decomposition.

(i) The case where X is a local martingale has been treated in 2.c.6. If X is a
continuous bounded variation process the result is obvious by pathwise integration.

(j) Assume that the path t �→ Ht(ω) is identically zero, for all ω in the complement
of a null set E ⊆ Ω. We must show that H •X is indistinguishable from zero. By
continuity it will suffice to show that

∫ t

0
HsdXs = 0, P -as., for each t ≥ 0.

If X is a bounded variation process, the result follows from the pathwise defi-
nition of the stochastic integral. If X is a local martingale, the result follows from
2.c.3.(b). The general case follows from the semimartingale decomposition of X.

Likewise I.10.b.2 and 2.c.1 yield:

2.d.1 Associativity. Let X ∈ S. If K ∈ L(X) and H ∈ L(K •X), then HK ∈ L(X)
and we have H •(K •X) = (HK)•X.

Although the definition of the process H •X is global in nature, some pathwise
properties can be established:

2.d.2. Let X ∈ S and H ∈ L(X). Then, for P -ae. ω ∈ Ω, the path t �→ (H •X)t(ω)
is constant on any interval [a, b] on which either
(a) Ht(ω) = 0, for all t ∈ [a, b] or
(b) Xt(ω) = Xa(ω), for all t ∈ [a, b].

Proof. If X is a bounded variation process, then this follows in a path by path
manner from the corresponding result from Real Analysis. If X is a local martingale
the result follows from I.9.b.7, since (a) or (b) both imply that 〈H •X〉ba(ω) =(
H2 •〈X〉

)b
a
(ω) = 0.

The space Λb of locally bounded integrands. The space L(X) of X-integrable
processes depends on the semimartingale X. We now introduce a space Λb of
integrands which is independent of the integrator X.

Call a process H locally bounded, if there exists a sequence Tn ↑ ∞ of optional
times such that |HTn | ≤ Cn < ∞ on all of Π = R+ × Ω, for all n ≥ 1, where
the Cn are constants. Let Λb denote the space of all locally bounded, progressively
measurable processes H.

If every path t �→ Ht(ω) of the adapted process H is continuous, then H is
locally bounded. Indeed Tn = inf{ t ≥ 0 | |Ht| > n } is a sequence of optional times
Tn ↑ ∞ such that |HTn | ≤ n, for all n > |H0|. Recall that by convention 1.0, H0 is
a constant.

If H is any continuous adapted process, then H is indistinguishable from a
process K for which every path is continuous. Replacing H with K does not affect
any stochastic integral H •X (2.d.0.(j)).
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2.d.3. Λb ⊆ L(X), for each continuous semimartingale X.

Proof. Let X be a continuous semimartingale with semimartingale decomposition
X = M +A. Assume that H ∈ Λb and let Tn ↑ ∞ be a sequence of optional times
such that |HTn | ≤ Cn < ∞, for all n ≥ 1, where the Cn are constants. Fix t ≥ 0
and ω ∈ Ω such that the path s �→ As(ω) is of bounded variation on finite intervals
and let Vt(ω) denote the total variation of this path on the interval [0, t]. Then

∫ t∧Tn(ω)

0

|Hs(ω)| |dAs(ω)| ≤ CnVt(ω) < ∞,

for all n ≥ 1. Choosing n such that Tn(ω) > t, we obtain
∫ t

0
|Hs(ω)| |dAs(ω)| < ∞

and this inequality therefore holds for P -ae. ω ∈ Ω. Thus H ∈ L1
loc(A). Likewise

∫ t∧Tn

0

H2
sd〈M〉s ≤ C2

n〈M〉t < ∞,

for each n ≥ 1. As above, this shows that
∫ t

0
H2
sd〈M〉s < ∞, P -as. on Ω. According

to 2.b.0 this implies that H ∈ L2
loc(M). Thus H ∈ L(X).

2.d.4. Let X,Y ∈ S and H,K ∈ Λb. Then, for P -ae. ω ∈ Ω, the difference
(H •X)t(ω) − (K •Y )t(ω) is constant on any interval [a, b] satisfying
(a) Ht(ω) = Kt(ω), for all t ∈ [a, b] and
(b) Xt(ω) = Yt(ω), for all t ∈ [a, b].
In particular (H •X)b(ω) = (K •Y )b(ω), for P -ae. ω ∈ Ω such that Ht(ω) = Kt(ω)
and Xt(ω) = Yt(ω), for all t ∈ [0, b].

Proof. Use 2.d.2, 2.d.3 and the equation H •X−K •Y = H •(X−Y )+(H−K)•Y .
The last claim follows if we let a = 0 and note that (H •X)a − (K •X)a = 0.

We also have the following analogue of the Dominated Convergence Theorem for
stochastic integrals:

2.d.5 Dominated Convergence Theorem. Let X ∈ S and H(n) a sequence of locally
bounded, progressively measurable processes satisfying H(n) → 0 pointwise on Π =
R+ × Ω. If there exists a locally bounded progressively measurable process K such
that |H(n)| ≤ K, for all n ≥ 1, then

(
H(n)•X

)
t

→ 0 in probability, as n ↑ ∞, for
all t ≥ 0.

Remark. To simplify the wording of the proof it is assumed that |H(n)| ≤ K on all
of Π = R+ × Ω, for all n ≥ 1. The result remains true if this inequality holds only
along paths t �→ H(n)t(ω), t �→ Kt(ω), where ω is in the complement of a null set E.
Simply replace H(n) with H ′(n) = 1[0,∞)×EH(n) (then H(n) is indistinguishable
from H ′(n)) and use 2.d.0.(j).

Proof. Assume first that X is a local martingale, let H(n) and K be as above and
choose a sequence Tm ↑ ∞ of optional times such that simultaneously XTm ∈ H2

and
∣∣KTm

∣∣ ≤ Cm < ∞, for all m ≥ 1, where the Cm are constants.
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Fix m ≥ 1. Then
∣∣H(n)Tm

∣∣ ≤
∣∣KTm

∣∣ ≤ Cm < ∞ and H(n)Tm → 0 pointwise
on Π, as n ↑ ∞. The ordinary Dominated Convergence Theorem implies that
H(n)Tm → 0, in L2

(
Π,Pg, µXTm

)
= L2

(
XTm

)
and consequently, by the isometric

property 2.a.1,
(
H(n)•X

)Tm = H(n)Tm •XTm → 0, in H2, as n ↑ ∞. Now let

t ≥ 0. Then (H(n)•X
)Tm

t
→ 0 in L2 and consequently in probability. Thus we

have (H(n)•X
)
t

→ 0 in probability on the set [Tm ≥ t]. Since here m ≥ 1 was
arbitrary and

⋃
m[Tm ≥ t] = Ω, it follows that (H(n)•X

)
t

→ 0 in probability on
all of Ω (I.1.a.2).

The proof when X is a bounded variation process is quite similar. The con-
vergence (H(n)•X

)Tm

t
→ 0 in L2 is now obtained from the ordinary Dominated

Convergence Theorem.

2.e The stochastic integral as a limit of certain Riemann type sums. Let X,Y ∈ S
and H be a continuous adapted process. Recall that H ∈ Λb ⊆ L(X), by continuity.
Fix t > 0, let ∆ = { 0 = t0 < t1 < . . . < tn = t } be a partition of the interval [0, t]
and set ‖∆‖ = max1≤j≤n(tj − tj−1) and

S∆(H,X) =
∑n

j=1
Htj−1(Xtj −Xtj−1). (0)

Thus S∆(H,X) is the ∆-Riemann sum for the integral
∫ t

0
HdX, which evaluates

the integrand H always at the left endpoint of each subinterval of the partition ∆.
Using 2.d.0.(h),(i) we can write

S∆(H,X) =
∫ t

0

R∆(H)sdXs =
(
R∆(H)•X

)
t
,

where R∆(H) is the following simple predictable process:

R∆(H,X) = 1{0}H0 +
∑n

j=1
Htj−11]]tj−1,tj ]].

The first summand is superfluous but facilitates the proof of 2.e.0 below. The next
fact shows that the stochastic integral

∫ t

0
HsdXs is the limit in probability of these

Riemann sums:

2.e.0. Let X ∈ S and H be a continuous, adapted process. Then
∫ t

0
HsdXs =

limn↑∞ S∆n
(H,X) in probability, for each sequence (∆n) of partitions of the interval

[0, t] such that ‖∆n‖ → 0, as n ↑ ∞.

Proof. Replacing H with a suitable version from which H is indistinguishable, we
may assume that all paths of H are continuous.

(a) Assume first |H| ≤ C < ∞, for some constant C and let ∆n be as in 2.e.0.
Then R∆n

(H) → H pointwise on Π = R+ × Ω and
∣∣R∆n

(H)
∣∣ ≤ C, for each

n ≥ 1. The Dominated Convergence Theorem 2.d.5 now implies that S∆n(H,X) =(
R∆n(H)•X

)
t

→ (H •X)t in probability, as n ↑ ∞.
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(b) In general there exists a sequence Tm ↑ ∞ of optional times with
∣∣HTm

∣∣ ≤ m,
for all m > |H0| (recall that H0 is a constant). For such m, according to (a),

S∆n

(
HTm , X

)
→

(
HTm •X

)
t

in probability, as n ↑ ∞.

On the set [Tm ≥ t] we have S∆n

(
HTm , X

)
= S∆n

(
H,X

)
and

(
HTm •X

)
t

=
(H •X)Tm

t = (H •X)t (2.d.0.(d)). Thus S∆n
(H,X) → (H •X)t in probability on

the set [Tm ≥ t]. Since
⋃

m[Tm ≥ t] = Ω, it follows that S∆n
(H,X) → (H •X)t in

probability on all of Ω. (I.1.a.2)

2.e.1. Let 0 ≤ a < b, Z an Fa-measurable, real valued random variable, H an
adapted continuous process and X ∈ S. Then

∫ b

a
ZHsdXs = Z

∫ b

a
HsdXs.

Proof. By shifting time we may assume that a = 0. Then the process t �→ ZHt

is continuous and adapted. For each partition ∆ of [a, b] we have S∆(ZH,X) =
ZS∆(H,X). 2.e.1 now follows from 2.e.0 by letting ‖∆‖ → 0.

Let us now derive a result similar to 2.e.0 for integrals with respect to the covariation
〈X,Y 〉. For a partition ∆ = { 0 = t0 < . . . < tn = t } of the interval [0, t] set

SQ∆(H,X, Y ) =
∑n

j=1
Htj−1(Xtj −Xtj−1)(Ytj − Ytj−1).

Similarly set SQ∆(H,X) = Q∆(H,X,X), that is

SQ∆(H,X) =
∑n

j=1
Htj−1(Xtj −Xtj−1)

2.

Multiplying the equality

4
(
Xtj −Xtj−1

)(
Ytj − Ytj−1

)
=

(
(Xtj + Ytj

)
−

(
Xtj−1 + Ytj−1

))2

−
((
Xtj − Ytj

)
−

(
Xtj−1 − Ytj−1

))2

with Htj−1 and summing for j = 1, 2, . . . , n yields

SQ∆(H,X, Y ) =
1
4

[SQ∆(H,X + Y ) − SQ∆(H,X − Y )] . (1)

2.e.2 Stochastic Product Rule. Let X,Y ∈ S. Then

XtYt = X0Y0 +
∫ t

0

XsdYs +
∫ t

0

YsdXs + 〈X,Y 〉t, for all t ≥ 0.

Proof. Let ∆ = { 0 = t0 < t1 < . . . < tn = t } be any partition of the interval [0, t].
Sum the equalities

XtjYtj −Xtj−1Ytj−1 = (Xtj −Xtj−1

)(
Ytj − Ytj−1

)
+Xtj−1

(
Ytj − Ytj−1

)
+ Ytj−1

(
Xtj −Xtj−1

)
over j = 1, 2, . . . , n to obtain XtYt − X0Y0 = Q∆(X,Y ) + S∆(X,Y ) + S∆(Y,X),
with Q∆(X,Y ) as in I.10.a. Now let ‖∆‖ → 0 and use 2.e.0 and I.11.b.0.
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2.e.3. Let X and H be as above and 0 < t. Then SQ∆n(H,X) →
∫ t

0
Hsd〈X〉s

in probability, for each sequence of partitions (∆n) of the interval [0, t] such that
‖∆n‖ → 0.

Proof. As in the proof of 2.e.0 we may assume that all paths of H and X are
continuous and localization leads to the case where both processes H and X are
bounded. The stochastic product rule with X = Y yields

X2
t −X2

0 = 2
∫ t

0

XsdXs + 〈X〉t.

Consequently, if ∆ = { 0 = t0 < . . . < tn = t } is a partition of [0, t] and 1 ≤ j ≤ n,

X2
tj −X2

tj−1
= 2

∫ tj

tj−1

XsdXs +
(
〈X〉tj − 〈X〉tj−1

)
and so

(
Xtj −Xtj−1

)2 =
(
X2
tj −X2

tj−1

)
− 2Xtj−1

(
Xtj −Xtj−1

)

= 2
∫ tj

tj−1

XsdXs +
(
〈X〉tj − 〈X〉tj−1

)
− 2Xtj−1

(
Xtj −Xtj−1

)
.

Multiply this with Htj−1 , note that Htj−1

∫ tj
tj−1

XsdXs =
∫ tj
tj−1

Htj−1XsdXs =∫ t

0
1]]tj−1,tj ]](s)Htj−1XsdXs (2.e.1) and sum over j = 1, . . . , n to obtain

SQ∆(H,X) = 2
∫ t

0

R∆(H)sXsdXs + S∆(H, 〈X〉) − 2S∆(HX,X).

Now let ‖∆‖ → 0. By continuity R∆(H)X → HX, pointwise on Π = R+ × Ω. The
stochastic Dominated Convergence Theorem now implies that

∫ t

0
R∆(H)sXsdXs →∫ t

0
HsXsdXs in probability. Likewise S∆(HX,X) →

∫ t

0
HsXsdXs in probability,

according to 2.e.0. Finally S∆(H, 〈X〉) →
∫ t

0
Hsd〈X〉s in probability, according

to 2.e.0 applied to the process 〈X〉 instead of X. It follows that SQ∆(H,X) →∫ t

0
Hsd〈X〉s in probability.

2.e.4. Let X, Y , H be as above and 0 < t. Then SQ∆n(H,X, Y ) →
∫ t

0
Hsd〈X,Y 〉s

in probability, for each sequence of partitions (∆n) of the interval [0, t] such that∥∥∆n

∥∥ → 0.

Proof. Using (1) and the equality 〈X,Y 〉 = 1
4

(
〈X +Y 〉 − 〈X −Y 〉

)
and multiplying

with 4, our claim can be rewritten as

SQ∆n(H,X + Y ) − SQ∆n(H,X − Y ) →
∫ t

0
Hsd〈X + Y 〉s −

∫ t

0
Hsd〈X − Y 〉s

and is thus an immediate consequence of 2.e.3.
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2.f Integration with respect to vector valued continuous semimartingales. It is
now a very small step to generalize the above integration theory to integrands and
integrators which are vector valued processes. Vectors in Rd will be viewed as
column vectors and we write x = (x1, x2, . . . , xd)′, x ∈ Rd, where the prime denotes
transposition. Let x · y =

∑
j x

jyj denote the inner product on Rd as usual.
An Rd-valued process Xt = (X1

t , X
2
t , . . . , X

d
t )′ will be called continuous, a

(local) martingale, a semimartingale, if each component process Xj
t , j = 1, . . . , d,

has the respective property. Let Sd denote the family of all Rd-valued, continuous
semimartingales on (Ω,F , (Ft), P ). For X ∈ Sd we define the quadratic variation
〈X〉 as 〈X〉 =

∑d
j=1〈Xj〉. If X is a local martingale, then 〈X〉 is the unique

continuous bounded variation process A vanishing at zero such that ‖X‖2 −A is a
local martingale. In fact 〈X〉 is an increasing process.

Call the process X square integrable if it satisfies E
(
‖Xt‖2

)
< ∞, t ≥ 0, that

is, if all the component processes Xj
t are square integrable. If X is a continuous,

square integrable martingale, then ‖X‖2−〈X〉 is a martingale, in analogy to the one
dimensional case (I.11.b.2). For X,Y ∈ Sd define the covariation process 〈X,Y 〉 as

〈X,Y 〉 =
∑d

j=1〈Xj , Y j〉. (0)

If X, Y are local martingales, then 〈X,Y 〉 is the unique continuous bounded vari-
ation process A vanishing at zero such that X · Y − A is a local martingale. If X
and Y are square integrable martingales, then X · Y −A is a martingale (I.11.b.2).

Let Xj = M j + Aj be the semimartingale decomposition of Xj (Aj = uXj ),
for all j = 1, . . . , d. Defining the compensator uX of X to be the Rd-valued process
uX = (A1, A2, . . . , Ad)′, uX is the unique continuous, Rd-valued, bounded variation
process A vanishing at zero such that X −A is a local martingale.

If Z is a continuous scalar semimartingale, then the product ZX is the Rd-
valued semimartingale ZX = (ZX1, ZX2, . . . , ZXd)′ and this suggests that we
define the covariation 〈Z,X〉 as the Rd-valued process

〈Z,X〉 =
(
〈Z,X1〉, 〈Z,X2〉, . . . , 〈Z,Xd〉

)′
. (1)

If Z, X are local martingales, then 〈Z,X〉 is again the unique continuous bounded
variation process A vanishing at zero such that ZX − A is an (Rd-valued) local
martingale. In each of the above cases the uniqueness follows from I.9.b.2.

We now define the space L(X) of X-integrable processes to be the space of
all Rd-valued, progressively measurable processes H = (H1, H2, . . . , Hd)′ such that
Hj ∈ L(Xj), for all j = 1, . . . , d, that is, L(X) is the direct product L(X) =
L(X1) × L(X2) × . . .× L(Xd). Setting Aj = uXj , L(X) consists of all Rd-valued,
progressively measurable processes H = (H1, H2, . . . , Hd)′ such that

d∑
j=1

{∫ t

0

(
Hj
s

)2
d
〈
Xj

〉
s
+

∫ t

0

∣∣Hj
s

∣∣ ∣∣dAj
s

∣∣} < ∞, P -as., ∀ t ≥ 0.
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For H ∈ L(X) we set H •X =
∑d

j=1H
j •Xj and write (H •X)t =

∫ t

0
Hs · dXs.

Then ∫ t

0

Hs · dXs =
∑d

j=1

∫ t

0

Hj
sdX

j
s , t ≥ 0.

Thus we view the stochastic differential dX as a vector dX = (dX1, dX2, . . . , dXd)′

and consequently H · dX =
∑d

j=1H
jdXj . Note that the quadratic variation 〈X〉,

the covariation 〈X,Y 〉 and the integral process H •X are scalar processes.

If X is a local martingale, then L(Xj) = L2
loc(X

j), 1 ≤ j ≤ d, and so L(X) =

L2
loc(X

1) × . . .× L2
loc(X

d). This space will then also be denoted L2
loc(X). We now

have the perfect analogues of 2.d.0, 2.d.1:

2.f.0. Let Z ∈ S, X,Y ∈ Sd H,H ′ ∈ L(X), K ∈ L(Y ) and T any optional time.

Then

(a) H •X =
∫ ·
0
Hs · dXs is a continuous scalar semimartingale with (H •X)0 = 0.

(b) H •X is bilinear in H and X.

(c) XT = X0 + 1[[0,T ]] •X, especially X = X0 + 1•X.

(d) H •(XT ) =
(
1[[0,T ]]H

)
•X = (H •X)T .

(e) 〈Z,H •X〉t =
∫ t

0
Hs · d〈Z,X〉s, t ≥ 0.

(f) 〈H •X,K •Y 〉t =
∑d

i,j=1

∫ t

0
Hi
sK

j
sd〈Xi, Y j〉s, t ≥ 0.

(g) If H and H ′ are indistinguishable then so are the processes H •X and H ′ •X.

Proof. (a)-(d),(g) follow immediately from 2.d.0.(a)-(d),(j).

(e) Here d〈Z,X〉 =
(
d〈Z,X1〉, d〈Z,X2〉, . . . , d〈Z,Xd〉

)′ in accordance with defini-

tion (2). Using 2.d.0.(e) and the bilinearity of the covariation we get

〈Z,H •X〉t =
∑d

j=1〈Z,Hj •Xj〉t =
∑d

j=1

(
Hj •〈Z,Xj〉

)
t

=
∑d

j=1

∫ t

0
Hj
sd〈Z,Xj〉s =

∫ t

0
Hs · d〈Z,X〉s.

(f) Follows from 2.d.0.(f) and the bilinearity of the covariation.

2.f.1 Associativity. Let X ∈ Sd. If K ∈ L(X) and H ∈ L(K •X), then HK ∈ L(X)

and we have H •(K •X) = (HK)•X.

Proof. Note that here K is an Rd-valued process while H is a scalar process (since

K •X is a scalar semimartingale). Thus HK = (HK1, HK2, . . . , HKd) is an Rd-

valued process. The result now follows easily from 2.d.1.



Chapter III: Stochastic Integration 155

2.f.2 The spaces L2(M) and Λ2(M). The spaces L2(M) and Λ2(M) of 2.c.2 also
have vector valued analogues. For an Rd-valued continuous local martingale M =
(M1,M2, . . . ,Md)′, we let L2(M) and Λ2(M) denote the spaces of all progressively
measurable Rd-valued processes H = (H1, H2, . . . , Hd)′ satisfying Hj ∈ L2(M j)
respectively Hj ∈ Λ2(M j), for all j = 1, . . . , d. Thus L2(M) is the direct product
L2(M) = L2(M1) × L2(M2) × . . .× L2(Md) and so is a Hilbert space with norm

∥∥H∥∥2

L2(M)
=

∑d

j=1

∥∥Hj
∥∥2

L2(Mj)
=

∑d

j=1
EP

∫ ∞

0

(
Hj
s

)2
d〈M j〉s. (2)

Similarly Λ2(M) is the direct product Λ2(M) = Λ2(M1) × Λ2(M2) × . . .× Λ2(Md)
and is thus a Fréchet space. As in the one dimensional case Λ2(M) consists of
all Rd-valued processes H such that 1[[0,t]]H ∈ L2(M), for all t ≥ 0, that is, all
Rd-valued, progressively measurable processes H such that

∥∥1[[0,t]]H
∥∥2

L2(M)
=

∑d

j=1

∥∥1[[0,t]]H
j
∥∥2

L2(Mj)
, for all t > 0. (3)

The subspaces of predictable processes H in L2(M) respectively Λ2(M) are closed.
We have the inclusion

L2(M) ⊆ Λ2(M) ⊆ L2
loc(M) = L(M).

Recall that H •M =
∑d

j=1H
j •M j , that is,

∫ t

0
Hs · dMs =

∑d
j=1

∫ t

0
Hj
sdM

j
s , for

all H ∈ L2
loc(M) and t ≥ 0. If the components M j of the local martingale M are

orthogonal in the sense 〈M i,M j〉 = 0, for all i �= j, then we have the analogue of
2.c.3:

2.f.3. Let M be an Rd-valued continuous local martingale satisfying 〈M i,M j〉 = 0,
for all i �= j. Then
(a) For H ∈ Λ2(M), H •M is a square integrable martingale satisfying

∥∥(H •M)t
∥∥
L2(P )

=
∥∥∫ t

0
Hs · dMs

∥∥
L2(P )

=
∥∥1[[0,t]]H

∥∥
L2(M)

.

(b) If H ∈ L2(M) then H •M ∈ H2 is an L2-bounded martingale and the map
H ∈ L2(M) �→ H •M ∈ H2 is an isometry. If

∫ ∞
0
Hs · dMs = (H •M)∞

denotes the last element of the martingale H •M , then

∥∥∫ ∞
0
Hs · dMs

∥∥
L2(P )

=
∥∥H∥∥

L2(M)
.

Proof. (a) For t ≥ 0 set Uj(t) = (Hj •M j)t, j = 1, . . . , d. Then Uj is a square
integrable martingale with

∥∥Uj(t)∥∥L2(P )
=

∥∥1[[0,t]]H
j
∥∥
L2(Mj)

and H •M =
∑d

j=1 Uj .
See 2.c.3.(b). Thus H •M is a sum of square integrable martingales and hence itself
such a martingale. Fix t ≥ 0. Using 2.c.5, for i �= j

EP (Ui(t)Uj(t)) = EP

[
(Hi •M i)t(Hj •M j)t

]
= EP

[∫ t

0
Hi
sH

j
sd〈M i,M j〉s

]
= 0.
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Consequently the random variables Uj(t) ∈ L2(P ) are pairwise orthogonal and so

∥∥(H •M)t
∥∥2

L2(P )
=

∥∥∑d
j=1 Uj(t)

∥∥2

L2(P )
=

∑d
j=1

∥∥Uj(t)∥∥2

L2(P )

=
∑d

j=1

∥∥1[[0,t]]H
j
∥∥2

L2(Mj)
=

∥∥1[[0,t]]H
∥∥2

L2(M)
.

(b) The last element Z∞ of a martingale Z ∈ H2 satisfies ‖Z∞‖L2 = supt ‖Zt‖L2 .
Thus (b) follows from (a) and the equality supt≥0

∥∥1[[0,t]]H
∥∥
L2(M)

= ‖H‖L2(M).

2.f.4 Brownian motion. Assume that W is a d-dimensional Brownian motion.
ThenW is a martingale and hence L(W ) = L2

loc(W ). Moreover each componentW j

is a one dimensional Brownian motion and so 〈W j〉s = s. It follows that the space
L(W ) of W -integrable processes consists exactly of all Rd-valued, progressively
measurable processes H which satisfy

∫ t

0

‖Hs‖2ds =
∑d

j=1

∫ t

0

(Hj
s )

2ds < ∞, P -as., ∀ t ≥ 0.

Likewise L2(W ) and Λ2(W ) are the spaces of allRd valued, progressively measurable
processes H satisfying

EP

∫ ∞

0

‖Hs‖2ds < ∞, respectively, EP

∫ t

0

‖Hs‖2ds < ∞, ∀t > 0.

2.f.5. Let W be an Rd-valued Brownian motion. For an Rd-valued, progressively
measurable process H the following are equivalent:
(a) H ∈ L(W ) = L2

loc(W ).
(b) There exist optional times Tn ↑ ∞ such that HTn ∈ L2

(
WTn

)
, for all n ≥ 1.

(c) There exist optional times Tn ↑ ∞ with EP

[∫ Tn

0
‖Hs‖2ds

]
< ∞, for all n ≥ 1.

(d) There exist optional times Tn ↑ ∞ such that 1[[0,Tn]]H ∈ L2(W ), for all n ≥ 1.
(e)

∫ t

0
‖Hs‖2ds < ∞, P -as., for each t > 0.

Proof. This follows easily from 2.b.0, 2.b.1 if it is observed that 〈W j〉s = s, for all
1 ≤ j ≤ d.
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3. ITO’S FORMULA

3.a Ito�s formula. Let X = (X1, . . . , Xd) be an Rd-valued process with continuously
differentiable paths and consider the process Yt = f(Xt), where f ∈ C2(Rd). Let
us write

Djf =
∂f

∂xj
and Dijf =

∂2f

∂xi∂xj
.

The process Y has continuously differentiable paths with

d

dt
f(Xt(ω)) =

∑d

j=1
Djf(Xt(ω))

d

dt
Xj
t (ω).

Fixing ω ∈ Ω and integrating yields

f(Xt(ω)) − f(X0(ω)) =
∑d

j=1

∫ t

0

Djf(Xs(ω))
d

ds
Xj
s (ω) ds,

where this integral is to be interpreted pathwise. Written as

f(Xt) − f(X0) =
∑d

j=1

∫ t

0

Djf(Xs) dXj
s (0)

this equation remains true if X is a continuous, bounded variation process. The
situation becomes more complicated if the process X is a continuous semimartingale
and hence no longer has paths which are of bounded variation on finite intervals in
general. Then a new term appears on the right hand side of (0) (Ito’s formula). We
will give a very explicit derivation which shows clearly where the new term comes
from.

3.a.0 Ito�s formula. Let G ⊆ Rd be an open set, X = (X1, . . . , Xd) a continuous
semimartingale with values in G and f ∈ C2(G). Then

f(Xt) − f(X0) =
d∑
j=1

∫ t

0

Djf(Xs)dXj
s +

1
2

d∑
i,j=1

∫ t

0

Dijf(Xs)d〈Xi, Xj〉s, (1)

P -as., for each t ≥ 0.

Remark. Writing f(X) to denote the process f(Xt) we can rewrite (1) as

f(X) − f(X0) =
∑d

j=1
Djf(X)•Xj +

1
2

∑d

i,j=1
Dijf(X)•

〈
Xi, Xj

〉
. (2)

Proof. We may assume that the path t �→ Xt(ω) is continuous, for every ω ∈ Ω.
If necessary the process X can be replaced with an indistinguishable version which
has this property and this will leave all stochastic integrals unchanged (2.d.5). Note
that the integrals exist by continuity of the integrands (2.d.4).
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(a) Assume first that F , K are compact sets such that F ⊆ Ko ⊆ K ⊆ G

and the range of X is contained in F . Fix t ≥ 0 and let (∆n) be a sequence of
partitions of the interval [0, t] such that ‖∆n‖ → 0, as n ↑ ∞. For n ≥ 1 write
∆n = { 0 = tn0 < t

n
1 < . . . < t

n
k−1 < t

n
k < . . . < t

n
kn

= t }. Set ε = dist(F,Kc) > 0
and

Ωm =
{
ω ∈ Ω |

∥∥Xtn
k
(ω) −Xtn

k−1
(ω)

∥∥ < ε, ∀n ≥ m, 1 ≤ k ≤ kn
}
.

If ω ∈ Ω, then the path s ∈ [0, t] → Xs(ω) is uniformly continuous and so ω ∈ Ωm,
for some m ≥ 1. Thus Ωm ↑ Ω, as m ↑ ∞. It will thus suffice to show that (1) holds
P -as. on the set Ωm, for each m ≥ 1.

Fix m ≥ 1. If ω ∈ Ωm, then Xtn
k
(ω) ∈ Bε

(
Xtn

k−1
(ω)

)
and hence the line

segment from Xtn
k−1

(ω) to Xtn
k
(ω) is contained in the ball Bε

(
Xtn

k−1
(ω)

)
⊆ K, for

all n ≥ m and all 1 ≤ k ≤ kn. Let n ≥ m and write

f(Xt) − f(X0) =
∑kn

k=1

[
f(Xtn

k
) − f(Xtn

k−1
)
]
. (3)

Consider k ∈ {1, . . . , kn} and ω ∈ Ωm. A second degree Taylor expansion for f(x)
centered at x = Xtn

k−1
(ω) yields

f(Xtn
k
) − f(Xtn

k−1
) =

∑d

j=1
Djf(Xtn

k−1
)(Xj

tn
k
−Xj

tn
k−1

)

+
1
2

∑d

i,j=1
Dijf(ξnk)(Xi

tn
k
−Xi

tn
k−1

)(Xj
tn
k
−Xj

tn
k−1

),

where the point ξnk = ξnk(ω) is on the line segment from Xtn
k
(ω) to Xtn

k−1
(ω). Note

that this line segment is contained in K and that Dijf is uniformly continuous on
K. Entering the above expansion into (3) and commuting the order of summation,
we can write

f(Xt) − f(X0) =
∑d

j=1
Anj +

1
2

∑d

i,j=1
Bnij ,

where Anj =
∑kn

k=1
Djf(Xtn

k−1
)(Xj

tn
k
−Xj

tn
k−1

)

and Bnij =
∑kn

k=1
Dijf(ξnk)(Xi

tn
k
−Xi

tn
k−1

)(Xj
tn
k
−Xj

tn
k−1

),

at all points ω ∈ Ωm. According to 2.e.1 we have Anj →
∫ t
0
Djf(Xs)dXj

s in proba-
bility, as n ↑ ∞. Since limits in probability are uniquely determined P -as., it will
now suffice to show that Bnij →

∫ t
0
Dijf(Xs)d〈Xi, Xj〉s in probability on the set

Ωm, as n ↑ ∞. To see this we will compare Bnij to the similar term

B̃nij =
∑kn

k=1
Dijf(Xtn

k−1
)(Xi

tn
k
−Xi

tn
k−1

)(Xj
tn
k
−Xj

tn
k−1

),

which is known to converge to
∫ t
0
Dijf(Xs)d〈Xi, Xj〉s in probability (2.e.5).
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It will thus suffice to show that
∣∣Bnij − B̃nij∣∣ → 0 in probability on the set Ωm,

as n ↑ ∞. Indeed, using the Cauchy Schwartz inequality,

∣∣Bnij − B̃nij∣∣ =
∣∣∣∣
∑kn

k=1

(
Dijf(ξnk) −Dijf(Xtn

k−1
)
)
(Xi

tn
k
−Xi

tn
k−1

)(Xj
tn
k
−Xj

tn
k−1

)
∣∣∣∣

≤ Cnij
∑kn

k=1

∣∣Xi
tn
k
−Xi

tn
k−1

∣∣ ∣∣Xj
tn
k
−Xj

tn
k−1

∣∣ ≤ CnijBni Bnj ,

where (Bni )2 =
∑kn

k=1
(Xi

tn
k
−Xi

tn
k−1

)2, (Bnj )2 =
∑kn

k=1
(Xj

tn
k
−Xj

tn
k−1

)2

and Cnij = sup
1≤k≤kn

∣∣Dijf(ξnk) −Dijf(Xtn
k−1

)
∣∣.

From the uniform continuity of Dijf on K it follows that Cnij → 0, P -as. and

hence in probability on the set Ωm, as n ↑ ∞. Moreover Bni → 〈Xi〉1/2t < ∞
and Bnj → 〈Xj〉1/2t < ∞ in probability, according to I.11.b.0.(b). It follows that∣∣Bnij − B̃nij∣∣ → 0 in probability on Ωm, as n ↑ ∞, as desired.
(b) Let us now deal with the general case. Choose a sequence (Km) of compact sets
such that Km ⊆ Ko

m+1 and G =
⋃
mKm and set Tm = inf{ t > 0 : Xt �∈ Km }. By

path continuity of X, (Tm) is a sequence of optional times such that Tm ↑ ∞ on all
of Π, as m ↑ ∞. Since X0 is constant we can choose m0 such that X0 ∈ Ko

m0
and

hence XTm
t ∈ Km, for all m ≥ m0 and t ≥ 0. Consider such m. Applying (a) in

the form of equation (2) to the process XTm and observing that g(XT ) = g(X)T ,〈
Y T , ZT

〉
=

〈
Y,Z

〉T (I.11.b.1.(c)) and using 2.d.1.(d), we have

f(X)Tm − f(X0) =
∑d

j=1

(
Djf(X)•Xj

)Tm +
1
2

∑d

i,j=1

(
Dijf(X)•

〈
Xi, Xj

〉)Tm
.

Let m ↑ ∞ to obtain

f(X) − f(X0) =
∑d

j=1
Djf(X)•Xj +

1
2

∑d

i,j=1
Dijf(X)•

〈
Xi, Xj

〉
.

3.a.1 Ito�s formula. Let G ⊆ Rd be an open set, T > 0, X = (X1, . . . , Xd) a
continuous semimartingale with values in G and f ∈ C1,2([0, T ] ×G). Then

f(t,Xt) − f(0, X0) =
∫ t

0

∂f

∂s
(s,Xs)ds+

∑d

j=1

∫ t

0

Djf(s,Xs)dXj
s

+
1
2

∑d

i,j=1

∫ t

0

Dijf(s,Xs)d〈Xi, Xj〉s,

P -as., for each t ∈ [0, T ].

Remark. The notation f ∈ C1,2([0, T ] × G) is to be interpreted as follows: the
partial derivative ∂f/∂t exists on (0, T ) × G and has a continuous extension to
[0, T ]×G. Continuous partial derivatives Djf , Dijf with respect to the remaining
variables are assumed to exist on [0, T ]×G. This ensures that all partial derivatives
are uniformly continuous on [0, T ] ×K, for each compact subset K ⊆ G.
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Proof. Consider a partition ∆n = { 0 = tn0 < t
n
1 < . . . < t

n
k−1 < t

n
k < . . . < t

n
kn

= t }
of [0, t] and write

f(t,Xt) − f(0, X0) =
∑kn

k=1

(
f(tnk , Xtnk ) − f(tnk−1, Xtnk−1

)
)

=
∑kn

k=1

[(
f(tnk , Xtnk ) − f(tnk−1, Xtnk )

)
+

(
f(tnk−1, Xtnk ) − f(tnk−1, Xtnk−1

)
)]

and f(tnk , Xtnk ) − f(tnk−1, Xtnk ) =
∂f

∂t
(ηnk, Xtn

k
)
(
tnk − tnk−1

)
,

for some ηnk = ηnk(ω) ∈ (tnk−1, t
n
k ). The summands f(tnk−1, Xtnk ) − f(tnk−1, Xtnk−1

)
are dealt with exactly as in the proof of 3.a.0 (second degree Taylor expansion of
g(x) = f(tnk−1, x) around the point x = Xtn

k−1
).

3.b Differential notation. Let us introduce some purely symbolic but nonetheless
useful notation. If X ∈ S we write dZt = HtdXt or more briefly dZ = HdX if and
only if H ∈ L(X) and Zt = Z0 +

∫ t
0
HsdXs, for all t ≥ 0, equivalently iff H ∈ L(X)

and Z = Z0 +H •X.
The equality dZ = 0 is to be interpreted as dZ = 0dX, for some X ∈ S. Clearly

then dZ = 0 if and only if Zt = Z0, t ≥ 0, that is, if Z is a stochastic constant. By
the associative law 2.d.2

dZ = HdX and dX = KdY ⇒ dZ = HKdY. (0)

According to 2.d.1.(f), H ∈ L(X), K ∈ L(Y ), Z = H •X andW = K •Y imply that
HK ∈ L1

loc

(
〈X,Y 〉

)
and 〈H •X,K •Y 〉t =

∫ t
0
HsKsd〈X,Y 〉s, t ≥ 0. In differential

notation this can be written as

dZ = HdX, and dW = KdY ⇒ d〈Z,W 〉 = HKd〈X,Y 〉. (1)

If we define the product dZdW of the stochastic differentials dZ and dW as

dZdW = d〈Z,W 〉, (2)

then (1) assumes the form dZ = HdX, dW = KdY ⇒ dZdW = HKdXdY . In
particular dZ = HdX ⇒ d〈Z〉 = (dZ)2 = H2(dX)2 = H2d〈X〉. There is no
analogue for the differential products dXdY in classical integration theory on the
line: If X and Y are locally of bounded variation then 〈X,Y 〉 = 0.

The above can be generalized to vector valued integrators X. If X ∈ Sd,
then we write dZ = H · dX, iff H ∈ L(X) and Z = Z0 + H •X, that is, Zt =
Z0 +

∑d
j=1

∫ t
0
Hj
sdX

j
s , for all t ≥ 0. Note that then Z is a scalar semimartingale.

The associative law (0) now assumes the form

dY = KdZ and dZ = H · dX ⇒ dY = (KH) · dX,

whenever X ∈ Sd, H ∈ L(X), K ∈ L(Z) = L(H •X) (2.d.2). Here X and H are
Rd-valued processes while Z and K are scalar processes. Thus KH is an Rd-valued
process also. Likewise 2.d.1 in differential notation yields:
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3.b.0. Let Z ∈ S, X,Y ∈ Sd, H ∈ L(X), K ∈ L(Y ) and T an optional time. Then
(a) d

(
H •X

)
= H · dX.

(b) dXT = 1[[0,T ]] · dX.
(c) d〈Z,H •X〉 = H · d〈Z,X〉.
(d) d〈H •X,K •Y 〉 =

∑d
i,j=1H

iKjd〈Xi, Y j〉.
Similarly Ito’s formula 3.a.0, 3.a.1 can be written in differential form as follows:

3.b.1. (a) d f(Xt) =
∑d
j=1Djf(Xt)dX

j
t + 1

2

∑d
i,j=1Dijf(Xt)d〈Xi, Xj〉t.

(b) d f(t,Xt) = ∂f
∂t (t,Xt)dt+

∑d
j=1Djf(t,Xt)dX

j
t

+ 1
2

∑d
i,j=1Dijf(t,Xt)d〈Xi, Xj〉t.

The assumptions are those of 3.a.0 in (a) and those of 3.a.1 in (b). Let us write
down the special case where X ∈ S is a scalar semimartingale (d=1):

3.b.2. (a) d f(Xt) = f ′(Xt)dXt + 1
2f

′′(Xt)d〈X〉t.
(b) d f(t,Xt) = (∂f/∂t)(t,Xt)dt+ (∂f/∂x)(t,Xt)dXt + 1

2 (∂2f/∂x2)(t,Xt)d〈X〉t.
Remark. We do not assign any meaning to stochastic differentialsHdX as individual
objects, only to certain equations between them. These equations correspond in
a precise manner to equations between stochastic integrals where the constituent
objects are well defined. There is therefore nothing nonrigorous in the use of such
equations between stochastic differentials in proofs and computations. The usual
algebraic manipulations of these equations are supported by the linearity of the
stochastic integral and the associativity property 2.d.2.

3.c Consequences of Ito�s formula. As a first consequence of Ito’s formula we show
that the family S of continuous semimartingales is not only a real algebra but is in
fact closed under the application of twice continuously differentiable functions:

3.c.0. Let G be an open subset of Rd, X ∈ Sd with values in G, f ∈ C2(G). For
each i = 1, . . . , d let Xi = M i + Ai be the semimartingale decomposition of Xi,
especially Ai = uXi . Then Z = f(X) is again a continuous semimartingale and its
local martingale part Mt and compensator uZ(t) are given by

M = Z0 +
∑d

i=1
Dif(X)•M i and

uZ =
∑d

i=1
Dif(X)•uXi +

1
2

∑d

i,j=1
Dijf(X)•〈Xi, Xj〉.

Proof. Writing f(X) to denote the process f(Xt) and using Ito’s formula

Z = f(X) = Z0 +
∑d

i=1
Dif(X)•Xi +

1
2

∑d

i,j=1
Dijf(X)•〈Xi, Xj〉

= Z0 +
∑d

i=1
Dif(X)•M i

+
{∑d

i=1
Dif(X)•Ai +

1
2

∑d

i,j=1
Dijf(X)•〈Xi, Xj〉

}

= M +A, where
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M = Z0 +
∑d

i=1
Dif(X)•M i and

A =
∑d

i=1
Dif(X)•Ai +

1
2

∑d

i,j=1
Dijf(X)•〈Xi, Xj〉.

Here M is a continuous local martingale, since so are the M i, and A is a continuous
bounded variation process vanishing at zero. This shows that Z is a continuous
semimartingale with semimartingale decomposition Z = M +A, as desired.

Remark. In differential notation the formula for the compensator uZ can be written
as

duZ(t) =
∑d

i=1
Dif(Xt)duXi(t) +

1
2

∑d

i,j=1
Dijf(Xt)d〈Xi, Xj〉t.

Let S+ = {X ∈ S | Xt > 0, P -as., ∀ t ≥ 0 } denote the family of strictly positive
continuous semimartingales on (Ω,F , (Ft), P ).

3.c.1. Let X,Y ∈ S, G1, G2 ⊆ R be open sets such that X and Y take values in G1

and G2 respectively, and f ∈ C2(G1), g ∈ C2(G2). Then
(a) 〈f(X), g(Y )〉t =

∫ t
0
f ′(Xs)g′(Ys)d〈X,Y 〉s.

(b) 〈X, g(Y )〉t =
∫ t
0
g′(Ys)d〈X,Y 〉s.

(c) If M ∈ S+, then 〈X, log(M)〉t =
∫ t
0
M−1
s d〈X,M〉s.

(d) If X ∈ S+, then
∫ t
0
X−1
s dXs = log(Xt) − log(X0) + 1

2 〈log(X)〉t.
Proof. (a) By Ito’s formula we can write

f(Xt) = f(X0) +
∫ t

0

f ′(Xs)dXs +
1
2

∫ t

0

f ′′(Xs)d〈X〉s = (f ′(X)•X)t +At,

where A is a continuous bounded variation process. A similar representation of
g(Yt), recalling that bounded variation summands can be dropped from a covariation
(I.11.b.1) and 2.d.1.(f), yields

〈f(X), g(Y )〉t = 〈f ′(X)•X, g′(Y )•Y 〉t =
∫ t

0

f ′(Xs)g′(Ys)d〈X,Y 〉s.

(b) now follows with f(x) = x. (c) follows from (b) with Y = M and g(y) = log(y).
(d) Since both sides of the equality in (d) are continuous semimartingales vanishing
at zero, it will suffice to show that

X−1
t dXt = d log(Xt) + 1

2d〈log(X)〉t. (0)

Indeed, by the Ito formula

d log(Xt) = X−1
t dXt − 1

2X
−2
t d〈X〉t. (1)

Using (a) with X = Y and f(x) = g(x) = log(x) yields d〈log(X)〉t = X−2
t d〈X〉t.

Thus (1) can be rewritten as (0).

Let us rewrite the formulas 3.c.1 in differential form:
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3.c.2. With X, Y , f , g as in 3.c.1 we have
(a) d〈f(X), g(Y )〉t = f ′(Xt)g′(Yt)d〈X,Y 〉t.
(b) d〈X, g(Y )〉t = g′(Yt)d〈X,Y 〉t.
(c) If M ∈ S+, then d〈X, log(M)〉t = M−1

t d〈X,M〉t.

The next result shows that S is closed under multiplication and division and com-
putes the compensator of a product of semimartingales. This is of course a special
case of 3.c.0, but we include a separate proof.

3.c.3. Let X,Y ∈ S, G ⊆ R open, f ∈ C2(G) and assume that X assumes values
in G. Then
(a) XY ∈ S and uXY (t) =

∫ t
0

(
XsduY (s) + YsduX(s)

)
+ 〈X,Y 〉t.

(b) f(X) ∈ S and uf(X)(t) =
∫ t
0
f ′(Xs)duX(s) + 1

2

∫ t
0
f ′′(Xs)d〈X〉s.

(c) If X ∈ S+, then 1/X ∈ S and u1/X(t) = −
∫ t
0
X−2
s duX(s) + 1

2

∫ t
0
X−3
s d〈X〉s.

Remark. Equivalently duXY (t) = XtduY (t) + YtduX(t) + d〈X,Y 〉t, duf(X)(t) =
f ′(Xt)duX(t) + f ′′(Xt)d〈X〉t and du1/X(t) = −X−2

t duX(t) + 1
2X

−3
t d〈X〉t.

Proof. Let X = M + A, Y = N + B be the semimartingale decompositions of X
and Y (A = uX , B = uY ). (a) The stochastic product rule yields

XtYt = X0Y0 +
∫ t
0
XsdYs +

∫ t
0
YsdXs + 〈X,Y 〉t

= X0Y0 +
∫ t
0
XsdNs +

∫ t
0
YsdMs +

{∫ t
0
XsdBs +

∫ t
0
YsdAs + 〈X,Y 〉t

}

= K + C,

where Ks = X0Y0 +
∫ t
0
XsdNs +

∫ t
0
YsdMs is a continuous local martingale and

Ct =
∫ t
0
XsdBs +

∫ t
0
YsdAs + 〈X,Y 〉t is a continuous bounded variation process

vanishing at zero. This shows that XY is a semimartingale with semimartingale
decomposition XY = K + C, especially

uXY (t) = Ct =
∫ t
0
XsdBs +

∫ t
0
YsdAs + 〈X,Y 〉t, as desired.

(b) The Ito formula yields

f(Xt) = f(X0) +
∫ t
0
f ′(Xs)dXs + 1

2

∫ t
0
f ′′(Xs)d〈X〉s

= f(X0) +
∫ t
0
f ′(Xs)dMs +

{∫ t
0
f ′(Xs)dAs + 1

2

∫ t
0
f ′′(Xs)d〈X〉s

}

= L+D,

where Lt = f(X0)+
∫ t
0
f ′(Xs)dMs is a local martingale and the continuous bounded

variation process Dt =
∫ t
0
f ′(Xs)dAs + 1

2

∫ t
0
f ′′(Xs)d〈X〉s vanishes at zero. This

shows that f(X) is a continuous semimartingale with semimartingale decomposition
f(X) = L+D and so uf(X)(t) = Dt. (c) Use (b) with f(x) = 1/x.
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3.c.4. Let X,Y ∈ S and assume that H ∈ L(X) ∩ L(Y ). Then
(a) H ∈ L(XY ) and
(b) If Y ∈ S+, then H ∈ L(X/Y ).

Proof. (a) Since H is progressively measurable, it will suffice to show that

∫ T

0

H2
sd〈XY 〉s <∞ and

∫ T

0

|Hs| |duXY (s)| <∞, P -as., (2)

for each T ≥ 0. The stochastic product rule d(XY ) = XdY + Y dX + d〈X,Y 〉
implies that the quadratic variation 〈XY 〉 of the product XY satisfies

d〈XY 〉 =
[
d(XY )

]2 = X2d〈Y 〉 + Y 2d〈X〉 + 2XY d〈X,Y 〉.

The first integral in (2) will thus be finite, if the integrals

∫ T
0
H2
sX

2
sd〈Y 〉s,

∫ T
0
H2
sY

2
s d〈X〉s, and

∫ T
0
H2
sXsYsd〈X,Y 〉s (3)

are all finite, P -as. on Ω. Since H ∈ L(Y ) we have
∫ T
0
H2
sd〈Y 〉s < ∞, P -as.,

and the finiteness of the first integral in (3) now follows from the fact that the
path t �→ X2

t (ω) is continuous and hence bounded on the interval [0, T ], P -as. The
finiteness of the second integral in (3) follows similarly. Using the Kunita-Watanabe
inequality on the third integral yields

∣∣∣∫ T0 (HsXs)(HsYs)d〈X,Y 〉s
∣∣∣2 ≤

∫ T
0
H2
sX

2
sd〈Y 〉s

∫ T
0
H2
sY

2
s d〈X〉s <∞,

P -almost surely, by the finiteness of the first two integrals in (3). Let us now turn
to the second integral in (2). Recall from 3.c.3.(a) that duXY (t) = XduY (t) +
Y duX(t) + d〈X,Y 〉t. Consequently the associated total variation measures satisfy

|duXY | ≤ |X| |duY | + |Y | |duX | + |d〈X,Y 〉|.

It will thus suffice to show that the integrals

∫ T
0
|HsXs| |duY (s)|,

∫ T
0
|HsYs| |duX(s)| and

∫ T
0
|Hs| |d〈X,Y 〉s|

are all finite, P -as. The finiteness of the first integral follows from H ∈ L1
loc(uY )

and the path continuity of X. The finiteness of the second integral is established
similarly and, using the Kunita-Watanabe inequality on the third integral yields

(∫ T
0
|Hs| · 1 |d〈X,Y 〉s|

)2

≤
∫ T
0
H2
sd〈X〉s

∫ T
0

1 d〈Y 〉s

= 〈Y 〉T
∫ T
0
H2
sd〈X〉s <∞, P -as.,

since H ∈ L(X).
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(b) In view of (a) it will suffice to show that Y ∈ S+ and H ∈ L(Y ) imply that
H ∈ L(1/Y ). Assume that Y ∈ S+ and H ∈ L(Y ). We must show that the
integrals ∫ T

0
H2
sd〈1/Y 〉s and

∫ T
0
|Hs| |du1/Y (s)| (4)

are both finite P -as. We have d〈f(Y )〉t = f ′(Yt)2d〈Y 〉t, for each function f ∈
C2(R+) (3.c.1.(a)). Especially for f(y) = 1/y it follows that d〈1/Y 〉t = Y −4

t d〈Y 〉t.
Consequently ∫ T

0
H2
sd〈1/Y 〉s =

∫ T
0
H2
sY

−4
s d〈Y 〉s.

The finiteness of this integral now follows from H ∈ L(Y ) and the fact that the
continuous, positive path t �→ Yt(ω) is bounded away from zero on the interval
[0, T ]. To deal with the second integral we must first find the compensator u1/Y .
3.c.3.(b) with f(y) = 1/y yields du1/Y (t) = −Y −2

t duY (t) + Y −3
t d〈Y 〉t. Thus the

associated total variation measures satisfy

|du1/Y (t)| ≤ Y −2
t |duY (t)| + Y −3

t d〈Y 〉t.

The finiteness of the second integral in (4) will thus follow if we can show that the
integrals ∫ T

0
|Hs|Y −2

t |duY (t)| and
∫ T
0
|Hs|Y −3

t d〈Y 〉t

are both finite, P -as. which is an immediate consequence of H ∈ L(Y ) and the
fact that the continuous, positive path t �→ Yt(ω) is bounded away from zero on the
interval [0, T ]. This shows (b).

3.d Stock prices. Let St denote the price of a stock at time t ≥ 0. In simple models
one views S as a continuous semimartingale satisfying the dynamics

dSt = µStdt+ σStdBt, (0)

where B is a (one dimensional) Brownian motion and µ and σ are constants. Ac-
cording to our conventions regarding stochastic differentials, equation (0) is to be
interpreted as St = S0 + µ

∫ t
0
Ssds+ σ

∫ t
0
SsdBs. Rewriting (0) purely formally as

dSt
St

= µdt+ σdBt

suggests the following interpretation: µ is the instantaneous mean of the rate of
return and σ2 the instantaneous variance of the rate of return of the stock S. Being
optimistic we seek a solution St of (0) which has the form St = f(t, Bt), for some
function f = f(t, x) ∈ C2(R2). Here we want f(0, B0) = S0, that is f(0, 0) = S0.
With this, (0) can be rewritten as

d f(t, Bt) = µf(t, Bt)dt+ σf(t, Bt)dBt. (1)
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By contrast, Ito’s formula 3.b.2.(b) yields

d f(t, Bt) =
∂f

∂t
(t, Bt)dt+

∂f

∂x
(t, Bt)dBt +

1
2
∂2f

∂x2
(t, Bt)d〈B〉t.

Since 〈B〉t = t, this amounts to

d f(t, Bt) =
[
∂f

∂t
(t, Bt) +

1
2
∂2f

∂x2
(t, Bt)

]
dt+

∂f

∂x
(t, Bt)dBt.

A comparison with (2) shows that we want our function f to satisfy

(A)
∂f

∂x
= σf and (B)

∂f

∂t
+

1
2
∂2f

∂x2
= µf.

From (A) it follows that f(t, x) = C(t)eσx and this entered into (B) yields

C ′(t)eσx +
1
2
σ2C(t)eσx = µC(t)eσx, that is, C ′(t) =

(
µ− σ2/2

)
C(t)

with solution C(t) = Ce(µ−σ
2/2)t. Thus f(t, x) = C(t)eσx = Ce(µ−σ

2/2)t+σx. From
f(0, 0) = S0 we obtain C = S0. Altogether

f(t, x) = S0 exp
{(
µ− σ2

2

)
t+ σx

}
and so

St = f(t, Bt) = S0 exp
{(
µ− σ2

2

)
t+ σBt

}
.

(2)

This approach does produce a solution of (0) but does not investigate the uniqueness
of this solution. Better and more general results will be derived below (4.b.1, 4.b.2).

3.e Levi�s characterization of Brownian motion.

3.e.0. Let Bt = (B1
t , B

2
t . . . , B

d
t ) be a Brownian motion on (Ω,F , (Ft), P ). Then

(a) BitB
j
t is a martingale, for all i �= j. (b) 〈Bi, Bj〉 = 0, for all i �= j.

Proof. Each coordinate process Bjt is a one dimensional Brownian motion and hence
a continuous, square integrable martingale (II.2.g.0). Especially Bjt ∈ L2(P ) and
hence BitB

j
t ∈ L1(P ) for all i, j and t ≥ 0. The covariation 〈Bi, Bj〉 is the unique

continuous, bounded variation process A such that A0 = 0 and BiBj −A is a local
martingale. Thus (b) follows from (a).

Let us now show (a). Assume that i �= j. In order to see that BitB
j
t is a

martingale we must show that EP
[
BitB

j
t −BisBjs |Fs

]
= 0. Write

BitB
j
t −BisBjs = (Bit −Bis)(B

j
t −Bjs) +Bis(B

j
t −Bjs) +Bjs(B

i
t −Bis). (0)

The first summand is a function of the increment Bt − Bs and hence independent
of the σ-field Fs. Since the two factors are themselves independent we obtain

EP
[
(Bit −Bis)(B

j
t −Bjs)|Fs

]
= EP

[
(Bit −Bis)(B

j
t −Bjs)

]
= EP

[
Bit −Bis

]
EP

[
Bjt −Bjs

]
= 0.

Moreover the Fs-measurability of Bis, B
j
s implies that

EP
[
Bis(B

j
t −Bjs)|Fs

]
= BisEP

[
Bjt −Bjs |Fs

]
= 0 and

EP
[
Bjs(B

i
t −Bis)|Fs

]
= BjsEP

[
Bit −Bis|Fs

]
= 0.

Conditioning on the σ-field Fs in (0) now yields EP
[
BitB

j
t −BisBjs |Fs

]
= 0.
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3.e.1 Levi�s Theorem. Let B = (B1, B2, . . . , Bd) be a continuous, Rd-valued local
martingale. Then B is a Brownian motion on (Ω,F , (Ft), P ) if and only if it
satisfies 〈

Bi
〉
t
= t and

〈
Bi, Bj

〉
t
= 0, (1)

for all t ≥ 0 and i, j ∈ { 1, . . . , d } with i �= j.

Proof. We have seen in 3.e.0 and II.2.g.0 that every Brownian motion B satisfies
(1). Assume now conversely that the continuous local martingale B satisfies (1). We
have to show that B is a Brownian motion. Since B is continuous by assumption, we
have to show only that the increment Bt−Bs is multivariate normal with mean zero
and covariance matrix C = (t− s)I and that Bt −Bs is independent of the σ-field
Fs, for all s, t with 0 ≤ s < t. Fix α ∈ Rd and define the function φα ∈ C2(Rd+1)
as follows:

φα(t, x) = exp
(
iα · x+ 1

2‖α‖2t
)
, x ∈ Rd, t ∈ R, (i2 = −1).

Note that ∂φα/∂xj = iαjφα and so ∂2φα/∂x
2
j = −α2

jφα, for all 1 ≤ j ≤ d. Since
∂φα/∂t = 1

2‖α‖2φα it follows that

∂φα
∂t

+
1
2

∑d

j=1

∂2φα
∂x2

j

= 0. (2)

Set Xt = φα(t, Bt). Using Ito’s formula and (1) and observing the cancellation
induced by (2) yields

dXt =
∑d

j=1

∂φα
∂xj

(t, Bt)dB
j
t and so X = X0 +

∑d

j=1

∂φα
∂xj

(t, Bt)•Bj

is a local martingale. Let a > 0. Then |φα(t, x)| ≤ exp
(

1
2‖α‖2a

)
which implies

|Xt| ≤ exp
(

1
2‖α‖2a

)
, for all t ∈ [0, a]. Thus (Xt)t∈[0,a] is uniformly bounded (and

hence a square integrable) martingale. Since here a > 0 was arbitrary, it follows
that X is a square integrable martingale.

This will now be used to verify the claims about the process B. Let 0 ≤ s < t.
The covariance matrix and independence of Bt − Bs from Fs will be investigated
by means of the characteristic function F(Bt−Bs)(α) = EP

[
exp (iα · (Bt −Bs))

]
.

Indeed, the martingale property of X yields

EP
[
exp

(
iα ·Bt + 1

2‖α‖2t
) ∣∣Fs] = exp

(
iα ·Bs + 1

2‖α‖2s
)
.

Multiply with exp
(
−iα ·Bs − 1

2‖α‖2t
)
. Since this random variable is bounded and

Fs-measurable it multiplies into the conditional expectation and we obtain

EP
[
exp (iα · (Bt −Bs)) | Fs

]
= exp

(
− 1

2‖α‖2(t− s)
)
. (3)
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Here the right hand side is a constant independent of ω ∈ Ω. Integrating over Ω
yields

EP
[
exp (iα · (Bt −Bs))

]
= exp

(
− 1

2‖α‖2(t− s)
)
,

that is, the characteristic function of the increment Bt −Bs satisfies

F(Bt−Bs)(α) = exp
(
− 1

2‖α‖2(t− s)
)
. (4)

This shows that the increment Bt −Bs is multivariate normal with mean zero and
covariance matrix C = (t − s)I. It remains to be shown only that the increment
Bt−Bs is independent of the σ-field Fs, or equivalently, that Bt−Bs is independent
of every Fs-measurable random variable Z. Consider such Z. It will suffice to
show that the characteristic function F(Bt−Bs,Z) of the Rd+1-valued random vector
(Bt −Bs, Z) factors as F(Bt−Bs,Z)(α, β) = FBt−Bs

(α)FZ(β), for all α ∈ Rd, β ∈ R
(II.1.a). Indeed, for such α, β,

F(Bt−Bs,Z)(α, β) = EP
[
exp (i(Bt −Bs, Z) · (α, β))

]

= EP
[
exp (iβZ + iα · (Bt −Bs))

]

= EP
[
EP

[
eiβZexp (iα · (Bt −Bs)) | Fs

]]

= EP
[
eiβZEP

[
exp (iα · (Bt −Bs)) | Fs

]]
= using (3) =

= EP
[
eiβZexp

(
− 1

2‖α‖2(t− s)
)]

= exp
(
− 1

2‖α‖2(t− s)
)
EP

[
eiβZ

]
= using (4) =

= F(Bt−Bs)(α)FZ(β), as desired.

3.f The multiplicative compensator UX .

3.f.0. Let X ∈ S+. Then there is a unique continuous bounded variation process A
such that A0 = 1, A > 0 and Xt/At is a local martingale. The process A is called
the multiplicative compensator of the semimartingale X and denoted A = UX .
The relationship to the (additive) compensator uX of X is as follows:

UX(t) = exp

(∫ t

0

1
Xs
duX(s)

)
and uX(t) =

∫ t

0

Xsd log(UX(s)). (0)

Proof. Uniqueness. Here we will also see how to find such a process A. Assume that
A is a process with the above properties and set Z = 1/A. Since the continuous,
positive bounded variation process A is P -as. pathwise bounded away from zero
on finite intervals, it follows that Z = 1/A is itself a continuous bounded variation
process with Z0 = A0 = 1. Thus 〈Z,X〉 = 0 and uZ = Z. As ZX is a local
martingale, uZX = 0 and formula 3.c.3.(a) for the compensator uZX yields

0 = duZX(t) = XtdZt + ZtduX(t), that is, Z−1
s dZs = −X−1

s duX(s).
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Since Z is of bounded variation this can be rewritten as d log(Zs) = −X−1
s duX(s).

Observing that log(Z0) = 0 integration yields

log(Zt) = −
∫ t

0

1
Xs
duX(s) and so log(At) = −log(Zt) =

∫ t

0

1
Xs
duX(s).

This shows that a process A with the above properties must be given by the first
formula in (0). In particular A is uniquely determined.

Existence. Set At = exp
(∫ t

0
X−1
s duX(s)

)
. We verify that A has the desired prop-

erties. We merely have to reverse the considerations of (a) above. Clearly A is a
strictly positive, continuous bounded variation process with A0 = 1. Set Z = 1/A.
To show that ZX is a local martingale note that it is a continuous semimartingale
and Zt = exp

(
−

∫ t
0
X−1
s duX(s)

)
and thus d log(Zs) = −X−1

s duX(s). Since Z is a
bounded variation process, this can be rewritten as

Z−1
s dZs = −X−1

s duX(s) and so XsdZs + ZsduX(s) = 0,

that is, duZX(s) = 0 and so uZX = 0. Thus ZX is a local martingale. It remains
to verify the second equation in (0), that is, duX(t) = Xt d log(UX(t)). This follows
at once from the first equation in (0) upon taking the logarithm, differentiating and
multiplying with Xt.

3.g Harmonic functions of Brownian motion. Let f be a C∞-function on Rd and
write �f = (∂f/∂x1, . . . , ∂f/∂xd)′ and �f =

∑d
j=1 ∂

2f/∂x2
j as usual. If Bt =

(B1
t , . . . , B

d
t ) is a d-dimensional Brownian motion, the relations 〈Bi, Bj〉t = δijt

combined with Ito’s formula yield

d f(Bt) = �f (Bt) · dBt + �f (Bt) dt.

If now f is harmonic, that is, �f = 0, then the second summand vanishes and it
follows that f(Bt) is a local martingale. In case d = 2 the function f(x) = log(‖x‖)
is harmonic albeit only on R2 \ {0}. Let B be a 2-dimensional Brownian motion
starting at some point x with ‖x‖ > 1. We have used in example I.8.a.6 that
Xt = log‖Bt‖ is a local martingale.

To overcome the difficulty at the origin set Dn = { y ∈ R2 | ‖y‖ ≤ 1/n } and
Tn = inf{ t > 0 | Bt ∈ Dn }, for n ≥ 1. Then Tn is a hitting time and hence optional
(I.7.a.6, example 2). Since the range of the stopped process BTn is contained in
R2 \Dn, Ito’s formula can be applied and yields d f

(
BTn
t

)
= �f

(
BTn
t

)
· dBTn

t and
so the process f(B)Tn satisfies

f(B)Tn = f
(
BTn

)
= f(x) + �f (BTn)•BTn

and is thus a local martingale. One can now show that the optional times Tn satisfy
Tn ↑ ∞, P -as. It follows that the process f(B) is a local martingale.
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4. CHANGE OF MEASURE

4.a Locally equivalent change of probability. Recall that (Ω,F , (Ft), P ) is a filtered
probability space with right continuous filtration (Ft) and that F0 consists of the
null sets and their complements. A probability measure Q on F∞ = σ

(⋃
t≥0 Ft

)
is

called locally equivalent to P , iff the restriction Q|Ft is equivalent to the restriction
P |Ft, for each t ≥ 0; equivalently, iff the measures Q and P are equivalent on each
σ-field Ft, t ≥ 0. This does not imply that P and Q are equivalent on F∞. In
fact they can be mutually singular on this larger σ-field. Easy examples will be
encountered below (example 4.c.4). For f ∈ L1(P ), g ∈ L1(Q) set

Mt =
d(Q|Ft)
d(P |Ft)

, EPt (f) = EP (f |Ft) and EQt (g) = EQ(g|Ft), t ≥ 0.

Let us recall from Bayes Theorem (I.8.b.0):
(a) Mt is a strictly positive P -martingale with M0 = 1.
(b) For f ∈ L1(Q,FT ) we have EQt (f) = EPt (MT f)

/
Mt = EPt (MT f)

/
EPt (MT ),

0 ≤ t ≤ T .
(c) The adapted process (Zt) is a Q-martingale (Q-local martingale) if and only if

the process (MtZt) is a P -martingale (P -local martingale).
The process M is called the density process associated with the measures P and
Q. For the remainder of this section we proceed under the following:

4.a.0 Assumption. The density process M is continuous.

Remark. More precisely we are assuming that M has a continuous version. Accord-
ing to I.7.b.3 M always has a right continuous version. If (Ft) is the augmented
filtration generated by some Brownian motion, we will see in 5.c.4 below that every
(Ft)-adapted local martingale has a continuous version. Consequently assumption
4.a.0 is automatically satisfied for such filtrations.

4.a.1 Girsanov�s Formula. Assume that Q is locally equivalent to P and let X be a
continuous P -semimartingale. Then X is also a continuous Q-semimartingale and
its compensator uQX with respect to Q is given by uQX = uPX + 〈X, log(M)〉.

Proof. Let B be any process and Ψ ⊆ Ω the set of all ω ∈ Ω such that the path
t �→ Bt(ω) is continuous and of bounded variation on all finite intervals. Clearly
then Ψ =

⋂
nΨn, where Ψn is the set of all ω ∈ Ω such that the path t �→ Bt(ω)

is continuous and of bounded variation on the interval [0, n]. For n ≥ 1, the set
Ψn is in Fn and since P and Q are equivalent on Fn, we have P (Ψn) = 1 if and
only if Q(Ψn) = 1. It follows that P (Ψ) = 1 if and only if Q(Ψ) = 1, that is, B
is a continuous bounded variation process with respect to P if and only if B is a
continuous bounded variation process with respect to Q.

Recall now that X is a Q-semimartingale if and only if there exists a contin-
uous bounded variation process B vanishing at zero such that X − B is a Q-local
martingale in which case B = uQX .
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Now let B be any continuous bounded variation process vanishing at zero. Then
X − B is a Q-local martingale if and only if (X − B)M is a P -local martingale,
that is, uP(X−B)M = 0, equivalently duP(X−B)M = 0. Observing that uPM = 0 and
uPX−B = uPX −B and using formula 3.c.3.(a) for the compensator of a product, the
equality

0 = duP(X−B)M = Mtdu
P
X−B(t) + d〈X −B,M〉t

= Mtdu
P
X(t) −MtdBt + d〈X,M〉t

is equivalent with dBt = duPX(t)+M−1
t d〈X,M〉t = duPX(t)+d〈X, log(M)〉t, that is,

Bt = uPX(t) + 〈X, log(M)〉t which is indeed a bounded variation process vanishing
at zero. Thus X is a Q-semimartingale with uQX = B = uPX + 〈X, log(M)〉.

Let us now show that stochastic integrals are invariant under change to a locally
equivalent probability measure. With P , Q and Mt = d(Q|Ft)

/
d(P |Ft), t ≥ 0,

as above, let X be a continuous P -semimartingale, H ∈ L(X) and I = (H •X)P ,
that is, I =

∫ ·
0
HsdXs, where this integral process is computed with respect to the

measure P . To show that I = (H •X)Q also, that is, the integral process H •X is
unaffected if we switch from the probability P to the locally equivalent probability
Q, we first note the following universal property of the process I:

4.a.2. The stochastic integral I = (H •X)P is the unique continuous P -semi-
martingale satisfying
(a) I0 = 0, uPI = H •uPX and
(b) 〈I, Y 〉 = H •〈X,Y 〉, for each continuous P -semimartingale Y .

Proof. Let X = M + A be the P -semimartingale decomposition of X. Then
I = H •X = H •M + H •A, where here H •M is a continuous P -local martingale
and H •A a continuous bounded variation process vanishing at zero. Thus I is a
continuous P -semimartingale with uPI = H •A = H •uPX . This shows (a). Property
(b) has already been verified in 2.d.1.(e).

Conversely it remains to be shown that (a) and (b) uniquely determine the con-
tinuous P -semimartingale I. Assume that I1, I2 are continuous P -semimartingales
satisfying (a) and (b). Then 〈I1−I2, N〉 = 0, for each continuous P -semimartingale
N and especially for N = I1 − I2, we obtain 〈I1 − I2〉 = 0. Thus I1 − I2 is a con-
tinuous bounded variation process and since this process vanishes at zero we have
I1 − I2 = uPI1−I2 = uPI1 − u

P
I2

= H •uPX −H •uPX = 0, that is, I1 = I2.

4.a.3. Let P , Q, X be as above. Then
(a) The space L(X) is the same when computed with respect to P or Q.
(b) For H ∈ L(X) we have (H •X)P = (H •X)Q.

Proof. Let us note first that the covariation 〈X,Y 〉 is invariant under locally equiv-
alent change of probability measure. This follows at once from the limit represen-
tation I.11.b.0.(b) and the fact that convergence in P -probability is equivalent with
convergence in Q-probability for sequences of random variables all measurable with
respect to the same σ-field Ft, for some t ≥ 0.
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(a) Let X = L+A be the P -semimartingale decomposition of X (A = uPX). The
Q-semimartingale decomposition of X is given by X = (X − uQX) + uQX and since
uQX = A+〈X, log(M)〉 = A+〈L, log(M)〉 (4.a.1), this assumes the form X = K+B,
where K = L− 〈L, log(M)〉 and B = A+ 〈L, log(M)〉.

Thus L(X) = L2
loc(L)∩L1

loc(A), if computed with respect to P , whilst L(X) =
L2
loc(K) ∩ L1

loc(B), if computed with respect to Q.
Since L and K differ by a continuous bounded variation process, we have

〈K〉 = 〈L〉 and this implies L2
loc(K) = L2

loc(L) by 2.b.2.(c). By symmetry it will
now suffice to show that L1

loc(A) ⊆ L1
loc(B).

Let H ∈ L1
loc(A), that is, H progressively measurable and

∫ t
0
|Hs| |dAs| < ∞,

P -as., for each t ≥ 0. Fix t ≥ 0. As B = A+ 〈X, log(M)〉, we have
∫ t
0
|Hs| |dBs| ≤

∫ t
0
|Hs| |dAs| +

∫ t
0
|Hs| |d〈X, log(M)〉s|.

Since the first summand on the right is P -as. and hence Q-as. finite, we need con-
cern ourselves only with the second summand. By the Kunita-Watanabe inequality

(∫ t
0
|Hs| |d〈L, log(M)〉s|

)2 ≤ 〈log(M)〉t
∫ t
0
|Hs|2d〈L〉s <∞,

P -as. and hence Q-as., since H ∈ L2
loc(L). Thus H ∈ L1

loc(B). This shows (a).

(b) Set I = (H •X)P . We claim that I = (H •X)Q also. According to 4.a.2, we
have to show that
(α) I is a continuous Q-semimartingale vanishing at zero such that

〈I, Y 〉 = H •〈X,Y 〉, for all continuous Q-semimartingales Y , and
(β) uQI = H •uQX .

Here (α) follows from the fact that this is true if Q is replaced with P , the spaces
of continuous semimartingales with respect to P respectively Q coincide and the
covariation is the same whether computed relative to P or relative to Q. It thus
remains to verify (β). Indeed, using (α), 4.a.1 and 4.a.2.(a),

uQI = uPI + 〈I, log(M)〉 = H •uPX +H •〈X, log(M)〉
= H •

(
uPX + 〈X, log(M)〉

)
= H •uQX .

Let P , Q and Mt = d(Q|Ft)/d(P |Ft), t ≥ 0, be as above. The following is the
analogue of Girsanov’s formula 4.a.1 for the multiplicative compensator UX of a
positive continuous semimartingale X:

4.a.4. Let X ∈ S+. Then UQX = UPX exp
(〈
log(X), log(M)

〉)
.

Proof. Taking logarithms and passing to differentials using 3.f.0 and 3.c.2.(c), the
equality 4.a.4 is seen to be equivalent with

X−1
t duQX(t) = X−1

t duPX(t) + d
〈
log(X), log(M)

〉
= X−1

t duPX(t) +X−1
t d

〈
X, log(M)

〉
.

(0)

Multiply with Xt and (0) becomes Girsanov’s formula 4.a.1 in differential form.



Chapter III: Stochastic Integration 173

4.b The exponential local martingale. Let L be a continuous local martingale with
L0 = 0. The Doleans exponential Z = E(L) of L is defined as

Zt = Et(L) = exp
(
Lt − 1

2 〈L〉t
)
.

We have a stochastic integral equation for Z:

4.b.0. The process Z = E(L) satisfies Zt = 1 +
∫ t
0
ZsdLs and Z0 = 1. Thus Z is

a nonnegative local martingale and hence a supermartingale. Consequently Z is a
martingale if and only if E(Zt) = 1, for all t ≥ 1.

Proof. Set ζt = Lt− 1
2 〈L〉t. Then ζ0 = 0 and ζ is a continuous semimartingale with

local martingale part L. Thus 〈ζ〉 = 〈L〉. Ito’s formula applied to Z = exp(ζ) now
implies that

dZt = exp(ζs)dζs + 1
2exp(ζs)d〈ζ〉s = Zsd

(
Ls − 1

2 〈L〉s
)

+ 1
2Zsd〈L〉s = ZsdLs.

Since Z0 = 1, it follows that Zt = 1 +
∫ t
0
ZsdLs and so Z is a local martingale. By

definition Z ≥ 0. The rest follows from I.8.a.7.

Remark. In differential form the equation for Z reads dZt = ZtdLt. This is of course
analogous to the nonstochastic exponential differential equation dx(t) = x(t)dt with
unique solution x(t) = x(0)et. This justifies our terminology. In analogy to the
nonstochastic case we have:

4.b.1. Let L be a continuous local martingale with L0 = 0 and Et = Et(L) =
exp

(
Lt − 1

2 〈L〉t
)
. Then each solution X ∈ S of the exponential stochastic differen-

tial equation dXs = XsdLs has the form Xt = X0Et, for all t ≥ 0.

Remark. Conversely, since Et = Et(L) is a solution of dXs = XsdLs, the same is
true of every process Xt of the form Xt = X0Et.

Proof. Assume that X ∈ S satisfies dXs = XsdLs. Then Ut = XtE
−1
t is a

continuous semimartingale. Since E0 = 1, we have U0 = X0 and must show that
Ut = U0, t ≥ 0. Since U is a continuous semimartingale, this is equivalent with
dUt = 0. By the stochastic product rule

dUt = XtdE
−1
t + E−1

t dXt + d〈X,E−1〉t. (0)

From dEt = EtdLt and dXt = XtdLt, that is, E = 1 + E •L, X = X0 +X •L, we
infer (using 3.c.2.(b) and 3.b.0.(d)) that

d〈E〉t = E2
t d〈L〉t and

d〈X,E−1〉t = −E−2
t d〈X,E〉t = −E−2

t XtEt d〈L,L〉t = −XtE−1
t d〈L〉t.

(1)

Furthermore, using Ito’s formula and dEt = EtdLt,

dE−1
t = −E−2

t dEt + E−3
t d〈E〉t = −E−1

t dLt + E−1
t d〈L〉t.

Consequently the termXtdE
−1
t in (0) becomes −XtE−1

t dLt+XtE−1
t d〈L〉t. Because

of dXt = XtdLt, the term E−1
t dXt in (0) becomes XtE−1

t dLt. Thus (1) shows that
all terms in (0) cancel to yield dUt = 0, as desired.
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4.b.2. Let V be a continuous, Rd-valued local martingale and γ ∈ L(V ). Then the
general solution X ∈ S of the exponential stochastic differential equation

dXt = Xtγ(t) · dVt (2)

has the form Xt = X0Et(γ •V ).

Proof. Rewrite (2) as dXt = Xtd(γ •V )t and use 4.b.0, 4.b.1 with L = γ •V .
We are now interested in conditions under which the Doleans exponential Z =

E(L) is not only a local martingale but in fact a martingale. We start with the
following easy condition:

4.b.3. Let L be a continuous local martingale with L0 = 0. If 〈L〉t ≤ C(t) < ∞
on Ω, for some nondecreasing (deterministic) function C : [0,∞) → [0,∞), then
the Doleans exponential Z = E(L) is a martingale with EP (Z2

t ) ≤ 4eC(t). If more
strongly 〈L〉t ≤ C, for all t ≥ 0, where the constant C does not depend on t, then
the martingale Z is L2-bounded.

Proof. For t ≥ 0 set Yt = Et(2L) = exp
(
2Lt − 1

2 〈2L〉t
)

= exp
(
2Lt − 2〈L〉t

)
. Then

we have
Z2
t = exp

(
2Lt − 〈L〉t

)
= Yt exp (〈L〉t) ≤ YteC(t).

Moreover Z and Y are continuous local martingales (4.b.1). Let (Tn) be a sequence
of optional times which simultaneously reduces Z and Y to a martingale. Fix t ≥ 0
and n ≥ 1. The nondecreasing nature of the function C(t) implies that

Z2
t∧Tn

≤ Yt∧Tne
C(t∧Tn) ≤ eC(t)Yt∧Tn ,

where the factor exp(C(t)) no longer depends on ω ∈ Ω. Applying the L2-maximal
inequality (I.7.e.1.(b) with p = 2) to the martingale (Zs∧Tn

)s we obtain

EP

(
sups∈[0,t]Z

2
s∧Tn

)
≤ 4EP

(
Z2
t∧Tn

)
≤ 4eC(t)EP

(
Yt∧Tn

)
= 4eC(t)EP (Y0) = 4eC(t).

Let n ↑ ∞. Then Tn ↑ ∞ and this implies that sups∈[0,t] Z
2
s∧Tn

↑ sups∈[0,t] Z
2
s and

so
EP

(
sups∈[0,t] Z

2
s∧Tn

)
↑ EP

(
sups∈[0,t] Z

2
s

)
, P -as.

It follows that
EP

(
sups∈[0,t]Z

2
s

)
≤ 4eC(t). (3)

Thus EP (Z2
t ) ≤ 4eC(t), for all t ≥ 0. Moreover (3) implies that sups∈[0,t] |Zs| ∈

L1(P ), for all t ≥ 0, from which it follows that the local martingale Z is in fact a
martingale (I.8.a.4).

4.b.4 Example. Let W be a one dimensional Brownian motion, µ a constant and
L = µ•W , that is, Lt =

∫ t
0
µdWs = µWt. Then 〈L〉t =

(
µ2 •〈W 〉

)
t
=

∫ t
0
µ2ds = µ2t

and this satisfies the assumption of 4.b.3. Consequently

Zt = Et(L) = exp
(
Lt − 1

2 〈L〉t
)

= exp
(
µWt − 1

2µ
2t

)
, t ≥ 0,

is a martingale.
If L is a continuous local martingale adapted to the augmented filtration gen-

erated by some Brownian motion, we have the following stronger condition 4.b.4.
The proof will be postponed till section 4.d.
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4.b.5 Abstract Novikov Condition. Let M be a continuous local martingale with
M0 = 0 and assume that EP

[
exp

(
1
2 〈M〉t

)]
<∞, 0 ≤ t <∞. Then Z = E(M) is a

martingale.

4.c Girsanov�s theorem. Assume that the probability measure Q is locally equiv-
alent to P and set Mt = d(Q|Ft)/d(P |Ft), t ≥ 0. Let W be a d-dimensional
Brownian motion on (Ω,F , (Ft), P ). Clearly W cannot be expected to be a Brow-
nian motion with respect to Q also. We will see however that W differs from a
Q-Brownian motion (a Brownian motion on (Ω,F , (Ft), Q)) only by a bounded
variation process. Indeed W is an (Rd-valued) P -semimartingale and consequently
a Q-semimartingale. Thus

WQ := W − uQW
is a Q-local martingale and since the compensator uQW is an (Rd-valued) bounded
variation process, we have〈

(W i)Q
〉
t
=

〈
W i

〉
t
= t and

〈
(W i)Q, (W j)Q

〉
t
=

〈
W i,W j

〉
t
= 0,

for all i, j ∈ { 1, 2, . . . , d } with i �= j. From Levi’s characterization of d-dimensional
Brownian motion (3.e.1) it follows that WQ is a Brownian motion with respect to
Q. Since W is a P -martingale we have uPW = 0 and Girsanov’s formula 4.a.1 now
yields the compensator uQW as

uQW = uPW + 〈W, log(M)〉 = 〈W, log(M)〉,
under the assumption 4.a.0 that M is continuous. Here

〈W, log(M)〉 =
(
〈W 1, log(M)〉, 〈W 2, log(M)〉, . . . , 〈W d, log(M)〉

)
, (0)

in accordance with 2.f.eq.(1). Thus, the Q-Brownian motion WQ assumes the form

WQ = W − 〈W, log(M)〉. (1)

Assume now that the martingale M satisfies M = E(γ •W ), equivalently (4.b.2),

dMt

Mt
= γ(t) · dWt, (2)

for some process γ ∈ L(W ). Let γj andW j denote the components of the Rd-valued
processes γ and W . Then M is automatically continuous and by definition of the
exponential local martingale we have log(M) = γ •W−A =

∑d
i=1 γi •W

i−A, where
A is the continuous, bounded variation process A = 1

2

〈
γ •W

〉
. From (0) and

〈W j , log(M)〉 =
〈
W j ,

∑d
i=1 γi •W

i
〉

=
∑d
i=1 γi •〈W j ,W i〉 =

∫ ·
0
γj(s)ds =

(∫ ·
0
γ(s)ds

)
j

it follows that

〈W, log(M)〉t =
∫ t

0

γ(s)ds. (3)

Thus the Q-Brownian motion WQ in (1) assumes the form WQ
t = Wt −

∫ t
0
γ(s)ds.

We can summarize these observations as follows:
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4.c.0. LetW be a d-dimensional Brownian motion on (Ω,F , (Ft), P ), Q a probability
locally equivalent to P and assume that the density process Mt = d(Q|Ft)/d(P |Ft)
satisfies M = E(γ •W ), that is, dMt

Mt
= γ(t) · dWt, t ≥ 0,

for some γ ∈ L(W ). Then the process WQ
t = Wt−

∫ t
0
γ(s)ds is a Brownian motion

on (Ω,F , (Ft), Q).

Remarks. (1) Note that γ •W =
∑
j γj •W

j . The bilinearity of the covariation,
2.c.1.(f) and 〈W i,W j〉t = δijt, now show that 〈γ •W 〉 is the process

〈γ •W 〉 = 〈γ •W,γ •W 〉 =
∑
ij γiγj •〈W i,W j〉 =

∑
j

∫ ·
0
γ2
j (s)ds =

∫ ·
0
‖γ(s)‖2ds.

Thus our assumption on the martingale M can be written more explicitly as

Mt = Et(γ •W ) = exp
(
(γ •W )t − 1

2 〈γ •W 〉t
)

= exp
(∫ t

0
γ(s) · dWs − 1

2

∫ t
0
‖γ(s)‖2ds

)
, t ≥ 0,

for some process γ ∈ L(W ), that is, γ is Rd-valued, progressively measurable and
satisfies

∫ t
0
‖γ(s)‖2ds < ∞, for all t ≥ 0. In this case we have seen that W differs

from a Q-Brownian motion W̃ by some bounded variation process A, that is, there
exist aQ-Brownian motion W̃ and a bounded variation process A such thatW−A =
W̃ . Here W is a continuous Q-semimartingale and W̃ a Q-local martingale. Thus
the process A is uniquely determined as A = uQW . This also shows that the Q-
Brownian motion W̃ is uniquely determined (as W̃ = W − uQW = WQ).

In applications the process γ is frequently at hand already. Since M is a
strictly positive P -martingale, theorem 5.e.1 below shows that γ ∈ L(W ) with M =
E(γ •W ) always exists if the filtration (Ft) is the augmented filtration generated by
the Brownian motion W .

(2) A frequent application of 4.c.0 is as follows. A process r(t) is given satisfying
the dynamics

d r(t) = α(t)dt+ β(t) · dWt (4)

driven by some P -Brownian motion W . Additional considerations may now force
us to replace the underlying probability measure P with some locally equivalent
probability measure Q. The problem is to find the dynamics satisfied by the process
r(t) with respect to the new probability measure Q. Finding a process γ satisfying
(2) we have the Q-Brownian motion WQ given by (1) with stochastic differential
dWQ

t satisfying
dWt = dWQ

t + γ(t)dt.

This transforms (4) into d r(t) =
[
α(t)+β(t) ·γ(t)

]
dt+β(t) ·dWQ

t , which represents
the dynamics of r(t) under the new probability Q, since WQ is a Brownian motion
with respect to Q.
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Conversely, starting with the dynamics (4) we may want to eliminate the so
called drift term α(t)dt. To do this we would look for a process γ ∈ L(W ) such
that α(t)+β(t) ·γ(t) = 0 and the question now becomes if there exists a probability
measure Q, locally equivalent to P , such that W̃t = Wt −

∫ t
0
γ(s)ds is a Brownian

motion with respect to Q. In this case we would have dWt = dW̃t + γ(t)dt and
substituting this into (4) yields the dynamics of r(t) under the probability measure
Q as dr(t) = β(t) · dW̃t.

In particular then the process r(t) would be aQ-local martingale. Here we make
use of the fact that stochastic integrals (and hence stochastic differentials) are not
affected if we change from the probability P to a locally equivalent probability Q.
This naturally leads us to consider the
Converse of 4.c.0. Suppose we have a P -Brownian motion W and some bounded
variation process A. Is it possible to find a probability measure Q, locally equivalent
to P , such that W −A is a Q-Brownian motion? A positive answer for a sufficiently
large class of processes A will be quite interesting, since a Brownian motion has
many pathwise properties almost surely with respect to the underlying probability
measure.

The measureQ, defined on F∞, will frequently have to be singular with respect
to P on F∞ despite being equivalent to P on all σ-fields Ft, 0 ≤ t <∞. See example
4.c.4 below. This points to the fact that the construction of the measure Q on the
σ-field F∞ is nontrivial.

In the greatest generality we are given a P -Brownian motion W and a con-
tinuous, bounded variation process A and we seek a probability Q on F∞, lo-
cally equivalent to P , such that W − A is a Q-Brownian motion. Reversing the
above steps, we need to find the martingale M which is to be the candidate for
Mt = d(Q|Ft)/d(P |Ft) and thus are led to solve the equation A = 〈W, log(M)〉 for
M . In this generality it is not clear how M can be derived from A. However, in the
special case

At =
∫ t
0
γ(s)ds, where γ ∈ L(W ),

the above considerations lead us to define

Mt = Et(γ •W ) = Et
(∫ ·

0
γ(s)dWs

)
= exp

(∫ t
0
γ(s)dWs − 1

2

∫ t
0
‖γ(s)‖2ds

)
.

Then M is a supermartingale and is a martingale if and only if EP (Mt) = 1, for all
t ≥ 0 (4.b.0).

To simplify matters considerably let us assume that our time horizon T is finite,
that is, we are interested in all processes only on the finite interval [0, T ]. Define
the measure Q = QT on the σ-field FT by means of

dQ

d(P |FT )
= MT , equivalently, Q(A) = EP (MT 1A), A ∈ FT . (5)

Since Q must be a probability measure, we must have EP (MT ) = 1. Since M is a
supermartingale with M0 = 1 this is equivalent with EP (Mt) = 1, for all t ∈ [0, T ],
that is, Mt = Et(γ •W ) must be a martingale on [0, T ].
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4.c.1. Let T > 0, W be a P -Brownian motion on [0, T ] and γ ∈ L(W ). Assume
that Mt = Et(γ ·W ) is a P -martingale on [0, T ]. Define the measure Q = QT on
FT by means of (5). Then the process

W̃t = Wt −
∫ t

0

γ(s)ds, t ∈ [0, T ]

is a Q-Brownian motion on [0, T ].

Proof. Since the processes M and d(Q|Ft)/d(P |Ft) are both martingales on [0, T ]
which agree at time t = T (by definition of Q), we have Mt = d(Q|Ft)

/
d(P |Ft),

for all t ∈ [0, T ]. Thus 4.c.0 applies and shows that W̃ is a Q-Brownian motion on
[0, T ].

The situation becomes more complicated, if we want our measure Q to be defined
on the much larger σ-field F∞. We then have to assume that M = E(γ •W ) is a
P -martingale on [0,∞), equivalently (4.b.1) that EP (Mt) = 1, for all t ≥ 0. For
t ≥ 0 define the measure Qt on Ft by

dQt
/
d(P |Ft) = Mt, equivalently, Qt(A) = EP (Mt1A), A ∈ Ft. (6)

Since M is a martingale, the measures Qt, t ≥ 0, defined above are consistent
in the sense that Qt|Fs = Qs, for s ≤ t. Consequently they define a finitely
additive measure Q on the subfield G =

⋃
t≥0 Ft of the σ-field F∞ by means of

Q(A) = limt↑∞Qt(A), A ∈ G. Since G generates the σ-field F∞, Q will extend
uniquely to a probability measure on F∞ if and only if Q is countably additive on
G (Caratheodory’s Extension Theorem). This extension Q then satisfies Qt = Q|Ft
and consequently d(Q|Ft)

d(P |Ft)
=

dQt
d(P |Ft)

= Mt,

for all t ≥ 0. The proof of 4.c.1 then goes through for an infinite time horizon.
Unfortunately the countable additivity of Q on G is a nontrivial problem. It is
automatically satisfied, if the probability space (Ω,F , (Ft), P ) is d-dimensional path
space (Cd, Cd) equipped with the Wiener measure P and the augmented filtration
generated by the Brownian motion W . We will not use this result. For a proof the
reader is referred to [PTH, theorem 4.2].

4.c.2 Girsanov�s Theorem. Let (Ω,F , (Ft), P ) be path space with its canonical fil-
tration and the Wiener measure P , W the associated canonical P -Brownian motion
(identity map), γ ∈ L(W ) and assume that Mt = Et(γ •W ) is a martingale. For
t ≥ 0 define the measure Qt on Ft by means of (6). Then there is a unique probabil-
ity measure Q on F∞ such that Q|Ft = Qt and hence d(Q|Ft)

/
d(P |Ft) = Mt, for

all t ≥ 0. With respect to this measure Q the process W̃t = Wt −
∫ t
0
γ(s)ds, t ≥ 0,

is a Q-Brownian motion.

4.c.3 Remark. We can think of this as follows: with respect to the original measure
P , our process Wt is a Brownian motion with zero drift. With respect to the new
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measure Q, Wt = W̃t+
∫ t
0
γ(s)ds is a Brownian motion plus a drift

∫ t
0
γ(s)ds, which

can depend on the entire history of the path followed byWt. In differential notation

dWt = γ(s)ds+ dW̃t.

It is common to refer to γ(s) as the drift coefficient. Note that the filtrations FWt and
FW̃t generated by the Brownian motionsWt and W̃t will in general be different. This
is a nuisance whenever we want to apply the martingale representation theorems to
be developed below, since these assume adaptedness with respect to the filtration
generated by the representing Brownian motion. The two filtrations do coincide,
however, if the drift process

∫ t
0
γ(s)ds is deterministic (independent of ω ∈ Ω).

4.c.4 Example. The following special case of 4.c.2 will be useful later: let W
be a one dimensional Brownian motion and µ a real number and set γ(t) = µ,
that is, we consider the case of a nonstochastic, constant drift rate process. Then
(γ •W )t =

∫ t
0
γ(s)dWs = µWt and

〈
γ •W

〉
t
= 〈µW 〉t = µ2t and so

Mt = Et(γ •W ) = exp
(∫ t

0
γ(s)dWs − 1

2

∫ t
0
γ2(s)ds

)
= exp

(
µWt − 1

2µ
2t

)

is a martingale (4.b.4). Consequently Girsanov’s theorem can be applied and yields
that W̃t = Wt −

∫ t
0
γ(s)ds = Wt − µt is Brownian motion with respect to the

probability measure Qµ corresponding toM , that is, the unique probability measure
on F∞ satisfying Qµ(A) = EP (1AMt), for all A ∈ Ft and t ≥ 0.

In other words, with respect to the probability measure Qµ, the original process
Wt is a Brownian motion plus a drift µt: Wt = W̃t+µt. Even in this simple example
the locally equivalent measure Q = Qµ is singular with respect to the original
measure P on F∞. Indeed Wt/t → 0, as t ↑ ∞, P -as., since W is a Brownian
motion with respect to P . On the other hand Wt/t = W̃t/t + µ → µ, as t ↑ ∞,
Q-as., since W̃ is a Brownian motion with respect to Q (II.2.g.2). The measures P
and Q are thus mutually singular and concentrated on the disjoint sets

[
Wt/t→ 0

]
and

[
Wt/t → µ

]
in F∞. It is no coincidence that these sets are in the σ-field F∞,

but not in any Ft, 0 ≤ t <∞. In fact P and Q are equivalent on each Ft, t ∈ [0,∞).
In our example

d(Q|Ft)
d(P |Ft)

= Mt = exp
(
µWt − 1

2µ
2t

)
, t ≥ 0.

4.c.5 Wald�s Identity. LetMt and Qµ be as in 4.c.5 and T an optional time satisfying
P (T <∞) = 1. Then Qµ(T <∞) = EP (MT ) = EP

[
exp

(
µWT − 1

2µ
2T

)]
.

Proof. Let n ≥ 1. Then the Optional Sampling Theorem yields EP (Mn | Fn∧T ) =
Mn∧T . Since [T ≤ n] ∈ Fn∧T ⊆ Fn, the definition of Qµ yields

Qµ(T ≤ n) = EP
(
1[T≤n]Mn

)
= EP

(
1[T≤n]Mn∧T

)
= EP

(
1[T≤n]MT

)
.

Letting n ↑ ∞ it follows that Qµ(T <∞) = EP (MT ) = EP
[
exp

(
µWT − 1

2µ
2T

)]
.
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4.d The Novikov condition. We now turn to a more powerful condition which
ensures that the Doleans exponential Zt = Et(L) of a local martingale L is in fact
a martingale. Here it is assumed that L is adapted to the augmented filtration
generated by some Brownian motion.

4.d.0 Abstract Novikov Condition. Let L be a continuous local martingale with
L0 = 0 which is adapted to the augmented filtration generated by some Brownian
motion and assume that

EP
[
exp

(
1
2 〈L〉t

)]
<∞, ∀0 ≤ t <∞. (0)

Then Zt = Et(L) = exp
(
Lt − 1

2 〈L〉t
)

is a martingale.

Proof. It will suffice to show that E(Zt) = 1, for all t ≥ 0 (4.b.0). Note first that
(0) implies P (〈L〉t <∞) = 1.

According to 5.a.4 below we can choose a Brownian motion W on a suitable
enlargement (Ω1,G, P1, (Gt)) of the original filtered probability space (Ω,G, P, (Gt))
such that Lt = W〈L〉t

and such that each 〈L〉t is a (Gt)-optional time. This will allow
us to reduce the general case Zt = exp

(
Lt − 1

2 〈L〉t
)

to the special case of the well
known basic exponential martingale exp

(
µWt − 1

2µ
2t

)
(4.c.4) via an application of

Wald’s identity.
Let b < 0 and set Tb = inf{ s ≥ 0 | Ws − s = b }. Then Tb is a (Gt)-optional

time. Since the process Ws − s has continuous paths and satisfies Ws − s → −∞,
as s ↑ ∞, we have P (Tb <∞) = 1 and Tb ↑ ∞, as b ↓ −∞, P -as.

Set µ = 1. The process Ws − s = Ws − µs is a one dimensional Brownian
motion with respect to the measure Qµ of example 4.c.4 and since one dimensional
Brownian motion hits all values we have Qµ(Tb < ∞) = 1. Wald’s identity now
implies that

EP

(
eWTb

− 1
2Tb

)
= Qµ(Tb <∞) = 1. (1)

Note that WTb
− Tb = b, by definition of the optional time Tb, that is

WTb
− 1

2Tb = b+ 1
2Tb, (2)

and so EP
(
exp(b+ 1

2 Tb)
)

= 1, that is,

EP
(
exp( 1

2 Tb)
)

= e−b. (3)

Recall that Ys = exp
(
µWs − 1

2µ
2s

)
= eWs−s/2 is a martingale and hence, by the

Optional Sampling Theorem, so is the process Ns = Ys∧Tb
.

Let us note that Y0 = 1 and hence E(Ns) = E(N0) = E(Y0) = 1, s ≥ 0. Since
P (Tb <∞) = 1 we have

N∞ = lims↑∞Ns = YTb
= eWTb

− 1
2Tb ,

with convergence P -as. According to (1) we have EP (N∞) = 1. Let us now show
that N∞ is a last element for the martingale N . Fix s ≥ 0. Then Ns = EP (Nk|Fs),
for all k ≥ s. Fatou’s Lemma (I.2.b.8 with h = 0) yields

Ns = limk EP (Nk|Fs) = lim infk EP (Nk|Fs) ≤ EP
(
lim infkNk | Fs

)
= EP (N∞|Fs), P -as.
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Since EP [EP (N∞|Fs)] = EP (N∞) = 1 = EP (Ns) it follows thatNs = EP (N∞|Fs).
Thus N∞ is a last element for the martingale N which is thus uniformly integrable.
Consequently the Optional Sampling Theorem can be applied with all optional
times τ to yield EP (Yτ∧Tb

) = EP (Nτ ) = EP (N0) = 1, that is,

EP
(
exp

(
Wτ∧Tb

− 1
2τ ∧ Tb

))
= 1. (4)

Now fix t ∈ [0,∞) and apply (4) to the optional time τ = 〈L〉t observing that

τ ∧ Tb =
{
Tb on [Tb ≤ τ ] = [Tb ≤ 〈L〉t]
〈L〉t on [Tb > τ ] = [Tb > 〈L〉t].

Using (2) it follows that

Wτ∧Tb
− 1

2 τ ∧ Tb =
{
b+ 1

2Tb on [Tb ≤ τ ] = [Tb ≤ 〈L〉t]
Lt − 1

2 〈L〉t on [Tb > τ ] = [Tb > 〈L〉t].

With the notation E(X;A) = E(1AX) we can rewrite (4) as

EP
(
exp(b+ 1

2 Tb); [Tb ≤ 〈L〉t]
)

+ EP
(
exp

(
Lt − 1

2 〈L〉t
)
; [Tb > 〈L〉t]

)
= 1. (5)

Now let b ↓ −∞. Then Tb ↑ ∞ and so 1[Tb>〈L〉t] ↑ 1, P -as. By Monotone Conver-
gence the second expectation in (5) converges to EP

(
exp(Lt − 1

2 〈L〉t)
)

= EP (Zt).
The first expectation satisfies

EP
(
exp(b+ 1

2 Tb); [Tb ≤ 〈L〉t]
)
≤ EP

(
exp(b+ 1

2 〈L〉t)
)

= ebEP
(
exp( 1

2 〈L〉t)
)
→ 0,

as b ↓ −∞ (recall (1)). Thus (5) implies that EP (Zt) = 1, as desired.

Application to Girsanov’s Theorem. It remains to apply this condition to decide
when the drift rate process γ(s) satisfies the assumption of Girsanov’s Theorem
4.c.2. Here we are dealing with the special case of the continuous local martin-
gale L = γ •W , where W is some d-dimensional Brownian motion. For this local
martingale we have

〈L〉t =
∫ t

0

‖γ(s)‖2ds,

and consequently the Doleans exponential Z = E(L) assumes the form

Zt := Et(L) = exp
(
Lt −

1
2
〈L〉t

)
= exp

(∫ t

0

γ(s) · dBs −
1
2

∫ t

0

‖γ(s)‖2ds

)
.

Thus 4.d.0 specialized to the above local martingale L = E(γ ·W ) yields
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4.d.1 Novikov Condition. Let W be some d-dimensional Brownian motion and
γ ∈ L(W ). Then the supermartingale Z = E(γ •W ) is a martingale if the following
(sufficient) condition is satisfied:

EP

[
exp

(
1
2

∫ t

0

‖γ(s)‖2ds

)]
<∞, ∀t ≥ 0.

Remark. In the context of a finite time horizon (4.c.1) Z = E(γ •W ) has to be a
martingale only on the finite interval [0, T ]. This is ensured by the condition

EP

[
exp

(
1
2

∫ T

0

‖γ(s)‖2ds

)]
<∞.

The proof in the case of a finite time horizon is similar to the proof of 4.d.0 with
some simplifications.
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5. REPRESENTATION OF CONTINUOUS LOCAL MARTINGALES

5.a Time change for continuous local martingales. Consider a uniformly integrable
martingale (Mt,Ft) and let {T (s) | s ≥ 0 } be a nondecreasing family of (Ft)-
optional times. Then

(
MT (s),FT (s)

)
is a martingale by the Optional Sampling

Theorem. The family {T (s)} of optional times can be viewed as a stochastic process
T : Ω × [0,+∞) → [0,+∞) and as such can be considered to be a stochastic,
that is, path dependent time change for the martingale (Mt,Ft). Conversely a
stochastic process T : Ω × [0,+∞) → [0,+∞) can serve as such a time change, if
it is nondecreasing and the random variable T (s) is an (Ft)-optional time, for each
s ≥ 0. The nondecreasing nature of T ensures that FT (s) ⊆ FT (t), for s ≤ t, that
is, the family {FT (s)} is a filtration on (Ω,F , P ).

5.a.0. Let T : Ω × [0,+∞) → [0,+∞) be a nondecreasing stochastic process such
that T (s) is an (Ft)-optional time, for each s ≥ 0. If T is right continuous, then so
is the filtration

(
FT (s)

)
.

Proof. We may assume that every path of T is right continuous. Indeed T is in-
distinguishable from a process T̃ which has this property and then T̃ (s) is again
(Ft)-optional and FT (s) = FT̃ (s), for each s ≥ 0, since the filtration (Ft) is aug-
mented. Now let sn ↓ s ≥ 0. Then T (sn) ↓ T (s) and it follows that FT (sn) ↓ FT (s)

(I.7.a.3.(f)).
We will now see that for each continuous local martingale M there exists a

suitable time change T such that
(
MT (s),FT (s)

)
is a Brownian motionW . Moreover

the local martingale M can be recovered from W via an inverse time change S =
S(t).

Let us try to find such a time change T . Set Ys = MT (s). Since Y is a Brownian
motion, T must satisfy 〈Y 〉s = s. If M were an H2-martingale, then M2

t − 〈M〉t
would be a uniformly integrable martingale and so Y 2

s −〈M〉T (s) = M2
T (s)−〈M〉T (s)

a martingale, according to the Optional Sampling Theorem. Thus 〈Y 〉s = 〈M〉T (s)

and so T would have to satisfy 〈M〉T (s) = s. This suggests that we define

T (s) = inf{ t ≥ 0 | 〈M〉t > s }.

It will be seen in 5.a.3 below that this definition works in great generality. We need
some preparation.

5.a.1. Let f : [0,∞) → [0,∞) be continuous and nondecreasing with f(0) = 0 and
limt↑∞ f(t) =∞. Set T (s) = inf{ t ≥ 0 | f(t) > s }, s ≥ 0. Then
(a) T is nondecreasing, right continuous and satisfies f(T (s)) = s and T (f(s)) ≥ s.
(b) If φ : [0,∞)→ R is a continuous function which satisfies

0 ≤ a < b, f(a) = f(b) ⇒ φ(a) = φ(b) (0)

then φ(T (s)) is continuous and we have φ(T (f(s))) = φ(s).

Remark. If f is strictly increasing, T is simply the inverse function of f . In general
T jumps through intervals of constancy of f , that is, if f is constant on the interval
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[a, b], then T (f(a)) ≥ b. Thus the assumption (0) on the function φ is needed
(consider the function φ(x) = x).

Proof. (a) Let 0 ≤ s < r and choose tn ↓ T (r) such that f(tn) > r. Then
f(T (r)) = limn f(tn) ≥ r, by continuity of f . On the other hand, if f(t) > r, then
T (r) ≤ t and so f(T (r)) ≤ f(t). Thus f(T (r)) ≤ inf{ f(t) | f(t) > r } = r. It
follows that f(T (r)) = r.

As f(tn) > r > s we have T (s) ≤ tn and so T (s) ≤ infn tn = T (r). To show
that T (f(r)) ≥ r choose qn ↓ T (f(r)) with f(qn) > f(r) and so qn > r. It follows
that T (f(r)) = infn qn ≥ r.

It remains to be shown only that T is right continuous. Assume that sn ↓ s.
Then T (sn) ↓ x = infn T (sn) ≥ T (s). We have to show only that x ≤ T (s). Choose
tm ↓ T (s) with f(tm) > s. Fix m ≥ 1 and choose n ≥ 1 such that f(tm) > sn.
Then x ≤ T (sn) ≤ tm. Letting m ↑ ∞ we conclude that x ≤ T (s).

(b) Let φ : [0,∞) → R be a continuous function which satisfies (0). From (a) it
follows that φ(T (s)) is right continuous. To show that φ(T (s)) is left continuous, let
0 ≤ sn ↑ s and set r = supn T (sn). Then T (sn) ↑ r and consequently φ(T (sn)) →
φ(r) and we need to show only that φ(r) = φ(T (s)). According to (0) this will
follow from f(r) = f(T (s)), i.e., f(r) = s.

Since T (sn) ↑ r, the continuity of f and (a) imply that sn = f(T (sn))→ f(r),
that is, f(r) = limn sn = s. This shows the continuity of φ(T (s)). It remains to
be verified that φ(T (f(s))) = φ(s). Using (0) it suffices to show f(T (f(s))) = f(s)
and this in turn follows from f(T (s)) = s upon replacing s with f(s).

5.a.2. (a) If M is a continuous square integrable martingale with M0 = 0, then
E(M2

τ ) = E(〈M〉τ ), for each bounded optional time τ : Ω → [0,∞).
(b) If M is a continuous local martingale with M0 = 0, then E(M2

τ ) ≤ E(〈M〉τ ),
for each optional time τ : Ω → [0,∞) satisfying P (τ <∞).

Proof. (a) Let M be a continuous square integrable martingale with M0 = 0. Then
Nt = M2

t −〈M〉t is a martingale (I.11.b.2.(b)). If τ is any bounded optional time, the
Optional Sampling Theorem yields E(Nτ ) = E(N0) = 0, i.e., E(M2

τ ) = E(〈M〉τ ),
as desired.

(b) Assume now that M is a continuous local martingale with M0 = 0 and let (Tn)
be a sequence of optional times such that Tn ↑ ∞, P -as., and MTn

t = Mt∧Tn
is

a square integrable martingale, for each n ≥ 1 (I.8.a.5, note M0 = 0). If τ is a
bounded optional time, then (a) yields

E
[(
MTn

τ

)2
]

= E
[〈
MTn

〉
τ

]
,

for all n ≥ 1. Let n ↑ ∞. Since the quadratic variation 〈M〉 is an increasing process,
we have 0 ≤

〈
MTn

〉
τ

= 〈M〉Tn
τ = 〈M〉τ∧Tn

↑ 〈M〉τ and so

E
(〈
MTn

〉
τ

)
↑ E (〈M〉τ ) ,
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by monotone convergence. Also MTn
τ →Mτ , P -as., and so, using Fatou’s Lemma,

E
(
M2

τ

)
= E

(
lim infn

(
MTn

τ

)2
)
≤ lim infnE

((
MTn

τ

)2
)

= lim infnE
(〈
MTn

〉
τ

)
= E (〈M〉τ ) .

This shows (b) for bounded optional times τ . If now P (τ <∞) = 1, then the above
shows that

E
(
M2

τ∧n
)
≤ E

(
〈M〉τ∧n

)
≤ E (〈M〉τ ) , ∀n ≥ 1.

Letting n ↑ ∞ it follows that E
(
M2

τ

)
≤ E

(
〈M〉τ

)
as above.

5.a.3 Theorem. Let M = (Mt,Ft) be a continuous local martingale with M0 = 0
and 〈M〉∞ = limt↑∞〈M〉t = ∞, P -as. Set T (s) = inf{ t ≥ 0 | 〈M〉t > s } and
Gs = FT (s), s ≥ 0. Then
(a) Each T (s) is an (Ft)-optional time and the stochastic process T = T (s, ω) is

nondecreasing and right continuous. (Gs) is a right continuous and augmented
filtration. Moreover 〈M〉t is a (Gs)-optional time, for each t ≥ 0.

(b) The process Ws = MT (s) is a Brownian Motion on (Ω,F , (Gs), P ) satisfying
Mt = W〈M〉t

, for all t ≥ 0.

Remark. Note that W is a Brownian motion relative to the filtration (Gs) and not
the original filtration (Fs).
Proof. (a) The definition and nondecreasing property of 〈M〉 imply [T (s) < r] =[
〈M〉r > s

]
∈ Fr, since the process 〈M〉 is (Ft)-adapted. Thus T (s) is (Ft)-

optional. From 5.a.1 applied to f(s) = 〈M〉s(ω) it follows that the path s �→ T (s, ω)
is nondecreasing and right continuous P -as. 5.a.0 now shows that (Gs) is a right
continuous and augmented filtration.

Recall that Gs = FT (s) = {A ⊆ Ω | A∩ [T (s) < r] ∈ Fr, ∀r ≥ 0 } and fix t ≥ 0.
To see that the random variable 〈M〉t : Ω → [0,∞) is (Gs)-optional, we have to show
that

[
〈M〉t < s

]
∈ Gs; equivalently, A =

[
〈M〉t < s

]
∩ [T (s) < r] ∈ Fr, for each

r ≥ 0. From [T (s) < r] =
[
〈M〉r > s

]
it follows that A =

[
〈M〉t < s

]
∩

[
〈M〉r > s

]
.

This set is empty if t ≥ r and is in Fr, if t < r. This proves (a).

(b) The processWs = MT (s) is (Gs)-adapted and right continuous (by the continuity
of M and the right continuity of T ). To see that W is a Brownian motion on
(Ω,F , (Gs), P ) it will now suffice to show that W is a continuous local martingale
which satisfies 〈W 〉t = t (3.e.1).

To deal with the continuity of W , fix ω ∈ Ω, set φ(t) = Mt(ω) and consider the
path s �→ Ws(ω) = MT (s)(ω)(ω) = φ(T (s)(ω)). Using 5.a.1 with f(t) = 〈M〉t(ω),
the continuity of the path s �→Ws(ω) = φ(T (s)(ω)) will follow if we can show that
φ satisfies (0) above, that is,

0 ≤ a < b, 〈M〉a(ω) = 〈M〉b(ω) ⇒ Ma(ω) = Mb(ω)

with probability one. This has been verified in I.9.b.7. Thus W is a continuous
process.
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Next we show that W is a square integrable martingale. Fix r > 0 and set
Nt = Mt∧T (r), that is, N = MT (r). Then N is a continuous local martingale with
respect to the filtration (Ft) (I.8.a.2.(c)) with N0 = M0 = 0. Note

〈N〉t = 〈M〉T (r)
t = 〈M〉t∧T (r) ≤ r,

for all t ≥ 0, by definition of the optional time T (r). Thus 〈N〉∞ ≤ r and in
particular this random variable is integrable. According to I.9.c.0 it follows that
N and N2

t − 〈N〉t are uniformly integrable martingales. Since {T (t) }t∈[0,r] is an
increasing family of (Ft)-optional times, the Optional Sampling Theorem applied
to the uniformly integrable martingale (Nt,Ft) shows that

Wt = MT (t) = MT (t)∧T (r) = NT (t), t ∈ [0, r],

is an FT (t) = Gt-martingale.
Let t ∈ [0, r]. Then E(W 2

t ) = E
(
N2
T (t)

)
≤ E

(
〈N〉T (t)

)
≤ r < ∞ (5.a.2.(b)).

Thus (Wt,Gt)t∈[0,r] is a square integrable martingale. Moreover

〈N〉T (t) =
〈
MT (r)

〉
T (t)

= 〈M〉T (r)
T (t) = 〈M〉T (t)∧T (r) = 〈M〉T (t) = t,

by definition of the optional time T (t). Let 0 ≤ s < r. The Optional Sampling
Theorem applied to the uniformly integrable martingale (N2

t −〈N〉t,Ft) now yields

E(W 2
r − r | Gs) = E

(
N2
T (r) − r | FT (s)

)
= E

(
N2
T (r) − 〈N〉T (r) | FT (s)

)
= N2

T (s) − 〈N〉T (s) = W 2
s − s.

Thus W 2
t − t is a Gt-martingale and it follows that 〈W 〉t = t, as desired.

If the condition 〈M〉∞ = limt↑∞〈M〉t = ∞ is not satisfied, the filtered probability
space (Ω,F , (Ft), P ) has to be enlarged and the representing Brownian motion W
based on the enlarged space:

5.a.4 Theorem. Let M = (Mt,Ft)t be a continuous local martingale with M0 = 0.
Then there exists a Brownian motion (Ws,Gs) on an enlargement of the probability
space (Ω,F , (Ft), P ) such that G〈M〉t

⊇ Ft, the quadratic variation 〈M〉t is a (Gs)-
optional time and Mt = W〈M〉t

, for all t ≥ 0.

Proof. see [KS problem 3.4.7, p175].
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5.b Brownian functionals as stochastic integrals. Let Wt = (W 1
t , . . . ,W

d
t ) be a d-

dimensional Brownian motion on the filtered probability space (Ω,F , (Ft), P ). Let
N denote the family of all P -null sets. We shall now assume that

Ft = FW
t = σ

(
N ∪ σ(Ws; s ≤ t)

)
is the augmented (and thus right continuous) filtration generated by the Brownian
motion W . In particular F∞ = FW

∞ = σ
(
N ∪ σ(Ws; s ≥ 0)

)
.

A Brownian functional is a measurable function ξ : (Ω,F∞)→ R, that is, an
F∞-measurable real valued function of the Brownian path ω ∈ Ω.

Recall from 2.f.5 that L2(W ) denotes the space of all progressively measurable
processes H satisfying

‖H‖2L2(M) = EP
[∫ ∞

0
‖Hs‖2ds

]
<∞.

If W is a one dimensional Brownian motion, then L2(W ) is the Hilbert space
L2(Π,Pg, µW ) and so is complete. The subspace of all predictable processes H ∈
L2(W ) is the Hilbert space L2(Π,P, µW ) and is thus a closed subspace of L2(W ).
This fact remains true for general W since then L2(W ) = L2(W 1)× . . .×L2(W d).
Let H ∈ L2(W ). Then the last element (H •W )∞ of the martingale H •W ∈ H2

satisfies (2.f.3.(b))
∥∥(H •W )∞

∥∥2

L2(P )
=

∥∥H •W
∥∥2

H2 =
∥∥H∥∥2

L2(W )
= EP

[∫ ∞
0
H2
sds

]
<∞. (0)

Thus ξ0 =
∫ ∞
0
Hs · dWs is a Brownian functional which satisfies ξ0 ∈ L2(Ω,F∞, P )

and EP (ξ0) = 0. We will now see that conversely each square integrable Brownian
functional ξ ∈ L2(Ω,F∞, P ) can be represented as

ξ = EP (ξ) +
∫ ∞

0

Hs · dWs = EP (ξ) + (H •W )∞ (1)

for some predictable process H ∈ L2(W ). First we exhibit some Brownian func-
tionals which can be so represented:

5.b.0. Let K be a bounded, left continuous, Rd-valued process and t ≥ 0. Then the
random variable Zt = Et(K •W ) can be represented as Zt = EP (Zt) + (H •W )∞,
for some predictable process H ∈ L2(W ).

Proof. Choose the constant C such that ‖K‖ ≤ C. Then

〈K •W 〉t =
∫ t

0

‖Ks‖2ds ≤ Ct

and so Z = E(K •W ) is a martingale (4.b.3) satisfying Z0 = 1 = EP (Zt) and
dZt = Ztd(K •W )t = ZtKt · dWt, that is, in integral form,

Zt = 1 +
∫ t

0

ZsKs · dWs = E(Zt) +
∫ ∞

0

Hs · dWs,
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where Hs = 1[0,t](s)ZsKs. Thus we need to verify only that H is a predictable
process in L2(W ). The left continuity of K and the continuity of Z imply that
H is left continuous and hence predictable (1.a.1.(b)). According to 4.b.3 we have
EP (Z2

t ) ≤ 4eCt. Moreover H2
s = 0, for s > t, and H2

s ≤ C2Z2
s and so EP (H2

s ) ≤
C2EP (Z2

s ) ≤ 4C2eCs, for all s. An application of Fubini’s theorem now yields

∥∥H∥∥2

L2(W )
= EP

∫ t

0

H2
sds =

∫ t

0

EP (H2
s )ds ≤

∫ t

0

4C2eCsds <∞.

Thus H ∈ L2(W ).

5.b.1. Let x ∈ R, λ = (λ1, λ2, . . . , λnd) ∈ Rnd and 0 = t0 < t1 < . . . < tn. Then

exp
(
x

∑d
i=1

∑n
j=1 λ(i−1)n+j(W i

tj −W i
tj−1

)
)
∈ Lp(P ), ∀ p > 0.

Proof. Set fx = exp
(
x

∑d
i=1

∑n
j=1 λ(i−1)n+j(W i

tj −W i
tj−1

)
)
. Then fpx = fpx, for

all p > 0. Thus it suffices to show that fx ∈ L1(P ), for all x ∈ R. Recall that the
coordinate processes W i

t of W are independent, one dimensional Brownian motions.
Thus the increments W i

tj −W i
tj−1

, i = 1, . . . , d; j = 1, . . . , n, are independent and
it follows that

EP

[∏
i,j exp

(
xλ(i−1)n+j(W i

tj −W i
tj−1

)
)]

=
∏
i,j EP

[
exp

(
xλ(i−1)n+j(W i

tj −W i
tj−1

)
)]
.

As the increments W i
tj −W i

tj−1
are one dimensional normal variables with mean

zero, it remains to be shown only that EP
[
erN

]
=

∫
R
ertPN (dt) <∞, for each such

variable N and all r ∈ R. The verification using the normal density is left to the
reader.

To simplify the technical details we conduct the proof of the representation result
indicated in (1) first for a one dimensional Brownian motion W :

5.b.2 Theorem. Let W be a one dimensional Brownian motion. If ξ ∈ L2(Ω,F∞, P )
is a square integrable Brownian functional, then there exists a unique predictable
process H ∈ L2(W ) such that

ξ = EP (ξ) +
∫ ∞

0

HsdWs = EP (ξ) + (H •W )∞.

Remark. Uniqueness here means uniqueness as an element of the space L2(W ).

Proof. Uniqueness. If H,K ∈ L2(W ) satisfy (H •W )∞ = ξ − EP (ξ) = (K •W )∞,
then

(
(H−K)•W

)
∞ = 0 and the isometric property (0) implies ‖H−K‖L2(W ) = 0.

Existence. Let X denote the family of all random variables ξ ∈ L2(Ω,F∞, P ) which
can be represented as above. The linearity of the expectation and the stochastic
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integral imply that X ⊆ L2(Ω,F∞, P ) is a subspace. According to 5.b.0 we have
ξ = Et(K •W ) ∈ X , for each t ≥ 0 and each bounded, left continuous process K.

Let us show now that the subspace X ⊆ L2(Ω,F∞, P ) is closed. Let (ξn) ⊆ X ,
ξ ∈ L2(Ω,F∞, P ) and assume ξn → ξ. We must show that ξ ∈ X . Since convergence
in L2 implies convergence of the means, we have EP (ξn) → EP (ξ). For each n ≥ 1
let H(n) ∈ L2(W ) be a predictable process such that ξn = EP (ξn) + (H(n) •W )∞
and hence (H(n) •W )∞ = ξn − EP (ξn). The isometric property (0) implies that

∥∥H(n) −H(m)
∥∥
L2(W )

=
∥∥(

(H(n) −H(m))•W
)
∞

∥∥
L2(P )

=
∥∥(ξn − EP (ξn))− (ξm − EP (ξm))

∥∥
L2(P )

≤
∥∥ξn − ξm∥∥

L2(P )
+

∣∣EP (ξn)− EP (ξm)
∣∣.

Thus (H(n)) is a Cauchy sequence and hence convergent in L2(W ). Since the
subspace of predictable H ∈ L2(W ) is closed in L2(W ), there exists a predictable
process H ∈ L2(W ) such that H(n) → H in L2(W ).

Then (H(n) •W )∞ → (H •W )∞, in L2(P ), by the isometric property (0) on
the one hand, and (H(n) •W )∞ = ξn−EP (ξn)→ ξ−EP (ξ), in L2(P ), on the other
hand. It follows that ξ − EP (ξ) = (H •W )∞ and consequently ξ ∈ X , as desired.
Thus X is a closed subspace of L2(Ω,F∞, P ).

It will now suffice to show that the subspace X ⊆ L2(Ω,F∞, P ) is dense,
equivalently X⊥ = { η ∈ L2(Ω,F∞, P ) | EP (ηξ) = 0, ∀ξ ∈ X } = {0}. Let η ∈ X⊥.
Then

EP
(
η Et(K •W )

)
= 0, (2)

for all bounded, left continuous processes K and t ≥ 0, since ξ = Et(K •W ) ∈ X ,
for such K and t.

To exploit (2), let 0 = t0 < t1 < . . . < tn, x ∈ R and λ = (λ1, λ2, . . . , λn) ∈ Rn
be arbitrary and consider the deterministic process K =

∑n
j=1 xλj1(tj−1,tj ]. Clearly

K is bounded and left continuous. Fix any real number t > tn. Then (K •W )t =
x

∑n
j=1 λj(Wtj −Wtj−1) and

〈K •W 〉t =
∫ t

0

K2
sds =

∫ tn

0

K2
sds = D,

where D is a constant, since the process K does not depend on ω ∈ Ω. It follows
that

Et(K •W ) = exp
(
(K •W )t − 1

2 〈K •W 〉t
)

= C exp
(
x

∑n
j=1 λj(Wtj −Wtj−1)

)
, t > tn,

(3)

where C = exp(− 1
2D). Thus (2) implies that

EP

[
η exp

(
x

∑n
j=1 λj(Wtj −Wtj−1)

)]
= 0. (4)
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Let Q denote the (signed) measure on F∞ defined by dQ = ηdP . Then (4) can be
rewritten as

EQ

[
exp

(
x

∑n
j=1 λj(Wtj −Wtj−1)

)]
= 0. (5)

Let Θ be the map Θ : ω ∈ Ω �→
(
Wt1(ω) −Wt0(ω), . . . ,Wtn(ω) −Wtn−1(ω)

)
∈ Rn

and w denote the variable w = (w1, . . . , wn) ∈ Rn. Then (5) can be rewritten as

0 =
∫

Ω

exp
(
x(λ ·Θ(ω))

)
Q(dω) =

∫
Rn

exp(x(λ · w))
[
Θ(Q)

]
(dw), (6)

where Θ(Q) denotes the image of the measure Q under the map Θ on Rn. Now the
function

φ(z) =
∫
Rn

exp(z(λ · w))
[
Θ(Q)

]
(dw), z ∈ C,

is easily seen to be an entire function. From the Dominated Convergence Theorem
it follows that φ is continuous. To get a dominating function, note that 5.b.1 implies
that the function f(w) = exp(x(λ · w)) is in L1(Θ(Q)), for all x ∈ R. Thus the
integrand is bounded by the function 1 ∨ exp

(
r|λ · w|

)
∈ L1(Θ(Q)), for all |z| ≤ r.

Using Fubini’s Theorem, one then verifies that the line integral of φ over all smooth
closed curves in the complex plane is zero. Thus φ is analytic in the plane.

According to (6), φ vanishes on the real line and thus must vanish everywhere.
In particular for z = i we obtain

Θ̂(Q)(λ) =
∫

Ω

exp(i(λ · w))
[
Θ(Q)

]
(dw) = 0,

where Θ̂(Q) denotes the Fourier transform of the measure Θ(Q) on Rn. Since
λ ∈ Rn was arbitrary, it follows that Θ(Q) = 0. This in turn implies that Q
vanishes on the σ-field

σ
(
Wt1 −Wt0 , . . . ,Wtn −Wtn−1

)
= σ

(
Wt1 ,Wt2 −Wt1 , . . . ,Wtn −Wtn−1

)
= σ

(
Wt1 ,Wt2 , . . . ,Wtn

)
.

Recall that N denotes the family all P -null sets. Then Q vanishes on N . Thus
Q vanishes on the union of N and the σ-fields σ

(
Wt1 ,Wt2 , . . . ,Wtn

)
which is a π-

system generating the domain F∞ of Q. The usual application of the π-λ-theorem
(appendix B.3) now shows that Q = 0. From dQ = ηdP we now conclude that
η = 0, P -as., as desired.
Let us now turn to the multidimensional case and indicate the necessary changes
in the proof:
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5.b.3 Theorem. If ξ ∈ L2(Ω,F∞, P ) then there exists a unique predictable process
H ∈ L2(W ) such that

ξ = EP (ξ) +
∫ ∞

0

Hs · dWs = EP (ξ) + (H •W )∞. (7)

Proof. Uniqueness. As in the proof of 5.b.2. Existence. Let X be the space of all
ξ ∈ L2(Ω,F∞, P ) which can be represented as in (8). As in the proof of 5.b.2 we see
that X is a closed subspace of L2(Ω,F∞, P ) which contains all the random variables
ξ = Et(K •W ), where t ≥ 0 and K is a bounded, left continuous, Rd-valued process.
It remains to be shown that X is dense in L2(Ω,F∞, P ), that is, X⊥ = {0}. Let
η ∈ X⊥. Then

EP [ηEt(K •W )] = 0, (8)

for all bounded, left continuous, Rd-valued processes K and t ≥ 0. We must show
that η = 0, P -as., and introduce the measure Q on F∞ by means of dQ = ηdP . It
will then suffice to show that Q vanishes on F∞. Since the union of the P -null sets
and the σ-fields

Ft1t2...tn = σ(W 1
t1 , . . . ,W

1
tn ,W

2
t1 , . . . ,W

2
tn , . . . ,W

d
t1 , . . . ,W

d
tn)

= σ(W 1
t1 −W

1
t0 , . . . ,W

1
tn −W

1
tn−1

, . . . ,W d
t1 −W

d
t0 , . . . ,W

d
tn −W

d
tn−1

)

(note Wt0 = 0), where 0 = t0 < t1 < . . . < tn, is a π-system generating the σ-field
F∞, it will suffice to show that Q|Ft1t2...tn = 0, for all sequences of real numbers
0 = t0 < . . . < tn. Fix such a sequence of real numbers and consider the random
vector Θ : Ω → Rnd defined by

Θ =
(
W 1
t1 −W

1
t0 , . . . ,W

1
tn −W

1
tn−1

, . . . ,W d
t1 −W

d
t0 , . . . ,W

d
tn −W

d
tn−1

)
.

To see that Q vanishes on Ft1t2...tn = σ(Θ), it will suffice to show that the image
measure Θ(Q) vanishes on Rnd. To see this, we show that the Fourier transform

Θ̂(Q)(λ) =
∫
Rnd

exp
(
i(λ · w

)
Θ(Q)(dw) = 0, for all λ ∈ Rnd.

From (8) and the definition of Q we have
EQ [Et(K •W )] = 0, (9)

for all bounded, left continuous, Rd-valued processes K and t ≥ 0. Fix x ∈ R,
λ ∈ Rnd and consider the deterministic, bounded, left continuous process K =
(K1,K2, . . . ,Kd) defined by

Ki =
∑n

j=1 xλ(i−1)n+j1(tj−1,tj ], i = 1, . . . , d.

A computation similar to the one in the proof of 5.b.2 now shows that

Et(K •W ) = C exp
(
x

∑d
i=1

∑n
j=1 λ(i−1)n+j

(
W i
tj −W i

tj−1

))
, t > tn, (10)

for some constant C. From (9) and (10) we conclude∫
Rnd

exp
(
x(λ · w)

)[
Θ(Q)

]
(dw) =

∫
Ω

exp
(
x(λ ·Θ(ω))

)
q(dω)

= EQ

[
exp

(
x

∑d
i=1

∑n
j=1 λ(i−1)n+j

(
W i
tj −W i

tj−1

))]
= 0.



192 5.c Integral representation of square integrable Brownian martingales.

5.c Integral representation of square integrable Brownian martingales. Let Wt =
(W 1

t , . . . ,W
d
t ) be a d-dimensional Brownian motion on the filtered probability space

(Ω,F , (Ft), P ) and assume that Ft = FW
t is the augmented (and thus right contin-

uous) filtration generated by the Brownian motion W . In consequence an adapted
process is now adapted to the Brownian filtration (FW

t ). To stress this point a (lo-
cal) martingale adapted to the Brownian filtration (FW

t ) will be called a Brownian
(local) martingale.

Let us recall that L2(W ) is the space of all progressively measurable processes
H which satisfy

‖H‖2L2(W ) = EP

∫ ∞

0

‖Hs‖2ds <∞.

If H ∈ L2(W ), then H •W ∈ H2
0 and the map H ∈ L2(W ) �→ H •W ∈ H2 is an

isometry and so ‖(H •W )∞‖L2(P ) = ‖H •W‖H2 = ‖H‖L2(W ).
The space Λ2(W ) consists of all progressively measurable processesH satisfying

1[0,t]H ∈ L2(W ), for all t ≥ 0. If H ∈ Λ2(W ), then H •W is a square integrable
Brownian martingale satisfying (H •W )t =

(
(1[0,t]H)•W

)
∞ (see 2.f.0.(d)) and so

‖(H •W )t‖L2(P ) = ‖1[0,t]H‖L2(W ), ∀ t ≥ 0. (0)

Finally L(W ) = L2
loc(W ) consists of all progressively measurable processes H such

that 1[0,τn]H ∈ L2(W ), for some sequence of optional times (τn) satisfying τn ↑ ∞,
P -as., as n ↑ ∞ (2.f.5). We have L2(W ) ⊆ Λ2(W ) ⊆ L(W ). In each of these
spaces two processes H, K are identified if they satisfy EP

∫ ∞
0
‖Hs −Ks‖2ds = 0;

equivalently, if H(s, ω) = K(s, ω), for λ× P -ae. (s, ω) ∈ R+ × Ω, where λ denotes
Lebesgue measure on R+.

If H ∈ Λ2(W ), then H •W is a square integrable Brownian martingale. We
shall now prove that conversely each square integrable Brownian martingale M can
be represented as M = H •W , for some predictable process H ∈ Λ2(W ). According
to I.7.b.3 the martingale M has a right continuous version and we will therefore
assume that M itself is right continuous. Let us now gather some auxiliary facts.

5.c.0. Let H ∈ L2(W ), n ≥ 1 and ξ = (H •W )∞. Then E(ξ|Ft) = (H •W )t, for all
t ≥ 0.

Proof. Simply because ξ = (H ·W )∞ is by definition the last element of the H2-
martingale H •W (2.f.3).

5.c.1. Let τn be a sequence of optional times such that τn ↑ ∞, P -as., as n ↑ ∞,
and H(n) ∈ L2(W ), n ≥ 1, a sequence of predictable processes such that

1[[0,τn]]H
(n) = 1[[0,τn]]H

(n+1) in L2(W ), n ≥ 1. (1)

Then there exists a unique predictable process H ∈ L(W ) such that 1[[0,τn]]H =
1[[0,τn]]H

(n) in L2(W ), for all n ≥ 1. If the τn are nonstochastic (constant) times,
then H ∈ Λ2(W ).

Remark. Uniqueness here means uniqueness as an element of L(W ), that is, unique-
ness pointwise, λ× P -as. on the set Π = R+ × Ω.



Chapter III: Stochastic Integration 193

Proof. Choose a P -null set A ⊆ Ω such that τn(ω) ↑ ∞, as n ↑ ∞, for all ω ∈ Ac.
Then A ∈ F0 and consequently the setN0 = [0,∞)×A ⊆ Π = R+×Ω is predictable.
It is obviously a λ× P -null set.

From (1) it follows that H(n+1) = H(n), λ × P -as. on the set [[0, τn]] ⊆ Π.
Consequently there exists a predictable λ×P -null set N1 ⊆ Π such that H(n)

s (ω) =
H

(n+1)
s (ω), for all (s, ω) ∈ N c

1 with s ≤ τn(ω) and all n ≥ 1. Let N = N0 ∪ N1.
Then N is a predictable λ × P -null set. Cutting everything off to zero outside N ,
we can define the process H as follows:

H = 1NcH(n) on [[0, τn]].

If (t, ω) ∈ N c, we have τn(ω) ↑ ∞, as n ↑ ∞, and H
(n)
t (ω) = Ht(ω), whenever

τn(ω) ≥ t, especially H(n)
t (ω) → Ht(ω), as n ↑ ∞. Thus 1NcH(n) → H, pointwise

on all of Π, and it follows that the process H is predictable.
Note that H = H(n), λ × P -as. on the stochastic interval [[0, τn]] and so

1[[0,τn]]H = 1[[0,τn]]H
(n) ∈ L2(W ), for all n ≥ 1. Thus H ∈ L(W ) (2.f.5).

5.c.2. (a) Let H,K ∈ L(W ). If H •W = K •W , then H = K in L(W ).
(b) If H,K ∈ L2(W ) and (H •W )∞ = (K •W )∞, then H = K in L2(W ).

Proof. (a) By linearity it will suffice to show that H •W = 0 implies that H = 0 in
L(W ). Assume H •W = 0. Then 0 = 〈H •W 〉t =

∫ t
0
‖Hs‖2ds, P -as., for all t ≥ 0.

Thus EP
∫ ∞
0
‖Hs‖2ds = 0, that is, H = 0 in L(W ).

(b) This follows from ‖
(
(H −K)•W

)
∞‖L2(P ) = ‖H −K‖L2(W ).

5.c.3 Theorem. Let M be a square integrable Brownian martingale with M0 = 0.
Then there exists a unique predictable process H ∈ Λ2(W ) such that M = H •W ,
that is, Mt =

∫ t
0
Hs · dWs, P -as., for all t ≥ 0. The process H is in L2(W ) if and

only if M is L2-bounded, that is, M ∈ H2.

Proof. The uniqueness of H follows immediately from 5.c.2 if we observe that
identification of processes in L(W ) and Λ2(W ) ⊆ L(W ) is the same.
Existence. Let n ≥ 1 and note that E(Mn) = E(M0) = 0. ThenMn ∈ L2(Ω,Fn, P )
and according to 5.b.3 there exists a predictable process H(n) ∈ L2(W ) such that
Mn = (H(n) •W )∞. The martingale property of M and 5.c.0 imply that

Mt = E(Mn|Ft) = (H(n) •W )t =
(
1[0,t]H

(n) •W
)
∞, ∀ 0 ≤ t ≤ n,

and so
(
1[0,n]H

(n) •W
)
∞ = Mn =

(
1[0,n]H

(n+1) •W
)
∞, ∀n ≥ 1.

The isometric property (0) now shows that 1[0,n]H
(n) = 1[0,n]H

(n+1) in L2(W ).
Thus there exists H ∈ Λ2(W ) such that 1[0,n]H = 1[0,n]H

(n), for all n ≥ 1 (5.c.1),
and so

Mt = (H •W )t, ∀t ≥ 0.

If H ∈ L2(W ) then M = H •W ∈ H2. Conversely, M = H •W ∈ H2 and (0) im-
ply ‖H‖L2(W ) = supt≥0 ‖1[0,t]H‖L2(W ) = supt≥0 ‖(H •W )t‖L2(P ) = ‖H •W‖H2 =
‖M‖H2 <∞ (see (0)). Thus H ∈ L2(W ).

Remark. Thus the map H �→ H •W identifies the space Λ2(W ) with the space of
all (FW

t )-adapted, square integrable martingales vanishing at zero. The restriction
of this map to L2(W ) is an isometric isomorphism of L2(W ) with H2

0.
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5.c.4 Corollary. Each Brownian local martingale M has a continuous version.

Proof. (a) Assume first that M is a square integrable martingale. Then there exists
a process H ∈ Λ2(W ) such that Mt = (H •W )t, P -as., for all t ≥ 0. Thus the
process H •W is a continuous version of M .

(b) Assume now that M is a martingale and fix T > 0. According to I.7.b.3 M
has a right continuous version and we may therefore assume that M itself is right
continuous. It will now suffice to show that the restriction of M to the interval
[0, T ] is in fact continuous. Choose a sequence of square integrable random variables
M

(n)
T such that EP |M (n)

T −MT | < 2−n, for all n ≥ 1. Then L(n)
t = EP

(
M

(n)
T |Ft

)
,

t ∈ [0, T ], is a square integrable Brownian martingale (Jensen’s inequality) and
hence has a continuous version M (n)

t . Applying the maximal inequality I.7.e.1.(a)
to the right continuous martingale Xt = M

(n)
t −Mt we obtain

P
(
supt∈[0,T ]

∣∣M (n)
t −Mt

∣∣ ≥ 1/n
)
≤ nEP

(
|M (n)

T −MT |
)
≤ n2−n,

for all n ≥ 1. Since the sum of these probabilities converges, the Borel Cantelli
lemma yields P

(
supt∈[0,T ]

∣∣M (n)
t −Mt

∣∣ ≥ 1/n io.
)

= 0, and so

supt∈[0,T ]

∣∣M (n)
t −Mt

∣∣ → 0, P -as., as n ↑ ∞.

Thus the sequence (M (n)) of continuous martingales converges P -as. pathwise
uniformly on [0, T ] to the martingale M . It follows that M is continuous on [0, T ].

(c) Finally, let M be a Brownian local martingale and (Tn) a reducing sequence of
optional times. Then Tn ↑ ∞, P -as., as n ↑ ∞ and MTn is a Brownian martingale
and hence has a continuous version K(n), for each n ≥ 1. It follows that

K
(n)
t = Mt∧Tn

= Mt∧Tn+1 = K
(n+1)
t , P -as. on the set [t ≤ Tn]. (2)

By continuity of the K(n) the exceptional null set here can be made independent of
t and n and we can thus choose a null set N ⊆ Ω such that Tn(ω) ↑ ∞, as n ↑ ∞,
and K

(n)
t (ω) = K

(n+1)
t (ω), for all n ≥ 1, t ≥ 0 and all ω ∈ [t ≤ Tn] ∩ N c. In

other words K(n)
t = K

(n+1)
t on the set [[0, Tn]]∩

(
R+×N c

)
. We can thus define the

process L as
L = 1NcK(n) on [[0, Tn]], n ≥ 1.

Then L has continuous paths. Let t ≥ 0. Then Lt = K
(n)
t = Mt∧Tn = Mt, P -as.

on the set [t ≤ Tn], for all n ≥ 1. Since the union of these sets is the complement
of a null set it follows that Lt = Mt, P -as., and hence L is a version of M .

Remark. The proof of (b) shows that a right continuous Brownian martingale is
itself continuous.
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5.d Integral representation of Brownian local martingales. We now turn to an
analogue of 5.c.3 for Brownian local martingales, that is, local martingales adapted
to the Brownian filtration. Let Wt = (W 1

t , . . . ,W
d
t ) be a d-dimensional Brownian

motion on the filtered probability space (Ω,F , (Ft), P ) and assume that Ft = FW
t

is the augmented (and thus right continuous) filtration generated by the Brownian
motion W as above.

5.d.0 Theorem. Let Mt be a Brownian local martingale with M0 = 0. Then there
exists a unique predictable process H ∈ L(W ) such that M = H •W , that is,

Mt =
∫ t

0

Hs · dBs, P -as., t ≥ 0. (0)

Proof. The uniqueness of H as an element of L(W ) follows immediately from 5.c.2.
Existence. According to 5.c.4, M has a continuous version and we may therefore
assume that M is itself continuous. We can thus find a sequence (τn) of optional
times such that τn ↑ ∞ and M(n) = Mτn is a uniformly bounded martingale and
hence a martingale in H2, for each n ≥ 1 (I.8.a.5, note M0 = 0).

Fix n ≥ 1 and note that M(n)t = Mt∧τn
. Applying the representation theorem

5.c.3 we can find a predictable process H(n) ∈ L2(W ) such that

M(n) = H(n) •W.

Using 2.c.0.(d) as well as M(n) = M(n)τn = M(n+ 1)τn we can now write
(
1[[0,τn]]H

(n)
)
•W =

(
H(n) •W

)τn = M(n)τn = M(n)

= M(n+ 1)τn =
(
1[[0,τn]]H

(n+1)
)
•W.

(1)

The isometric property of the map H ∈ L2(W ) �→ H •W ∈ H2 now shows that we
have 1[[0,τn]]H

(n) = 1[[0,τn]]H
(n+1) in L2(W ), for all n ≥ 1. According to 5.c.1 there

exists a predictable process H ∈ L(W ) such that

1[[0,τn]]H = 1[[0,τn]]H
(n) in L2(W ),

for all n ≥ 1. From (1) and 2.c.0.(d) we now have

Mτn = M(n) =
(
1[[0,τn]]H

(n)
)
•W =

(
1[[0,τn]]H

)
•W = (H •W )τn .

Letting n ↑ ∞ it follows that M = H •W .

Let us note the following interesting consequence:

5.d.1. Let K ∈ L(W ) be any progressively measurable process. Then there exists a
predictable process H ∈ L(W ) such that K = H in L(W ), that is,

K = H, λ× P -as. on the set Π = R+ × Ω.

Proof. Simply represent the Brownian local martingale M = K •W as in 5.d.0 and
then use the uniqueness result 5.c.2.
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5.e Representation of positive Brownian martingales. We continue with the as-
sumptions of sections 5.c, 5.d. Let us call a martingale M positive if it satisfies
Mt > 0, P -as., for every t ≥ 0.

5.e.0. Let γ ∈ L(W ) and M ∈ S. Then the equality M = E(γ •W ) is equivalent
with M0 = 1 and dMt = Mtγt · dWt.

Proof. See 4.b.2.

5.e.1. A positive Brownian martingale M can be represented in the form

Mt = Et(γ •W ) = exp

(∫ t

0

γs · dWs −
1
2

∫ t

0

‖γs‖2ds
)
, t ≥ 0,

for some predictable, Rd-valued process γ ∈ L(W ).

Proof. According to 5.c.4, M has a continuous version and we may therefore assume
that M is itself continuous. According to 5.e.0 it will suffice to find a process
γ ∈ L(W ) satisfying dMt = Mtγt ·dWt. Using 5.d.0 we can write Mt =

∫ t
0
Hs ·dWs,

t ≥ 0, for some predictable process H ∈ L(W ). Then
∫ t

0

‖Hs‖2ds <∞, P -as., ∀ t ≥ 0, (0)

and dMt = Ht ·dWt = Mtγt ·dWt, where γt = M−1
t Ht. It remains to be shown only

that γ is a predictable process in L(W ). Since M is continuous it is predictable.
Since H is also predictable, it follows that γ is predictable. Thus it remains to be
shown only that ∫ t

0

‖γs‖2ds <∞, P -as., ∀ t ≥ 0.

This follows immediately from (1) and the fact that the positive and continuous
paths s ∈ [0, t] �→Ms(ω) are bounded away from zero, P -as. on Ω.

5.f Kunita-Watanabe decomposition. The representation results above assume
that the local martingale to be represented is adapted to the augmented filtration
generated by the representing Brownian motion. If this is not the case, we still have
a decomposition result. We shall thus no longer assume that our filtration (Ft) is
the augmented filtration generated by some Brownian motion W .

Let us call two continuous local martingales M , N orthogonal (M ⊥ N) iff the
covariation process 〈M,N〉 is identically zero, that is, iff the product MN is a local
martingale.

If M and N are square integrable martingales, then MtNt − 〈M,N〉t is a
martingale (I.11.b.2). Thus M ⊥ N if and only if the product MN is a martingale.

Assume now that M0 = 0 or N0 = 0, that is, M0N0 = 0. If τ is a bounded
optional time and T > 0 a number such that τ ≤ T , then Mτ = EP

[
MT |Fτ

]
.

Since all conditional expectation operators are contractions on L2(P ) (I.2.b.15) it
follows that Mτ ∈ L2(P ). Likewise Nτ ∈ L2(P ) and consequently MτNτ ∈ L1(P ).
According to I.9.c.4,MtNt is a martingale if and only if EP

[
MτNτ

]
= EP

[
M0N0

]
=

0, that is, Mτ ⊥ Nτ in L2(P ), for all bounded optional times τ :
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5.f.0. Let M , N be continuous, square integrable martingales with M0N0 = 0. Then
M ⊥ N if and only if Mτ ⊥ Nτ in L2(P ), for all bounded optional times τ .

In particular M ⊥ N implies that Mt ⊥ Nt in L2(P ), for all t ≥ 0. If M,N ∈ H2

are L2-bounded martingales, this implies M∞ ⊥ N∞ in L2(P ), that is, M ⊥ N in
H2, since Mt → M∞ and Nt → N∞ in L2(P ), as t ↑ ∞ (square integrability of
the maximal function of an H2-martingale and Dominated Convergence Theorem).
Thus our notion of orthogonality of continuous local martingales M , N is stronger
than orthogonality in H2

0, when specialized to martingales M,N ∈ H2
0.

LetW be an Rd-valued Brownian motion. Recall that L2(W ) is a Hilbert space
of progressively measurable, Rd-valued processes H, the subspace of all predictable
processes H ∈ L2(W ) is closed, the map

H ∈ L2(W ) �→ (H •W )∞ ∈ L2(P ) (0)

is an isometry and Λ2(W ) is the space of all progressively measurable, Rd-valued
processes H such that 1[0,t]H ∈ L2(W ), for all t > 0. If H ∈ Λ2(W ) and t > 0,
then (H •W )t =

(
1[0,t]H •W

)
∞, and so, using the isometry (0),

∥∥(H •W )t
∥∥2

L2(P )
=

∥∥1[0,t]H
∥∥2

L2(W )
= EP

∫ t

0

∥∥Hs

∥∥2
ds.

Fix T > 0 and set

IT (W ) = { (H •W )T | H ∈ Λ2(W ) is predictable } ⊆ L2(P ).

If H ∈ Λ2(W ) then (H •W )T = (H̃ •W )∞, where H̃ = 1[0,T ]H ∈ L2(W ) (2.f.0.(d))
satisfies 1[0,T ]H̃ = H̃. It follows that IT (W ) is the image under the isometry (0)
of the subspace L2

T (W ) = {H ∈ L2(W ) | H = 1[0,T ]H } ⊆ L2(W ). As L2
T (W ) ⊆

L2(W ) is a closed subspace (H = 1[0,T ]H is equivalent with 1(T,∞)H = 0) it follows
that the subspace IT (W ) ⊆ L2(P ) is closed also. Letting

I(W ) = {H •W | H ∈ Λ2(W ) is predictable }

we have IT (W ) = { IT | I ∈ I(W ) }. Each integral process I ∈ I(W ) is a continuous
square integrable martingale vanishing at zero. If the underlying filtration (Ft) is
the augmented filtration generated by the Brownian motion W , then it follows
from 5.c.3 that conversely every continuous, square integrable martingale vanishing
at zero is in I(W ). In general we have the following decomposition result:
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5.f.1. Every continuous, square integrable martingale M has a unique decomposition
M = H •W + Z, where H ∈ Λ2(W ) is predictable and Z is a square integrable
martingale which is orthogonal to every martingale in I(W ). If M ∈ H2, then
H ∈ L2(W ), Z ∈ H2 and ‖M‖2H2 = ‖H‖2L2(W ) + ‖Z‖2H2 .

Remark. Uniqueness of the decomposition here means that the processH is uniquely
determined as an element of Λ2(W ) and Z is unique up to indistinguishability.

Proof. Let M be a continuous, square integrable martingale.
Uniqueness. Assume that H •W + Z = M = K •W +X, where H,K ∈ Λ2(W ) are
predictable and Z, X continuous, square integrable martingales orthogonal to each
martingale in I(W ). Then Z0 = X0 = M0 and hence Z0 −X0 = 0. Moreover the
martingale (H−K)•W = Z−X is orthogonal to itself, i.e., 〈Z−X〉 = 0. From this
it follows that Z −X is constant in time and so Z −X = 0. Thus H •W = K •W

and consequently H = K in Λ2(W ) (5.c.2).
Existence. It will suffice to establish the decomposition Mt = (H •W )t + Zt, t ∈
[0, T ], for each finite time horizon T > 0. The independence of H and Z of T then
follows from 5.c.1 and the uniqueness above.

Fix T > 0. Then MT ∈ L2(P ) and since IT (W ) ⊆ L2(P ) is a closed subspace,
we have a decomposition

MT = (H •W )T + ZT , (1)

where H ∈ Λ2(W ) and ZT ⊥ IT (W ). Now set Zt = E(ZT |Ft), t ∈ [0, T ]. Since M ,
H •W and Z are all martingales on [0, T ], (1) implies that

Mt = (H •W )t + Zt, t ∈ [0, T ].

The continuity of the martingale Z now follows from the continuity ofM and H •W .
The square integrability of ZT implies the square integrability of the martingale Z
on [0, T ] (I.2.b.15). Thus it remains to be shown only that Z ⊥ I(W ) on [0, T ]. Let
K ∈ Λ2(W ). We must show that Z ⊥ K •W on [0, T ], equivalently (5.f.0)

EP [Zτ (K •W )τ ] = 0,

for all optional times τ ≤ T . Consider such an optional time τ . Since conditional
expectation operators are contractions on L2(P ) we have Zτ = E(ZT |Fτ ) ∈ L2(P )
and likewise (K •W )τ ∈ L2(P ) and so Zτ (K •W )τ ∈ L1(P ). Set K̃ = 1[[0,τ ]]K ∈
L2(W ). Then

(K •W )τ = (K̃ •W )T ∈ IT (W )

(2.c.0.(d)). Note that Zτ = EP (ZT |Fτ ) and the Fτ -measurable, square integrable
factor (K •W )τ satisfies EP [ZT |Fτ ] (K •W )τ = EP [ZT (K •W )τ |Fτ ] (I.2.b.10). It
follows that

EP
[
Zτ (K •W )τ

]
= EP

[
EP [ZT |Fτ ](K •W )τ

]
= EP

[
EP [ZT (K •W )τ |Fτ ]

]
= EP

[
ZT (K •W )τ

]
= EP

[
ZT (K̃ •W )T

]
= 0,
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as desired. The last equality holds since (K̃ •W )T ∈ IT (W ) and ZT ⊥ IT (W ).
Assume now that M ∈ H2. The orthogonality of H •W and Z implies that

(H •W )t ⊥ Zt in L2(P ) and so, using 2.f.3.(a),

∥∥M∥∥2

H2 ≥
∥∥Mt

∥∥2

L2(P )
=

∥∥(H •W )t
∥∥2

L2(P )
+

∥∥Zt∥∥2

L2(P )

=
∫ t

0

∥∥Hs

∥∥2
ds+

∥∥Zt∥∥2

L2(P )
,

for all t ≥ 0. Taking the supremum over all t ≥ 0, we see that H ∈ L2(W ), Z ∈ H2

and we have ‖M‖2H2 = ‖H‖2L2(W ) + ‖Z‖2H2 .
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6. MISCELLANEOUS

6.a Ito processes. A continuous semimartingale X is called an Ito process if it
satisfies X(t) = X(0) +

∫ t
0
µ(s)ds+

∫ t
0
ν(s) · dWs, equivalently

dX(t) = µ(t)dt+ ν(t) · dWt, t ≥ 0, (0)

for some d-dimensional Brownian motion W and processes µ ∈ L(t) and ν ∈ L(W ).
Here t denotes the process t(t) = t. The relation (0) is commonly referred to as the
dynamics of X. It follows from (0) that the compensator of X is given by

uX(t) =
∫ t
0
µ(s)ds.

The processes µ(t) and ν(t) are called the drift and instantaneous volatility of X
respectively. This terminology will be justified in section 6.b. The Ito process X is
a local martingale if and only if its drift is zero. The following special case of (0)

dL(t) = L(t)µ(t)dt+ L(t)λ(t) · dWt, (1)

with drift and volatility proportional to the size of the random quantity, is the basic
dynamics dealt with in finance. Since drift and volatility depend on the process L,
it is not immediately clear that a solution L exists, but 6.a.0 below shows that it
does under suitable assumptions on the processes µ and λ.

The process λ(t) is called the instantaneous proportional (or percentage)
volatility of L. We will see below that the dynamics (1) implies that the process
L(t) is strictly positive and that X(t) = log(L(t)) is an Ito process.

6.a.0. Let µ ∈ L(t), λ ∈ L(W ) and L be a continuous semimartingale. Then the
following are equivalent:
(a) dL(t) = L(t)µ(t)dt+ L(t)λ(t) · dWt.
(b) L(t) = L(0)exp

(∫ t
0
µ(s)ds

)
Et

(
λ•W

)
.

(c) The process L is strictly positive and satisfies
d log(L(t)) =

(
µ(t)− 1

2‖λ(t)‖2
)
dt+ λ(t) · dWt.

In this case the multiplicative compensator UL of L is given by

UL(t) = exp
(∫ t

0
µ(s)ds

)
.

Proof. (a)⇒(b) Set B(t) = exp
(
−

∫ t
0
µ(s)ds

)
. Then dB(t) = −µ(t)B(t)dt. Thus

multiplying the equality dL(t)−L(t)µ(t)dt = L(t)λ(t)·dWt with B(t) it follows that
B(t)dL(t) + L(t)dB(t) = B(t)L(t)λ(t) · dWt. Setting X(t) = B(t)L(t), observing
that B(t) is a bounded variation process and using the stochastic product rule, this
becomes dX(t) = X(t)λ(t) · dWt with unique solution (4.b.2)

X(t) = X(0)Et(λ•W ) = X(0)exp
(
− 1

2

∫ t
0
‖λ(s)‖2ds+

∫ t
0
λ(s) · dWs

)
.
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Note now that X(0) = L(0) and divide by B(t) to obtain (b).

(b)⇒(c): Obvious. (c)⇒(a): Assuming (c) set Z(t) = log(L(t)). Then L(t) = eZ(t)

and Ito’s formula yields

dL(t) = eZ(t)dZ(t) + 1
2e

Z(t)d〈Z〉t = L(t)dZ(t) + 1
2L(t)d〈Z〉t. (2)

Here dZ(t) =
(
µ(t) − 1

2‖λ(t)‖2
)
dt + λ(t) · dWt, by assumption, and consequently

d〈Z〉t = ‖λ(t)‖2dt. Entering this into (2) we obtain

dL(t) = L(t)
[(
µ(t)− 1

2‖λ(t)‖2
)
dt+ λ(t) · dWt

]
+ 1

2L(t)‖λ(t)‖2dt
= L(t)µ(t)dt+ L(t)λ(t) · dWt,

as in (a). Assume now that (a)-(c) are satisfied and set U(t) = exp
(∫ t

0
µ(s)ds

)
. Then

U is a continuous bounded variation process with U(0) = 1. Moreover (b) implies
that L(t)/U(t) = L(0)Et(λ•W ) is a local martingale. It follows that U(t) = UL(t)
is the multiplicative compensator of L.

Remark. We are mainly interested in the equivalence of (a) and (c). However
the intermediate step (b) was necessary to see that the dynamics (a) implies the
positivity of the process L. If this were known beforehand, the equivalence of (a)
and (c) could be established by direct application of Ito’s formula. Rewriting (0) as

dL(t)
L(t)

= µ(t)dt+ λ(t) · dWt

suggests that µ(t) should be interpreted as the instantaneous rate of return of L(t)
at time t. This interpretation is also supported by formula 6.a.0.(b), if we recall
that the local martingale Kt = Et(λ•W ) is driftless.

6.a.1. Let Y be a continuous semimartingale satisfying dY (t) = Y (t)σ(t) · dWt,
where W is a d-dimensional Brownian motion and σ is a bounded, progressively
measurable Rd-valued process. Then Y is a square integrable martingale. Moreover,
setting Y ∗

t = sups∈[0,t] Y (s) we have E
[
(Y ∗

t )2
]
<∞ and consequently

E

(∫ t

0

σ(s)2Y (s)2ds
)
<∞, t ≥ 0.

Proof. Choose a constant C with |σ| ≤ C. Using 6.a.0 with µ = 0 we see that
Y (t) = Y (0)Et(L), where L = σ •W . Since 〈L〉t =

∫ t
0
‖σ(s)‖2ds ≤ C2t, Y is a

square integrable martingale (4.b.3). Now the L2-maximal inequality implies that
E

[
(Y ∗

t )2
]
≤ 4E

[
Y (t)2

]
<∞ (I.7.e.1.(b)) and this in turn implies that

E

(∫ t

0

σ(s)2Y (s)2ds
)
≤ E

(
(Y ∗

t )2
∫ t

0

σ(s)2ds
)
≤ C2t E

[
(Y ∗

t )2
]
<∞.

Next we consider the dynamics (0) with drift µ(t) = 0 and nonstochastic volatility
σ(t). In this case the distribution of the random vector X(T ) can be identified:
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6.a.2. Let W be a d-dimensional Brownian motion, T > 0 and σj : [0, T ] → Rd,
1 ≤ j ≤ n, continuous functions. Then σj ∈ L(W ). Set Yj =

∫ T
0
σj(s) · dWs

and Y = (Y1, . . . , Yn). Then the random vector Y has a multinormal distribution
N(0, C) with covariance matrix Cij =

∫ T
0
σi(t) · σj(t)dt.

Proof. (A) Let n = 1, write σ1(t) = σ(t) and set Σ2 = C11 =
∫ T
0
‖σ(s)‖2ds. We

must show that Y has distribution N(0,Σ2). To do this we compute the charac-
teristic function Ŷ (λ) = E

[
eiλY

]
. Set Zt =

∫ t
0
σ(s) · dWs (thus Y = ZT ) and note

that Zt is a mean zero continuous martingale with 〈Z〉t =
∫ t
0
‖σ(s)‖2ds and hence

d〈Z〉t = ‖σ(t)‖2dt.

Now fix λ ∈ R and set f(w) = eiλw and u(t) = Ẑt(λ) = E
[
eiλZt

]
= E(f(Zt)).

Since f ′(w) = iλf(w) and f ′′(w) = −λ2f(w), Ito’s formula yields

f(Zt) = f(Z0) +
∫ t

0

f ′(Zs)dZs +
1
2

∫ t

0

f ′′(Zs)d〈Z〉s

= 1 +
∫ t

0

f ′(Zs)dZs −
λ2

2

∫ t

0

f(Zs)‖σ(s)‖2ds.

Here
∫ t
0
f ′(Zs)dZs is a continuous mean zero martingale. Thus, taking expectations

using Fubini’s theorem and the nonstochastic nature of the process ‖σ(s)‖2 yields

u(t) = E
(
f(Zt)

)
= 1− λ2

2
E

(∫ t

0

f(Zs)‖σ(s)‖2ds
)

= 1− λ2

2

∫ t

0

‖σ(s)‖2E
(
f(Zs)

)
ds = 1− λ2

2

∫ t

0

‖σ(s)‖2u(s)ds.

The function u(t) is continuous and hence so is the integrand
∥∥σ(s)

∥∥2
u(s). Thus,

upon differentiating we obtain the following differential equation for u:

u′(t) = −λ
2

2
‖σ(t)‖2u(t) with solution u(t) = u(0)exp

(
−λ

2

2

∫ t

0

‖σ(s)‖2ds
)
.

Since f(Z0) = 1 we have u(0) = E
(
f(Z0)

)
= 1. Now let t = T . Then

Ŷ (λ) = ẐT (λ) = u(T ) = exp

(
−λ

2

2

∫ T

0

‖σ(s)‖2ds
)

= exp

(
−λ

2Σ2

2

)
,

which is the characteristic function of a one dimensional N(0,Σ2)-variable.

(B) Now let n ≥ 1. To see that Y is a Gaussian random vector, it will suffice to
show that h(Y ) is a normal variable, for each linear functional h : Rn → R. Such h
has the form h(y) = α1y1 + . . .+ αnyn, y ∈ Rn, for some scalars α1, . . . , αn. Then

h(Y ) =
∑n

i=1 αiYi =
∑n

i=1 αi
∫ T
0
σi(s) · dWs =

∫ T
0
ρ(s) · dWs,
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where ρ =
∑n

i=1 αiσi is a process as in step (A). It follows that h(Y ) is a normal
random variable. Thus Y is Gaussian. It remains to compute the covariance matrix
C of Y . Since the coordinates Yi are mean zero variables we have Cij = E(YiYj).
Using 2.c.5 it follows that

Cij = E
[(∫ T

0
σi(s) · dWs

) (∫ T
0
σj(s) · dWs

)]
=

∫ T
0
σi(s) · σj(s)ds.

Remark. Using 5.a.3 it is possible to shorten the proof of the one dimensional case:
Fix T > 0, define σ(t) = σ(T ) + t − T , for t > T , and set Y (t) =

∫ t
0
σ(s) · dWs,

for all t ≥ 0. Then Y is a continuous local martingale with deterministic quadratic
variation 〈Y 〉t =

∫ t
0
σ(s)2ds ↑ ∞, as t ↑ ∞. According to 5.a.3 we can write

Y (t) = B〈Y 〉t
, for some Brownian motion B = (Bt,Gt), where the filtration (Gt) is

defined as in 5.a.3. The nonstochastic nature of the quadratic variation 〈Y 〉t now
implies that Y (T ) is normal with mean zero and variance Σ2 = 〈Y 〉T =

∫ T
0
σ(t)2dt,

as desired.

6.b Volatilities. Let T > 0 and S be a strictly positive continuous semimartingale
on [0, T ]. Set Zt = log(St) and

V (t, T ) =
√
〈S〉T − 〈S〉t =

√
〈S〉Tt , as well as

Σ(t, T ) =
√
〈Z〉T − 〈Z〉t =

√
〈Z〉Tt , t ∈ [0, T ].

From the representation as the limit in probability

〈S〉Tt = lim
‖∆‖→0

∑ (
Stk − Stk−1

)2
, and

〈Z〉Tt = lim
‖∆‖→0

∑ (
Ztk − Ztk−1

)2 = lim
‖∆‖→0

∑ (
log

(
Stk

/
Stk−1

))2
,

where the limits are taken over all partitions ∆ = {tk} of [t, T ], it is clear that
〈S〉Tt and 〈Z〉Tt =

〈
log(Y )

〉T
t

are measures of the aggregate absolute respectively
percentage volatility of the process St over the interval [t, T ].

Note that this quadratic variation does not change when computed with respect
to some equivalent probability measure. This fact will be important when applied
to models of financial markets. Here St will be a security price. Realizations of the
paths of S are governed by the market probability P but the significant probability
measures in the theory are measures which are different from but equivalent to P .

It is thus useful to know that the volatility of S with respect to these measures
coincides with the volatility of S with respect to the market probability P and can
thus be estimated from market data. If S is an Ito process satisfying

dSt = µ(t)dt+ ν(t) · dWt, t ∈ [0, T ],

where Wt = (W 1
t , . . . ,W

d
t ) is a d-dimensional Brownian motion on (Ω,F , (Ft), P )

and ν ∈ L(W ), then d〈S〉t = ‖ν(t)‖2dt and so

V 2(t, T ) =
∫ T
t
‖ν(s)‖2ds and so dV 2(0, t) = ‖ν(t)‖2dt.
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Thus ‖ν(t)‖2 is a density for V 2(0, t). We will refer to the process ν(t) as the
volatility process of S. If S is a security price the Brownian motions W k

t should
be thought of as risk factors and the components νk(t) as intensities with which
these risk factors affect the price S.

Assume that ν(t) never vanishes and set u(s) = ν(s)
/
‖ν(s)‖ and V = u•W .

Then ‖ν(t)‖dVt = ν(t) · dWt and V is a continuous local martingale with V0 = 0.
Moreover 〈V 〉t =

∫ t
0
‖u(s)‖2ds = t and hence V is a one dimensional Brownian

motion (3.e.1). In short

6.b.0. If ν(t) never vanishes, we can write ν(t) ·dWt = ‖ν(t)‖dVt, where the process
Vt is a one dimensional Brownian motion on (Ω,F , (Ft), P ).

In terms of the one dimensional Brownian motion V , the dynamics of S now assumes
the form

dSt = µ(t)dt+ ‖ν(t)‖dVt.

Similar observations apply to the proportional volatility. Here we start from a
dynamics dSt

St
= µ(t)dt+ σ(t) · dWt, t ∈ [0, T ],

where σ ∈ L(W ). Recall that Zt = log(St) and so, according to 6.a.0,

dZt =
(
µ(t)− 1

2‖σ(t)‖2
)
dt+ σ(t) · dWt.

Thus d〈Z〉t = ‖σ(t)‖2dt. From this it follows that 〈Z〉T − 〈Z〉t =
∫ T
t
‖σ(s)‖2ds and

hence
Σ2(t, T ) =

∫ T
t
‖σ(s)‖2ds and so dΣ2(0, t) = ‖σ(t)‖2dt.

Thus ‖σ(t)‖2 is a density for Σ2(0, t). We will refer to the process σ(t) as the
(proportional) volatility process of S. The dynamics of S now can be rewritten as

dSt
St

= µ(t)dt+ ‖σ(t)‖dVt,

where Vt is a one dimensional Brownian motion. In the literature the term (propor-
tional) volatility is often reserved for the numerical process ‖σ(t)‖. The components
W j of the underlying Brownian motion are then referred to as factors and the vec-
torial process σ(t) as the factor loading. We will on occasion refer to the process
‖σ(t)‖ as the numerical (proportional) volatility of S.
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6.c Call option lemmas.

6.c.0. Let x, Σ, R be positive real numbers and Y a standard normal variable. Then

E
[(
x eΣY− 1

2Σ2 −Ke−R
)+

]
= xN(d1)−Ke−RN(d2) = e−R [f N(d1)−KN(d2)] ,

where f = xeR, d1 =
log(f/K) + 1

2Σ2

Σ
, d2 = d1 − Σ =

log(f/K)− 1
2Σ2

Σ

and N(d) = P (Y ≤ d) is the standard normal distribution function.

Proof. Set U = x exp
(
ΣY − 1

2Σ2
)
−Ke−R. Then

U > 0 if and only if Y > d =
(
ln(K/f) + 1

2Σ2
)/

Σ.

Thus E
[
U+

]
= E [U ; [U > 0]] = E

[(
x eΣY− 1

2Σ2 −Ke−R
)
; [Y > d]

]

= I1 − I2, where

I1 = xE
(
eΣY− 1

2Σ2
; [Y > d]

)
and I2 = E

(
Ke−R; [Y > d]

)
.

Recall that 1 − N(d) = N(−d), because of the symmetry of the standard normal
density. It follows that

I2 = Ke−RP (Y > d) = Ke−R (1−N(d)) = Ke−RN(−d) = Ke−RN(d2).

Moreover, using PY (dy) = (2π)−1/2exp
(
−y2/2

)
dy, we have

x−1I1 =
∫ ∞

d

(2π)−
1
2 exp

(
−y2

2 + Σy − 1
2Σ2

)
dy =

∫ ∞

d

(2π)−
1
2 exp

(
− 1

2

(
y − Σ

)2)
dy

=
∫ ∞

d−Σ

(2π)−
1
2 e−y

2/2dy = (1−N(d− Σ)) = N(Σ− d) = N(d1).

6.c.1. Let Xn, X be random variables on (Ω,F , P ) and G ⊆ F a sub-σ-field. Assume
that Xn is independent of G, for all n ≥ 1, and Xn → X, P -as. Then X is
independent of G.

Proof. It will suffice to show that X is independent of Z, equivalently that the
characteristic function F(X,Z)(s, t) factors as F(X,Z)(s, t) = FX(s)FZ(t), for each
G-measurable random variable Z. Consider such Z. By assumption we have
F(Xn,Z)(s, t) = FXn(s)FZ(t), for all n ≥ 1.

Let now n ↑ ∞. Then F(Xn,Z)(s, t) = EP
(
ei(sXn+tZ)

)
→ F(X,Z)(s, t) and

likewise FXn
(s)→ FX(s) by the Dominated Convergence Theorem. It follows that

F(X,Z)(s, t) = FX(s)FZ(t).

Let now (Wt)t∈[0,T ] be a d-dimensional Brownian motion on the filtered probability
space (Ω,F , (Ft), P ). Then the increment Wt −Ws is independent of Fs, for all
0 ≤ s < t.
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6.c.2. Let 0 ≤ t < T and σ : [t, T ]→ Rd be a continuous function. Then the random
variable X =

∫ T
t
σ(s) · dWs is independent of the σ-field Ft.

Proof. Let ∆n be a sequence of partitions of the interval [t, T ] such that ‖∆n‖ → 0,
as n ↑ ∞. According to 2.e.0 we have

S∆n
(σ,W ) =

∑
tj∈∆n

σ(tj−1) · (Wtj −Wtj−1)→ X

in probability, as n ↑ ∞. Indeed this convergence will be almost sure if (∆n) is
replaced with a suitable subsequence. The independence of Wtj −Wtj−1 from Ft
now shows that S∆n

(σ,W ) is independent of Ft, for all n ≥ 1, and 6.c.2 follows
from 6.c.1.

Consider now a strictly positive, continuous semimartingale S. Assume that the
process Z(t) = log(S(t)) satisfies the dynamics

dZ(t) = µ(t)dt+ σ(t) · dWt, (0)

for some deterministic processes µ ∈ L(t) and σ ∈ L(W ) and set

m(t, T ) =
∫ T
t
µ(s)ds and

Σ(t, T ) =
√
〈Z〉Tt =

(∫ T
t
‖σ(s)‖2ds

)1/2
, t ∈ [0, T ].

(1)

6.c.3. Let K > 0 and assume that Σ(t, T ) > 0, for all t ∈ [0, T ) and K > 0. Let
A =

[
S(T ) > K

]
=

[
Z(T ) > log(K)

]
. Then

EP
[
1A|Ft

]
= N(d), and(i)

E
[(
S(T )−K

)+|Ft
]

= S(t)em(t,T )+ 1
2Σ2(t,T )N(d1)−KN(d2), where(ii)

d = d2 =
log(S(t)/K) +m(t, T )

Σ(t, T )
and d1 = d+ Σ(t, T ), for all t ∈ [0, T ).

Proof. Fix t ∈ [0, T ). Let us split Z(T ) into a summand which is Ft-measurable
and another summand which is independent of the σ-field Ft. Write m(0, T ) =
m(0, t) +m(t, T ) and Σ2(0, T ) = Σ2(0, t) + Σ2(t, T ). From (0) it follows that

Z(T ) = Z(0) +
∫ T
0
µ(s)ds+

∫ T
0
σ(s) · dWs

= Z(t) +m(t, T ) +
∫ T
t
σ(s)dWs = X(t) + Y (t), where

X(t) = Z(t) +m(t, T ) and Y (t) =
∫ T
t
σ(s) · dWs.

(2)

Since σ is nonstochastic, Y (t) is independent of Ft (6.c.2) and is a mean zero normal
variable with variance Σ2(t, T ), that is, Y (t)

/
Σ2(t, T ) is a standard normal variable

(6.a.2). To simplify notation let us write m = m(t, T ) and Σ = Σ(t, T ).
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(i) We have A = [X(t) + Y (t) > log(K)] and consequently 1A = f(X(t), Y (t)),
where f(x, y) = 1Ã with Ã = [x+ y > log(K)] ⊆ R2.

SinceX(t) is Ft-measurable while Y (t) is independent of Ft, the conditional ex-
pectation EP [1A|Ft] = EP [f(X(t), Y (t)) | Ft] can be computed by leavingX(t) un-
changed while integrating Y (t) out according to its distribution under P (I.2.b.11),
that is,

EP [1A|Ft] = EP [f(X(t), Y (t)) | Ft] =
∫
R

f(X(t), y)PY (t)(dy)

= F (t,X(t)), where

F (t, x) =
∫
R

f(x, y)PY (t)(dy) = PY (t)(Ã) = PY (t)

(
[y > log(K)− x]

)

= P
(
Y (t) > log(K)− x

)
= P

(
Y (t)
Σ

<
log(K)− x

Σ

)

= 1−N
(
log(K)− x

Σ

)
= N

(
x− log(K)

Σ

)
.

As X(t) = Z(t)+m = log(S(t))+m it follows that EP [1A|Ft] = F (t,X(t)) = N(d),
with d =

(
X(t)− log(K)

)
/Σ =

(
log

(
S(t)/K

)
+m

)
/Σ.

(ii) Set Y = Y (t)/Σ and note that S(T ) = eZ(T ) = eX(t)eY (t). Thus

E
[
(S(T )−K)+|Ft

]
= E

[(
eX(t)eY (t) −K

)+∣∣Ft
]

= G(t,X(t)), where

G(t, x) =
∫
R

(
exey −K

)+
PY (t)(dy) = EP

[(
exeY (t) −K

)+
]

= EP

[(
ex+

1
2Σ2

eΣY− 1
2Σ2 −K

)+
]
.

Using 6.c.0 with R = 0 and x replaced with ex+
1
2Σ2

it follows that G(t, x) =
ex+

1
2Σ2

N(d1)−KN(d2) with d1 =
(
x− log(K) + Σ2

)/
Σ and d2 = d1−Σ. Replace

x with X(t) = log(S(t)) +m to obtain

E
[
(S(T )−K)+|Ft

]
= G(t,X(t)) = S(t)em+ 1

2Σ2
N(d1)−KN(d2),

where d1 =
(
log(S(t)/K) +m+ Σ2

)/
Σ and d2 = d− Σ as desired.
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6.d Log-Gaussian processes. Let W be a d-dimensional Brownian motion on the
filtered probability space (Ω,F , (Ft), P ).

6.d.0. Let M be a continuous local martingale such that the quadratic variation 〈M〉
is nonstochastic. Then M is a square integrable Gaussian martingale.

Proof. According to 5.a.4 we can write Mt = B〈M〉t
for some Brownian motion

B on a suitable enlargement of the filtered probability space (Ω,F , (Ft), P ). The
result follows, since B is a square integrable Gaussian martingale.

Remark. The converse is also true: if M is a square integrable Gaussian martingale,
then the quadratic variation process 〈M〉 is nonstochastic.

6.d.1. If the process σ ∈ L(W ) is nonstochastic, then the integral process σ •W is a
square integrable Gaussian martingale.

Proof. In this case σ •W is a continuous local martingale with nonstochastic
quadratic variation 〈σ •W 〉t =

∫ t
0
‖σ(s)‖2ds.

6.d.2. If the continuous semimartingale X has nonstochastic compensator uX and
quadratic variation 〈X〉, then X is a Gaussian process.

Proof. Let X = M +A be the semimartingale decomposition of X (uX = A). Then
〈M〉 = 〈X〉 is nonstochastic and so M is a square integrable Gaussian martingale
(6.d.0). Since the process A is nonstochastic, it follows that X is a square integrable
Gaussian process.
Let us call a positive process X log-Gaussian if the process log(X) is Gaussian.

6.d.3. Let X be a positive, continuous local martingale such that the quadratic vari-
ation process 〈log(X)〉 is nonstochastic. Then X is a log-Gaussian process.

Remark. Note that log(X) is not a local martingale in general.

Proof. Set Zt = log(Xt) and note that d〈Z〉t = X−2
t d〈X〉t (3.c.2.(c)). Assume that

the quadratic variation 〈Z〉 is nonstochastic. Since Z is a continuous semimartingale
it will now suffice to show that the compensator uZ is nonstochastic also. Using
the compensator formula 3.c.3.(b) and observing that uX = 0, we have

duZ(t) = X−1
t duX(t)− 1

2X
−2
t d〈X〉t = − 1

2d〈Z〉t.

Consequently uZ = − 1
2 〈Z〉t is nonstochastic.

6.d.4. Let σ ∈ L(W ) be nonstochastic and assume that the process L ∈ S satisfies
dL(t) = L(t)σ(t) · dWt. Then L ∈ S+ is a log-Gaussian process.

Proof. L is positive and d log(L(t)) = − 1
2‖σ(t)‖2dt+σ(t) ·dWt (6.a.0); equivalently,

log(L(t)) = At + (σ •W )t, where the process At = log(L(0)) − 1
2

∫ t
0
‖σ(s)‖2ds is

nonstochastic. According to 6.d.1 the process σ •W is Gaussian and hence so is the
process log(L(t)).
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6.e Processes with Þnite time horizon. In the study of financial markets we
will fix a finite time horizon T > 0 and consider a filtered probability space
(Ω,F , (Ft)t∈[0,T ], P ) with F = FT and processes X = X(t, ω) : [0, T ]×Ω → R (Rd)
defined on the finite time interval [0, T ].

Such a process X will be called a continuous local martingale, semimartingale,
etc. on [0, T ] if the process X̃(t) = X(t∧T ), t ≥ 0, is a continuous local martingale,
semimartingale, etc. on the filtered probability space (Ω,F , (Ft∧T )t≥0, P ). In other
words we extend the filtration (Ft) and the process X to the interval [0,∞) by
setting Ft = FT and X(t) = X(T ), for all t > T .

Note that X̃T = X̃. If X is a continuous semimartingale, then the semimartin-
gale decomposition X̃ = M +A of the extension X̃ satisfies M = MT and A = AT ,
thus d〈M〉t = duX̃(t) = 0, for t > T .

We now set L(X) = L(X̃) and H •X = H •X̃, for all H ∈ L(X). The inte-
grands H ∈ L(X) are processes defined on [0,∞) but their behaviour for t > T

is irrelevant, since X̃ = X̃T . In other words the stochastic differential dX = dX̃

satisfies dX(t) = 0, for t > T in the sense that

∫ t

0

H(s)dX(s) = (H •X̃)t = (H •X̃T )t = (H •X̃)Tt =
∫ t∧T

0

H(s)dX(s).

For example, if X = M is a scalar local martingale, then L(X) = L2
loc(M) is the

space of all progressively measurable processes H satisfying

∫ T

0

H2
sd〈M〉s <∞, P -as.
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CHAPTER IV

Application to Finance

1. THE SIMPLE BLACK SCHOLES MARKET

1.a The model. Consider a market trading only two securities, a bond with principal
one and a stock. Let us identify these securities with their price processes and let
Bt and St denote the prices of the bond and stock at time t ∈ [0, T ] respectively.
Here T denotes the finite time horizon. All trading is assumed to stop at time T .
We now make several assumptions about our market:
(a) Securities can be bought and sold short in unlimited quantities and are infinitely

divisible (that is, any fraction of a security can be bought or sold short).
(b) There are no transaction costs.
(c) The bond and stock satisfy dBt = r(t)Btdt, B0 = 1 and

dSt/St = µ(t)dt+ σ(t)dWt, S0 = x,
(0)

respectively, where r, σ : [0, T ] → R+ and µ : [0, T ] → R are continuous functions
(deterministic processes), W is a Brownian motion on the filtered probability space
(Ω,F , (Ft), P ) and (Ft) the augmented filtration generated by W . Recall that this
filtration is right continuous (II.2.f.0).

Clearly then Bt = exp
(∫ t

0
r(s)ds

)
. In our simple model the bond is nonstochas-

tic, that is, Bt is a constant for all t ∈ [0, T ]. Because of the nondecreasing nature of
Bt bondholders are subject to no risk. An investment in the bond can be liquidated
at any time without incurring a loss. Consequently r is called the risk-free rate
of return.

The equation for the stock price can also easily be solved. Recalling that
σ(t)dWt = d(σ •W )t we can rewrite it as dSt − µ(t)Stdt = Std(σ •W )t. Multiply
with m(t) = exp

(
−

∫ t

0
µ(s)ds

)
, set Xt = m(t)St and use the stochastic product rule

to obtain dXt = Xtd(σ •W )t with unique solution Xt = X0Et(σ •W ) (III.4.b.1).
Observing that X0 = S0 and multiplying with m(t)−1 = exp

(∫ t

0
µ(s)ds

)
this be-

comes
St = S0 exp

(∫ t

0
µ(s)ds

)
Et(σ •W )

= S0 exp
(∫ t

0

(
µ(s) − 1

2σ
2(s)

)
ds+

∫ t

0
σ(s)dWs

)
.

(1)

Since here Et(σ •W ) is a martingale with constant mean one and S0 = x a constant,
taking expectations yields E(St) = S0exp

(∫ t

0
µ(s)ds

)
and we can thus regard µ(t)
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as the instantaneous expected rate of return on the stock S at time t. On the other
hand the equality d〈log(S)〉t = σ2(t)dt allows us to view σ(t) as the instantaneous
percentage volatility of S at time t (see III.6.b).

An investment of 1/Bt dollars into the bond at time zero grows to one dollar
at time t in riskless fashion and so represents the value at time zero of one dollar to
be received at time t. Thus 1/Bt is the discount factor allowing us to express prices
in constant, time zero dollars. For example SB

t = St/Bt is the stock price process
expressed in such constant dollars. This discounting eliminates an inflationary drift
in prices, which is a consequence of the fact that money is lent for interest, and is a
necessary first step toward transforming the price processes Bt, St intomartingales
with respect to some suitable equivalent probability measure PB on FT . Note that
the discounted bond BB

t = Bt/Bt = 1 is already a martingale in any probability
measure. A short computation involving the stochastic product rule yields

dSB
t = σ(t)SB

t

[
σ(t)−1(µ(t) − r(t))dt+ dWt

]
. (2)

1.b Equivalent martingale measure. To eliminate the drift (µ−r)SB
t from 1.a.eq.(2)

set WB
t =

∫ t

0
γ(s)ds +Wt, where γ = (µ − r)/σ (recall that σ is assumed to be

strictly positive). Then dWB
t = σ(t)−1(µ(t) − r(t))dt + dWt and so 1.a.eq.(2) can

be rewritten as
dSB

t = σ(t)SB
t dW

B
t . (0)

The expected rate of return µ on the stock has disappeared. Equation (0) solves as
SB

t = S0Et(σ •WB) (III.4.b.1). It is now desirable to find a probability measure PB

in which WB
t is a Brownian motion, for then (0) can be regarded as the dynamics

of the process SB
t under the probability PB and SB

t is a PB-martingale.
Using III.4.c.0 such a probability PB is easily found. As WB

t =Wt +
∫ t

0
γ(s)ds

it will suffice to determine PB such that the density processMt = d(PB |Ft)/d(P |Ft)
satisfies dMt = −γ(t)MtdWt, equivalently Mt = Et(−γ •W ), for all t ∈ [0, T ]. Since
M and E(−γ •W ) are both martingales on [0, T ] it suffices to have

dPB

dP
= ET (−γ •W ) = exp

(
−

∫ T

0

γ(s)dWs −
1
2

∫ T

0

γ(s)2ds

)

and this defines a suitable probability measure PB on FT . The condition γ ∈ L(W )
of III.4.c.0 is satisfied since γ is continuous.

The precise nature of this Radon-Nykodym derivative is not important. The
crucial property is the fact that dPB/dP > 0 and hence the probability measure
PB is actually equivalent to the original probability measure P . We note

1.b.0. The discounted price processes BB
t = 1, SB

t are martingales with respect to
the probability PB.

For this reason PB is called the equivalent martingale measure. As St = BtS
B
t

equation (0) implies
dSt/St = r(t)dt+ σ(t)dWB

t . (1)
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Since WB
t is a Brownian motion with respect to PB , this equation is the dynamics

of St under PB . Note that the switch to the equivalent martingale measure PB

has replaced the expected rate of return µ of S under P with the risk-free rate of
return r on the bond. With respect to PB the expected yield of every asset is the
risk-free yield r. This corresponds to a world where every investor is risk neutral:
the possibility of greater gain exactly compensates a risk neutral investor for greater
risk so that no expected return greater than the risk-free return is demanded of any
asset. In consequence PB is also called the risk neutral probability. By contrast
the original probability P will now be called the market probability.
Remark. The nonstochastic nature of γ implies that the Brownian motion WB

t =
Wt +

∫ t

0
γ(s)ds generates the same augmented filtration (Ft) as the original Brow-

nian motion W . This is not generally the case for more complicated Girsanov
transformations and is important in the application of martingale representation
theorems.

1.c Trading strategies and absence of arbitrage. A trading strategy (dynamic
portfolio) is a predictable R2-valued process φt = (Kt, Ht), t ∈ [0, T ], satisfying
K ∈ L(B) and H ∈ L(S). This requirement ensures that the stochastic differentials
KdB and HdS are defined. Because of the special nature of our processes B and
S it is easily seen to be equivalent with the condition

∫ T

0

|Kt|dt+
∫ T

0

H2
t dt <∞, P -as.

The process φ is to be interpreted as a continuously changing portfolio holding Kt

units of the bond and Ht units of the stock at time t. The coefficients K and H
are called the portfolio weights. Thus

Vt(φ) = KtBt +HtSt (0)

is the price of this portfolio at time t. Such a portfolio is called tame, if the price
process Vt(φ) is bounded below, that is, Vt(φ) ≥ C > −∞, for all 0 ≤ t ≤ T and
some constant C. Consider now a portfolio φ = (K,H) which holds a constant
number of shares of the bond and the stock except for a single rebalancing of the
portfolio at time t0; in other words assume that

Kt =
{
a−, t ≤ t0,
a+, t > t0,

and Ht =
{
b−, t ≤ t0,
b+, t > t0,

where a−, a+, b−, b+ are constants. The rebalancing at time t0 will be called self -
financing, if money is neither injected nor withdrawn from the portfolio. In other
words the position at time t0 is sold and the proceeds immediately invested into the
new position. This is of course equivalent with the requirement Vt0(φ) = a+Bt0 +
b+St0 which in turn is equivalent with the equality

∆Vt(φ) = Vt(φ)−Vt0(φ) = a+(Bt−Bt0)+b+(St−St0) = Kt∆Bt +Ht∆St, t > t0.

This leads to the following fundamental definition:
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1.c.0 DeÞnition. The trading strategy φ = (K,H) is called self-financing if it satis-
fies

dVt(φ) = KtdBt +HtdSt.

Such a strategy φ is to be interpreted as a portfolio which is continuously rebalanced
without injection or withdrawal of funds. A transfer of funds takes place only at
the time of its inception. The self-financing condition can also be written as

Vt(φ) = V0(φ) +
∫ t

0

(KudBu +HudSu), t ∈ [0, T ].

Note that the discounted price process V B
t (φ) = Vt(φ)/Bt of a trading strategy

φ = (K,H) has the form V B
t (φ) = Kt +HtS

B
t .

1.c.1. let φt = (Kt, Ht) be a tame trading strategy. Then φ is self-financing if and
only if the discounted portfolio price process satisfies dV B

t (φ) = HtdS
B
t .

Proof. Write Vt = Vt(φ). From V B
t = Kt +HtS

B
t and the stochastic product rule

it follows that
dV B

t = dKt +HtdS
B
t + SB

t dHt + d〈H,SB〉t. (1)

Observing that dSB
t = −rStB

−1
t dt + B

−1
t dSt we can write SB

t = S0 +
∫ t

0
dSB

r =
At + (B−1 •S)t, where A is a continuous bounded variation process. Consequently
〈H,SB〉 = 〈H,B−1 •S〉 = B−1 •〈H,S〉, in other words d〈H,SB〉t = B−1

t d〈H,S〉t.
Thus (1) can be rewritten as

dV B
t = HtdS

B
t +

[
dKt + SB

t dHt +B−1
t d〈H,S〉t

]
. (2)

Similarly from Vt = KtBt + HtSt, the stochastic product rule and the bounded
variation property of B,

dVt = KtdBt +BtdKt +HtdSt + StdHt + d〈H,S〉t
= KtdBt +HtdSt +

[
BtdKt + StdHt + d〈H,S〉t

]
= KtdBt +HtdSt +Bt

[
dKt + SB

t dHt +B−1
t d〈H,S〉t

]
.

Using (2) the last bracket can be rewritten as dV B
t −HtdS

B
t . Consequently

dVt = KtdBt +HtdSt +Bt

(
dV B

t −HtdS
B
t

)

and 1.c.1 follows.

Remark. Let us call a trading strategy φ static if it is (pathwise) constant, that is,
the coefficients Kt = K0 and Ht = H0 do not depend on t. Then, obviously,

dVt(φ) = d
(
K0Bt +H0St

)
= K0dBt +H0dSt,

that is, φ is self-financing. Let us now gather the crucial facts about self-financing
trading strategies:
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1.c.2. Let φ be a self-financing trading strategy. Then
(a) V B

t (φ) is a PB-local martingale.
(b) If φ is tame, then V B

t (φ) is a PB-supermartingale.
(c) If Vt(φ) is a bounded variation process, then dVt(φ) = r(t)Vt(φ)dt.

Proof. (a) From dV B
t (φ) = HtdS

B
t we conclude that V B(φ) = V0(φ) +H •SB and

(a) follows. (b) A local martingale which is bounded below is a supermartingale
(I.8.a.7). (c) If Vt(φ) is a bounded variation process the same is true of the pro-
cess V B

t (φ) which is a PB-local martingale and must therefore be constant in time
(I.9.b.1) and so dV B

t = 0. It follows that

dVt = d
(
BtV

B
t

)
= V B

t dBt +BtdV
B
t = r(t)BtV

B
t dt = r(t)Vtdt.

Remarks. Properties (b), (c) have interesting interpretations. A tame trading
strategy φ is a strategy which does not tolerate unbounded losses. In other words,
a maximum loss is known in advance. In this case, according to (b), Vt(φ) = BtZt,
where Zt is a PB-supermartingale. Thus, under the equivalent martingale measure
PB , such a strategy is expected to do no better than the bond B.

If the price process Vt(φ) has paths of bounded variation, then the strategy φ
is called riskless. Thus property (c) states that a riskless self-financing portfolio
must earn the risk-free rate of return. In our model dVt = KtdBt + HtdSt =
KtdBt+µ(t)HtStdt+σ(t)HtStdWt and hence the risk-free property can only happen
in the trivial case σH = 0 but the same principle applies in more general models.

Arbitrage strategies. A trading strategy φ is called an arbitrage strategy if it is
self-financing and satisfies

V0(φ) = 0, VT (φ) ≥ 0 and P
(
VT (φ) > 0

)
> 0.

Such a strategy can be originated and maintained until time T without funds, carries
no risk (VT (φ) ≥ 0) and leads to a positive payoff with positive probability.

It is generally believed that arbitrage strategies do not exist in real financial
markets. This belief is based on the conviction that the appearance of an arbitrage
strategy will lead market players to try to exploit it on a very large scale. This
trading will then move prices in such a way as to make the arbitrage opportunity
disappear.

Example 1.c.3 below shows that arbitrage strategies exist in our market. How-
ever we will be able to show that no tame arbitrage strategy exists (1.c.4). This
fact will be an immediate consequence of the existence of the equivalent martingale
measure PB . The tameness condition means that a bound on the credit necessary
to maintain the strategy throughout its lifetime is known in advance.

1.c.3 Example. [KS, 1.2.3] Even when betting against subfair odds, winning
strategies can be found by sufficiently increasing the stakes on each bet. Let us
first bet repeatedly on the outcome Xn = +1 of a loaded coin labelled +1/ − 1
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with probabilities P (Xn = +1) = p, P (Xn = −1) = q, n ≥ 1. Recalling that
2n = 1 +

∑n−1
k=0 2k we bet 2n−1 dollars on the nth throw of the coin. This nets

winnings of 1 dollar at time τ = inf{n ≥ 1 | Xn = 1 }, where

E(τ) =
∑∞

n=0
nP (τ = n) =

∑∞

n=0
nqn−1p = p

1
(1 − q)2 =

1
1 − q <∞.

Even though the expected time to our winnings of 1 is finite, the stopping time τ
is not bounded and we must therefore be prepared to bet arbitrarily long. Likewise
intermediate losses are unbounded also.

In a continuous setting such strategies can be implemented on finite time in-
tervals [0, T ]. Consider the simple Black Scholes market with r = µ = 0 and σ = 1.
In this case Bt = 1, dSt = StdWt and St = exp(Wt − t/2), t ∈ [0, T ]. Note that the
assets B, S are already martingales with respect to the market probability P . The
stochastic integral

I(t) =
∫ t

0

1√
T − s

dWs

is a local martingale on [0, T ) with quadratic variation

〈I〉t =
∫ t

0

1
T − sds = log

(
T

T − t

)
.

Observe that s = log (T/(T − t)) if and only if t = t(s) = T (1−e−s) with increasing
t(s) : [0,∞) �→ [0, T ). It follows that J(s) = I

(
t(s)

)
is a continuous local martingale

on [0,∞) with quadratic variation 〈J〉s = 〈I〉t(s) = s and hence is a Brownian
motion on [0,∞). In particular ρα = inf{ s > 0 | J(s) = α } <∞ almost surely, for
each real number α. This in turn shows that

τα = inf{ t > 0 | I(t) = α } < T

and so I(T ∧ τα) = α almost surely. Now let φ = (K,H) be a trading strategy
satisfying Kt = I(t ∧ τα) −HtSt. Then

Vt(φ) = Kt +HtSt = I(t ∧ τα) =
∫ t

0

(T − s)−1/21[s≤τα]dWs,

especially V0(φ) = 0, VT (φ) = α and dVt(φ) = (T−t)−1/21[t≤τα]dWt. From dBt = 0
and dSt = StdWt it now follows that the self-financing condition assumes the form

HtStdWt = KtdBt +HtdSt = dVt(φ) =
1√
T − t

1[t≤τα]dWt

and this can be satisfied by setting Ht =
(
St

√
T − t

)−11[t≤τα]. With Kt defined
as above, φ is a self-financing strategy allowing us to reach an arbitrary amount
of α dollars at time T almost surely with no initial investment at time zero. This
strategy is not tame. In fact
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1.c.4. In the simple Black Scholes market tame arbitrage strategies do not exist.

Proof. Let φ be a tame, self-financing trading strategy with V B
T (φ) ≥ 0 and

V B
0 (φ) = 0. Then V B

t (φ) is a PB-supermartingale, in particular EPB

(
V B

T (φ)
)
≤

EPB

(
V B

0 (φ)
)

= 0. Therefore V B
T (φ) = 0, PB-as. and hence also P -as. Consequently

φ cannot be an arbitrage strategy.

1.c.5. Let φ be a self-financing trading strategy. If VT (φ) = 0 and |Vt(φ)| ≤ C,
t ∈ [0, T ], for some constant C, then Vt(φ) = 0, for all t ∈ [0, T ].

Proof. Write V B
t = V B

t (φ) = Vt(φ)/Bt. Then V B
t is a PB-local martingale which

is uniformly bounded and hence a martingale (I.8.a.4). From V B
T = 0 and the

martingale property it now follows that V B
t = 0, PB-as. and hence P -as., for all

t ∈ [0, T ].

1.c.6 Law of One Price. Let ψ, χ be self-financing trading strategies and assume
that VT (ψ) = VT (χ). If |VT (ψ)− VT (χ)| ≤ C, t ∈ [0, T ], for some constant C, then
Vt(ψ) = Vt(χ) for all t ∈ [0, T ].

Proof. Apply 1.c.5 to the strategy φ = ψ − χ.
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2. PRICING OF CONTINGENT CLAIMS

2.a Replication of contingent claims. A contingent claim h maturing at time T is
an FT -measurable random variable. The value h(ω) is the payoff at time T of the
claim h in the state ω ∈ Ω. It is assumed that our claim h has a payoff only at the
time T of maturity. The claim h is called a (European) option if it is nonnegative.

Note that h can be any measurable function of the entire path t ∈ [0, T ] �→
St(ω). Thus we call the risky asset the asset underlying the claim h. The payoff
h is contingent on or in some way derived from the price process of the underlying
asset. In consequence contingent claims are also called derivatives.

Many contingent claims occurring in practice do not depend on the entire path
t ∈ [0, T ] �→ St(ω) but are in fact deterministic functions h = f(ST ) of the stock
price ST at the time T of maturity only.

Examples of such contingent claims are the forward contract for purchase of
the asset at time T for a strike price K (h = f(ST ) = ST −K), the European call
option on the asset S with maturity T and strike price K (h = f(ST ) = (ST −K)+)
and the European put option on the asset S with maturity T and strike price K
(h = f(ST ) = (ST −K)−).

Replication and pricing. A self-financing trading strategy φ is said to replicate the
contingent claim h if it satisfies VT (φ) = h and the discounted process V B

t (φ) is a
PB-martingale (rather than only a PB-local martingale), equivalently if

V B
t (φ) = EPB

[
h/BT | Ft

]
, for all t ∈ [0, T ]. (0)

The claim h is called replicable, if there exists a replicating strategy for h. Multi-
plying (0) with Bt we obtain

Vt(φ) = BtEPB

[
h/BT | Ft

]
, for all t ∈ [0, T ],

for each replicating strategy φ of h. This leads us to define the arbitrage price
π = π(h) of a replicable contingent claim h to be the process

πt(h) = BtEPB

[
h/BT | Ft

]
, for all t ∈ [0, T ]. (1)

In other words we set πt(h) = Vt(φ), where φ is any replicating strategy for h.
Consider such a strategy φ and let us see why this equality should hold at time
t = 0, that is, why we should have π0(h) = V0(φ) (the general case is argued in
section 4.a below).

Assume we wish to enlarge our market by trading the claim h according to
some price process πt. If π0(h) > V0(φ) we sell short the claim h, go long the
strategy φ at time t = 0 and invest the surplus into the riskless bond. This is a
self-financing strategy yielding the certain profit (π0(h) − V0(φ))BT at time T . If
π0(h) < V0(φ) we follow the opposite strategy. In any case we have an arbitrage
strategy in the enlarged market which we wish to avoid.
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Note that this argument is not conclusive in the abstract generality of our
model, since in general only tame arbitrage strategies can be ruled out. However,
the price processes of all strategies that can be implemented in real financial markets
are bounded and hence tame.

Equation (1) is called the risk neutral valuation formula since expectations
are taken with respect to the risk neutral probability PB rather than the market
probability P . Let us note that the arbitrage price πt(h) is linear in h.

If the claim h is not replicable, then the arbitrage price of h is not defined.
If h is replicable, then h/BT = V B

T (φ) for some PB-martingale V B
t (φ) and so in

particular h/BT is PB-integrable. In our simple Black Scholes market the converse
is true also:

2.a.0. If the contingent claim h is PB-integrable, then it is replicable.

Proof. Set Mt = EPB

[
h/BT |Ft

]
. Let φ = (K,H) be a trading strategy and write

Vt = Vt(φ). Then φ replicates h if and only if Kt + HtS
B
t = V B

t = Mt, for all
0 ≤ t ≤ T . It will thus suffice to determine the process Ht, since we can then set
Kt =Mt −HtS

B
t .

To find Ht recall that the self-financing condition for φ is equivalent with
dV B

t = HtdS
B
t , that is in integral form, V B

t = V0 +
∫ t

0
HsdS

B
s , for all t ∈ [0, T ].

Combining this with the above we see that we must have

Mt = V B
t = V0 +

∫ t

0

HsdS
B
s , ∀t ∈ [0, T ].

This now indicates how to obtain the process Ht. Recall that (Ft) is also the
augmented filtration generated by the Brownian motion WB

t . By the martingale
representation theorem III.5.d.0 the (Ft)-martingale Mt can be represented as

Mt =M0 +
∫ t

0

JsdW
B
s , t ∈ [0, T ], (2)

for some predictable process J ∈ L(WB). Recalling that dSB
s = σSB

s dW
B
s we can

rewrite (2) as Mt =M0 +
∫ t

0
Js/(σSB

s )dSB
s and so we want

M0 +
∫ t

0

Js/(σSB
s )dSB

s =Mt = V0 +
∫ t

0

HsdS
B
s ,

for all t ∈ [0, T ]. This implies that M0 = V0 and indicates that we should define

Hs = Js/(σSB
s ), Ks =Ms −HsS

B
s and φ = (K,H).

Then Mt = M0 +
∫ t

0
HsdS

B
s . Let us show that φ is a trading strategy, that is

K ∈ L(B) and H ∈ L(S). From the dynamics dSt = St

(
µdt+ σdWt

)
we conclude

that duS(s) = µSsds and d〈S〉s = σ2S2
sds. The process J ∈ L(WB) satisfies

∫ T

0
J2

s ds <∞, PB-as. (3)
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Thus
∫ T

0
H2

sd〈S〉s =
∫ T

0
J2

sB
2
sds < ∞ and

∫ T

0
|Hs| |duS(s)| =

∫ T

0
|σ−1µJs|Bsds <

∞, P -as., and so H ∈ L(S). Likewise Ks = Ms − HsS
B
s = Ms − Js/σ. From

(3) it follows that J ∈ L(B) and the continuity of M (III.5.c.4) now implies that
K ∈ L(B).

Directly from its definition the trading strategy φ satisfies V B
t (φ) = Mt, t ∈

[0, T ]. In particular V B
t (φ) is a martingale. Moreover, for t = T , it follows that

VT (φ) = BTMT = h. It remains to be checked only that the strategy φ is self-
financing. Indeed from Mt =M0 +

∫ t

0
HsdS

B
s it follows that

dV B
t (φ) = dMt = HtdS

B
t , as desired.

Remark. Many actually traded derivatives are deterministic functions h = f(ST )
of the price of the underlying asset at the time T of maturity of the derivative. As
we shall see later it is possible to derive explicit formulas for the hedging strategy
φt = (Kt, Ht) without relying on the martingale representation theorem.

A naive approach to derivatives pricing would try to compute the price ct of
the derivative at time t as the expected payoff πt = BtB

−1
T E

[
h|Ft

]
of the derivative

at maturity T discounted back to time t.
However the arbitrage pricing argument shows that this conditional expectation

has to be computed with respect to the equivalent martingale measure PB and
not with respect to the market probability P . In the simple Black Scholes model
PB as constructed above is the unique eqivalent probability measure with respect
to which the price processes of the market assets are martingales.

Thus arbitrage pricing forces us to change the original probability to the equiva-
lent martingale measure PB . We have already seen that this corresponds to passage
into a world where all investors are risk neutral and the expected yield on every
security is the risk-free yield.

Forward contracts and forward prices. The pricing of the forward contract for the
purchase of the stock S at time T for the strike price K is particularly simple. Here
h = f(ST ) = ST −K. Recalling that SB

t is a PB-martingale, the arbitrage price πt

of this contract is given by

πt = BtEPB

[
h/BT | Ft

]
= BtEPB

[
ST /BT | Ft

]
−KBtB

−1
T

= BtEPB

[
SB

T | Ft

]
−KBtB

−1
T = BtS

B
t −KBtB

−1
T

= St −KBtB
−1
T .

It is easy to give a self-financing, even static, portfolio replicating this forward
contract:

long: one share of S, short: K/BT riskless bonds.

The long position grows to ST at time T while the short position grows to K at
time T . The price of this portfolio at time t is equal to Vt = St −KBtB

−1
T and so

V B
t = SB

t −K/BT is a PB-martingale.
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The forward price Ft of the stock S for delivery at time T is that strike price
Ft = K which makes the value πt of the above forward contract at time t equal to
zero. Solving for K we obtain Ft = StB

−1
t BT = BTS

B
t . This is nothing but the

price St transported forward from time t to time T using the accrual factor B−1
t BT .

Since the discounted price process SB
t is a PB-martingale, we can write this as

Ft = BTS
B
t = BTEPB

[
SB

T | Ft

]
= EPB

[
ST | Ft

]
.

Forward price. The forward price Ft at time t of the stock S for delivery at time
T is given by Ft = StB

−1
t BT = EPB

[
ST | Ft

]
.

European puts and calls. Let h = ST −K be the forward contract for the purchase
of one share of S at strike price K at time T . Then the claim h+ = (ST −K)+ is
called the European call on S with strike price K exercisable at time T . Obviously
this is the value at time T of the right (without obligation) to purchase one share of
S for the strike price K. Likewise the claim h− = (ST −K)− is called the European
put on S with strike price K exercisable at time T and is the value at time T of
the right (without obligation) to sell one share of S for the strike price K.

Recalling that the arbitrage price πt(h) is linear and observing that h = h+−h−
yields the following relation for the call and put price processes Ct = πt(h+) and
Pt = πt(h−): St −KBtB

−1
T = πt(h) = πt(h+)−πt(h−) = Ct −Pt. In short we have

the so called

Put-Call Parity. St + Pt − Ct = KBtB
−1
T , for all t ∈ [0, T ].

2.b Derivatives of the form h = f(ST ). Consider a contingent claim h of the form
h = f(ST ), where f : R → R is some function and assume that h ∈ L1(PB). Then
h is replicable and we will now try to compute the arbitrage price process

πt(h) = BtEPB
[h/BT | Ft] = BtB

−1
T EPB

[h|Ft]. (0)

Since here expectations are taken with respect to the equivalent martingale measure
PB it will be useful to start from the dynamics

dSt/St = r(t)dt+ σ(t)dWB
t

(1.b.eq.(1)) driven by the PB-Brownian motion WB
t with solution

St = S0 exp

(∫ t

0

r(s)ds− 1
2

∫ t

0

σ2(s)ds+
∫ t

0

σ(s)dWB
s

)
. (1)

Let t < T and write

ST = St

(
ST

St

)
= St exp

(∫ T

t

r(s)ds− 1
2

∫ T

t

σ2(s)ds+
∫ T

t

σ(s)dWB
s

)
.
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Setting

R(t, T ) =
∫ T

t
r(s)ds and Σ(t, T ) =

(∫ T

t
σ2(s)ds

)1/2

,

we can rewrite this as

ST = St

(
ST

St

)
= St exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )Y

)
, (2)

where Y = Σ(t, T )−1
∫ T

t
σ(s)dWB

s . According to III.6.a.2 the stochastic integral∫ T

t
σ(s)dWB

s is a normal random variable with mean zero and variance
∫ T

t
σ2(s)ds =

Σ2(t, T ). Consequently Y is a standard normal variable under the probability PB

which is independent of the conditioning σ-field Ft in (0) (III.6.c.2). Writing h =
f(ST ) = f

(
St exp

(
R(t, T ) − 1

2Σ2(t, T ) + Σ(t, T )Y
))

, (0) becomes

πt(h) = BtB
−1
T EPB

[
f

(
St exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )Y

)) ∣∣Ft

]
.

Since here St is Ft-measurable while Y is independent of the σ-field Ft this condi-
tional expectation can be computed by integrating out the variable Y according to
its distribution PB

Y (dy) under the probability PB (I.2.b.11); in other words

πt(h) = BtB
−1
T

∫
R

f

(
St exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )y

))
PB

Y (dy)

= F (t, St), where

F (t, x) = BtB
−1
T

∫
R

f

(
x · exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )y

))
PB

Y (dy).

Recalling that BtB
−1
T = exp

(
−R(t, T )

)
we can write

F (t, x) = exp
(
−R(t, T )

)
EPB

[
f

(
x · exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )Y

))]
.

In this form the precise nature of the probability PB is no longer relevant. It
is relevant only that Y is a standard normal variable under PB . Thus we can
summarize these findings as follows:

2.b.0. Assume that the derivative h = f(ST ) satisfies h ∈ L1(FT , PB). Then the
arbitrage price πt(h) can be written as πt(h) = F (t, St), where

F (t, x) = exp
(
−R(t, T )

)
E

[
f

(
x · exp

(
R(t, T ) − 1

2
Σ2(t, T ) + Σ(t, T )Y

))]
, (3)

for some standard normal variable Y .

The function F (t, x) will later be seen to satisfy certain partial differential equations.
We should think of F (t, x) as the price of h at time t given that St = x.
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European call. We are now in a position to the derive the Black-Scholes formula
for the arbitrage price πt(h) of a European call h with strike price K and maturity
T . Here f(u) = (u −K)+ and multiplying through with the leftmost exponential
in (3) yields πt(h) = F (t, St), where

F (t, x) = E
[(
x · exp

[
Σ(t, T )Y − 1

2 Σ(t, T )2
]
−Ke−R(t,T )

)+
]
, (4)

for some standard normal variable Y . Evaluating F (t, x) using III.6.c.0 with Σ =
Σ(t, T ) and R = R(t, T ) we obtain

F (t, x) = xN(d1) −Ke−R(t,T )N(d2) = e−R(t,T ) [g N(d1) −KN(d2)] ,

where g = xeR(t,T ),

d1 =
log(g/K) + 1

2Σ(t, T )2

Σ(t, T )
, d2 = d1 − Σ(t, T ) =

log(g/K) − 1
2Σ(t, T )2

Σ(t, T )

and N(d) = P (Y ≤ d) is the standard normal distribution function. To find the
Black-Scholes call price replace x with St and note that then g = Ste

R(t,T ) =
StB

−1
t BT becomes the forward price Ft = StB

−1
t BT of the asset S at time t. Thus

2.b.1 Black-Scholes call price. The European call h = (ST − K)+ has arbitrage
price Ct = StN(d1) −Ke−R(t,T )N(d2) = e−R(t,T )

[
FtN(d1) −KN(d2)

]
, where

d1 =
log(Ft/K) + 1

2 Σ(t, T )2

Σ(t, T )
, d2 =

log(Ft/K) − 1
2 Σ(t, T )2

Σ(t, T )

and Ft = Ste
R(t,T ) = StB

−1
t BT is the forward price at time t of the underlying

asset S for delivery at time T .

Remark. Alternatively this can be written as Ct = F (t, St), where

F (t, x) = xN(d1) −Ke−R(t,T )N(d2),

d1 =
log(x/K) +R(t, T ) + 1

2Σ(t, T )2

Σ(t, T )
and d2 =

log(x/K) +R(t, T ) − 1
2Σ(t, T )2

Σ(t, T )
.

Here F (t, x) is the price of our call option at time t given that St = x.

European put. Solving in the put call parity St + Pt − Ct = Ke−R(t,T ) for the put
price Pt and using 1 −N(d) = N(−d) yields

Pt = e−R(t,T )
[
KN(−d2) − FtN(−d1)

]
,

where d1 and d2 and Ft are as in 2.b.1. More examples will be treated below in the
context of stochastic interest rates (examples 4.d.2, 4.d.3, 4.d.4).
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Historic volatility. A crucial input in the evaluation of the call price 2.b.1 is the
quantity Σ(t, T ). Assume that S follows the dynamics dSt = µ(t)Stdt+ σ(t)StdWt

under the market probability P (the volatilities of S under P and PB are the same).
Then d log(St) =

(
µ(t)− 1

2σ(t)
2
)
dt+σ(t)dWt (III.6.a.0) and so d〈log(S)〉t = σ(t)2dt.

Consequently

Σ2(t, T ) =
∫ T

t

σ2(s)ds = 〈log(S)〉Tt = 〈log(S)〉T − 〈log(S)〉t

is the aggregate volatility of log(S), that is, the aggregate percentage volatility of
the stock price S over the remaining life of the call option (the interval [t, T ]). Thus
an application of 2.b.1 at time t necessitates the prediction of the future aggregate
volatility 〈log(S)〉Tt .

Let us assume now that µ(t) = µ and σ(t) = σ are constant. Then Σ(t, T ) =
σ
√
T − t and the problem of predicting 〈log(S)〉Tt becomes the problem of estimating

the parameter σ. Under the restrictive assumptions of our model this can be done
by using historic observations of the stock price St. If µ(t) = µ and σ(t) = σ, then
log(St) = log(S0) + (µ− 1

2σ
2)t+ σWt and so, for tk < tk+1,

log(Stk+1) − log(Stk
) = (µ− 1

2σ
2)(tk+1 − tk) + σ(Wtk+1 −Wtk

).

From this it follows that the return log(Stk+1)− log(Stk
) over the interval [tk, tk+1]

is normal with mean m = (µ− 1
2σ

2)(tk+1 − tk) and variance s2 = σ2(tk+1 − tk).
Now split any past time interval [a, b] of length b−a = T−t into N subintervals

[tk, tk+1] of equal length tk+1 − tk = δ. Set Xk = log
(
Stk+1

)
− log

(
Stk

)
. Then the

Xk are independent normal variables with identical distribution N
(
(µ− 1

2σ
2)δ, σ2δ

)
.

Thus the observed values of the Xk can be viewed as independent random draws
from a normal distribution with variance σ2δ. The standard statistical estimator
for this variance is the quantity

σ2δ =
1
N

∑N−1

k=0
(Xk −X)2 =

1
N

∑N−1

k=1
X2

k −X2
,

where X = 1
N

∑N−1
k=1 Xk. It is convenient to use the denominator N rather than

N − 1 as is usual. Here X ∼= (µ− 1
2σ

2)δ and so X
2

is very small if δ is small. This
term can therefore be neglected and we estimate

σ2δ =
1
N

∑N−1

k=1
X2

k .

Multiplying with N and observing that Nδ = T − t we obtain the predictor

〈log(S)〉Tt = σ2(T − t) =
∑n

k=1
X2

k =
∑N−1

k=1

(
log(Stk+1) − log(Stk

)
)2

in pleasant agreement with the definition of this quadratic variation.
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2.c Derivatives of securities paying dividends. So far we have assumed that the
stock S does not pay a dividend. This was important in the definition of a self-
financing trading strategy, which in turn is the basis for arbitrage arguments. When
considering opportunities for riskless profit the dividend stream accruing to the
holder of an asset paying dividends must be taken into account.

Let us assume now that the asset S pays a dividend continuously at the yield
q(t) assumed to be a deterministic function of time. In other words we assume that
the dividend process Dt satisfies

dDt = q(t)Stdt.

Here Dt is to be interpreted as the total amount of dividend received up to time t.
An example of such an asset is a foreign currency. In this case q(t) is the foreign
risk-free rate.

A trading strategy φt =
(
Kt, Ht

)
holding Kt units of the riskless bond and Ht

units of the dividend paying stock S at time t will now be called self -financing,
if the corresponding portfolio price process Vt(φ) = KtBt +HtSt satisfies

dVt(φ) = KtdBt +HtdSt + q(t)HtStdt.

Set Q(t, T ) =
∫ T

t
q(s)ds, At = e−Q(t,T ) and S1

t = AtSt = Ste
−Q(t,T ). Then At is

a nonstochastic, bounded variation process satisfying dAt = q(t)Atdt and AT = 1.
Using the stochastic product rule and 1.a.eq.(1) we have

dS1
t = AtdSt + StdAt = AtdSt + q(t)AtStdt

= AtSt

[
µ(t)dt+ σ(t)dWt

]
+ q(t)AtStdt

= S1
t

[
(µ(t) + q(t))dt+ σ(t)dWt

]
.

(0)

Thus S1
t follows a geometric Brownian motion with time dependent nonstochastic

parameters. We can thus view S1
t as the price process of a new stock. Let ψt =(

Kt, Ht/At

)
be a trading strategy taking positions in the bond and the new stock

S1
t . The corresponding price process Vt(ψ) satisfies

Vt(ψ) = KtBt + (Ht/At)S1
t = KtBt +HtSt = Vt(φ),

that is, φ and ψ have the same price process. From (0) it follows that dS1
t =

At

(
dSt + q(t)Stdt

)
. If φ is self-financing, then

dVt(ψ) = dVt(φ) = KtdBt +Ht

(
dSt + q(t)Stdt

)
= KtdBt + (Ht/At)dS1

t .

This is the self-financing condition for the trading strategy ψ if the new stock S1
t is

assumed to pay no dividend. Let us call the asset S1 the dividend-free reduction
of S. Then we have seen:
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For each self-financing trading strategy φt = (Kt, Ht) taking positions in the
dividend paying asset S the corresponding trading strategy ψt =

(
Kt, Ht/At

)
taking

positions in the dividend-free reduction S1 of S is also self-financing and satisfies
Vt(ψ) = Vt(φ), t ∈ [0, T ].

Let now h = f(ST ) be any derivative of the dividend paying asset St which
depends only on the terminal value of S. Because of AT = 1 we have ST = S1

T .
Thus h = f(ST ) = f(S1

T ) is the very same derivative of the dividend-free reduction
S1 of S.

If the trading strategy φ replicates the derivative h = f(ST ) then the trading
strategy ψ replicates h = f(S1

T ) viewed as a derivative of S1. Thus, letting ct
respectively c1t denote the arbitrage price processes of h = f(ST ) = f(S1

T ) consid-
ered as a derivative of the dividend paying asset S respectively of the dividend-free
reduction S1 of S, we have

ct = Vt(φ) = Vt(ψ) = c1t , t ∈ [0, T ].

If explicit formulas are already known for the case of a dividend-free asset, the price
process ct of h as a derivative of a dividend paying asset S can be obtained by
simply replacing St with its dividend-free reduction S1

t and using the corresponding
formulas for S1

t . Consider the following examples:

Forward price. The forward price Ft (at time t) for delivery of S at time T is the
strike price K which makes the value of the forward contract on S maturing at time
T equal to zero. This forward contract is a derivative h = f(ST ) = ST −K of St

of the above form. Thus the forward price F for delivery of S at time T equals the
forward price F 1 for delivery of the dividend-free reduction S1 of S, that is,

Ft = F 1
t = S1

t e
R(t,T ) = Ste

R(t,T )−Q(t,T ).

European calls and puts. Replacing St with S1
t in 2.b.1 amounts to replacing the

forward price Ft = Ste
R(t,T ) with F 1

t = S1
t e

R(t,T ) = Ste
R(t,T )−Q(t,T ), which is the

forward price of St as a dividend paying asset. Thus we see that the formulas 2.b.1
of the European call and put prices remain unchanged in the case of a dividend
paying asset (when expressed in terms of the forward price Ft of this asset):

Ct = e−R(t,T )
[
FtN(d1) −KN(d2)

]
, Pt = e−R(t,T )

[
KN(−d2) − FtN(−d1)

]
,

where d1 =
log(Ft/K) + 1

2 Σ(t, T )2

Σ(t, T )
and d2 =

log(Ft/K) − 1
2 Σ(t, T )2

Σ(t, T )
,

the only difference being in the computation of the forward price F of S for delivery
at time T : Ft = Ste

R(t,T )−Q(t,T ).
In the computation of the forward price the change from a dividend-free asset to

a dividend paying asset can simply be made by replacing the risk-free yield r(t) with
the difference r(t) − q(t). Note carefully however that the European call and put
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prices for a dividend paying asset cannot be obtained from those of a dividend-free
asset by simply replacing r(t) with r(t) − q(t).

Equivalent martingale measure: In the case of a dividend-free asset the equiv-
alent martingale measure PB made the discounted price process of the asset into a
martingale with the crucial consequence being that the discounted price process of
a self-financing trading strategy φ is a PB- local martingale (and a martingale under
suitable, not very restrictive conditions on the coefficients Kt, Ht of φ). Thus an
appropriate notion for an equivalent martingale measure in the case of a dividend
paying asset is as an equivalent probability with respect to which the discounted
price processes of self-financing trading strategies taking positions in this asset are
local martingales.

Because of the equality V B
t (φ) = V B

t (ψ), where φ and ψ are as above, this will
be true of an equivalent martingale measure for the dividend-free reduction S1 of
S. Since the price process S1

t satisfies

dS1
t = S1

t

(
(µ(t) + q(t))dt+ σ(t)dWt

)

this equivalent martingale measure PB replaces the yield µ(t)+q(t) of the dividend-
free reduction S1

t of St with the risk-free yield r(t). Equivalently, PB replaces the
yield µ(t) of St with the difference r(t) − q(t).
With this notion of equivalent martingale measure PB the forward price F of S for
delivery at time T can again be written as

Ft = F 1
t = EPB

[
S1

T |Ft

]
= EPB

[
ST |Ft

]
,

exactly as in the dividend-free case (recall S1
T = ST ).

Put call parity. Since European puts and calls on S have the same price processes
as the corresponding puts and calls on S1, the put call parity assumes the form
S1

t + Pt − Ct = Ke−R(t,T ), that is,

Ct − Pt = Ste
−Q(t,T ) −Ke−R(t,T ).
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3. THE GENERAL MARKET MODEL

Let T ∗ > 0 be finite, (Ω,F , (Ft)t∈[0,T∗], P ) a filtered probability space, F = FT∗ .
The filtration (Ft) is assumed to be augmented and right continuous and the σ-
field F0 is trivial and hence all F0-measurable random variables constant. This is
in accordance with our intuition that at time t = 0 (the present) the values of all
processes can be observed and are thus not subject to uncertainty.

Recall that our theory of stochastic integration can handle only continuous
integrators. Some naturally occurring local martingales M however are not nec-
essarily continuous. This is the case for instance if Mt = d(Q|Ft)/d(P |Ft) is the
density process of an absolutely continuous measure Q << P on F . This process
is merely known to have a right continuous version with left limits. In order to
force such processes into the scope of our integration theory, we make the following
assumption, which is not uncommon in the theory of mathematical finance:

3.0 Assumption. (Ft) is the augmented filtration generated by some (not necessarily
one dimensional) Brownian motion.

In consequence every (Ft)-adapted local martingale is automatically continuous
(III.5.c.4).

3.a Preliminaries. Recall the conventions of III.6.e regarding processes with fi-
nite time horizons and let S denote the family of all continuous semimartingales
on (Ω,F , (Ft)t∈[0,T∗], P ) and S+ denote the family of all semimartingales S ∈ S
satisfying S(t) > 0, P -as., for all t ∈ [0, T ∗].

To deal with markets trading infinitely many securities we need a slight ex-
tension of the vectorial stochastic integral of section III.2.f. Let I be an index set,
not necessarily finite, and let SI denote the family of all vectors B = (Bi)i∈I , with
Bi ∈ S, for all i ∈ I.

For B ∈ SI let L(B) denote the family of all vectors θ = (θi)i∈I such that
θi ∈ L(Bi), for all i ∈ I, and θi �= 0, for only finitely many i ∈ I. Note that L(B)
is a vector space. If θ ∈ L(B), the integral process Y =

∫
θ · dB = θ •B is defined

as Y = θ •B =
∑

i∈I θi •Bi, that is,

Y (t) =
∫ t

0

θ(s) · dB(s) =
∑

i∈I

∫ t

0

θi(s)dBi(s) (0)

(the sum is finite). Here the stochastic differential dB is interpreted to be the
vector dB = (dBi)i∈I and the stochastic differential θ · dB =

∑
i θidBi is computed

as expected. As in the one dimensional case the equality dY = θ · dB is equivalent
with Y (t) = Y (0) + (θ •B)(t).

The vector valued process θ = (θi)i∈I is called continuous, progressively
measurable and locally bounded if each component θi has the corresponding prop-
erty. If θ is progressively measurable and locally bounded and satisfies θi = 0, for all
but finitely many i ∈ I, then θ ∈ L(B) and this condition is satisfied in particular
if θ is continuous.
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Call B a local martingale if each component Bi is a local martingale. In this
case set L2

loc(B) = L(B) and let Λ2(B) and L2(B) denote the space of all vectors
θ ∈ L(B) such that θi ∈ Λ2(Bi) respectively θi ∈ L2(Bi), for all i ∈ I. Then
L2(B) ⊆ Λ2(B) ⊆ L2

loc(B) = L(B).
Assume that B is a local martingale. If θ ∈ L(B), then Y = θ •B is a local

martingale. If θ ∈ L2(B) (θ ∈ Λ2(B)), then Y = θ •B is a martingale in H2 (a
square integrable martingale). All this follows from the corresponding facts in the
one dimensional case.

We now have two versions of the stochastic product rule for vectorial stochastic
differentials. Assume that θ,B ∈ SI and θi = 0, for all but finitely many i ∈ I.
Then θ ·B =

∑
i θiBi is defined and we have

d(θ ·B) = θ · dB +B · dθ + d〈θ,B〉,

where 〈θ,B〉 =
∑

i〈θi, Bi〉. If ξ ∈ S and B ∈ SI , then ξB ∈ SI and we have the
vectorial equation

d(ξB) = ξdB +Bdξ + d〈ξ,B〉, (1)

where 〈ξ,B〉 is the vector
(
〈ξ,Bi〉

)
i∈I

and Bdξ is the vector
(
Bidξ

)
i∈I

. This follows
simply from the one dimensional stochastic product rule applied to each coordinate.
If Y = θ •B, then 〈ξ, Y 〉 = θ •〈ξ,B〉, equivalently

d 〈ξ, Y 〉t = θ(t) · d〈ξ,B〉t, (2)

with d〈ξ,B〉 =
(
d〈ξ,Bi〉

)
i∈I

as above.

3.b Markets and trading strategies. A market is a vector B = (Bi)i∈I of contin-
uous, strictly positive semimartingales Bi ∈ S+ on the filtered probability space
(Ω,F , (Ft)t∈[0,T∗], P ). Here I is an index set, not necessarily finite. The number
T ∗ is the finite time horizon at which all trading stops. The semimartingales Bi are
to be interpreted as the price processes of securities, which are traded in B, with
Bi(t) being the cash price of security Bi at time t. We will call X a security in B,
if X = Bi, for some i ∈ I. The probability P will be called the market probability
to be interpreted as the probability controlling the realization of events and paths
observed in the market. We make the following assumptions:
(a) The securities in B do not pay dividends or any other cashflows to their holder.
(b) Our market is frictionless and perfectly liquid, that is, there are no transaction

costs or trading restrictions, securities are infinitely divisible and can be bought
and sold in unlimited quantities.

Trading strategies. A trading strategy θ in B is an element θ ∈ L(B) to be inter-
preted as follows: the strategy invests in (finitely many of) the securities Bi, i ∈ I,
with θi(t) being the number of shares of the security Bi held at time t. The value
(cash price) Vt(θ) of this portfolio at time t is given by the inner product

Vt(θ) = (θ ·B)(t) =
∑

i
θi(t)Bi(t).
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Note that the integrability condition θi ∈ L(Bi) is automatically satisfied if θi is
locally bounded, especially if θi is continuous. If the market B is allowed to vary, we
will write (θ,B) to denote a trading strategy investing in B and Vt(θ,B) to denote
its value at time t. Thus L(B) is the family of all trading strategies in B and this
family is a vector space.
A trading strategy θ is called nonnegative respectively tame, if it satisfies

Vt(θ) ≥ 0, respectively, Vt(θ) ≥ m > −∞, P -as.,

for all t ∈ [0, T ∗] and some constant m. The existence of a lower bound for the value
of a tame strategy means that an upper bound for the credit necessary to maintain
the strategy during its entire life is known at the time of its inception. A linear
combination with nonnegative, constant coefficients of tame (nonnegative) trading
strategies is itself a tame (nonnegative) trading strategy.

As a simple example consider optional times 0 ≤ τ1 ≤ τ2 ≤ T ∗ and recall that
]]τ1, τ2]] denotes the stochastic interval { (ω, t) ∈ Ω × R+ | τ1(ω) < t ≤ τ2(ω) }.
Consider the following trading strategy investing only in the asset Bj with weight
θj = 1]]τ1,τ2]] (θi = 0, for i �= j). This strategy buys one share of Bj at time τ1(ω)
and sells at time τ2(ω). Because of assumptions (a) and (b) the cumulative gains
in this position up to time t are given by

G(t) = Bj(t ∧ τ2) −Bj(t ∧ τ1) =
∫ t

0

θj(s)dBj(s) =
∫ t

0

θ(s) · dB(s).

By linearity the cumulative gains up to time t from trading according to a trading
strategy θ, which is a linear combination of strategies as above, is similarly given
by the stochastic integral G(t) =

∫ t

0
θ(s) · dB(s). By approximation a case can be

made that this integral should be so interpreted for every trading strategy θ ∈ L(B)
(III.2.c.7 and localization). This motivates the following definition: The strategy θ
is called self -financing (in B) if it satisfies

Vt(θ) = V0(θ) +
∫ t

0

θ(s) · dB(s), t ∈ [0, T ∗]. (0)

Note that this can also be written as Vt(θ) = V0(θ) + (θ •B)(t). Thus the self-
financing condition means that the strategy can be implemented at time zero for
a cost of θ(0) · B(0) and thereafter the value of the portfolio evolves according
to the gains and losses from trading only, that is, money is neither injected into
nor withdrawn from the position. From (0) it follows that Vt(θ) is a continuous
semimartingale. In differential form the self-financing condition can be written as

dVt(θ) = θ(t) · dB(t), equivalently, d
(
θ ·B

)
(t) = θ(t) · dB(t).

A linear combination with constant coefficients of self-financing trading strategies
is itself a self-financing trading strategy.
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The simplest example of a self-financing trading strategy θ is a buy and hold
strategy: At time zero buy θi(0) shares of security Bi and hold to the time horizon.
Here the coefficients θi are constants and the self-financing condition d(θ·B) = θ·dB
follows from the linearity of the stochastic differential.

Arbitrage. A trading strategy θ is called an arbitrage, if it is self-financing and
satisfies V0(θ) = 0, VT∗(θ) ≥ 0, P -as., and P

(
VT∗(θ) > 0

)
> 0. Thus such a strategy

can be implemented at no cost and allows us to cash out at time T ∗ with no loss
and with a positive probability of a positive gain (free lunch). Such strategies can
be shown to exist in very simple, reasonable markets (see example 1.c.3). Thus,
in general, arbitrage can be ruled out only in restricted families of self-financing
trading strategies.

Let S(B) denote the family of all tame, self-financing trading strategies in B.
Note that S(B) is a convex cone in the space L(B) of all trading strategies in B. If
the market B is a local martingale, let S2(B) denote the family of all self-financing
trading strategies θ ∈ L2(B) and note that S2(B) is a subspace of L2(B).

Let us now develop the simplest properties of self-financing trading strategies.
Since a trading strategy θ invests in only finitely many securities in B we assume
(for the remainder of section 3.b) that the market B = (B1, B2, . . . , Bn) is finite.
For a process ξ ∈ S we set ξB = (ξB1, . . . , ξBn).

3.b.0 Numeraire invariance of the self-Þnancing condition. Let ξ ∈ S+ and θ ∈
L(B)∩L(ξB). Then θ is self-financing in B if and only if it is self-financing in the
market ξB.

Proof. By assumption θ is a trading strategy in both B and ξB. Assume now that
θ is self-financing in B. Then (θ · B)(t) = (θ · B)(0) + (θ •B)(t), thus 〈ξ, θ · B〉 =
〈ξ, θ •B〉 = θ •〈ξ,B〉 and so d〈ξ, θ ·B〉 = θ · d〈ξ,B〉. To see that θ is self-financing in
the market ξB we have to show that d

(
θ · (ξB)

)
= θ · d(ξB). Indeed

d
(
θ · (ξB)

)
= d

(
ξ(θ ·B)

)
= ξd(θ ·B) + (θ ·B)dξ + d〈ξ, θ ·B〉

= ξθ · dB + θ · (Bdξ) + θ · d〈ξ,B〉
= θ ·

[
ξdB +Bdξ + d〈ξ,B〉

]
= θ · d(ξB).

Thus θ is self-financing in the market ξB. The converse follows by symmetry (re-
place ξ with 1/ξ and B with ξB).

Remarks. (a) The market ξB can be viewed as a version of the market B, where
security prices are no longer cash prices, but are expressed as a multiple of the
numeraire process 1/ξ: B(t) =

(
ξ(t)B(t)

)(
1/ξ(t)

)
. In this sense 3.b.0 shows that

the self-financing condition is unaffected by a change of numeraire.
(b) If θi ∈ L(ξ), i = 1,. . . ,n, then θ ∈ L(B) if and only if θ ∈ L(ξB). See III.3.c.4.
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3.b.1 Corollary. Let j ∈ { 1, . . . , n} and assume that θ ∈ L(B) ∩ L(B/Bj). Then θ
is self-financing in B if and only if

θj(t) = θj(0) +
∑
i �=j

(
θj(0)

Bi(0)
Bj(0)

− θi(t)
Bi(t)
Bj(t)

+
∫ t

0

θi(s)d
(
Bi

Bj

)
(s)

)
. (1)

Proof. θ is self-financing in B if and only if θ is self-financing in B/Bj which is
equivalent with

θ(t) · B(t)
Bj(t)

= θ(0)
B(0)
Bj(0)

+
∫ t

0

θi(s) · d
(
B

Bj

)
(s), equivalently,

n∑
i=1

θi(t)
Bi(t)
Bj(t)

=
n∑

i=1

θi(0)
Bi(0)
Bj(0)

+
n∑

i=1

∫ t

0

θi(s)d
(
Bi

Bj

)
(s).

Noting that d
(
Bi/Bj

)
(s) = 0, for i = j, this is equivalent with

θj(t) +
∑
i �=j

θi(t)
Bi(t)
Bj(t)

= θj(0) +
∑
i �=j

θi(0)
Bi(0)
Bj(0)

+
∑
i �=j

∫ t

0

θi(s)d
(
Bi

Bj

)
(s),

which, after rearrangement of terms, is (1).

Remark. This means that the coefficients θi, i �= j, of a self-financing trading strat-
egy can be chosen arbitrarily if the coefficient θj is adjusted accordingly. In more
practical terms, the security Bj is used to finance the positions in the remaining
securities.

3.c Deßators. A process ξ ∈ S+ is called a deflator for the market B = (Bi), if ξBi

is a P -martingale, for each i ∈ I. The market B is called deflatable (DF) if there
exists a deflator ξ for B.

Similarly a local deflator for B is a process ξ ∈ S+ such that ξBi is a P -local
martingale, for each i ∈ I. The market B is called locally deflatable (LDF) if it
admits a local deflator ξ.

3.c.0. Let ξ be a local deflator for B and θ be a self-financing trading strategy in the
market B. If θ ∈ L(ξB), then ξ(t)Vt(θ) is a local martingale.

Proof. Assume that θ ∈ L(ξB). By the numeraire invariance of the self-financing
condition θ is also a self-financing trading strategy in the market ξB. Thus

ξ(t)Vt(θ,B) = ξ(t)θ(t) ·B(t) = Vt(θ, ξB) = V0(θ, ξB) +
∫ t

0

θ(s) · d(ξB)(s)

and the result now follows from the fact that ξB is a vector of local martingales
and hence the integral process θ •(ξB) a local martingale.

Remark. If θj is the buy and hold strategy investing in Bj , then Vt(θj) = Bj(t) and
ξVt(θj) is a local martingale by definition of a local deflator for B. Thus 3.c.0 can
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be viewed as an extension of this property to certain other self-financing trading
strategies. The buy and hold strategy θj is in L(ξB) since it is continuous and
hence locally bounded. However, in general L(B) �= L(ξB), that is, the markets B
and ξB do not have the same trading strategies.

Note that each deflator ξ for B is also a local deflator for B. If B admits a
local deflator ξ, then certain arbitrage strategies in B are ruled out:

3.c.1. If ξ is a local deflator for B, then there are no arbitrage strategies in the
spaces S2(ξB) and S(ξB).

Proof. If θ ∈ S(ξB), then Vt(θ, ξB) = V0(θ, ξB) +
(
θ •(ξB)

)
(t) is a P -local martin-

gale which is bounded below and hence is a supermartingale (I.8.a.7). If θ ∈ S2(ξB),
then Vt(θ, ξB) is a square integrable P -martingale. In every case Vt(θ, ξB) has
a nonincreasing mean. Thus V0(θ, ξB) = 0 and VT∗(θ, ξB) ≥ 0 combined with
E(VT∗(θ, ξB)) ≤ E(V0(θ, ξB)) = 0 implies that VT∗(θ, ξB) = 0, P -as. Thus θ
cannot be an arbitrage strategy in the market ξB.

3.c.1 rules out arbitrage strategies in S2(ξB) and S(ξB). Now assume that
θ is an arbitrage strategy in B. Then θ will be an arbitrage strategy in S2(ξB)
respectively S(ξB) if it is an element of S2(ξB) respectively S(ξB). This follows
from Vt(θ, ξB) = ξ(t)Vt(θ,B). By the numeraire invariance of the self-financing
condition θ will be in S2(ξB) whenever it is in L2(ξB). If θ is in S(B) it need
not be in S(ξB) even if it is a trading strategy in the market ξB. If Vt(θ,B) is
bounded below, the same need not be true of Vt(θ, ξB) = ξ(t)Vt(θ,B). However if
Vt(θ,B) ≥ 0, then Vt(θ, ξB) ≥ 0. Thus, if θ is a nonnegative trading strategy in
S(B) ∩ L(ξB), then θ ∈ S(ξB). Note that the integrability condition θ ∈ L(B) is
automatically satisfied (for every market B) if the process θ is locally bounded.

Consequently 3.c.1 rules out the existence of arbitrage strategies θ in B which
either satisfy θ ∈ L2(ξB) or which are nonnegative strategies satisfying θ ∈ L(ξB).
Example 1.c.3 shows that arbitrage can occur even in a very simple market B with
deflator ξ = 1, i.e., in which the securities are already martingales under the market
probability P .

For the remainder of section 3.c, let B = (B0, B1, . . . , Bn) be a finite market
and let us develop conditions for the existence of a local deflator ξ for B. Recall
that the compensator uX of a process X ∈ S is the unique continuous bounded
variation process such that uX(0) = 0 and X−uX is a P -local martingale. Similarly
the multiplicative compensator UX of a process X ∈ S+ is the unique positive
continuous bounded variation process such that UX(0) = 1 and X/UX is a P -local
martingale. The compensator uX and multiplicative compensator UX are related
by

duX

X
=
dUX

UX
(III.3.f.0). (0)
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3.c.2. Let X ∈ S+ and Y ∈ S. Then the equality uX = −〈X,Y 〉 is equivalent with
UX = exp

(
−

〈
log(X), Y

〉)
.

Proof. The second equality is equivalent with log(UX) = −〈log(X), Y 〉. As both
processes vanish at zero this is equivalent with d log(UX) = −d〈log(X), Y 〉. Using
that UX is a bounded variation process and III.3.c.2.(b) this can be written as
dUX(t)

/
UX(t) = −X−1

t d〈X,Y 〉t, equivalently (using (0)), duX(t) = −d〈X,Y 〉t. As
both uX and 〈X,Y 〉 vanish at zero this is equivalent with uX = −〈X,Y 〉.
3.c.3. Let j ∈ { 0, 1, . . . , n }, ξ, C ∈ S+ and assume that ξBj is a P -local martingale.
Then the following are equivalent:
(a) ξC is a P -local martingale.
(b) uC/Bj

= −
〈

C
Bj
, log(ξBj)

〉
.

(c) UC/Bj
= exp

(
−

〈
log

(
C
Bj

)
, log(ξBj)

〉)
.

Proof. The equivalence of (b) and (c) follows from 3.c.2. Let us now show the
equivalence of (a) and (b). Write ξC = (C/Bj)(ξBj) and note that uξBj = 0.
Thus, using III.3.c.3.(a) and III.3.c.2.(c),

duξC = du(C/Bj)(ξBj) = (C/Bj)duξBj + ξBjduC/Bj
+ d

〈
C/Bj , ξBj

〉
= ξBj

[
duC/Bj

+ (ξBj)−1d
〈
C/Bj , ξBj

〉]
= ξBj

[
duC/Bj

+ d
〈
C/Bj , log(ξBj)

〉]
= ξBjd

[
uC/Bj

+
〈
(C/Bj , log(ξBj)

〉]
.

The equivalence of (a) and (b) follows since ξC is a P -local martingale if and only
if duξC = 0.

3.c.4 Theorem. Fix j ∈ { 0, 1, . . . , n }. Then the market B is LDF if and only if
there exists a process ξ ∈ S+ such that

uC/Bj
= −

〈
C
Bj
, log(ξBj)

〉
, equivalently

UC/Bj
= exp

(
−

〈
log

(
C
Bj

)
, log(ξBj)

〉)
,

(1)

for all C = B0, B1, . . . , Bn. Moreover if ξ is such a process then ξ/UξBj is a local
deflator for B.

Proof. The equivalence of the equalities in (1) follows from 3.c.4. If B is LDF and
ξ a local deflator for B (consequently ξBj a local martingale), then 3.c.5 yields (1)
for all C = B1, B2, . . . , Bn.
Conversely assume that ξ ∈ S+ is a process satisfying

uC/Bj
= −

〈
C
Bj
, log(ξBj)

〉
, (2)

for all C = B0, B1, . . . , Bn and set ζ = ξ/UξBj
. We must show that ζ is a local

deflator for B. Note first that ζBj is a local martingale. Moreover log(ζBj) =
log(ξBj)−log(UξBj ), where the process log(UξBj ) is a continuous bounded variation
process. Consequently (2) still holds when ξ is replaced with ζ since this does not
change the quadratic variation on the right. Thus 3.c.3 implies that ζC is a local
martingale, for all C = B0, B1, . . . , Bn.
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3.d Numeraires and associated equivalent probabilities. Assume that ξ is a local
deflator for the market B, that is, ξB is a P -local martingale. Let A ∈ S+ and
set XA(t) = X(t)/A(t), for each process X ∈ S. Then the market BA = (BA

i (t))i

can be viewed as a version of the market B where the prices of securities are now
expressed as multiples of the numeraire process A rather than as cash prices. The
numeraire A need not be a security in B.
Assume that ξA is a P -martingale. Define the measure PA on F = FT∗ as

PA(E) = EP

[(
(ξA)(T ∗)/(ξA)(0)

)
1E

]
, for all sets E ∈ F .

Then PA is absolutely continuous with respect to P with strictly positive Radon-
Nikodym derivative

dPA/dP = (ξA)(T ∗)
/
(ξA)(0). (0)

Consequently the measure PA is equivalent to P . Set

ZA(t) = (ξA)(t)/(ξA)(0), t ∈ [0, T ∗].

Then ZA is a P -martingale with ZA(0) = 1 and so EP

[
ZA(T ∗)

]
= EP

[
ZA(0)

]
= 1.

It follows that PA is a probability measure. Let

Mt =
d(PA|Ft)
d(P |Ft)

, t ∈ [0, T ∗], (1)

where PA|Ft and P |Ft denote the restrictions of PA respectively P to the σ-field
Ft as usual. Then Mt is a martingale with MT∗ = ZA(T ∗). Thus

Mt = ZA(t) = (ξA)(t)
/
(ξA)(0), for all t ∈ [0, T ∗]. (2)

PA is called the A-numeraire probability (associated with the deflator ξ). The
change from cash to other numeraires in the computation of prices is an extremely
useful technique (see the ubiquitous use of forward prices and the forward martingale
measure (3.f) below).

3.d.0. Let 0 ≤ t ≤ T ∗, h an Ft-measurable random variable and X be any (Ft)-
adapted process. Then
(a) h/A(t) ∈ L1(PA) if and only if ξ(t)h ∈ L1(P ).
(b) XA(t) is a PA-martingale if and only if ξ(t)X(t) is a P -martingale.
(c) XA(t) is a PA-local martingale if and only if ξ(t)X(t) is a P -local martingale.
(d) If 0 ≤ s ≤ t and h/A(t) ∈ L1(PA), then

A(s)EPA

[
h/A(t)|Fs

]
=

(
1/ξ(s)

)
EP

[
ξ(t)h|Fs

]
.

Proof. This follows from Bayes’ Theorem I.8.b.0 and (2) above. For example:
(b) XA(t) is a PA-martingale if and only if MtX

A(t) = ξ(t)X(t)/ξ(0)A(0) is a P -
martingale. Here ξ(0) and A(0) are constants (convention about F0).
(d) If h/A(t) ∈ L1(PA), then

EPA

[
h/A(t)|Fs

]
=

EP

[
Mth/A(t)|Fs

]
Ms

.

Using that Mt = [ξ(t)A(t)]/[ξ(0)A(0)], Ms = [ξ(s)A(s)]/[ξ(0)A(0)], cancelling the
constant ξ(0)A(0) and multiplying with A(s) yields (d).
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3.d.1. Let A,C ∈ S+ be any two numeraires such that ξA, ξC are P -martingales,
0 ≤ t ≤ T ∗, h an Ft-measurable random variable and X any (Ft)-adapted process.
Then
(a) h/A(t) ∈ L1(PA) if and only if h/C(t) ∈ L1(PC).
(b) XA(t) is a PA-martingale if and only if XC(t) is a PC-martingale.
(c) XA(t) is a PA-local martingale if and only if XC(t) is a PC-local martingale.
(d) If 0 ≤ s ≤ t and h/A(t) ∈ L1(PA), then

A(s)EPA

[
h/A(t)|Fs

]
= C(s)EPC

[
h/C(t)|Fs

]
.

Proof. This follows from 3.d.0. For example: (b) Both are equivalent with ξ(t)X(t)
being a P -martingale.
(d) Both sides of the equation are equal to

(
1/ξ(s)

)
EP

[
ξ(t)h|Fs

]
.

Formula (d) will be referred to as the symmetric numeraire change formula.

Local martingale measures. Let A ∈ S+. An A-martingale measure (A-local
martingale measure) for B is a probability measure Q on F = FT∗ which is
equivalent to the market probability P and such that the process BA

i (t) is a Q-
martingale (Q-local martingale), for each security Bi in B.

3.d.2. Let A ∈ S+, Q a probability on FT∗ equivalent to P and

Mt = d(Q|Ft)
/
d(P |Ft), t ∈ [0, T ∗].

Then Q is an A-(local) martingale measure for B if and only if ξ(t) = MA
t is a

(local) deflator for B. In this case Q = PA is the A-numeraire measure associated
with the deflator ξ.

Proof. By Bayes’ Theorem, BA
i (t) is a Q-martingale (Q-local martingale) if and only

if MtB
A
i (t) = ξ(t)Bi(t) is a P -martingale (P -local martingale), for each security

Bi ∈ B. Thus, if ξ is a deflator (local deflator) for B, then Q is an A-martingale
measure (A-local martingale measure).

Conversely, if Q is an A-martingale measure (A-local martingale measure),
then ξ will be a deflator (local deflator) for B if it is a continuous process. However,
since Mt is a martingale adapted to the Brownian filtration (Ft), it is continuous
(III.5.c.4), and the continuity of ξ follows.

Assume now that ξ(t) = MA
t is a local deflator for B. Note Mt = ξ(t)A(t).

Since Mt is a martingale with mean 1 and M0 is a constant, we have ξ(0)A(0) =
M0 = 1. Hence dQ/dP = MT∗ = ξ(T ∗)A(T ∗) = ξ(T ∗)A(T ∗)

/
ξ(0)A(0) and so

Q = PA.

3.d.3 Remark. If ξ is a local deflator for B then the market probability P itself
is the local martingale measure P = PA for the process A = 1/ξ ∈ S+.

Thus there exists a deflator ξ for the market B if and only if there exists an
A-martingale measure for B, for some process A ∈ S+. In this case there exists
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an A-martingale measure for B, for every process A ∈ S+ such that ξA is a P -
martingale.

Moreover, if a process A ∈ S+ is fixed, then ξ = MA defines a one to one
correspondence between A-martingale measures (A-local martingale measure) for
B and deflators (local deflators) ξ for B such that ξ(0)A(0) = 1 and ξA is a P -
martingale. In this sense deflators for B and (equivalent) martingale measures
associated with numeraires are the same concept.

Riskless bond and spot martingale measure. A riskless bond in B is a security
B0 ∈ B which is of bounded variation and satisfies B0(0) = 1. It is the bounded
variation property of the price process which makes investment in this security less
risky. If B is locally deflatable, then B can contain at most one riskless bond.
Indeed, if ξ is any local deflator for B, then the local martingale property of ξB0

combined with B0(0) = 1 implies that B0 = 1/Uξ.
Conversely, if B is locally deflatable and ξ a local deflator for B, then B0 = 1/Uξ

is a continuous bounded variation process such that B0(0) = 1 and ξB0 is a P -local
martingale. Thus B0 can be added to B as a riskless bond and ξ will remain a
deflator for the enlarged market.

Assume now that B is locally deflatable. As we have just seen we may assume
that B contains a riskless bond B0. B0 is then a distinguished numeraire asset. A
B0-(local) martingale measure for B is called a (local) spot martingale measure

for B. If a (local) deflator ξ for B is fixed, then the B0-numeraire measure P0 = PB0

(associated with the deflator ξ) is a (local) spot martingale measure for B and is
referred to as the (local) spot martingale measure for B. From B0 = 1/Uξ it follows
that P0 has density dP0/dP = (ξB0)(T ∗)/(ξB0)(0) = ξ(T ∗)/ξ(0)Uξ(T ∗).

3.d.4. Let A ∈ S+, Q an A-local martingale measure for B, Mt = d(Q|Ft)/d(P |Ft),
ξ = MA and θ ∈ L(B) ∩ L(ξB) a self-financing trading strategy. Then
(a) V A

t (θ) is a Q-local martingale.
(b) There is no arbitrage θ ∈ L(B)∩L(ξB) such that the process V A

t (θ) is bounded
below.

Remark. The integrability condition θ ∈ L(B) ∩ L(ξB) is automatically satisfied if
θ is locally bounded.

Proof. (a) According to 3.c.0 the process MtV
A
t (θ) = ξ(t)Vt(θ) is a P -local martin-

gale and hence V A
t (θ) a Q-local martingale (3.d.0.(c)).

(b) Let θ ∈ L(B) ∩ L(ξB) be self-financing such that the process V A
t = V A

t (θ) is
bounded below. Then V A

t is a Q-local martingale and hence a Q-supermartingale
(I.8.a.7). In particular the mean EQ

[
V A

t

]
is nonincreasing.

Assume now that V A
T∗ ≥ 0 and Q

[
V A

T∗ > 0
]
> 0. Then EQ

[
V A

0

]
≥ EQ

[
V A

T∗
]
>

0. Thus V0(θ) �= 0 and θ cannot be an arbitrage strategy.
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3.d.5. Let A ∈ S+ and assume that B admits an A-local martingale measure Q.
Then the market BA does not admit arbitrage in the cone S(BA).

Proof. Let Q be an A-local martingale measure and θ ∈ S(BA) with V0(θ) = 0.
In particular θ is a trading strategy investing in the market BA. From the self-
financing property of θ we have Vt(θ) = V0(θ) + (θ •BA)t = (θ •BA)t, where the
integral process θ •BA is computed with respect to the probability P . Recall from
III.4.a.3 that BA-integrability of θ and the stochastic integral θ •BA do not change
when we switch to the equivalent probability Q. Under Q however the integrator
BA is a local martingale and so V (θ) = θ •BA is a local martingale and hence a
supermartingale since it is bounded below (I.8.a.7). Thus the mean EQ

[
Vt(θ)

]
is

nonincreasing. Consequently EQ

[
VT∗(θ)

]
≤ EQ

[
V0(θ)

]
= 0. Thus we cannot have

VT∗(θ) ≥ 0 and Q
[
VT∗(θ) > 0

]
> 0 and so θ cannot be an arbitrage strategy.

3.e Absence of arbitrage and existence of a local spot martingale measure. Let
B = (B0, B1, . . . , Bn) be a finite market. From 3.d.5 we know that the existence of
an A-local martingale measure Q for B rules out arbitrage strategies in the space
S(BA). Let us now investigate the converse: Does the absence of arbitrage in S(BA)
imply the existence of an A-local martingale measure?

We will assume that the numeraire A is a security in the market B. Then
the market BA contains the riskless bond AA(t) = 1. Equivalently, replacing the
market B with BA, we may assume that

B0(t) = A(t) = 1

and seek an equivalent probability Q on F = FT∗ such that all assets Bi in B are
Q-local martingales. Let us call such Q a local martingale measure for B (a local
1-martingale measure in previous terminology).

It turns out that it suffices to have no arbitrage in a much smaller space of
trading strategies than S(B). Indeed, let V be the space of all trading strategies
θ ∈ S(B) such that the process Vt(θ) is uniformly bounded, that is,

∣∣Vt(θ)
∣∣ ≤ C

for some constant C and all t ∈ [0, T ∗] and let

V = {VT∗(θ) | θ ∈ V } ⊆ L∞(Ω,F , P )

be the space of all terminal payoffs h = VT∗(θ) of the trading strategies θ ∈ V.
Write L∞ = L∞(Ω,F , P ), Lp = Lp(Ω,F , P ) and L0 = L0(Ω,F , P ). Recall that L0

is simply the space of all F-measurable random variables.
The space V contains sufficiently many trading strategies to imply properties

for the asset processes Bi themselves. Consider an asset Bi in B. Since the process
Bi is not necessarily bounded, V will not in general contain the buy and hold
strategy investing in Bi. However, fixing k > |Bi(0)| and setting

τk = inf{ t > 0 : |Bi(t)| > k }, (0)
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we have |Bi(t ∧ τk)| ≤ k, t ∈ [0, T ∗], by continuity of Bi. If τ is any optional time
with values in [0, T ∗], let ρk = τ ∧ τk and consider the strategy θ = (θ0, . . . , θn)
investing only in B0 = 1 and Bi, buying one share of Bi at time zero, selling this
at time ρk, with the proceeds buying shares of B0 and holding these until time T ∗.
More formally

θj = 0, j �= 0, i, θi = 1[[0,ρk]], θ0 = 1]]ρk,T∗]]Bi(ρk). (1)

We claim that θ ∈ V. Clearly Vt(θ) = Bi(t ∧ ρk) is uniformly bounded. Let us now
verify that θ is self-financing. Indeed, since dB0(s) = 0, we have

Vt(θ) = Bi(t ∧ ρk) = Bi(0) +
∫ t∧ρk

0

1 dBi(s)

= V0(θ) +
∫ t

0

{
1[[0,ρk]]dBi(s) + 1]]ρk,T∗]]Bi(ρk)dB0(s)

}

= V0(θ) +
∫ t

0

θ(s) · dB(s), as desired.

Price functional. Assume that there is no arbitrage in V. If θ ∈ V, the element
h = VT∗(θ) ∈ V can be thought of as a random payoff (claim) at time T ∗ which can
be implemented at time zero at cost V0(θ) by trading according to the strategy θ. It
is now tempting to define the price π0(h) at time zero of h as π0(h) = V0(θ). To see
that this price is well defined, we must show that θ, φ ∈ V and VT∗(θ) = h = VT∗(φ)
implies that V0(θ) = V0(φ). To this end it will suffice to show that θ ∈ V and
VT∗(θ) ≥ 0 implies that V0(θ) ≥ 0. The proof of this is very similar to the proof of
the following

θ ∈ V, VT∗(θ) ≥ 0, VT∗(θ) �= 0 ⇒ V0(θ) > 0, (2)

which is needed below and which follows easily from the absence of arbitrage in
V. Note first that V contains the strategy ρ which buys one share of the asset
B0 = 1 at time zero and holds until time T ∗. Assume now that (contrary to (2))
θ ∈ V, VT∗(θ) ≥ 0, VT∗(θ) �= 0 (hence P

[
VT∗(θ) > 0

]
> 0) but V0(θ) ≤ 0. Set

a = −V0(θ) ≥ 0 and consider the strategy χ = θ + aρ ∈ V going long θ at time zero
and using the surplus a to buy and hold shares of B0. Then χ has zero cost at time
zero and payoff VT∗(χ) = VT∗(θ) + a ≥ VT∗(θ). Thus χ is an arbitrage in V.

For a subspace W ⊆ Lp(P ), 1 ≤ p ≤ ∞, let W+ = {h ∈ W | h ≥ 0 } and call
a linear functional π on W strictly positive, if h ∈ W+, h �= 0 implies π(h) > 0.
Here h = 0 means h = 0, P -as. Let q be the exponent conjugate to p, defined by
(1/p) + (1/q) = 1.

If Q is any measure on F which is absolutely continuous with respect to P and
satisfies m = dQ/dP ∈ Lq, then π(h) = EQ(h) = EP (mh) defines a positive linear
functional on Lp. This functional is strictly positive if and only if m > 0, P -as.,
that is, iff Q is equivalent to P .

Recall that V0(θ) is a constant (assumption 1.0). Consequently the pricing
functional π0 : h = VT∗(θ) ∈ V �→ π0(h) = V0(θ) ∈ R is well defined and is a
strictly positive linear functional on V . We need
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3.e.0. Each positive linear functional π on Lp is continuous.

Proof. Assume that the positive linear functional π on Lp is discontinuous and
choose a sequence (fn) ⊆ Lp such that

∥∥fn

∥∥
Lp = 1 and π(fn) ≥ n2n, for all n ≥ 1.

Set gn = |fn| and g =
∑

n 2−ngn ∈ Lp (the series converges absolutely). Then
g ≥ 2−ngn ≥ 2−nfn and the positivity of π implies that π(g) ≥ 2−nπ(fn) ≥ n, for
all n ≥ 1. This contradicts the finiteness of π(g).

Assume now that Q is a local martingale measure for B. If θ ∈ V, then
Vt(θ) = V0(θ)+(θ •B)t, t ∈ [0, T ∗], where θ •B can be interpreted to be a stochastic
integral with respect to Q. Thus Vt(θ) is a uniformly bounded Q-local martingale
and hence a Q-martingale. Consequently, for h = VT∗(θ) ∈ V ,

π0(h) = V0(θ) = EQ

[
V0(θ)

]
= EQ

[
VT∗(θ)

]
= EQ(h).

If in addition the Radon-Nikodym derivative m = dQ/dP is in Lq, then π(h) =
EQ(h) = EP (mh), h ∈ Lp, defines an extension of π0 from V ⊆ L∞ ⊆ Lp, to a
strictly positive linear functional π on Lq. The measure Q can be recovered from
this extension via Q(A) = π(1A), A ∈ F .

Conversely assume we have a strictly positive extension π of π0 from V to Lp.
Then π is continuous and so there is a function m ∈ Lq such that π(h) = EP (mh),
for all h ∈ Lp. Then Q(A) = π(1A) = EP (m1A), A ∈ F , defines a measure Q

which is absolutely continuous with respect to P and has Radon-Nikodym derivative
m ∈ Lq and satisfies π(h) = EP (mh) = EQ(h), for all h ∈ Lp. Because of the
strict positivity of π, Q is equivalent with P . Note that V contains the buy and
hold strategy investing in B0 = 1. Thus 1 ∈ V and π0(1) = 1. Consequently
Q(Ω) = π(1) = π0(1) = 1 and so Q is a probability measure.

Finally let us verify that Q is a local martingale measure for B. Since B0 = 1
we have to show only that Bi is a Q-local martingale, for all i = 1,. . . , n. Consider
the asset Bi and let θ ∈ V be the trading strategy defined in (0), (1). It satisfies
V0(θ) = Bi(0) and h = VT∗(θ) = Bi(ρk) = Bi(τ ∧ τk). Thus

EQ

[
Bi(τ ∧ τk)

]
= EQ(h) = π(h) = π0(h) = Bi(0) = EQ

[
Bi(0)

]
.

This is true for each optional time τ with values in [0, T ∗]. According to I.9.c.4 this
shows that Bi(t∧ τk) is a Q-martingale (indexed by t ∈ [0, T ∗]). Since the optional
times τk satisfy τk ↑ ∞, as k ↑ ∞, it follows that Bi is a Q-local martingale (recall
the conventions in III.6.e). We have now seen:

If there is no arbitrage in V, then there exists a local martingale measure Q for
B with dQ/dP ∈ Lq(P ) if and only if the pricing functional π0 : V → R has an
extension to a strictly positive linear functional on Lp(P ).

It is known that the absence of arbitrage in V alone does not imply the existence
of a local martingale measure for B [DS, example 7.7, p509]. The above suggests
that we should strengthen the no arbitrage condition in such a manner as to ensure
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that the price functional π0 extends to a strictly positive linear functional on Lp.
To this end we introduce the notion of p-approximate arbitrage in V . Recall that
Lp(P )+ = { f ∈ Lp(P ) | f ≥ 0 } and let Cp = Lp(P )+ \ {0}.
A p-approximate arbitrage is a sequence (θn) ⊆ V such that
(a) V0(θn) = 0, for all n ≥ 1, and
(b) there exists a sequence (fn) ⊆ Lp(P ) and f ∈ Cp such that fn ≤ VT∗(θn), for

all n ≥ 1, and fn → f in Lp-norm.
In particular then π0

(
VT∗(θ)

)
= V0(θ) = 0, that is, VT∗(θ) ∈ ker(π0), for each

n ≥ 1. The above terminology arises from the fact that the hn = VT∗(θn) are
payoffs at time T ∗ which can be implemented at no cost at time zero via self-
financing trading strategies θn ∈ V and yet these payoffs are no less than functions
fn converging to a nonnegative function f which is nonzero and hence positive
with positive probability. In particular if θ is an arbitrage strategy in V, then
the sequence θn = θ is a p-approximate arbitrage in V, for all p ≥ 1. Simply let
fn = VT∗(θn), n ≥ 1.

The market B is called strongly arbitrage free of order p (SAF (p)) if it
does not admit a p-approximate arbitrage in V. If B is SAF (p), then there is no
arbitrage in V.

Let p1 < p2. Then Lp2 ⊆ Lp1 and the inclusion map Lp2 ↪→ Lp1 is continuous.
From this it follows that each p2-approximate arbitrage is also a p1-approximate
arbitrage. Consequently the condition SAF (p1) implies SAF (p2), that is, the con-
dition SAF (p) becomes weaker as p ↑ ∞ and is weakest for p = ∞.

Assume that there is no arbitrage in V and hence the pricing functional π0 is
defined. Observing that a function fn ∈ Lp satisfies fn ≤ VT∗(θn) for some strategy
θn ∈ V with V0(θn) = 0 if and only if fn ∈ ker(π0) − Lp

+, it is easily seen that the
condition SAF (p) is equivalent with

ker(π0) − Lp
+ ∩ Lp

+ = {0} equivalently ker(π0) − Cp ∩ Cp = ∅.

Assume now that B is SAF (p) and 1 ≤ p < ∞. Then the space Lp(P ) is
separable and so Clark’s separation theorem (appendix A.3) implies the existence
of a continuous linear functional π1 on Lp(P ) such that π1 = 0 on ker(π0) and
π1 > 0 on Cp, that is, π1 is a strictly positive linear functional on Lp(P ). Recall
that 1 ∈ V and π0(1) = 1 and let h ∈ V be arbitrary. Then h − π0(h)1 ∈ ker(π0)
and consequently π1

(
h− π0(h)1

)
= 0, that is,

π1(h) = π1(1)π0(h).

Here λ = π1(1) > 0. It follows that the functional π = λ−1π1 satisfies π = π0

on V . Consequently π is an extension of π0 to a strictly positive linear functional
on Lp(P ). As seen above this implies that Q(A) = π(1A), A ∈ F , defines a local
martingale measure for B with dQ/dP ∈ Lq(P ).
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Conversely, if Q is a local martingale measure for B with dQ/dP ∈ Lq(P ), then
B is SAF (p). In fact, for such Q, π(h) = EQ(h), h ∈ Lp(P ), defines an extension
of π0 to a strictly positive linear functional on Lp(P ). Assume now that (θn) is an
approximate arbitrage in V, hn = VT∗(θn) and fn, f ∈ Lp(P ) are such that fn ≤ hn

and fn → f ∈ Cp in Lp-norm. Since π is strictly positive and extends π0, it follows
that

π(fn) ≤ π(hn) = π0(hn) = 0 and π(fn) → π(f) > 0,

a contradiction. Thus the existence of a local martingale measure Q for B with
dQ/dP ∈ Lq(P ) implies that B is SAF (p). We can summarize these findings as
follows:

3.e.1 Theorem. Assume that B = (B0, . . . , Bn) is a finite market containing the
riskless bond B0 = 1, 1 ≤ p < ∞ and q is the exponent conjugate to p. Then the
following are equivalent:
(i) B is SAF (p).
(ii) There exists a local martingale measure Q for B with dQ/dP ∈ Lq(P ).
(iii) There exists a local deflator ξ for B with ξ(T ∗) ∈ Lq(P ).

Proof. The equivalence of (i) and (ii) has been seen above. For the equivalence of
(ii) and (iii) see section 3.d.3 (ξ(t) = EP

[
dQ/dP | Ft], ξ(T ∗) = dQ/dP ).

Remark. We really do not care whether the Radon-Nikodym derivative of a local
martingale measure Q for B is in Lq(P ) but this is a consequence of the condition
SAF (p). This suggests that SAF (p) is too strong if all we want is a local martingale
measure for B. Indeed, this condition was formulated so as to be able to apply
Clark’s Extension Theorem and thus to stay within the bounds of reasonably simple
functional analysis.

The conditions SAF (p) become increasingly weaker as p ↑ ∞ and one wonders
what happens for p = ∞. This case is inaccessible to our means, as L∞(P ) is not a
separable space. If B is a finite market with locally bounded asset prices and time
horizon T ∗ = 1 the existence of an equivalent local martingale measure is equivalent
to the condition NFLVR (no free lunch with vanishing risk) defined as follows:

There does not exist a sequence (θn) of self-financing trading strategies in B

satisfying V0(θn) = 0, V1(θn)− → 0 uniformly and V1(θn) → f , P -as., as
n ↑ ∞, for some function f ≥ 0 with P (f > 0) > 0.

The reader is referred to [DS, Corollary 1.2, p479].
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3.f Zero coupon bonds and interest rates. To introduce certain notions frequently
encountered in the financial literature consider a market B (not necessarily finite)
equipped with a riskless bond B0 of the form

B0(t) = exp
(∫ t

0
r(s)ds

)
, (0)

where r is a process in L(t). The value r(t) should then be thought of as the (an-
nualized) rate at time t for riskless borrowing over the infinitesimal time interval
[t, t + dt]. B0(t) should be thought of as the price process of a strategy continu-
ously rolling over risk-free loans over infinitesimal time intervals at the rate r(t).
Among existing financial instruments the money market account comes closest to
this abstraction.

The process r(t) is then called the short rate process. We assume that the
market B is locally deflatable and admits a local deflator ξ for B such that ξB0 is a
martingale. Fix such a deflator ξ and let P0 = PB0 denote the corresponding local
spot martingale measure.

3.f.0. Let θ be a self-financing trading strategy in B such that θ ∈ L(ξB). If the
price process Vt(θ) is of bounded variation, then Vt(θ) = V0(θ)B0(t).

Proof. Write V (t) = Vt(θ). According to 3.c.0, ξV is a P -local martingale and
so V/B0 a P0-local martingale (3.d.0.(c)). The bounded variation property now
implies that V (t)/B0(t) is constant in time (I.9.b.1) and the result follows.

Remark. So far we only used that B0 has bounded variation paths. From dB0(t) =
r(t)B0(t)dt, it follows that dVt(θ) = r(t)Vt(θ)dt. This result is frequently stated as
follows: a riskless and self-financing strategy must earn the risk-free rate of return.

Zero coupon bonds. A zero coupon bond expiring at time T is a process BT ∈ S+

satisfying BT (T ) = 1. We are not interested in a zero coupon bond after its time of
expiration; however it lives on until the time horizon. In a real market this feature
can be duplicated by simply rolling over expiring zero coupon bonds into the money
market account.

A zero coupon bond BT is useful as a numeraire asset only if ξ(t)BT (t) is a
martingale. This assumption is satisfied automatically if BT is a security in B

and ξ is in fact a deflator for B. If ξ(t)BT (t) is a martingale, then ξ(t)BT (t) =
EP

[
ξ(T )BT (T ) | Ft

]
= EP

[
ξ(T ) | Ft

]
, that is,

BT (t) = ξ(t)−1EP

[
ξ(T ) | Ft

]
, ∀t ∈ [0, T ],

and so BT is uniquely determined on the interval [0, T ]. This leads us to define the
canonical zero coupon bond B(t, T ) as

B(t, T ) = ξ(t)−1EP

[
ξ(T ) | Ft

]
, ∀t ∈ [0, T ∗]. (1)
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Then ξ(t)B(t, T ) is a martingale adapted to the Brownian filtration (Ft) and hence
continuous. Since ξ is strictly positive, so is the process B(t, T ). Clearly B(T, T ) =
1. Thus B(t, T ) is in fact a zero coupon bond.

From 3.d.0.(b) it follows that B0(t)−1B(t, T ) is a P0-martingale (indexed by t).
Combined with B(T, T ) = 1 this implies that B0(t)−1B(t, T ) = EP0

[
B0(T )−1 | Ft

]
,

that is,
B(t, T ) = B0(t)EP0

[
B0(T )−1 | Ft

]
, t ∈ [0, T ]. (2)

Commuting the Ft-measurable factor B0(t) into the conditional expectation and
using (0) to infer that B0(t)B0(T )−1 = exp

(
−

∫ T

t
r(s)ds

)
, this can be written as

B(t, T ) = EP0

[
exp

(
−

∫ T

t
r(s)ds

) ∣∣Ft

]
. (3)

Remark. If the short rate process r(t) is nonstochastic, equation (2) becomes
B(t, T ) = B0(t)/B0(T ) or B(t, T ) = BtB

−1
T in the notation of section 2, which

proceeds under this assumption.

Forward rates. In keeping with prevailing customs we choose one year as the unit of
time and express all rates of interest as annualized rates, that is, as rates of return
over one year.

Now let t ≤ T < U ≤ T ∗. By trading in zero coupon bonds we can implement
at time t a loan of one dollar (to a hypothetical issuer of zero coupon bonds) over
the future time interval [T,U ]: at time t sell one zero coupon bond maturing at time
T and with the proceeds B(t, T ) buy B(t, T )/B(t, U) zero coupon bonds maturing
at time U . With the understanding that the zero coupon bonds are redeemed at
the time of maturity, this strategy induces the following cash flows:

0•
t

-1•
T

B(t, T )/B(t, U)
•
U

(4)

The annualized, continuously compounded rate R = f(t, T, U) of interest on this
loan is given by the equation 1 · eR(U−T ) = B(t, T )/B(t, U), that is

f(t, T, U) =
log B(t, T ) − log B(t, U)

U − T
.

The quantity f(t, T, U) is called the forward rate at time t for risk-free borrowing
over the interval [T,U ]. Assuming that the zero coupon bond B(t, T ) is pathwise
differentiable in the tenor T , we can let U ↓ T to obtain the instantaneous forward

rate f(t, T ) at time t for risk-free borrowing over the infinitesimal time interval
[T, T + dt] as

f(t, T ) = − ∂

∂T
log B(t, T ) = − (∂/∂T )B(t, T )

B(t, T )
. (5)
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If f(t, T ) is a (pathwise) continuous function of T it follows that

log B(t, T ) = log B(t, t) +
∫ T

t

∂

∂s
log B(t, s)ds = −

∫ T

t

f(t, s)ds,

whence B(t, T ) = exp
(
−

∫ T

t
f(t, s)ds

)

which agrees with the interpretation of (f(t, s))s∈[t,T ] as the development over the
interval [t, T ] of the instantaneous risk-free rate anticipated at time t.

If the short rate process r(t) is bounded and continuous, then the differentiability
of B(t, T ) with respect to T follows from the representation (3). Indeed, under this
assumption the derivative (∂/∂T )B(t, T ) can be computed by commuting ∂/∂T

with the conditional expectation in (3) yielding

∂
∂T B(t, T ) = EP0

[
−r(T )exp

(
−

∫ T

t
r(s)ds

)
| Ft

]
. (6)

Especially for T = t we obtain ∂
∂T B(t, T )

∣∣
T=t

= −r(t). Thus (5) and B(t, t) = 1
yield

f(t, t) = r(t),

also in accordance with intuition. Since these results will not be used in the sequel
we omit a formal justification of the interchange of differentiation and conditional
expectation in (6). Such a justification can be based on the dominated convergence
theorem for conditional expectations (I.2.b.9). The reader who objects to the fluid
introduction of assumptions (continuity and boundedness of the short rate process)
may take solace in the fact that the subject of short rates and continuously com-
pounded forward rates will not be pursued any further. Instead we will focus on
Libor rates.

Forward Libor. The simple annualized rate of interest L(t, T, U) implied by the zero
coupon bond prices B(t, T ), B(t, U) via the cash flow diagram (4) is given by the
equation B(t, T )

B(t, U)
= 1 + δL(t, T, U), (7)

where δ = U − T , and is called forward Libor at time t for the interval [T,U ].
If t = T we call this rate Libor set at time T and denote it more simply by L(T )
with the understanding that the period δ = U − T , over which Libor is set, is clear
from the context. The definition then simplifies to B(T,U)−1 = 1 + δL(T ). Libor
rates are the most fundamental interest rates and will be studied in section 5.

Forward Martingale Measures. Let T ∈ (0, T ∗]. Then A(t) = B(t, T ) is a numeraire
asset such that ξA is a martingale. Thus the A-local martingale measure PA is
defined and its restriction PT to the σ-field FT given by

dPT

dP
=

(ξA)(T )
(ξA)(0)

=
ξ(T )B(T, T )
ξ(0)B(0, T )

.
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The measure PT is called the forward local martingale measure at date T . If ξ

is in fact a deflator (rather than a local deflator) for B, then we will call PT the
forward martingale measure at date T .

If S(t) is any asset in B, then SA(t) = S(t)/B(t, T ) should be interpreted as
the price of S at time t expressed in constant time T dollars (dollars deliverable at
time T ). This price is called the forward price at time t of S deliverable at time
T and denoted FS(t, T ) = S(t)/B(t, T ). We will see below that this price is related
to forward contracts in the same way as the corresponding notion in section 2.a.

Likewise, if B0 is a riskless bond for B, S0(t) = S(t)/B0(t) is called the dis-
counted price of S at time t and should be interpreted as the price of S at time t

expressed in constant time zero dollars.
In the theory of pricing European options the short rate process and even

the riskless bond (and with it the spot martingale measure P0) can be dispensed
with. However the family of zero coupon bonds and associated forward martingale
measures are indispensable.

3.g General Black-Scholes model and market price of risk. Let us consider a
finite market B = (B1, . . . , Bn) and assume that the processes Bj are Ito processes
satisfying dBj(t)

Bj(t)
= µj(t)dt + σj(t) · dWt, 1 ≤ j ≤ n,

where Wt = (W 1
t , . . . ,W

d
t ) is a Brownian motion on [0, T ∗] with d ≤ n, µj ∈ L(t)

and σj ∈ L(W ), 1 ≤ j ≤ n. Using III.6.a.0 this can be rewritten as

d log(Bj(t)) =
(
µj(t) − 1

2‖σj(t)‖2
)
dt + σj(t) · dWt

=
(
µj(t) − 1

2‖σj(t)‖2
)
dt +

∑d
k=1 σjk(t)dW k

t .
(0)

Let us investigate when the market B admits a local deflator ξ which is itself an
Ito process satisfying dξ(t)

ξ(t)
= −r(t)dt− φ(t) · dWt, (1)

for some processes r ∈ L(t) and φ ∈ L(W ). If S is any Ito process satisfying

dS(t)
S(t)

= µS(t)dt + σS(t) · dWt, (2)

for some processes µS ∈ L(t) and σS ∈ L(W ), then

d(ξS)(t) = ξ(t)dS(t) + S(t)dξ(t) + d〈ξ, S〉t
= ξ(t)S(t)µS(t)dt + ξ(t)S(t)σS(t) · dWt

− S(t)ξ(t)r(t)dt− S(t)ξ(t)φ(t) · dWt − ξ(t)S(t)σS(t) · φ(t)dt

= ξ(t)S(t)
[
µS(t) − r(t) − σS(t) · φ(t)

]
dt + ξ(t)S(t)

(
σS(t) − φ(t)

)
· dWt.

Thus ξS is a local martingale if and only if

µS(t) − r(t) − σS(t) · φ(t) = 0, (3)
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and in this case we see that S and the local martingale ξS satisfy

dS(t)
/
S(t) =

(
r(t) + φ(t) · σS(t)

)
dt + σS(t) · dWt and

d(ξS)(t)
/
(ξS)(t) =

(
σS − φ

)
(t) · dWt, that is, (4)

(ξS)(t) = (ξS)(0)Et

[(
σS − φ

)
•W

]
.

Set µ(t) = (µ1(t), . . . , µn(t))′, 1n = (1, 1, . . . , 1)′ ∈ Rn and let σ(t) denote the n×d-
matrix with rows σj(t)′. It follows from (3) that ξ is a local deflator for B if and
only if µj(t) − r(t) − σj(t) · φ(t) = 0, for all 1 ≤ j ≤ n, that is

σ(t)φ(t) = µ(t) − r(t)1n. (5)

Thus B is LDF with a local deflator ξ of the form (1) if and only if there exist
processes r ∈ L(t), φ ∈ L(W ) satisfying (5). From (1) it follows that Uξ(t) =
exp

(
−

∫ t

0
r(s)ds

)
and so the unique riskless bond B0 = 1/Uξ associated with the

deflator ξ has the form
B0(t) = exp

(∫ t

0
r(s)ds

)
. (6)

The process r(t) is then interpreted to be the short rate process, that is, r(t) is
the continuously compounded rate for lending over the infinitesimal time interval
[t, t+dt]. It is customary to specify the short rate process r ∈ L(t) as an additional
structural element of the market B and B0 is then defined to be the riskless bond
given by (6) but not assumed to be a security of B. Indeed, if B were to contain a
riskless bond, the volatility matrix σ would contain a zero row, an undesirable flaw.

If the short rate process r(t) is specified, the existence of a local deflator ξ of
the form (1) is equivalent with the existence of a process φ ∈ L(W ) satisfying (5),
equivalently µj(t) − r(t) − σj(t) · φ(t) = 0, for all j = 1,. . . ,n. Such a process φ is
called a market price of risk process. This terminology arises as follows: Rewrite
(0) as

Bj(t) = Bj(0)exp
(∫ t

0
µj(s)ds

)
Et

(
σj •W

)
.

Under mild conditions on the process σj the exponential local martingale Et(σj •W
)

is a martingale, that is, a process which is neither expected to increase or decrease.
In this case the process µj(t) can be viewed as the continuously compounded ex-
pected return process on the security Bj(t).

The Brownian motion Wt = (W 1
t , . . . ,W

d
t ) represents the source of random

shocks to the instantaneous returns d log(Bj(t)) and the components σjk(t) of σj(t)
measure the intensity of the shocks σjk(t)dW k

t and consequently the risk inherent
in the security Bj . Rewriting (2) (for S = Bj) as

µj(t) − r(t) = σj(t) · φ(t) =
∑d

k=1 σjk(t)φk(t)

we see that the process φ(t) relates this risk to the excess of the expected return on
the security Bj over the risk-free rate r(t).
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The market B together with a short rate process r ∈ L(t) and a market price
of risk process φ ∈ L(W ) satisfying (5) is called the general Black Scholes market.
This market is locally deflatable, and ξ defined by (1) and normalized by ξ(0) = 1
is a local deflator for B. Explicitly

ξ(t) = exp
(
−

∫ t

0
r(s)ds

)
Et

(
−φ•W

)
= B0(t)−1Et

(
−φ•W

)
. (7)

If the matrix σ(t) has full rank (and hence σ(t)′σ(t) is invertible) at all points (t, ω),
then multiplication of (5) with (σ(t)′σ(t))−1σ(t)′ on the left implies that we must
have φ(t) = (σ(t)′σ(t))−1σ(t)′

(
µ(t) − r(t)1n

)
. In this case the market price of risk

process is uniquely determined (by the short rate, security returns and volatilities
in B). Conditions have to be placed on σ(t), µ(t) and r(t) to ensure that φ ∈ L(W ).
According to (4) the deflated securities ξBj satisfy

(ξBj)(t) = (ξBj)(0)Et

[(
σj − φ

)
•W

]
.

Under mild conditions on the processes σj , φ, the exponential local martingale
Et

[(
σj − φ

)
•W

]
is in fact a martingale, for all j = 1,. . . , n. In this case ξ given by

(7) is in fact a deflator for the General Black-Scholes market B. We shall assume
that ξB0 is a martingale and hence the spot martingale measure P0 is defined.

Consider now the zero coupon bond B(t, T ) = ξ(t)−1EP

(
ξ(T ) | Ft

)
expiring

at time T . According to III.5.e.1 the strictly positive (Ft)-adapted martingale
ξ(t)B(t, T ) can be represented as

ξ(t)B(t, T ) = ξ(0)B(0, T )Et(α•W ), t ∈ [0, T ], (8)

for some process α ∈ L(W ). Setting b(t, T ) = α(t) + φ(t) we obtain

ξ(t)B(t, T ) = ξ(0)B(0, T )Et

(
(b(·, T ) − φ)•W

)
, t ∈ [0, T ]. (9)

From (1) and (8) combined with III.6.a.0 it follows that

d logξ(t) = −
(
r(t) + 1

2‖φ(t)‖2
)
dt− φ(t) · dWt,

d log
(
ξ(t)B(t, T )

)
= − 1

2‖α(t)‖2dt + α(t) · dWt.

Upon subtraction, d logB(t, T ) =
[
r(t) + 1

2

(
‖φ(t)‖2 − ‖α(t)‖2

)]
dt + b(t, T ) · dWt

and so
dB(t, T )
B(t, T )

=
[
r(t) + 1

2

(
‖φ(t)‖2 − ‖α(t)‖2 + ‖b(t, T )‖2

)]
dt + b(t, T ) · dWt.

Since here ‖φ(t)‖2−‖α(t)‖2 +‖b(t, T )‖2 = ‖φ(t)‖2−‖b(t, T )−φ(t)‖2 +‖b(t, T )‖2 =
2φ(t) · b(t, T ) this simplifies to

dB(t, T )
B(t, T )

=
[
r(t) + φ(t) · b(t, T )

]
dt + b(t, T ) · dWt. (10)
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From (7) and (8) we have

ξ(t)B0(t) = Et (−φ•W ) and

ξ(t)B(t, T ) = ξ(0)B(0, T )Et

[(
b(·, T ) − φ

)
•W

]
.

(11)

Dynamics under the spot and forward martingale measure. Assume now that ξS is
a local martingale and so (4) and (5) hold. Since ξ is a local deflator for B this is
true in particular for every asset S in B, but also for example for S(t) = B(t, T ).
For later use we shall now determine the dynamics of S under the spot martingale
measure P0 and the forward martingale measure PT . To do this we must switch
from the P -Brownian motion W to Brownian motions W 0

t , WT
t with respect to P0

respectively PT by means of III.4.c.0. Recall that ξ(0)B0(0) = 1. Thus the spot
martingale measure P0 is defined by dP0/dP = ξ(T ∗)B0(T ∗) = ET∗

(
−φ•W

)
. Using

(11) it follows that

M0
t =

d(P0|Ft)
d(P |Ft)

= ξ(t)B0(t) = Et(−φ•W ), t ∈ [0, T ∗].

According to III.4.c.0 it follows that W 0
t = Wt +

∫ t

0
φ(s)ds is a Brownian motion on

(Ω,F , (Ft), P0). Obviously dWt = dW 0
t −φ(t)dt. Substitute this into (2) and recall

from (3) that µS(t)−σS(t) ·φ(t) = r(t). This yields the dynamics of S under P0 as

dS(t)
S(t)

=
(
µS(t) − σS(t) · φ(t)

)
dt + σS(t) · dW 0

t = r(t)dt + σS(t) · dW 0
t . (12)

Thus S has drift r(t) under the spot martingale measure P0. The volatility remains
unchanged as always when we switch to some locally equivalent probability. Using
(11) the forward martingale measure PT on the σ-field FT is defined by

dPT

dP
=

ξ(T )B(T, T )
ξ(0)B(0, T )

= ET

[(
b(·, T ) − φ

)
•W

]
.

Thus MT
t =

d(PT |Ft)
d(P |Ft)

=
ξ(t)B(t, T )
ξ(0)B(0, T )

= Et

[(
b(·, T ) − φ

)
•W

]
, t ∈ [0, T ].

According to III.4.c.0 it follows that WT
t = Wt−

∫ t

0

(
b(s, T )−φ(s)

)
ds is a Brownian

motion on (Ω,F , (Ft), PT ). We have dWt = dWT
t +

(
b(t, T )−φ(t)

)
dt. Substituting

this into (2) yields the dynamics of S under PT as

dS(t)
S(t)

=
(
r(t) + σS(t) · b(t, T )

)
dt + σS(t) · dWT

t . (13)

Especially for S(t) = B(t, T ) (then σS(t) = b(t, T )) we obtain

dB(t, T )
B(t, T )

=
(
r(t) + ‖b(t, T )‖2

)
dt + b(t, T ) · dWT

t . (14)
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Finally let us determine the dynamics of the forward price FS(t, T ) = S(t)/B(t, T )
under the forward martingale measure PT . From (13) and (14) we obtain

d logS(t) =
(
r(t) + σS(t) · b(t, T ) − 1

2‖σS(t)‖2
)
dt + σS(t) · dWT

t and

d logB(t, T ) =
(
r(t) + 1

2‖b(t, T )‖2
)
dt + b(t, T ) · dWT

t .

Subtraction yields d logFS(t, T ) = − 1
2‖σS(t)− b(t, T )‖2dt+

(
σS(t)− b(t, T )

)
·dWT

t ,

from which it follows (III.6.a.0) that

dFS(t, T )
FS(t, T )

=
(
σS(t) − b(t, T )

)
· dWT

t . (15)

By assumption ξS is a P -local martingale and so FS(t, T ) = S(t)/B(t, T ) a PT -local
martingale (3.d.0.(c)). This explains the absence of the drift term.
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4. PRICING OF RANDOM PAYOFFS AT FIXED FUTURE DATES

Let B be a market containing zero coupon bonds of all maturities T ∈ (0, T ∗] and
ξ a local deflator for B such that ξBj is a martingale, for each zero coupon bond
Bj in B.

4.a European options. Fix a time T ∈ (0, T ∗] and let B|T denote the market based
on the filtered probability space (Ω, (Ft)t∈[0,T ], P ) resulting from B by restricting
the security processes in B to the interval [0, T ]. Thus all trading stops at time T
in the market B|T .

Lemma. Let τ : Ω → [0, T ] be an optional time and φ a trading strategy satisfying
Vt(φ) =

∫ t

τ
φ(s) · dB(s), P -as. on the set [τ < t], for all t ∈ [0, T ]. Then the trading

strategy χ = 1]]τ,T ]]φ is self-financing.

Proof. Note that Vt(χ) = 1[τ<t]Vt(φ) especially V0(χ) = 0. Thus we must show that
Vt(χ) =

∫ t

0
χ(s) ·dB(s), P -as., for all t ∈ [0, T ]. Consider such t and note that χ = 0

and so
∫ t

0
χ(s) · dB(s) = 0 = Vt(χ), P -as. on the set [t ≤ τ ] (III.2.d.4). Likewise on

the set [τ < t] we have

Vt(χ) = Vt(φ) =
∫ t

τ

φ(s) · dB(s) =
∫ t

0

1]]τ,T ]](s)φ(s) · dB(s) =
∫ t

0

χ(s) · dB(s).

4.a.0. Let ψ1, ψ2 be self-financing trading strategies with VT (ψ1) = VT (ψ2). Then
(a) Vt(ψ1) = Vt(ψ2), for all t ∈ [0, T ], or
(b) there is arbitrage in the market B|T .

Proof. Assume that (b) is not true, set ψ = ψ1 − ψ2 and let ε > 0. To establish
(a) it will suffice to show that the optional time τ = inf{ t ∈ [0, T ] | Vt(ψ) > ε } ∧ T

satisfies P (τ < T ) = 0. Let ρ be the trading strategy which buys one share of
the zero coupon bond B(t, T ) maturing at time T and holds this to time T . Set
Z = Vτ (φ)/B(τ, T ) and consider the trading strategy

χ = 1]]τ,T ]]Zρ− 1]]τ,T ]]ψ = 1]]τ,T ]]φ,

where φ = 1]]τ,T ]]Zρ − ψ. Following the strategy χ we wait until time τ . If τ = T

we do nothing. If τ < T we short the portfolio ψ (long ψ2, short ψ1) and invest
the proceeds into the zero coupon bond B(t, T ). The self-financing property of ψ
implies that

Vt(ψ) = V0(ψ) +
∫ t

0

ψ(s) · dB(s), ∀t ∈ [0, T ], and so

Vτ (ψ) = V0(ψ) +
∫ τ

0

ψ(s) · dB(s).

Subtraction yields
∫ t

τ
ψ(s)·dB(s) = Vt(ψ)−Vτ (ψ), P -as. on the set [τ < t]. Likewise

the Fτ -measurability of Z and III.2.d.0.(i) imply that
∫ t

τ
1]]τ,T ]](s)Zρ(s) · dB(s) =
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∫ t

0
Z1]]τ,T ]](s)dB(s, T ) = Z(B(t, T ) −B(t ∧ τ, T )). It follows that

∫ t

τ

φ(s) · dB(s) = Z(B(t, T ) −B(τ, T )) −
(
Vt(ψ) − Vτ (ψ)

)
= ZB(t, T ) − Vt(ψ) = Vt(φ),

P -as. on the set [τ < t]. The preceding Lemma now shows that the strategy χ is
self-financing. Since V0(χ) = 0 and VT (χ) = Z > 0, on the set [τ < T ], we must
have P (τ < T ) = 0.

Remark. From example 1.c.3 we know that such arbitrage χ can coexist with the
local deflator ξ for B. Thus we cannot conclude alternative (a) in 4.a.0. Additional
assumptions on φ, θ are necessary.

4.a.1 Law of One Price. Let φ, θ be trading strategies. If ξ(t)
(
Vt(φ) − Vt(θ)

)
is a

P -martingale, then VT (φ) = VT (θ) implies that Vt(φ) = Vt(θ), for all t ∈ [0, T ].

Proof. Set Dt = Vt(φ) − Vt(θ) and assume that DT = 0. The martingale property
of ξ(t)Dt then implies that Dt = 0, that is, Vt(φ) = Vt(θ), for all t ∈ [0, T ].

Remark. If φ, θ are self-financing, then the processes ξ(t)Vt(φ) and ξ(t)Vt(θ) and
hence the difference ξ(t)

(
Vt(φ)−Vt(θ)

)
are P -local martingales (3.c.0). If in addition

the maximal function supt∈[0,T ] ξ(t)
∣∣Vt(φ) − Vt(θ)

∣∣ is integrable, then ξ(t)
(
Vt(φ) −

Vt(θ)
)

is a P -martingale (I.8.a.4).

Options and replication. A European option exercisable at time T is a nonnegative,
FT -measurable random variable h. The quantity h(ω) is the payoff received by the
option holder at time T if the market is in state ω. The nonnegativity of h is
the mathematical expression of the fact that holders of options traded in existing
financial markets do not exercise an option unless it is in the money, that is, unless
this results in a positive payoff. The FT -measurability corresponds to the fact that
the uncertainty regarding the payoff h(ω), if exercised, is resolved by time T .

A trading strategy θ in B|T is said to replicate the option h, if it is self-
financing, ξ(t)Vt(θ) is a martingale and VT (θ) = h. Necessarily then ξ(t)Vt(θ) =
EP

[
ξ(T )VT (θ)|Ft

]
, that is

Vt(θ) = ξ(t)−1EP

[
ξ(T )h|Ft

]
, t ∈ [0, T ]. (0)

The option h is said to be replicable if and only if there exists a trading strategy θ

in B|T replicating h. Recall that for a self-financing trading strategy θ, the process
ξ(t)Vt(θ) is automatically a P -local martingale; however to obtain formula (0) we
need the stronger martingale condition.

Assume now that h is replicated by the trading strategy θ. To determine what
the price πt(h) of the claim h at time t ≤ T should be, let us assume that we decide
to trade h in our market according to some price process π(t). To avoid arbitrage
we must have π(T ) = h = VT (θ) and so π(t) = Vt(θ) = ξ(t)−1EP

[
ξ(T )h|Ft

]
, for all
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t ∈ [0, T ] (4.a.0 with ψ1 = θ and ψ2 being the buy and hold strategy investing in
h). This leads us to define the arbitrage price of h as

πt(h) = ξ(t)−1EP

[
ξ(T )h | Ft

]
, t ∈ [0, T ]. (1)

For later use we define πt(h) as in (1), even if h is not replicable. However then
πt(h) can no longer be interpreted as the arbitrage price process of the claim h.
Using 3.d.0.(d) with A(t) = B(t, T ) (then A(T ) = 1), we see that

πt(h) = B(t, T )EPT

[
h|Ft

]
, t ∈ [0, T ], (2)

where PT denotes the forward martingale measure at date T . If B contains a riskless
bond B0 such that ξB0 is a martingale (and hence the spot martingale measure P0

is defined), a similar application of 3.d.0.(d) with A(t) = B0(t) yields

πt(h) = B0(t)EP0

[
h/B0(T ) | Ft

]
, t ∈ [0, T ]. (3)

Formula (2) points to the importance of the forward martingale measure PT . The
switch between forward martingale measures at different dates S < T is made as
follows:

4.a.2. Let 0 ≤ t ≤ S < T and assume that h is FS-measurable. Then
(a) B(t, S)EPS

[B(S, T )h | Ft] = B(t, T )EPT
[h | Ft], if h ≥ 0 or h ∈ L1(PT ).

(b) B(t, S)EPS
[h|Ft] = B(t, T )EPT

[h/B(S, T ) | Ft], if h ≥ 0 or h ∈ L1(PS).

Remark. Looking at formula (a) consider h as a random payoff occurring at time
T . The right hand side evaluates this payoff at time t according to (2). The left hand
side first discounts this payoff back to time S and then evaluates the discounted
payoff at time t according to (2). A similar interpretation is possible for formula
(b). Consider h as a payoff occurring at time S.

Proof. (b) Apply the symmetric numeraire change formula 3.d.1.(d) to the market
B|S and the numeraires A(t) = B(t, S) and C(t) = B(t, T ). Noting that A(S) = 1
the symmetric numeraire change formula 3.d.1.(d)

A(t)EPA
[h/A(S)|Ft] = C(t)EPC

[h/C(S)|Ft]

yields B(t, S)EPS
[h|Ft] = B(t, T )EPT

[h/B(S, T )|Ft].
(a) Simply replace h with B(S, T )h in (b).

4.a.3. Let θ be a self-financing trading strategy such that VT (θ) = h and A ∈ S+ a
numeraire such that ξA is a martingale. Then θ replicates h if and only if V A

t (θ) =
Vt(θ)/A(t) is a PA-martingale.

Proof. According to 3.d.0.(b), V A
t (θ) is a PA-martingale if and only if ξ(t)Vt(θ) is

a P -martingale.
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4.b Forward contracts and forward prices. A forward contract for delivery of an
asset Z in B at date T with strike price K obliges the holder of the contract to buy
this asset at time T for K dollars thereby inducing a single cash flow h = ZT −K

at time T . The forward price at time t for delivery of the asset Z at time T is
defined to be that strike price K, which makes the value of the forward contract
equal to zero at time t. The payoff h = ZT −K at time T can be implemented at
time zero via the following self-financing trading strategy θ:

At time t buy one unit of the asset Z, sell K units of the zero coupon bond
maturing at time T and hold until time T .

The Law of One Price suggests that the arbitrage price πt(h) of this forward contract
at time t ≤ T be defined as πt(h) = Vt(θ) = Zt −KB(t, T ). Setting this equal to
zero and solving for K, we obtain the forward price FZ(t, T ) at time t for delivery
of the asset Z at time T as

FZ(t, T ) =
Zt

B(t, T )
. (0)

If Zt/B(t, T ) is in fact a PT -martingale (rather than only a local martingale), then
(0) can be rewritten as

FZ(t, T ) = EPT

[
ZT |Ft

]
. (1)

4.c Option to exchange assets. Fix K > 0 and let h be the European option to
receive one unit of the asset S1 in exchange for K units of the asset S2 at time T .
The payoff h of this option is given by h = (S1(T )−KS2(T ))+. If S2(t) = B(t, T ) is
the zero coupon bond maturing at time T , then h = (S1(T )−K)+ is the European
call on S1 with strike price K exercisable at time T , that is, the payoff at time T

of the right to buy one share of S1 for K dollars at time T .
Let us introduce the exercise set A = {ω ∈ Ω | S1(T )(ω) > KS2(T )(ω) },

that is the set of all states in which our option is exercised at time T . Then
h = (S1(T ) −KS2(T )) 1A and, assuming that this claim is replicable, its arbitrage
price process πt(h) can be written as

πt(h) = ξ(t)−1EP [ξ(T )S1(T )1A | Ft] −Kξ(t)−1EP [ξ(T )S2(T )1A | Ft] . (0)

Let us now use the assets S1, S2 themselves as numeraires. Assume that the
processes ξS1, ξS2 are martingales and hence the probabilities PS1 , PS2 defined.
Using 3.d.0.(d) with h = Sj(T )1A, we can write ξ(t)−1EP [ξ(T )Sj(T )1A | Ft] =
Sj(t)EPSj

[1A|Ft], j = 1, 2, and thus (0) becomes

πt(h) = S1(t)EPS1
[1A|Ft] −KS2(t)EPS2

[1A|Ft] . (1)

To get a more specific formula we need to make further assumptions on our market
model. Assume that we are in the setting of the general Black-Scholes model of 3.g
with a deflator ξ satisfying

dξ(t)
ξ(t)

= −r(t)dt− φ(t) · dW (t),
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where Wt is a Brownian motion with respect to the market probability P generating
the (augmented) filtration (Ft). The assets Sj are assumed to follow the dynamics

dSj(t)
Sj(t)

= µj(t)dt+ σj(t) · dW (t), j = 1, 2. (2)

Then d(ξSj)(t)
(ξSj)(t)

=
(
σj(t) − φ(t)

)
· dW (t), j = 1, 2 (3)

(see 3.g.eq.(4)). Set Zt = log
(
S1(t)/S2(t)

)
and write the exercise set A as

A =
[
ZT > log(K)

]
. (4)

To evaluate the conditional expectations in (1) we must find the distribution of ZT

under the probabilities PSj , j = 1, 2. From (3) it follows that

d log
(
ξSj

)
(t) = −1

2
‖αj(t)‖2dt+ αj(t) · dW (t), (5)

where αj(t) = σj(t) − φ(t). Thus

dZ(t) = d log(ξS1)(t) − d log(ξS2)(t)

=
1
2

(
‖α2(t)‖2 − ‖α1(t)‖2

)
dt+ (α1(t) − α2(t)) · dWt.

(6)

To determine the conditional expectation EPS1
[1A|Ft] we use III.4.c.0 to determine

the dynamics of Z under the measure PS1 . By definition of the measure PS1 we
have

Mt :=
d (PS1 |Ft)
d (P |Ft)

=
(ξS1)(t)
(ξS1)(0)

, t ∈ [0, T ],

and consequently, from (3), dMt

Mt
= α1(t) · dWt.

According to III.4.c.0 it follows that WS1
t = Wt −

∫ t

0
α1(s)ds is a PS1-Brownian

motion on
(
Ω,F , (Ft), PS1

)
. Obviously dWt = α1(t)dt + dWS1

t . Substituting this
into (6) we find that

dZ(t) =
[
1
2

(
‖α2‖2 − ‖α1‖2

)
+ (α1 − α2) · α1

]
dt+ (α1 − α2) · dWS1

t

=
1
2
‖α1 − α2‖2dt+ (α1 − α2) · dWS1

t ,

(7)

with respect to the measure PS1 (i.e., for a PS1-Brownian motion WS1
t ). We

now make the following assumption: The process α1(t) − α2(t) = σ1(t) − σ2(t)
is nonstochastic. Then III.6.c.3 can be applied to the dynamics (7) to compute
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the conditional expectation EPS1

[
1A|Ft

]
. Because of the special nature of the drift

term in (7) the quantities m(t, T ), Σ(t, T ) from III.6.c.3 become

Σ2(t, T ) =
∫ T

t
‖(α1 − α2)(s)‖2ds and m(t, T ) = 1

2Σ2(t, T )

and it follows that

EPS1

[
1A|Ft

]
= N(d1) where d1 =

log
(
S1(t)/KS2(t)

)
+ 1

2Σ2(t, T )
Σ(t, T )

.

A similar computation starting from the equation

dZ(t) = −1
2
‖(α1 − α2)‖2dt+ (α1 − α2) · dWS2

t

under the measure PS2 yields EPS2
[1A|Ft] = N(d2), where

d2 =
log

(
S1(t)/KS2(t)

)
− 1

2Σ2(t, T )
Σ(t, T )

= d1 − Σ(t, T ).

Thus we have the option price

πt(h) = S1(t)N(d1) −K S2(t)N(d2),

where d1, d2 are given as above. We can summarize these findings as follows:

4.c.0 Margrabe�s Formula. Assume that the asset prices Sj(t), j = 1, 2, follow
the dynamics (2) above and that the process σ1 − σ2 is deterministic and satisfies
Σ2(t, T ) =

∫ T

t

∥∥(σ1 − σ2)(s)
∥∥2
ds > 0, for all t ∈ [0, T ). Then the option h =(

S1(T ) −KS2(T )
)+ to exchange assets has arbitrage price process

πt(h) = S1(t)N(d1) −KS2(t)N(d2), t ∈ [0, T ),

where N is the standard normal cumulative distribution function and d1, d2 are as
above.

Remark. From (6) it follows that the quantity Σ2(t, T ) can also be written as

Σ2(t, T ) = 〈Z〉Tt =
〈
log

(
S1/S2

)〉T

t

and is thus a measure of the aggregate (percentage) volatility of S1/S2 on the
interval [t, T ] under the market probability P , that is, realized in the market. If
S2(t) is the zero coupon bond B(t, T ), then h =

(
S1(T ) − K

)+ is the European
call on S1 with strike price K. In this case the quotient S1(t)/S2(t) is the forward
price FS1(t, T ) of S1 deliverable at time T and consequently the crucial quantity∥∥(σ1 − σ2)(t)

∥∥ the volatility of the forward price of S1 and not of S1 itself.
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The reader will note that the term structure of interest rates does not enter
our formula unless one of the assets S1, S2 is a zero coupon bond. The reason is
that the claim h can be replicated by a trading strategy θ investing in the assets
S1, S2 only. Indeed our formula for the price πt(h) indicates as possible weights

θ1 = N(d1) and θ2 = −KN(d2)

for S1 and S2 respectively. Let us verify that this strategy is self-financing. By the
numeraire invariance of the self-financing condition it will suffice to show that θ is
self-financing in the market ξB, that is, that d

(
θ · (ξB)

)
= θ ·d(ξB). Now in general

d
(
θ · (ξB)

)
= θ · d(ξB) + ξB · dθ + d〈θ, ξB〉 (8)

and so we must show that ξB · dθ + d〈θ, ξB〉 = 0. (9)

Since
(
θ · (ξB)

)
(t) = ξ(t)πt(h) = EP

[
ξ(T )h | Ft

]
is a martingale, d

(
θ · (ξB)

)
and

θ · d(ξB) are known to be the stochastic differentials of local martingales. Thus (8)
shows that the bounded variation terms on the left of (9) automatically cancel. It
will thus suffice to show that the local martingale part of the stochastic differential
B · dθ = S1dθ1 + S2dθ2 vanishes. We may assume that K = 1. Then

θ1 = N(d1) =
1√
2π

∫ d1(t,S1,S2)

−∞
e−u2/2du,

θ2 = −N(d2) = − 1√
2π

∫ d2(t,S1,S2)

−∞
e−u2/2du, where

d1(t, s1, s2) =
log(s1) − log(s2) + 1

2Σ2(t, T )
Σ(t, T )

, and

d2(t, s1, s2) =
log(s1) − log(s2) − 1

2Σ2(t, T )
Σ(t, T )

, for s1, s2 ∈ R.

Writing X ∼ Y if X − Y is a bounded variation process and using similar notation
for stochastic differentials, Ito’s formula yields

dθ1 ∼ ∂N(d1)
∂s1

(t, S1, S2)dS1 +
∂N(d1)
∂s2

(t, S1, S2)dS2, and

dθ2 ∼ −∂N(d2)
∂s1

(t, S1, S2)dS1 −
∂N(d2)
∂s2

(t, S1, S2)dS2.

(10)

Here
∂N(d1)
∂s1

= (2π)−
1
2 e−d2

1/2 ∂d1

∂s1
= (2π)−

1
2 e−d2

1/2 1
s1Σ(t, T )

.

Likewise
∂N(d1)
∂s2

= −(2π)−
1
2 e−d2

1/2 1
s2Σ(t, T )

.
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Similarly

∂N(d2)
∂s1

= (2π)−
1
2 e−d2

2/2 1
s1Σ(t, T )

,
∂N(d2)
∂s2

= −(2π)−
1
2 e−d2

2/2 1
s2Σ(t, T )

.

Thus, from (10),
(2π)

1
2 Σ(t, T )S1dθ1 ∼ e−d2

1/2dS1 − e−d2
1/2 S1

S2
dS2, and

(2π)
1
2 Σ(t, T )S2dθ2 ∼ −e−d2

2/2 S2

S1
dS1 + e−d2

2/2dS2,

which, upon addition, yields

(2π)
1
2 Σ(t, T )

[
S1dθ1 + S2dθ2

]
∼

(
e−d2

1/2 − e−d2
1/2 S2

S1

)
dS1 +

(
e−d2

2/2 − e−d2
2/2 S1

S2

)
dS2 ∼

e−d2
1/2

(
1 − e

1
2 (d2

1−d2
2)
S2

S1

)
dS1 + e−d2

2/2

(
1 − e

1
2 (d2

2−d2
1)
S1

S2

)
dS2.

(11)

Noting now that

1
2
(d2

1 − d2
2) = (d1 − d2)

d1 + d2

2
= Σ(t, T )

d1 + d2

2
= log

(
S1/S2

)
,

we see that the coefficients of dS1, dS2 on the right of (11) vanish and consequently
B · dθ = S1dθ1 + S2dθ2 ∼ 0, as desired. Thus θ is self-financing. The self-financing
property of θ is no accident. See 4.e.0 below. By its very definition this strategy
replicates the arbitrage price of h on the entire interval [0, T ). The reader will have
noticed that the weights θ1, θ2 are not defined at time t = T . Thus Vt(θ) is not
defined for t = T . However ξ(t)Vt(θ) = EP

[
ξ(T )h | Ft

]
is a continuous martingale

and the martingale convergence theorem I.7.c.0 shows that ξ(t)Vt(θ) → ξ(T )h and
hence Vt(θ) → h almost surely, as t ↑ T . Thus defining the weights θ1(T ), θ2(T ) in
any fashion such that VT (θ) = h will extend the self-financing property of θ from
the interval [0, T ) to all of [0, T ].

In the case of a European call on S1 (S2(t) = B(t, T )) the replicating strategy
invests in S1 and the zero coupon bond B(t, T ) expiring at time T . Indeed, if interest
rates are stochastic the call cannot be replicated investing in S1 and the risk-free
bond except under rather restrictive assumptions and even then the corresponding
portfolio weights have to be chosen differently (see 4.f.3 below).
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4.d Valuation of non-path-dependent European options in Gaussian models.
Consider a European option h of the form h = f(S1(T ), S2(T ), . . . , Sk(T )) exer-
cisable at time T , where S1(t), S2(t), . . . , Sk(t) are any assets (possibly zero coupon
bonds). We assume that the claim h is attainable and that we are in the setting of
the general Black Scholes market of section 3.g. Let Fj(t) = Sj(t)/B(t, T ) denote
the forward price of the asset Sj deliverable at time T and recall that PT denotes
the forward martingale measure at time T . The price process πt(h) of h can then
be computed as

πt(h) = B(t, T )EPT
[h|Ft], t ∈ [0, T ]. (0)

Since Sj(T ) = Fj(T ) the option h can also be written as

h = f
(
F1(T ), F2(T ), . . . , Fk(T )

)
. (1)

The forward prices Fj(t) are PT -local martingales and hence (in the context of 3.g)
follow a driftless dynamics

dFj(t)
Fj(t)

= γj(t) · dWT
t , equivalently

d(logFj(t)) = −1
2
‖γj(t)‖2dt+ γj(t) · dWT

t

(2)

under the forward martingale measure PT , that is, for some Brownian motion WT
t

on (Ω,F , (Ft)t∈[0,T ], PT ). Integration yields

Fj(t) = Fj(0)exp
(∫ t

0

γj(s) · dWT
s − 1

2

∫ t

0

‖γj(s)‖2ds

)
, t ∈ [0, T ]. (3)

The use of forward prices and the forward martingale measure eliminates interest
rates from explicit consideration. All the necessary information about interest rates
is contained in the numeraire asset A(t) = B(t, T ). To make (3) useful for the
computation of the conditional expectation (0) we make the following

(G) Gaussian assumption: The volatility processes γj are nonstochastic.

The forward price Fj(t) is then a log-Gaussian process with respect to the for-
ward martingale measure PT (III.6.d.4). Likewise assumption (G) implies that the
deflated processes ξSj are log Gaussian processes with respect to the market prob-
ability P (3.g.eq.(4) and III.6.d.4).

To compute the conditional expectation (0) with h as in (1) it will be conve-
nient to write the vector

(
F1(T ), F2(T ), . . . , Fk(T )

)
as a function of some vector

measurable with respect to Ft and another vector independent of Ft. Using (3) for
t = t, T we see that

Fj(T ) = Fj(t)exp
(∫ T

t

γj(s) · dWT
s − 1

2

∫ T

t

‖γj(s)‖2ds

)

= Fj(t)exp
(
ζj(t, T ) − 1

2
Cjj

)
, where

(4)
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ζj(t, T ) =
∫ T

t
γj(s) · dWT

s and Cij =
∫ T

t
γi(s) · γj(s)ds = 〈log(Fi), log(Fj)〉Tt .

Fix t ∈ [0, T ]. Combining (0), (1) and (4) we obtain

πt(h) = B(t, T )EPT

[
f
(
F1(t)eζ1(t,T )− 1

2 C11 , . . . , Fk(t)eζk(t,T )− 1
2 Ckk

)
| Ft

]
. (5)

Note now that the vector (F1(t), . . . , Fk(t)) is Ft-measurable, while the vector
(ζ1(t, T ), . . . , ζk(t, T )) is independent of Ft with distribution N(0, C) (III.6.a.2,
III.6.c.2). Thus the conditional expectation (5) is computed by integrating out the
vector (ζ1(t, T ), . . . , ζk(t, T )) according to its distribution while leaving the vector
(F1(t), . . . , Fk(t)) unaffected (I.2.b.11); in short

πt(h) = B(t, T )
∫

Rk

f
(
F1(t)ex1− 1

2 C11 , . . . , Fk(t)exk− 1
2 Ckk

)
N(0, C)(dx). (6)

Let us now reduce this integral to an integral with respect to the standard multi-
normal distribution N(0, I)(dx) = nk(x)dx = (2π)−

k
2 e−

1
2‖x‖2

dx.
To do this we represent the covariance matrix C in the form C = A′A, for some

k × k matrix A, that is we write

Cij =
∫ T

t
γi(s) · γj(s)ds = θi · θj ,

where θj = cj(A) is the jth column of the matrix A. Especially then Cii = ‖θi‖2.
Using II.1.a.7 we can now rewrite (6) as

πt(h) = B(t, T )
∫

Rk

f
(
F1(t)eθ1·x− 1

2‖θ1‖2
, . . . , Fk(t)eθk·x− 1

2‖θk‖2)
nk(x)dx. (7)

Replacing x with −x and noting that e−θj ·x− 1
2‖θj‖2

= nk(x+ θj)/nk(x), (7) can be
rewritten as

πt(h) = B(t, T )
∫

Rk

f

(
F1(t)

nk(x+ θ1)
nk(x)

, . . . , Fk(t)
nk(x+ θk)
nk(x)

)
nk(x)dx. (8)

4.d.0 Theorem. Assume that the assets S1(t), . . . , Sk(t) follow the dynamics (2)
and that the Gaussian assumption (G) holds. Then the price process πt(h) of an
attainable European claim h = f(S1(T ), . . . , Sk(T )) maturing at time T is given by
equation (8), where Fj(t) = Sj(t)/B(t, T ) is the forward price of the asset Sj, the
vectors θj = θj(t, T ) ∈ Rk are chosen so that

Cij = 〈log(Fi), log(Fj)〉Tt =
∫ T

t
γi(s) · γj(s)ds = θi · θj

and nk(x) = (2π)−
k
2 e−

1
2‖x‖2

is the standard normal density in Rk.

Homogeneous case. In case the function f = f(s1, s2, . . . , sk) is homogeneous of
degree one, formula (8) simplifies as follows:

πt(h) =
∫

Rk

f
(
S1(t)nk(x+ θ1), . . . , Sk(t)nk(x+ θk)

)
dx. (9)
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The zero coupon bond B(t, T ) drops out and any explicit dependence on the rate
of interest disappears. We have seen this before in the formula for the price of
an option to exchange assets. In the Black Scholes call price formula the rate of
interest enters only since one of the assets is in fact the zero coupon bond with the
same maturity as the call option.

We will apply 4.d.0 to several options depending on two assets S1, S2 (k=2).
Recall that N(d) =

∫ d

−∞ n1(t)dt denotes the (one dimensional) cumulative normal
distribution function and that the two dimensional standard normal density n2

satisfies n2(x) = n2(x1, x2) = n1(x1)n1(x2). The following Lemma will be useful:

4.d.1 Lemma. Let r be a real number, θ, w ∈ R2 and G = {x ∈ R2 | x·w ≤ r} ⊆ R2.
Then ∫

G

n2(x+ θ)dx = N

(
r + θ · w
‖w‖

)
.

Proof: Let e1 = (1, 0)′ ∈ R2 and A be the (linear) rotation of R2 which satisfies
Aw = ‖w‖e1. ThenA is a unitary map, that is, A′ = A−1. Consider the substitution
x = A−1u. Using the rotational invariance of Lebesgue measure, the fact that A is
an isometry and that the standard normal density n2(x) depends on x only through
the norm ‖x‖, it follows that

∫
G

n2(x+ θ)dx =
∫

AG

n2(A−1u+ θ)du =
∫

AG

n2(A−1(u+Aθ))du

=
∫

AG

n2(u+Aθ)du.

Here u ∈ AG ⇐⇒ A′u ∈ G ⇐⇒ (A′u) · w ≤ r ⇐⇒ u · (Aw) ≤ r ⇐⇒ u1‖w‖ ≤ r.
Thus AG = {u ∈ R2 | u1 ≤ r/‖w‖ }. Set u = (u1, u2), Aθ = (α1, α2) ∈ R2. Then
n2(u+Aθ) = n1(u1 +α1)n1(u2 +α2) and the special nature of the domain AG now
implies that

∫
G

n2(x+ θ)dx =
∫

AG

n2(u+Aθ)du

=
(∫

[
u1≤r/‖w‖

] n1(u1 + α1)du1

) (∫
R

n1(u2 + α2)du2

)
.

Since the second integral in this product is equal to one it follows that

∫
G

n2(x+ θ)dx =
∫
[
t≤r/‖w‖+α1

] n1(t)dt = N

(
r

‖w‖ + α1

)
. (10)

Finally α1 = (Aθ) · e1 = θ · (A′e1) = θ · (A−1e1) = θ · w

‖w‖

and so 4.d.1 follows from (10).
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Consider now an option h = f(S1, S2) which depends on two assets. Here the
dimension k = 2 and the vectors θ1, θ2 ∈ R2 satisfy

‖θ1‖2 =
∫ T

t

‖γ1(s)‖2ds = 〈log(F1)〉Tt , ‖θ2‖2 =
∫ T

t

‖γ2(s)‖2ds = 〈log(F2)〉Tt ,

and θ1 · θ2 =
∫ T

t

γ1(s) · γ2(s)ds = 〈log(F1), log(F2)〉Tt ,

from which it follows that Σ2(t, T ) := ‖θ1 − θ2‖2 =
∫ T

t
‖γ1(s) − γ2(s)‖2ds. Set

Y (t) = S1(t)/S2(t) = F1(t)/F2(t) and Z(t) = log(Y (t)). From (2)

dZ(t) = −1
2

(
‖γ1(t)‖2 − ‖γ2(t)‖2

)
+

(
γ1(t) − γ2(t)

)
· dWT

t ,

and so d〈Z〉t = ‖γ1(t) − γ2(t)‖2dt. Thus Σ2(t, T ) =
∫ T

t
‖γ1(s) − γ2(s)‖2ds = 〈Z〉Tt

as in Margrabe’s formula 4.c.0.

4.d.2 Example. Option to exchange assets. The option to receive, at time T , one
unit of asset S1 in exchange for K units of asset S2 has payoff

h = f(S1(T ), S2(T )) = (S1(T ) −KS2(T ))+ = (S1(T ) −KS2(T ))1[S1(T )≥KS2(T )]

which is homogeneous of degree one in S1, S2. Let us see if we can derive Margrabe’s
formula 4.c.0 from (9) above. Entering f(s1, s2) = (s1−Ks2)1[s1≥Ks2] into (9) yields

πt(h) =
∫

G

(
S1(t)n2(x+ θ1) −KS2(t)n2(x+ θ2)

)
dx

= S1(t)
∫

G

n2(x+ θ1)dx−KS2(t)
∫

G

n2(x+ θ2)dx,

where G =
{
x ∈ R2 | S1(t)n2(x + θ1) ≥ KS2(t)n2(x + θ2)

}
. Thus x ∈ G if and

only if
n2(x+ θ1)
n2(x+ θ2)

= exp

(
−1

2
[
‖x+ θ1‖2 − ‖x+ θ2‖2

])
≥ KS2(t)

S1(t)
,

equivalently
1
2

[
‖x+ θ1‖2 − ‖x+ θ2‖2

]
≤ log

(
S1(t)
KS2(t)

)
,

that is x · (θ1 − θ2) ≤ log

(
S1(t)
KS2(t)

)
− 1

2
(
‖θ1‖2 − ‖θ2‖2

)
.

Thus G = {x ∈ R2 | x · w ≤ r }, where w = θ1 − θ2 and

r = log

(
S1(t)
KS2(t)

)
− 1

2
(
‖θ1‖2 − ‖θ2‖2

)
.
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From 4.d.1
∫

G
n2(x+ θ1)dx = N(d1) and

∫
G
n2(x+ θ2)dx = N(d2) and so

πt(h) = S1(t)N(d1) −KS2(t)N(d2),

where d1 = (r + θ1 · w)
/
‖w‖ and d2 = (r + θ2 · w)

/
‖w‖. Recalling from (10) that

‖w‖ = ‖θ1 − θ2‖ = Σ(t, T ) and observing that

r + θ1 · w = log

(
S1(t)
KS2(t)

)
+

1
2
‖w‖2 and r + θ2 · w = log

(
S1(t)
KS2(t)

)
− 1

2
‖w‖2,

it follows that

d1 =
log

(
S1(t)/KS2(t)

)
+ 1

2Σ2(t, T )
Σ(t, T )

and d2 = d1 − Σ(t, T ),

as in formula 4.c.0 above. Note that we can also write these quantities as

d1,2 =
log(F1(t)/F2(t)) − log(K) ± 1

2

〈
log(F1/F2)

〉T

t√〈
log(F1/F2)

〉T

t

.

4.d.3 Example. Digital option. Consider the option h = 1[S1(T )≥KS2(T )]. Since
the function f(s1, s2) = 1[s1≥Ks2] satisfies f(αs1, αs2) = f(s1, s2), 4.d.0 simplifies
to

πt(h) = B(t, T )
∫

R2
f
(
S1(t)n2(x+ θ1), S2(t)n2(x+ θ2)

)
n2(x)dx

= B(t, T )
∫

G

n2(x)dx = B(t, T ) N
(

r

‖w‖

)
,

where G, r and w are as in 4.d.2. Set ρ = r/‖w‖. As ‖w‖ =
√
〈log(F1/F2)〉Tt and

r = log

(
S1(t)
KS2(t)

)
− 1

2
(
‖θ1‖2 − ‖θ2‖2

)

= log
(
F1(t)/F2(t)

)
− log(K) +

1
2
(
〈log(F2)〉Tt − 〈log(F1)〉Tt

)
,

we obtain πt(h) = B(t, T )N(ρ), where

ρ =
log

(
F1(t)/F2(t)

)
− log(K) + 1

2

(
〈log(F2)〉Tt − 〈log(F1)〉Tt

)
√
〈log(F1/F2)〉Tt

. (11)

Comparing this with the formula πt(h) = B(t, T )EPT
(h|Ft) shows that N(ρ) is the

(conditional) exercise probability N(ρ) = EPT
(h|Ft) = PT

(
S1(T ) ≥ KS2(T ) | Ft

)
under the forward martingale measure PT . In case S2(t) = B(t, T ) the option payoff
becomes h = 1[S1(T )≥K], F2(t) = 1 and consequently (11) simplifies to

ρ =
log

(
F1(t)

)
− log(K) − 1

2 〈log(F1)〉Tt
)

√
〈log(F1)〉Tt

.
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4.d.4 Example. Power option. Let now h = S1(T )λS2(T )µ1[S1(T )≥KS2(T )], where
λ, µ ∈ R. Let G, r and w be as in 4.d.2. As the function f(s1, s2) = sλ

1s
µ
21[s1≥Ks2]

satisfies f(αs1, αs2) = αλ+µf(s1, s2), 4.d.0 simplifies to

πt(h) = B(t, T )1−(λ+µ)

∫
R2

f
(
S1(t)n2(x+ θ1), S2(t)n2(x+ θ2)

)
n2(x)1−(λ+µ)dx

= B(t, T )1−(λ+µ)S1(t)λS2(t)µ

∫
G

n2(x+ θ1)λn2(x+ θ2)µn2(x)1−(λ+µ)dx

= B(t, T )F1(t)λF2(t)µ

∫
G

n2(x+ θ1)λn2(x+ θ2)µn2(x)1−(λ+µ)dx.

Set U = exp
[
− 1

2

(
λ(1 − λ)‖θ‖2

1 + µ(1 − µ)‖θ‖2
2 − 2λµ θ1 · θ2

)]
. By straightforward

computation nk(x + θ1)λnk(x + θ2)µnk(x)1−(λ+µ) = Unk(x + λθ1 + µθ2) and so,
using 4.d.1,

πt(h) = UB(t, T )F1(t)λF2(t)µ

∫
G

nk(x+ λθ1 + µθ2)dx

= UB(t, T )F1(t)λF2(t)µN

[
‖w‖−1

(
r + (λθ1 + µθ2) · w

)]
.

Since w = θ1 − θ2 and r = log(F1(t)/F2(t)) − log(K) − 1
2 (‖θ1‖2 − ‖θ2‖2 we have

r+(λθ1 + µθ2) · w = r + λ‖θ1‖2 + (µ− λ)θ1 · θ2 − µ‖θ2‖2

= log(F1(t)/F2(t)) − log(K) + (λ− 1
2 )‖θ1‖2 + (µ− λ)θ1 · θ2 + ( 1

2 − µ)‖θ2‖2.

Recalling ‖θ1‖2 = 〈log(F1)〉Tt , ‖θ2‖2 = 〈log(F2)〉Tt , θ1 · θ2 = 〈log(F1), log(F2)〉Tt and
‖w‖ = 〈log(F1/F2)〉Tt , the option price assumes the form

πt(h) = UB(t, T )F1(t)λF2(t)µN(q), where

U = exp
[
− 1

2

(
λ(1 − λ)〈log(F1)〉Tt + µ(1 − µ)〈log(F2)〉Tt − 2λµ〈log(F1), log(F2)〉Tt

)]

and q =
[
log

(
F1(t)/F2(t)

)
− log(K) + (λ− 1

2 )〈log(F1)〉Tt + ( 1
2 − µ)〈log(F2)〉Tt

+ (µ− λ)〈log(F1), log(F2)〉Tt
]/√

〈log(F1/F2)〉Tt .

Remark. Here 〈log(Fj)〉Tt is the aggregate percentage volatility of the forward price
Fj that is left from current time t to the time T of expiry of the option. It is
incorrect to use the volatilities of the cash prices Sj instead. The two are the same
only if the zero coupon bond A(t) = B(t, T ) is a bounded variation process.
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Note that 〈log(Fj)〉Tt =
∫ T

t
‖γj(s)‖2ds, 〈log(F1), log(F2)〉Tt =

∫ T

t
γ1(s) · γ2(s)ds and

〈log(F1/F2)〉Tt = 〈log(F1)〉Tt + 〈log(F2)〉Tt − 2〈log(F1), log(F2)〉Tt
=

∫ T

t
‖γ1(s) − γ2(s)‖2ds.

The following notation is frequently employed in the literature: set σj = ‖γj‖ (the
numerical volatility of the forward price Fj(t)) and ρij =

(
γi/‖γi‖

)
·
(
γj/‖γj‖

)
. The

dynamics of the forward prices Fj(t) then becomes

dFj(t) = Fj(t)σj(t)dV T
j (t)

for PT -Brownian motions V T
j (t) defined by dV T

j (t) = ‖γj(t)‖−1γj(t) · dWT
t which

are one dimensional and correlated by d〈V T
i , V T

j 〉t = ρij(t)dt (III.6.b.0). Then

〈log(Fj)〉Tt =
∫ T

t

σ2
j (s)ds, 〈log(F1), log(F2)〉Tt =

∫ T

t

(σ1σ2ρ12)(s)ds

and 〈log(F1/F2)〉Tt =
∫ T

t

(σ2
1 + σ2

2 − 2σ1σ2ρ12)(s)ds.

4.e Delta hedging. A replicating strategy θ for a European option h is also called
a hedge for h with the interpretation that a seller of h will trade in the market
according to θ to hedge the random payoff h at time T .

Assume now that A is a numeraire asset such that ξA is a martingale. Then the
local martingale measure PA is defined. Assume that the market B contains only
finitely many securities and that A is a security of B and write B = (A,B1, . . . , Bn).
For a process X(t) we write XA(t) = X(t)/A(t) as usual.

Now let h be a European option exercisable at time T and write πt(h) =
ξ(t)−1EP

[
ξ(T )h|Ft

]
, t ∈ [0, T ]. Then ξ(t)πt(h) is a P -martingale and hence πA

t (h)
a PA-martingale (3.d.0.(b)).

4.e.0 Delta Hedging. Assume that the process πA
t (h) can be written in the form

πA
t (h) = F

(
t, BA(t)

)
= F

(
t, BA

1 (t), . . . , BA
n (t)

)
, t ∈ [0, T ], (0)

for some function F = F (t, b) = F (t, b1, . . . , bn) ∈ C1,2
(
[0, T ] × Rn

+

)
. Let θ(t) =(

K(t), H1(t), . . . , Hn(t)
)

be the trading strategy investing in B = (A,B1, . . . , Bn)
defined by

Hj(t) =
∂F

∂bj

(
t, BA

j (t)
)

and K(t) = F
(
t, BA(t)

)
−

∑n

j=1
Hj(t)BA

j (t).

Then θ is a replicating strategy for h.

Remark. Here F = F (t, b) ∈ C1,2([0, T ]×Rn
+) is to be interpreted as in III.3.a.1, that

is, F is continuous on [0, T ]×Rn
+, the partial derivative ∂f/∂t exists on (0, T )×Rn

+
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and has a continuous extension to [0, T ] × Rn
+. Continuous second order partial

derivatives are assumed to exist with respect to the remaining variables.

Proof. By definition
V A

t (θ) = K(t) +
∑n

j=1
Hj(t)BA

j (t) = F
(
t, BA(t)

)
= πA

t (h).

Thus V A
t (θ) is a PA-martingale with V A

T (θ) = πA
T (h) and so VT (θ) = πT (h) =

h. From 3.d.0.(b) it follows that ξ(t)Vt(θ) is a P -martingale and thus we have
to show only that θ is self-financing. By the numeraire invariance of the self-
financing condition it will suffice to show that θ is self-financing in the market BA =(
1, BA

1 , . . . , B
A
n

)
. Since dBA =

(
0, dBA

1 , . . . , dB
A
n

)′ the self-financing condition for
θ assumes the form

d Vt(θ,BA) = d
(
θ ·BA

)
= θ · dBA =

∑n

j=1
HjdB

A
j . (1)

Indeed, since Vt(θ,BA) = V A
t (θ) = F

(
t, BA(t)

)
, Ito’s formula III.3.a.1 yields

dVt(θ,BA) = dC(t) +
∑n

j=1

∂F

∂bj

(
t, BA

j (t)
)
dBA

j (t)

= dC(t) +
∑n

j=1
Hj(t)dBA

j (t),
(2)

for some continuous bounded variation process C with C(0) = 0. In integral form

Vt(θ,BA) = V0(θ,BA) + C(t) +
∑n

j=1

(
Hj •BA

j

)
(t).

Here Vt(θ,BA) = V A
t (θ) is a PA-martingale and the processes Hj •BA

j are PA-local
martingales (as the BA

j are PA-local martingales). It follows that C(t) = C(0) = 0,
t ∈ [0, T ], and (2) simplifies to yield (1).

The weights Hj given to the underlying assets Bj in this strategy are derivatives
∂F/∂bj

(
t, BA(t)

)
of the relative price πA

t (h) of h with respect to the relative price
BA

j at time t. In other words Hj(t) is the first order sensitivity of the relative price
of h to the relative price of the underlying asset Bj at time t. These sensitivities
are the so called deltas of the option h at time t. Therefore our replicating strategy
θ is also called delta hedging. The numeraire asset A is used to keep the portfolio
value equal to the option price πt(h) at all times.

In practice the zero coupon bond A(t) = B(t, T ) is the most useful numeraire.
In this case the relevant prices to be used in the computation of option deltas and
hedging coefficients are the forward prices for delivery at time T . Common market
practice however uses the cash prices instead, that is, one writes πt(h) = C(t, B(t))
and uses the sensitivities (∂C/∂bj)(t, B(t)) as portfolio weights. This is justifiable
only if the numeraire A is nonstochastic, in which case

πt(h) = A(t)πA
t (h) = A(t)F

(
t, BA(t)

)
= C(t, B(t)),

where C(t, b) = A(t)F
(
t, A(t)−1b

)
, for (t, b) ∈ [0, T ] × Rn

+, and so (∂C/∂bj)(t, b) =
(∂F/∂bj)(t, A(t)−1b) from which it follows that

∂C

∂bj
(t, B(t)) =

∂F

∂bj
(t, BA(t)).

Note that the numeraire asset A(t) = 1 is in B only if interest rates are zero.
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4.f Connection with partial differential equations. We continue in the setting of
the general Black Scholes market of 3.g. Let S be an asset in B and consider a
European option h of the form h = f(ST ) exercisable at time T . Let A(t) = B(t, T )
be the zero coupon bond maturing at time T and write XA(t) = X(t)/A(t) as usual.

Switching to the numeraire A, that is, replacing the cash price St with the
forward price SA

t = FS(t, T ) of the asset S allows us to incorporate stochastic rates
of interest without extra effort. As we will see below this relies on the fact that
A(T ) = 1 is nonstochastic. The zero coupon bond A(t) = B(t, T ) is essentially the
only numeraire in B with this property.

From 3.g.eq.(15) combined with III.6.b.0 we know that the forward price SA
t

follows a dynamics
dSA

t = SA
t σ(t)dV T

t , t ∈ [0, T ] (0)

under the forward martingale measure PT , where σ ∈ L(V T ) is the volatility of
the forward price of S under the forward martingale measure PT (and hence also
under the market probability P ) and V T

t is a one dimensional Brownian motion on
(Ω,F , (Ft), PT ). Since the numeraire A satisfies AT = 1 and hence ST = SA

T , the
option h can also be written as h = f(SA

T ). We now make the following assumption:
The process σ(t) is nonstochastic and continuous.

If h is replicable, then the arbitrage price πt(h) of h satisfies πA
t (h) = EPT

[
h|Ft

]
and hence is a PT -martingale satisfying πA

T (h) = h. We shall however not assume
that h is replicable. Nonetheless the process πA

t (h) = EPT

[
h|Ft

]
can be considered

and we shall attempt to write πA
t (h) in the form

πA
t (h) = F

(
t, SA

t

)
, t ∈ [0, T ],

for some function F = F (t, s) ∈ C1,2([0, T ]×R+) (to be interpreted as in III.3.a.1)
and see what this implies for the function F . By Ito’s formula III.3.a.1,

d πA
t (h) =

∂F

∂t

(
t, SA

t

)
dt+

∂F

∂s

(
t, SA

t

)
dSA

t +
1
2
∂2F

∂s2
(
t, SA

t

)
d

〈
SA

〉
t
.

From (0) we have d
〈
SA

〉
t
=

(
SA

t

)2
σ2(t)dt and entering this and (0) into (1) yields

d πA
t (h) =

[
∂F

∂t

(
t, SA

t

)
+

1
2
(SA

t )2σ2(t)
∂2F

∂s2
(
t, SA

t

)]
dt

+ SA
t σ(t)

∂F

∂s

(
t, SA

t

)
dV T

t .

(1)

Since πA
t (h) is a PT -martingale, the drift term must vanish and we obtain

∂F

∂t

(
t, SA

t

)
+

1
2

(
SA

t

)2
σ2(t)

∂2F

∂s2
(
t, SA

t

)
= 0.
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This suggests that we consider solutions F = F (t, s) ∈ C1,2([0, T ]×R+) of the PDE

∂F

∂t
+

1
2
s2σ2(t)

∂2F

∂s2
= 0. (2)

Recalling that h = f(SA
T ), the requirement F (T, SA

T ) = πA
T (h) = h = f(SA

T ) leads
to the boundary condition

F (T, s) = f(s). (3)

Note that it is the driftless nature of equation (0) which makes the partial differential
equation (2) so simple.

Conversely, let us assume we have a solution F = F (t, s) ∈ C1,2([0, T ] × R+)
of (2) satisfying the boundary condition (3) and set

Ut = F
(
t, SA

t

)
, t ∈ [0, T ].

Then UT = F (T, SA
T ) = f(SA

T ) = h. Recall now that πA
t (h) is a PT -martingale

satisfying πA
T (h) = h = UT . If we can show that Ut is a PT -martingale also, it will

follow that
πA

t (h) = EPT

[
h | Ft

]
= Ut = F

(
t, SA

t

)
, t ∈ [0, T ],

establishing the desired representation for the process πA
t (h). Note that this implies

πt(h) = A(t)F
(
t, SA

t

)
= B(t, T )F (t, S(t)/B(t, T )) , t ∈ [0, T ].

To ensure that Ut is in fact a PT -martingale we must put one more constraint on
the solution F of (2). We assume that the partial derivative ∂F/∂s is bounded on
[0, T ] × R+. Ito’s formula now yields the expansion (1) for dUt = dF

(
t, SA

t

)
with

collapsing drift term, that is, dUt = σ(t)SA
t (∂F/∂s)

(
t, SA

t

)
dV T

t , equivalently

Ut = U0 +
∫ t

0

σ(v)SA
v

∂F

∂s

(
v, SA

v

)
dV T

v . (4)

The nonstochastic and continuous volatility σ in (0) is bounded on [0, T ]. Thus,
according to III.6.a.1, the dynamics (0) implies that

EPT

[∫ T

0

σ2(t)
(
SA

t

)2
dt

]
< ∞.

Since the partial derivative ∂F/∂s is bounded, it follows from this that

EPT

[∫ T

0

(
σ(t)SA

t

∂F

∂s

(
t, SA

t

))2

dt

]
< ∞

also. But this ensures that Ut given by (4) is a (square integrable) PT -martingale
on [0, T ], as desired. This shows that πA

t (h) = EPT

[
h | Ft

]
= F

(
t, SA

t

)
, t ∈ [0, T ].

Thus 4.e.0 applies to show that a replicating strategy θt = (Kt, Ht) for h which
invests in the asset vector (At, St), that is, in the numeraire asset and the underlying
asset, is given by

Ht =
∂F

∂s

(
t, SA

t

)
and Kt = F

(
t, SA

t

)
−HtS

A
t . (5)

We can summarize these findings as follows:
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4.f.0. Let h = f(ST ) be a European option on some asset St satisfying (0) with
continuous, nonstochastic volatility σ(t). If F = F (t, s) ∈ C1,2([0, T ] × R+) is any
solution of the PDE ∂F

∂t
+

1
2
s2σ2(t)

∂2F

∂s2
= 0

satisfying the boundary condition F (T, s) = f(s) and with bounded partial derivative
∂F/∂s, then h is replicable and the price process πt(h) can be written as

πt(h) = B(t, T )F (t, S(t)/B(t, T )) , t ∈ [0, T ].

A replicating strategy θ(t) = (Kt, Ht) for h investing in the vector (At, St) =
(B(t, T ), St) is given by (5).

The weight Ht given to the underlying asset St in this strategy is the derivative
(∂F/∂s)

(
t, SA

t

)
of the forward price of h with respect to the forward price of S at

time t. This weight would not be correct if the cash prices were used instead.

4.f.1 Remarks. (a) The use of the forward price SA
t and the evaluation of h

via the forward martingale measure PT has the advantage of eliminating interest
rates from explicit consideration. The necessary information about interest rates is
packed into the numeraire asset A(t) = B(t, T ). The forward price SA

t is the price
of S at time t expressed in constant time T dollars. Note that the critical input,
namely the volatility process σ(t), does not change when we pass from the market
probability P to any equivalent probability. Thus σ is the volatility of the forward
price SA

t realized in the market.
An evaluation of h as πt(h) = B0(t)EP0

[
B0(T )−1h | Ft

]
based on the dynamics

of the discounted cash price S(t)/B0(t) under the spot martingale measure P0 does
not offer this advantage and necessitates assumptions on the spot rate process r(t).
For the valuation of a cashflow occurring at a single future date T , the time T -
forward martingale measure PT is superior to the spot martingale measure P0.

(b) Equation (3) does not have constant coefficients even if σ(t) is constant. In this
case however we can derive a constant coefficient PDE if we use a slightly different
setup: The logarithmic transform Zt = log

(
SA

t

)
simplifies (0) to

dZt = − 1
2σ

2(t)dt+ σ(t)dV T
t (6)

and we write now πA
t (h) = H(t, Zt), t ∈ [0, T ], for some function H = H(t, z) ∈

C1,2([0, T ] × R+) and see what PDE the function H has to satisfy. From (6) we
have

d〈Z〉t = σ(t)2dt, (7)

and entering this into the expansion

d πA
t (h) = dH(t, Zt) =

∂H

∂t
(t, Zt)dt+

∂H

∂z
(t, Zt)dZt +

1
2
∂2H

∂z2
(t, Zt)d〈Z〉t
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yields
d πA

t (h) =
[
∂H

∂t
(t, Zt) −

1
2
σ2(t)

∂H

∂z
(t, Zt) +

1
2
σ2(t)

∂2H

∂z2
(t, Zt)

]
dt

+ σ(t)
∂H

∂z
(t, Zt)dV T

t .

Since πA
t (h) = EPT

[h | Ft] is a PT -martingale, the drift term must vanish and we
obtain

∂H

∂t
(t, Zt) −

1
2
σ2(t)

∂H

∂z
(t, Zt) +

1
2
σ2(t)

∂2H

∂z2
(t, Zt) = 0.

This suggests that we consider solutions H = H(t, z) ∈ C1,2([0, T ] × R+) of the
PDE

∂H

∂t
− σ2

2
∂H

∂z
+
σ2

2
∂2H

∂z2
= 0. (8)

The requirement H(T,ZT ) = πA
T (h) = h = f(SA

T ) = f
(
eZT

)
translates into the

boundary condition
H(T, z) = f(ez). (9)

Conversely, if H = H(t, z) ∈ C1,2([0, T ]×R+) is a solution of (8) satisfying (9), we
can show that

πA
t (h) = H(t, Zt), ∀ t ∈ [0, T ],

under a suitable additional assumption on the partial derivative ∂H/∂z. To deter-
mine this condition let us investigate the relation between the function F = F (t, s)
from (2) and H = H(t, z) above. In fact the relation Zt = log(SA

t ) suggests that
the PDEs (2) and (8) are related via the transformation z = log(s). In fact it is
straightforward to show that the substitution z = log(s) transforms (8) into (2).
Thus the boundedness of ∂F/∂s corresponds to the boundedness of e−z∂H/∂z.

Higher dimensional PDEs. The above approach can also be extended to options
h = f(S1(T ), . . . , Sn(T )) depending on a vector S(t) = (S1(t), . . . , Sn(t))′ of assets.
Starting from

dSA
j (t) = SA

j (t)σj(t) · dWT
t , 1 ≤ j ≤ n, (10)

where WT
t is an n-dimensional PT -Brownian motion and the σj : [0, T ] → Rn

are continuous functions, note d
〈
SA

i , S
A
j

〉
t

= SA
i (t)SA

j (t)σi(t) · σj(t)dt and try a
representation

πA
t (h) = F

(
t, SA(t)

)
= F

(
t, SA

1 (t), . . . , SA
n (t)

)
, (11)

for some function F = F (t, s) = F (t, s1, . . . , sn) ∈ C1,2([0, T ] × Rn
+). This yields

the PDE
∂F

∂t
+

1
2

∑
ij
sisjσi(t) · σj(t)

∂2F

∂si∂sj
= 0 (12)

with boundary condition F (T, s) = f(s), (13)

where s = (s1, . . . , sn). An argument similar to the above shows that conversely
(12), (13) combined with the boundedness of all the partial derivatives ∂F/∂sj suf-
fices to establish the representation (11). Note that we have already solved the
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PDE (12), (13) in 4.d.eq.(7) above. We have d
〈
log(SA

i ), log(SA
j )

〉
t
= σi(t) · σj(t)dt

which follows from (10). Thus the process σi(t) · σj(t) is the instantaneous covari-
ation of log(SA

i ) and log(SA
j ). A replicating strategy θ for h invests in the vector

(A(t), S1(t), . . . , Sn(t)) with weights θ(t) = (K(t), H1(t), . . . , Hn(t)) given by

Hj(t) =
∂F

∂sj

(
t, SA(t)

)
and K(t) = F

(
t, SA(t)

)
−

∑
j
Hj(t)SA

j (t).

Continuous dividends. Assume now that the asset Sj pays a continuous dividend
Dj(t) satisfying dDj(t) = qj(t)Sj(t)dt and let h = f(S1(T ), . . . , Sn(T )) be as above.
From the discussion in 2.c we know that the option price remains unaffected if the
assets Sj(t) are replaced with their dividend-free reductions S̃j(t) = Sj(t)Cj(t) with
Cj(t) = exp

(
−

∫ T

t
qj(s)ds

)
. In other words

πt(h) = A(t)F (t, S̃A
1 (t), . . . , S̃A

n (t)) = A(t)F (t, SA
1 (t)C1(t), . . . , SA

n (t)Cn(t)),

where the function F = F (t, s̃1, . . . , s̃n) ∈ C1,2([0, T ] ×Rn
+) satisfies

∂F

∂t
+

1
2

∑
ij
s̃is̃jσi(t) · σj(t)

∂2F

∂s̃i∂s̃j
= 0

with boundary condition F (T, s̃) = f(s̃). This appears to be the most efficient
approach to dealing with continuous dividends as it shows that the same valua-
tion PDE can be used as in the dividend-free case if the formula for the option
price is adjusted accordingly. However if it is desired to write the option price in
terms of the dividend paying assets Sj(t) as πt(h) = A(t)G(t, SA

1 (t), . . . , SA
n (t)), the

corresponding PDE for the function G = G(t, s1, . . . , sn) can also be derived.
The equality F (t, S̃A

1 (t), . . . , S̃A
n (t)) = πA

t (h) = G(t, SA
1 (t), . . . , SA

n (t)) suggests
that we should have F (t, s̃1, . . . , s̃n) = G(t, s1, . . . , sn), where the variables s̃ and s

are related by sj = Cj(t)−1s̃j = exp
(∫ T

t
qj(s)ds

)
s̃j .

From this it follows that ∂sj/∂t = −sjqj(t) and ∂sj/∂s̃j = Cj(t)−1 and so

∂F

∂t
=

∂G

∂t
+

∑
j

∂G

∂sj

∂sj

∂t
=

∂G

∂t
−

∑
j
sjqj(t)

∂G

∂sj
,

∂F

∂s̃j
=

∂G

∂sj

∂sj

∂s̃j
=

∂G

∂sj
Cj(t)−1.

It follows that ∂2F/∂s̃i∂s̃j =
(
∂2G/∂si∂sj

)
Ci(t)−1Cj(t)−1 and consequently

s̃is̃j∂
2F/∂s̃i∂s̃j = sisj∂

2G/∂si∂sj . Entering this into the PDE for F yields

∂G

∂t
−

∑
j
sjqj(t)

∂G

∂sj
+

1
2

∑
ij
sisjσi(t) · σj(t)

∂2G

∂si∂sj
= 0

with boundary condition G(T, s) = f(s).
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Remark. Our PDEs are related to the heat equation ∂H/∂τ = 1
2

∑
j ∂

2H/∂u2
j .

Consider (12), (13) with constant volatilities σi ∈ Rn. Introduce the new variables
(τ, u) = (τ, u1, . . . , un) defined by t = T−τ and si = exp

(
σi·u+ 1

2τ‖σi‖2
)
, 1 ≤ i ≤ n.

Then the function H(τ, u) = F (t, s1, . . . , sn) satisfies the heat equation.

4.f.2 Valuation PDE for barrier options. We consider the case of a single
asset S. Let Zt = (t, St), G ⊆ [0, T ]×R+ be a relatively open set with Z0 ∈ G and
τ = inf{ t > 0 | Zt ∈ bdry(G) } the time at which Zt hits the boundary of G. Note
that Zt hits the boundary of G before time T and so τ ≤ T . Let f = f(t, s) be a
continuous function on the boundary of G and consider the option h with payoff
f(τ, Sτ ) at time T . The payoff of h receivable at time T is determined when the
process Z hits the boundary of G (the barrier).

To establish the proper valuation PDE for this option we work from the dynamics

dSt = r(t)Stdt+ σ(t)StdW
0
t (14)

of S under the spot martingale measure P0 with deterministic short rate process
r(t) and volatility σ(t). The riskless bond Bt = exp

(∫ t

0
r(s)ds

)
is then nonstochastic

also and so the option price πt(h) satisfies

πt(h) = BtEP0

[
h/BT | Ft

]
= BtB

−1
T EP0 [h|Ft]. (15)

Set Vt = F (t ∧ τ, St∧τ ) where F = F (t, s) ∈ C1,2(G) (continuous on the closure of
G, C1,2 on G∩(0, T )×R+). If V is a P0-martingale satisfying VT = h = EP0 [h|FT ],
then it follows that Vt = EP0 [h|Ft] and so

πt(h) = BtB
−1
T EP0 [h|Ft] = BtB

−1
T Vt = BtB

−1
T F (t ∧ τ, St∧τ ), ∀t ∈ [0, T ]. (16)
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The requirement VT = h can be rewritten as F (τ, Sτ ) = f(τ, Sτ ) and is satisfied if
F satisfies the boundary condition

F = f on bdry(G). (17)

According to III.2.d.0.(c) we have d(t ∧ τ) = 1[[0,τ ]](t)dt,

dSτ
t = 1[[0,τ ]](t)dSt = 1[[0,τ ]](t)r(t)Stdt+ 1[[0,τ ]](t)σ(t)StdW

0
t and

d 〈Sτ 〉t = d 〈S〉τt = 1[[0,τ ]](t)d 〈S〉t = 1[[0,τ ]](t)σ(t)2S2
t dt,

and so Ito’s formula yields

dVt =
∂F

∂t
(t ∧ τ, Sτ

t ) d(t ∧ τ) +
∂F

∂s
(t ∧ τ, Sτ

t ) d(Sτ )t +
1
2
∂2F

∂s2
(t ∧ τ, Sτ

t ) d〈Sτ 〉t

= 1[[0,τ ]](t)
{
∂F

∂s
(t ∧ τ, Sτ

t )σ(t)StdW
0
t +

[
∂F

∂t
(t ∧ τ, Sτ

t ) + r(t)St
∂F

∂s
(t ∧ τ, Sτ

t ) +
1
2
σ(t)2S2

t

∂2F

∂s2
(t ∧ τ, Sτ

t )
]
dt

}
.

If now F = F (t, s) satisfies the PDE

∂F

∂t
+ r(t)s

∂F

∂s
+

1
2
σ(t)2s2

∂2F

∂s2
= 0, (18)

this collapses to dVt =
(
∂F/∂s

)
(t ∧ τ, St∧τ )σ(t)StdW

0
t implying that V is a P0-

local martingale. If in addition the partial derivative ∂F/∂s is bounded, it follows
that V is a square integrable P0-martingale. In this case we have the representation

πt(h) = BtB
−1
T F (t ∧ τ, St∧τ ), t ∈ [0, T ],

for the option price πt(h).

4.f.3 Hedging the call. Let h = (ST − K)+ be the call on ST with strike
price K. In the proof of Margrabe’s formula 4.c.0 we have seen that the process
πt(h) = B(t, T )EPT

[
h|Ft

]
is given by πt(h) = StN(d1) −KB(t, T )N(d2) and so

πA
t (h) = SA

t N(d1) −KN(d2), t ∈ [0, T ], where

d1 =
log

(
SA

t /K
)

+ 1
2Σ2(t, T )

Σ(t, T )
, d2 = d1 − Σ(t, T ), Σ2(t, T ) =

∫ T

t

∥∥σ(s)
∥∥2
ds

and At = B(t, T ). Here
∥∥σ(s)

∥∥ is the volatility process of the forward price SA
t . This

did not use the replicability of h (only the interpretation of πt(h) as the arbitrage
price of h does). Thus πA

t (h) = F (t, SA
t ) where F (t, s) = sN(d1(s)) −KN(d2(s)),

d1 =
log (s/K) + 1

2Σ2(t, T )
Σ(t, T )

, d2 = d1 − Σ(t, T ),
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and Σ(t, T ) does not depend on s. A straightforward computation shows that
∂F/∂s = N(d1(s)). Thus the pricing formula

πt(h) = StN(d1) −KAtN(d2) (19)

already yields the correct weights for hedging the call in the underlying asset St

and the zero coupon bond At = B(t, T ) (delta hedging). A long call will be hedged
by being short St and long the bond B(t, T ).

These weights are not correct if the long side of the hedge invests in the riskless
bond (investing the difference πt(h) − StN(d1) in the riskless bond), unless the
short rate r(t) is nonstochastic. To see this, let us derive the correct weights for
hedging the call with the underlying asset and the riskless bond B0(t). Write
X0

t = X(t)/B0(t), for each process X. Starting from the dynamics

dS0
t = S0

t σ(t) · dW 0
t , and dA0

t = A0
tβ(t) · dW 0

t , (20)

under the spot martingale measure P0 (W 0
t a two dimensional Brownian motion on

(Ω,F , (Ft), P0) and σ = σS , β(t) = b(t, T ) in the terminology of 3.g), straightfor-
ward computations yield

dSA
t = SA

t

{
(β − σ) · βdt+ (σ − β) · dW 0

t

}
. (21)

Assume now that φt = (K̃t, H̃t) is a replicating strategy for our call investing in
the assets (B0(t), S(t)). Then, writing πt = πt(h), we have dπ0

t = dV 0
t (φ) = H̃tdS

0
t

since φ is self-financing. Likewise, if θt = (Kt, Ht) is any trading strategy investing
in the assets (At, St) which replicates h, then dπA

t = dV A
t (θ) = HtdS

A
t .

Suitable weights Ht = N(d1) and Kt = −KN(d2) for such a strategy are
already known from (19) and we would like to derive suitable weights H̃t, K̃t for φ
from these. To do this, note that π0

t = A0
tπ

A
t and thus, by the stochastic product

rule,
dπ0

t = A0
tdπ

A
t + πA

t dA
0
t + d

〈
A0, πA

〉
t
. (22)

We will now reduce the left and right hand sides to stochastic differentials with
respect to W 0

t and compare coefficients. On the left we have

dπ0
t = H̃tdS

0
t = H̃tS

0
t σ · dW 0

t . (23)

To simplify the right hand side, we compute the summands one by one. First

dπA
t = HtdS

A
t = HtS

A
t

{
(β − σ) · βdt+ (σ − β) · dW 0

t

}
(24)

from (21). Multiplying this with A0
t and observing that A0

tS
A
t = S0

t , we obtain

A0
tdπ

A
t = HtS

0
t

{
(β − σ) · βdt+ (σ − β) · dW 0

t

}
. (25)

From (20) πA
t dA

0
t = πA

t A
0
tβ · dW 0

t = π0
t β · dW 0

t (26)
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and finally, from (20) and (24), observing again that A0
tS

A
t = S0

t ,

d
〈
A0, πA

〉
t
= HtS

0
t (σ − β) · βdt. (27)

Entering (25), (26), (27) into (22) we obtain dπ0
t =

{
HtS

0
t (σ − β) + π0

t β
}
· dW 0

t .
Comparing this to (23) yields H̃tS

0
t σ = HtS

0
t (σ − β) + π0

t β, equivalently

H̃t σ = Ht(σ − β) + πS
t β. (28)

Assume now that the vectors σ(t) and β(t) are linearly independent, for all t ∈ [0, T ].
Then (28) implies in particular that πS

t = Ht, that is, Vt(θ) = πt = HtSt and so
Kt = 0 in contradiction to Kt = −KN(d1). Thus, in this case, there is no process
H̃t satisfying (28) and consequently a replicating strategy φ hedging the call by
investing in (B0(t), S(t)) does not exist.

However such a replicating strategy does exist, if we assume that the same one
dimensional Brownian motion Vt drives both the asset St and the zero coupon bond
At = B(t, T ), that is, if we assume the dynamics

dS0
t = S0

t σ1(t)dVt and dA0
t = A0

tσ2(t)dVt,

instead of (20). Computations which are identical to the ones above (σ, β and W 0
t

replaced with σ1, σ2 and Vt) lead to the equation H̃tσ1 = Ht(σ1 − σ2) + πS
t σ2 with

scalar processes σ1, σ2, which can be solved for H̃t as

H̃t = Ht + σ2σ
−1
1

(
πS

t −Ht

)
. (29)

From (19) it is known that Ht = N(d1) and πt = StN(d1) − KAtN(d2) and so
πS

t −Ht = −KAtS
−1
t N(d2) with the notation of section 4.c.0. With this (29) yields

H̃t = N(d1) −Kσ2σ
−1
1 AtS

−1
t N(d2) = N(d1) −Kσ2σ

−1
1 B(t, T )S−1

t N(d2)

as the correct number of shares of the asset St to hold short when hedging a long
call h = (ST −K)+ by investing in S(t) and the riskless bond B0(t).
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5. INTEREST RATE DERIVATIVES

Fix a sequence of dates (tenor structure) 0 < T = T0 < T1 < . . . < Tn < T ∗ and
consider a market B containing each zero coupon bond B(t, Tj) and admitting a
local deflator ξ such that ξ(t)B(t, Tj) is a martingale and so the forward martingale
measure PTj is defined at each date Tj , 0 ≤ j ≤ n.

Set δj = Tj+1 − Tj , 0 ≤ j < n, and assume that 0 ≤ t ≤ T = T0. Recall that
Libor L(Tj) set at time Tj (for the accrual period [Tj , Tj+1]) is defined as

B(Tj , Tj+1)−1 = 1 + δjL(Tj). (0)

One dollar at time Tj buys B(Tj , Tj+1)−1 zero coupon bonds maturing at time
Tj+1 with payoff B(Tj , Tj+1)−1 at time Tj+1. Thus L(Tj) is a simple rate of interest
expressed in annualized form. The dates T0, . . . , Tn−1 are called the reset dates (i.e.,
dates at which Libor is reset) and the dates T1, . . . , Tn are called the settlement
dates (i.e., dates where interest payments are made (for Libor settled in arrears)).

5.a Floating and Þxed rate bonds. The floating rate bond FLB (with principal
1) is a security which pays the coupon cj = δjL(Tj) at time Tj+1, 0 ≤ j < n and
returns the principal 1 at time Tn. Let FLBt denote the value of this random cash
flow at time t ≤ T = T0 and cj(t) the value at time t of the jth coupon payment
cj . Clearly then

FLBt = B(t, Tn) +
∑n−1

j=0
cj(t). (1)

Moreover, evaluating the coupon cj = δjL(Tj) = B(Tj , Tj+1)−1−1 (payable at time
Tj+1) at time t using the time Tj+1-forward martingale measure PTj+1 in accordance
with 4.a.eq.(2) yields

cj(t) = B(t, Tj+1)EPTj+1

[
B(Tj , Tj+1)−1 − 1

∣∣Ft

]
= B(t, Tj+1)EPTj+1

[
B(Tj , Tj+1)−1

∣∣Ft

]
−B(t, Tj+1).

Using 4.a.2.(b) to switch to the forward martingale measure PTj
yields

cj(t) = B(t, Tj)EPTj

[
1
∣∣Ft

]
−B(t, Tj+1) = B(t, Tj) −B(t, Tj+1).

Entering this into (1) and telescoping the sum yields

FLBt = B(t, T0).

Here it was assumed that t ≤ T = T0. If t ∈ (Tj , Tj+1], then FLBt = B(t, Tj+1).
In particular the floating rate bond FLB has value 1 at each reset date Tj .

The fixed rate bond FRB(κ) (with coupon rate κ and principal 1) pays the
fixed coupon cj = δjκ at time Tj+1, j = 0, . . . , n− 1 and returns the principal 1 at
time Tn. Consequently its value FRBt(κ) at time t ≤ T satisfies

FRBt(κ) = B(t, Tn) +
∑n−1

j=0
δjκB(t, Tj+1). (2)
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5.b Interest rate swaps. Interest rate swaps exchange fixed rate coupons for floating
rate coupons on a nominal principal which we shall always assume to be equal to
one. Such a swap is called a payer respectively receiver swap according as the fixed
rate coupons are payed or received.

Recall from section 3.f that forward Libor L(t, Tj) at time t ≤ Tj for the
accrual period [Tj , Tj+1] is the simple annualized rate defined by

B(t, Tj)
B(t, Tj+1)

= 1 + δjL(t, Tj). (0)

The holder of a forward payer swap FS(κ) with fixed rate κ is obliged to pay the
fixed rate coupon δjκ and receives the floating rate coupon δjL(Tj) at time Tj+1

for the accrual period [Tj , Tj+1], j = 0, . . . , n− 1. Here the fixed rate κ is a simple
annualized rate.

In other words, such a swap pays coupons at the fixed rate κ on a nominal
principal of 1 and receives floating rate coupons over the accrual periods [Tj , Tj+1].
The floating (Libor) rate is reset at the beginning of each accrual period and pay-
ments are exchanged at the end of each accrual period (settlement in arrears). The
forward payer swap FS(κ) is called simply a payer swap if accrual periods are to
commence immediately, that is, if current time t satisfies t = T = T0. Let FSt(κ)
denote the value at time t ≤ T of such a forward payer swap. A forward receiver
swap is defined similarly with fixed coupons received and floating coupons paid.

It is clear that the cashflows of a payer swap are identical to the cashflows
induced by the following portfolio: long the floating rate bond FLB and short the
fixed rate bond FRB(κ) with face value 1 and coupon rate κ. Thus the value
FSt(κ) at time t of the payer swap is given by

FSt(κ) = FLBt − FRBt(κ) = B(t, T ) −
∑n−1

j=0
δjκB(t, Tj+1) −B(t, Tn). (1)

The (n-period) forward swap rate κ(t, T, n) is now defined to be that fixed rate κ

making the value of the foward payer swap FSt(κ) at time t equal to zero and so,
from (1),

κ(t, T, n) =
B(t, T ) −B(t, Tn)∑n−1

j=0 δjB(t, Tj+1)
. (2)

Consequently a payer swap with accrual periods to commence at time T = T0 can
be entered into at any time t ≤ T at no cost, if the fixed rate κ is chosen to be the
forward swap rate κ(t, T, n). Thus we have

FSt(κ) = B(t, T ) −
∑n−1

j=0
δjκB(t, Tj+1) −B(t, Tn)

and 0 = B(t, T ) −
∑n−1

j=0
δjκ(t, T, n)B(t, Tj+1) −B(t, Tn),
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by definition of the forward swap rate κ(t, T, n). Subtraction now yields

FSt(κ) =
∑n−1

j=0
δj

(
κ(t, T, n) − κ

)
B(t, Tj+1). (3)

The swap rate is the forward swap rate κ(t, T, n) for t = T , that is, the fixed rate
κ at which a payer swap can be initiated immediately at no cost. From (2) we see
that the swap rate κ(T, T, n) satisfies

κ(T, T, n) =
1 −B(t, Tn)∑n−1
j=0 δjB(t, Tj+1)

. (4)

5.c Swaptions. Recall that the forward payer swap FS(κ) satisfies

FSt(κ) = B(t, T )−
∑n−1

j=0
δjκB(t, Tj+1)−B(t, Tn) = B(t, T )−

∑n−1

j=0
cjB(t, Tj+1),

where cj =
{
δjκ, if j < n− 1
1 + δjκ, if j = n− 1.

The payer swaption PS(κ) is the European option exercisable at time T to enter
at no cost into the payer swap FS(κ) commencing at time T , that is, PS(κ) is a
European call exercisable at time T with strike price zero on the payer swap FS(κ)
starting at the time of exercise. Thus PS(κ) is a European option with payoff

FST (κ)+ =
(

1 −
∑n−1

j=0
cjB(T, Tj+1)

)+

(0)

at time T . This is the payoff of the European put exercisable at time T with strike
price 1 on the coupon bearing bond with coupons cj at the settlement dates Tj+1,
0 ≤ j < n (the last coupon contains the principal). Alternatively, using

FSt(κ) =
∑n−1

j=0
δj

(
κ(t, T, n) − κ

)
B(t, Tj+1)

and observing that the term κ(t, T, n)−κ does not depend on the summation index,
this payoff can be written as

FST (κ)+ =
∑n−1

j=0
δjB(T, Tj+1)

(
κ(T, T, n) − κ

)+ (1)

and can be viewed as the payoff of a portfolio of δ0, δ1, . . . , δn−1 European calls on
the forward swap rate κ(t, T, n) with strike price κ all of which must be exercised
at the same time T and have payoffs deferred to times T1, T2, . . . , Tn respectively.

Similarly the receiver swaption RS(κ) is the European option exercisable at
time T to enter at no cost into the receiver swap −FS(κ) commencing at time T ,
that is, RS(κ) is a European call exercisable at time T with strike price zero on
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the receiver swap −FS(κ) starting immediately. Thus RS(κ) is a European option
with payoff

(
−FST (κ)

)+ and so the value of the portfolio PS(κ) − RS(κ) at time
T is given by

FST (κ)+ −
(
−FST (κ)

)+ = FST (κ).

Let PSt(κ) and RSt(κ) denote the arbitrage price processes of PS(κ) and RS(κ)
respectively. Then ξ(t)PSt(κ), ξ(t)RSt(κ) and ξ(t)FSt(κ) are all P -martingales
and hence the Law of One Price 4.a.1 applies and shows that

PSt(κ) −RSt(κ) = FSt(κ), t ∈ [0, T ], (2)

in analogy to the put-call parity. Note that the payoff of the receiver swaption
RS(κ) at time T can be written as

(
−FST (κ)

)+ =
(∑n−1

j=0
cjB(T, Tj+1) − 1

)+

and is thus seen to be identical with the payoff of the European call with strike price
1 exercisable at time T on the coupon bearing bond with coupons cj at times Tj+1,
j = 0, . . . , n − 1 (the principal is in the last coupon). Consequently the receiver
swaption RS(κ) can be viewed as a European call with strike 1 exercisable at time
T on this coupon bearing bond.

The forward swaptions PS(T̂ , κ), RS(T̂ , κ) are European options exercisable
at time T̂ ≤ T to enter at no cost into the payer respectively receiver swaps FS(κ),
−FS(κ) commencing at the later date T . They can thus be viewed as European
calls with strike price zero exercisable at time T̂ on the forward payer respectively
receiver swaps FS(κ), −FS(κ). Consequently PS(T̂ , κ) has payoff

FST̂ (κ)+ =
∑n−1

j=0
δjB(T̂ , Tj+1)

(
κ(T̂ , T, n) − κ

)+ (3)

at time T̂ . This can be interpreted as the payoff of a portfolio of δ0, δ1, . . . , δn−1 Eu-
ropean calls on the forward swap rate κ(t, T, n) with strike price κ, all of which must
be exercised at the same time T̂ and have payoffs deferred to times T1, T2, . . . , Tn
respectively. A similar interpretation as a portfolio of European puts on the forward
swap rate k(t, T, n), all of which must be exercised at the same time and have pay-
ments deferred to the settlement dates, is possible for the forward receiver swaption
RS(T̂ , κ). Again we have the put call parity

PSt(T̂ , κ) −RSt(T̂ , κ) = FSt(κ), t ∈ [0, T̂ ]. (4)

Evaluating the payoff (3) at any time t ≤ T̂ using the forward martingale measure
PT̂ , we obtain the price PSt(T̂ , κ) of the forward payer swaption PS(T̂ , κ) as

PSt(T̂ , κ) =
∑n−1

j=0
δjB(t, T̂ )EPT̂

[
B(T̂ , Tj+1)

(
κ(T̂ , T, n) − κ

)+∣∣Ft

]
. (5)

Using 4.a.2.(a) this can be rewritten as

PSt(T̂ , κ) =
∑n−1

j=0
δjB(t, Tj+1)EPTj+1

[(
κ(T̂ , T, n) − κ

)+∣∣Ft

]
. (6)



280 5.d Interest rate caps and floors.

5.d Interest rate caps andßoors. Interest rate caps (floors) are instruments designed
to provide upper (lower) bounds for the coupon payments on a floating rate bond.
An interest rate cap protects a floating rate borrower against an increase in Libor
while an interest rate floor protects a floating rate lender from a decrease in Libor
past a certain strike level κ. More precisely the forward cap FC(κ) with strike
level κ is the random cash flow paying the caplets

Cpl(Tj , κ) = δj(L(Tj) − κ)+ =
(

1
B(Tj , Tj+1)

− (1 + δjκ)
)+

at the settlement times Tj+1, 0 ≤ j < n. In other words this security pays that
portion of the floating rate coupons which corresponds to the excess of Libor above
the strike level κ and thus protects a floating rate borrower of one dollar against an
increase of Libor above κ.

The forward cap is simply called a cap if accrual periods are to commence
immediately, that is, if current time t satisifies t = T = T0. Evaluating the caplet
Cpl(Tj , κ) (payable at time Tj+1) at time t ≤ T = T0 using the forward martingale
measure at the settlement time Tj+1 yields

Cplt(Tj , κ) = B(t, Tj+1)EPTj+1

[(
B(Tj , Tj+1)−1 − (1 + δjκ)

)+∣∣Ft

]

= B(t, Tj+1)EPTj+1

[
B(Tj , Tj+1)−1

(
1 − κjB(Tj , Tj+1)

)+∣∣Ft

]
,

where κj = 1 + δjκ. Using formula 4.a.2.(b) to switch to the forward martingale
measure PTj at time Tj , we can write this as

Cplt(Tj , κ) = B(t, Tj)EPTj

[(
1 − κjB(Tj , Tj+1)

)+∣∣Ft

]

= κjB(t, Tj)EPTj

[(
κ−1
j −B(Tj , Tj+1)

)+∣∣Ft

]
.

Note that this is the value at time t of κj European puts exercisable at time Tj on
zero coupon bonds maturing at time Tj+1 with strike price 1/κj . The price FCt(κ)
at time t of the forward cap FC(κ) is given by

FCt(κ) =
∑n−1

j=0
Cplt(Tj , κ).

Thus the forward cap FC(κ) can be viewed as a portfolio of European puts exercis-
able at the reset times on zero coupon bonds maturing at the following settlement
times. The forward floor FF (κ) with strike rate κ is the random cashflow paying
the floorlets

Fll(Tj , κ) = δj(κ− L(Tj))+

at the settlement times Tj+1, 0 ≤ j < n. In other words the floor FF (κ) pays that
portion of the floating rate coupons which corresponds to the excess of the strike rate
κ above Libor and consequently protects the holder of a floating rate bond against
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a decline in Libor below the strike level κ. The equality x+− (−x)+ = x+−x− = x

yields

Cpl(Tj , κ) − Fll(Tj , κ) = δj
[
(L(Tj) − κ)+ − (κ− L(Tj))+

]
= δj

[
L(Tj) − κ

]
. (0)

The quantity on the right is the payment received at settlement date Tj+1 by the
holder of a forward payer swap FS(κ). Evaluating the payments in (0) at time t

and summing them up yields

FCt(κ) − FFt(κ) = FSt(κ), t ∈ [0, T ]. (1)

5.e Dynamics of the Libor process. Consider a market B = (B0, B1, . . . , Bn) ad-
mitting a deflator ξ such that ξBn is a P -martingale. Then the numeraire measure
Pn := PBn is defined and satisfies

Mt :=
d(Pn|Ft)
d(P |Ft)

=
ξ(t)Bn(t)
ξ(0)Bn(0)

, t ∈ [0, T ∗]. (0)

If we interpret Bj as the zero coupon bond B(t, Tj), then Pn plays the role of the
forward martingale measure PTn at the terminal date Tn. Fix a sequence (δi)n−1

i=0

of positive numbers δi and set

Bi/Bi+1 = 1 + δiLi, i = 0, . . . , n− 1.

The process L(t) =
(
L0(t), . . . , Ln−1(t)

)
is an abstract version of the process of

forward Libor rates in section 5.b.eq.(0). Let 0 ≤ i < n. Then ξBi+1Li = δ−1
i

(
ξBi−

ξBi+1

)
is a local martingale. Using 3.c.3 with j = i + 1 and C = Bi+1Li = BjLi

(thus C/Bj = Li) we obtain

uLi = −
〈
Li, log(ξBi+1)

〉
. (1)

By definition of the Lj we have Bi+1 = Bn(1 + δi+1Li+1) . . . (1 + δn−1Ln−1) and
consequently

0 = uLi
+

〈
Li, log(ξBi+1)

〉
= uLi

+
〈
Li, log(ξBn)

〉
+

∑n−1

j=i+1

〈
Li, log(1 + δjLj)

〉
.

(2)

Since
〈
Li, log(1+δjLj)

〉
t
=

∫ t

0
δj

1+δjLj(s)
d
〈
Li, Lj

〉
s

(III.3.c.1.(c)), we can rewrite (2)
as

uLi(t) +
〈
Li, log(ξBn)

〉
t
= −

n−1∑
j=i+1

∫ t

0

δj
1 + δjLj(s)

d
〈
Li, Lj

〉
s
. (3)

Assume now that the forward Libor processes Li(t) are Ito processes satisfying

dLi(t) = Li(t)µi(t)dt + Li(t)νi(t) · dWn
t , 0 ≤ i < n, (4)
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where Wn is a d-dimensional Brownian motion on (Ω,F , (Ft), Pn), µi ∈ L(t) and
νi ∈ L(Wn). Then (4) represents the dynamics of Li(t) under the forward mar-
tingale measure Pn and the process νi is the proportional volatility of Li. We will
now see that the existence of the local deflator ξ for B implies that the drift pro-
cesses µi(t) are uniquely determined by the volatility processes νi(t). Let unLi

= uPn

Li

denote the compensator of Li with respect to the probability Pn. Since Wn is a
Pn-Brownian motion (4) implies that d unLi

(t) = Li(t)µi(t)dt and so we can rewrite
(4) as

dLi(t) = d unLi
(t) + Li(t)νi(t) · dWn

t , 0 ≤ i < n. (5)

By Girsanov’s formula III.4.a.1 the compensators uLi = uPLi
and unLi

= uPn

Li
with

respect to P and Pn are related by unLi
= uLi

+〈Li, log(M)〉 = uLi
+〈Li, log(ξBn)〉.

With this (3) becomes

unLi
(t) = −

n−1∑
j=i+1

∫ t

0

δjd
〈
Li, Lj

〉
s

1 + δjLj(s)
, that is, d unLi

(t) = −
n−1∑
j=i+1

δjd
〈
Li, Lj

〉
t

1 + δjLj(t)
.

Putting this into (5) and observing that d
〈
Li, Lj

〉
t
= Li(t)Lj(t)νi(t) · νj(t)dt (from

(4)) we can rewrite (5) as

dLi(t) = −
∑n−1

j=i+1

δjLi(t)Lj(t) νi(t) · νj(t)
1 + δjLj(t)

dt + Li(t)νi(t) · dWn
t ,

i = 0, 1, . . . , n− 1.
(6)

This relation was derived under the assumption of the existence of a local deflator
ξ for B and will thus be called the arbitrage free dynamics of the forward Libor
process L(t) =

(
L0(t), . . . , Ln−1(t)

)
under the forward martingale measure Pn.

5.f Libor models with prescribed volatilities. Fix a tenor structure 0 = T0 < T1 <

. . . < Tn, set δi = Ti+1 − Ti and let νi(t), 0 ≤ i < n, be any bounded, progressively
measurable processes.

We now turn to the construction of a deflatable market B = (B0, B1, . . . , Bn)
such that the associated Libor processes Li are Ito processes with proportional
volatilities νi(t) and fit a given initial term structure

(
L0(0), L1(0), . . . , Ln−1(0)

)
.

Since the process Bi should be thought of as the zero coupon bond B(t, Ti), we also
want to satisfy the zero coupon bond constraint Bi(Ti) = 1.

Rather than constructing the zero coupon bonds Bi directly, we construct first
a solution L(t) of 5.e.eq.(6). Noting that the equation for Li only involves the
processes Li, . . . , Ln−1, while the equation for Ln−1,

dLn−1(t) = Ln−1(t)νn−1(t) · dWn
t , (0)

does not involve any other process, we can define the solution processes Li using
backward induction starting with Ln−1.
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The initial values Li(0) are chosen as needed (for example letting Li(0) be the
forward Libor rate for the ith accrual interval observed in the market at time t = 0).
This flexibility of choosing the initial value Li(0) makes the problem of fitting the
model to an observed Libor term structure trivial. Moreover the dynamics 5.e.eq.(6)
ensures the strict positivity of the processes Li, thus avoiding the common problem
of negative interest rates.

Having constructed L0, . . . , Ln−1, set Yi = (1 + δiLi) . . . (1 + δn−1Ln−1) and
choose the process Bn ∈ S+ so that Bn(Tn) = 1. Define Bi = BnYi, 0 ≤ i < n.
This ensures that the Li are the Libor processes associated with the Bi. Recall that
we also want to ensure that Bi(Ti) = Bn(Ti)Yi(Ti) = 1 and this can be effected by
choosing Bn so that Bn(Ti) = 1/Yi(Ti), that is, the process Bn should interpolate
the random variables 1/Yi(Ti) at times T0, T1, . . . , Tn−1. This is possible, since the
processes L0, . . . , Ln−1 are already at hand before the choice of Bn has to be made.

Finally, to verify the existence of a deflator, we show that the quotients Bi/Bn

are all martingales with respect to the underlying probability measure Q (inter-
preted as being the forward martingale measure Pn of 5.e).

To carry this out, let Wn
t be a d-dimensional Brownian motion on some filtered

probability space (Ω,F , (Ft)t∈[0,T∗], Q) (the measure Q plays the role of Pn above).
Define the process Ln−1 as the solution of (0), explicitly (III.6.a.0):

Ln−1(t) = Ln−1(0)Et
(
νn−1 •Wn

)

= Ln−1(0)exp
(
−1

2

∫ t

0

‖νn−1(s)‖2ds +
∫ t

0

νn−1(s) · dWn
s

)
.

Note that Ln−1 is a strictly positive process. Assume strictly positive processes
Ln−1, Ln−2, . . . , Li+1 have been defined already. Define the process Li as the solu-
tion of 5.e.eq.(6), that is,

dLi(t) = Li(t)µi(t)dt + Li(t)νi(t) · dWn
t , where

µi(t) = −
∑n−1

j=i+1

δjLj(t)
1 + δjLj(t)

νi(t) · νj(t).

Setting γi(t) =
∑n−1

j=i+1

δjLj(t)
1 + δjLj(t)

νj(t), 0 ≤ i < n

(γn−1(t) = 0), we have µi(t) = −γi(t) · νi(t) and so

dLi(t) = −Li(t)γi(t) · νi(t)dt + Li(t)νi(t) · dWn
t . (1)

Note that the drift term µi(t) depends only on Li+1, . . . , Ln−1 and is bounded.
Explicitly (III.6.a.0):

Li(t) = Li(0)exp
(∫ t

0

µi(s)ds
)
Et

(
νi •W

n
)
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and so Li is a strictly positive process. This completes the construction of the
processes L0, . . . , Ln−1 and we can now proceed as outlined above. To see that our
market B is deflatable it remains to be shown only that the quotients

Bk

Bn
= Yk = (1 + δkLk) . . . (1 + δn−1Ln−1) (2)

are all Q-martingales. To do this we examine the dynamics of Yk under Q. Taking
logarithms we have log(Yk) =

∑n−1
i=k log(1 + δiLi), where

d log(1 + δiLi) =
δi

1 + δiLi
dLi −

1
2

(
δi

1 + δiLi

)2

d〈Li〉.

Here d〈Li〉t = Li(t)2‖νi(t)‖2dt (from 5.e.eq.(6)). Thus

d log(1 + δiLi) =
δi

1 + δiLi
dLi −

1
2

∥∥ δiLi

1 + δiLi
νi

∥∥2
dt.

Substituting the right hand side of (1) for dLi and observing that

δiLi(t)
1 + δiLi(t)

νi(t) = γi−1(t) − γi(t) we obtain

d log(1 + δiLi) = −γi ·
δiLi

1 + δiLi
νi dt−

1
2

∥∥γi−1 − γi
∥∥2
dt +

δiLi

1 + δiLi
νi(t) · dWn

t

=
[
−γi · (γi−1 − γi) −

1
2

∥∥γi−1 − γi
∥∥2

]
dt +

δiLi

1 + δiLi
νi(t) · dWn

t

=
1
2

[
‖γi‖2 − ‖γi−1‖2

]
dt +

δiLi

1 + δiLi
νi(t) · dWn

t .

Summing this over all i = k, . . . , n− 1 and observing that γn−1 = 0 we obtain

d log(Yk(t)) = −1
2
‖γk−1(t)‖2dt + γk−1(t) · dWn

t , (3)

which is equivalent with d Yk(t) = Yk(t)γk−1(t) · dWn
t (III.6.a.0). Since γk−1(t) is

bounded, this implies that Yk is a square integrable martingale (III.6.a.1).
Here Q is interpreted to be the forward martingale measure Pn. Any probability

P equivalent to Q on FT∗ can now serve as the market probability. Setting N(t) =
d(Q|Ft)

/
d(P |Ft), a deflator ξ is then given by ξ(t) = NBn

t = N(t)/Bn(t) and
Q becomes the forward martingale measure Pn (see 3.d.2). It will be useful to
determine the dynamics of Lk−1(t) under the measure Pk = PBk

(to be interpreted
as the forward martingale measure at the end of the accrual period for Lk−1).
As usual we use III.4.c.0 to switch from the Q = Pn-Brownian motion Wn

t to a
Pk-Brownian motion W k

t . To do this, we set

Mk(t) =
d
(
Pk|Ft

)
d
(
Q|Ft

) = c
Bk(t)
Bn(t)

= cYk(t), where c = 1/Yk(0) is a constant.
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Then d log(Mk(t)) = d log(Yk(t)) = − 1
2‖γk−1(t)‖2dt + γk−1(t) · dWn

t , and thus
dMk(t) = Mk(t)γk−1(t) ·dWn

t . By III.4.c.0 it follows that W k
t = Wn

t −
∫ t

0
γk−1(s)ds

is a Pk-Brownian motion. Obviously

dW k
t = dWn

t − γk−1(t)dt. (4)

The dynamics (1) of Lk−1(t) can now be written as

dLk−1(t)
Lk−1(t)

= −γk−1(t) · νk−1(t)dt + νk−1(t) · dWn
t = νk−1(t) · dW k

t , (5)

as expected in analogy to (0). If the volatility processes νi(t) are nonstochastic, then
the market B is called the log-Gaussian Libor model. It then follows from (5) that
the forward Libor process Lk−1(t) is a log-Gaussian square integrable martingale
under the forward martingale measure Pk (III.6.a.1, III.6.d.4).

5.g Cap valuation in the log-Gaussian Libor model. The log-Gaussian Libor model
B of 5.f is perfectly suited for the valuation of the forward cap FC(κ) with strike
rate κ by means of an explicit formula. Recalling that Libor L(Tj) set at time Tj
corresponds to Lj(Tj) in our model, the jth caplet Cpl(Tj , κ), payable at time Tj+1,
assumes the form Cpl(Tj , κ) = δj

(
Lj(Tj) − κ

)+. Consequently its arbitrage price
at time t ≤ T0 is given by

Cplt(Tj , κ) = δjBj+1(t)EPj+1

[(
Lj(Tj) − κ

)+|Ft

]
. (0)

Using the dynamics d log
(
Lj(t)

)
= − 1

2‖νj(t)‖2dt+ νj(t) · dW j+1
t of Lj(t) under the

forward martingale measure Pj+1 and III.6.c.3 to compute the conditional expec-
tation in (0) we obtain

Cplt(Tj , κ) = δjBj+1(t)
[
Lj(t)N(d1(j)) − κN(d2(j))

]
, where (1)

d1,2(j) =
log

(
Lj(t)/κ

)
± 1

2Σ2(t, Tj)
Σ(t, Tj)

and Σ(t, Tj) =
(∫ Tj

t

‖νj(s)‖2ds

) 1
2

. (2)

It follows that the price at time t ≤ T0 of the forward cap FC(κ) is given by

FCt(κ) =
n−1∑
j=0

Cplt(Tj , κ) =
n−1∑
j=0

δjBj+1(t)
[
Lj(t)N(d1(j)) − κN(d2(j))

]
(3)

with d1,2(j) as in (2). Note that here the processes Bj+1(t) and Lj(t) are models of
the zero coupon bonds B(t, Tj+1) and forward Libor rates L(t, Tj) observable in the
markets. The forward floor FF (κ) can now be valued using equation (1) of 5.d. In
order to be able to obtain similarly simple formulas for the valuation of swaptions
we now turn to models of the market B of zero coupon bonds in which forward
swap rates have suitably simple dynamics.
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5.h Dynamics of forward swap rates. Consider a market B = (B0, B1, . . . , Bn)
with deflator ξ such that each ξBi is a P -martingale and hence the numeraire
measures Pi := PBi

are all defined. Fix a sequence (δi)n−1
i=0 of positive numbers δi

and introduce the following processes

Bi,n =
∑n

j=i+1
δj−1Bj , Si =

Bi −Bn

Bi,n
, and

sij =
∑n−1

k=j
δk

∏k

u=i+1

(
1 + δu−1Su

)
, si = sii, 0 ≤ i ≤ j ≤ n− 1,

with the understanding that empty sums are zero and empty products equal to one.
The interpretation is again as follows: the numbers δj are the lengths of the accrual
periods δj = Tj+1−Tj associated with some tenor structure 0 ≤ T0 < T1 < . . . < Tn,
Bj(t) is the zero coupon bond B(t, Tj), Pj the forward martingale measure at the
date Tj and Si(t) the (n− i)-period forward swap rate κ(t, Ti, n− i) associated with
a swap along the tenor structure Ti < Ti+1 < . . . < Tn (5.b.eq.(2)). However this
interpretation is not necessary for the results of this section. Let us note that

si =
∑n−1

k=i
δk

∏k

u=i+1

(
1 + δu−1Su

)

and consequently we have the following backward recursion:

sn−1 = δn−1 and

si−1 = δi−1 +
(
1 + δi−1Si

)
si, 1 ≤ i ≤ n− 1.

(0)

Using backward induction on i it now follows that

Bi,n = Bnsi, 0 ≤ i ≤ n− 1. (1)

Indeed, for i = n − 1, Bi,n/Bn = Bn−1,n/Bn = δn−1 = sn−1 and, assuming that
Bi,n = Bnsi, we have

Bnsi−1 = Bn

(
δi−1 +

(
1 + δi−1Si

)
si

)
= Bnδi−1 +

(
1 + δi−1Si

)
Bi,n

= Bnδi−1 + Bi,n + δi−1(Bi −Bn) = Bi,n + δi−1Bi = Bi−1,n.

From this it follows easily that
Bi = Bn(1 + Sisi). (2)

Note that the process ξBi,n is a P -martingale and hence the numeraire measure
Pi,n = PBi,n is defined. This measure will be called the (n − i)-period forward

swap measure. According to 5.d.0.(b), Bk/Bi,n is a Pi,n-martingale, for all k =
0, 1, . . . , n. It follows that Si is a Pi,n-martingale and consequently the compensator
of Si with respect to Pi,n vanishes:

u
Pi,n

Si
= 0. (3)
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Let us now compute the compensator unSi
= uPn

Si
of Si under the forward martingale

measure Pn. Set

Mt =
d(Pn|Ft)
d(Pi,n|Ft)

= c
Bn(t)
Bi,n(t)

, t ∈ [0, T ∗],

where c is a normalizing constant. Then, by Girsanov’s formula III.4.a.1 and
III.3.c.1.(c)

unSi
(t) = u

Pi,n

Si
(t) +

〈
Si, log(M)

〉
t
=

〈
Si, log

(
Bn/Bi,n

)〉
t

= −〈Si, log(si)〉t = −
∫ t

0

1
si(r)

d〈Si, si〉r.
(4)

To compute d〈Si, si〉 set Zk = log
∏k

u=i+1

(
1 + δu−1Su

)
=

∑k
u=i+1 log

(
1 + δu−1Su

)
and note that then sij =

∑n−1
k=j δke

Zk . In particular si =
∑n−1

k=i δke
Zk and so, using

III.3.c.2.(b),

d〈Si, si〉 =
n−1∑
k=i

δkd
〈
Si, e

Zk
〉

=
n−1∑
k=i

δke
Zkd

〈
Si, Zk

〉

=
n−1∑
k=i

δke
Zk

k∑
u=i+1

d
〈
Si, log

(
1 + δu−1Su

)〉

=
n−1∑
k=i

δke
Zk

k∑
u=i+1

δu−1

1 + δu−1Su
d
〈
Si, Su

〉
.

Commuting the order of summation and writing j instead of u we obtain

d〈Si, si〉 =
n−1∑
j=i+1

δj−1

1 + δj−1Sj

n−1∑
k=j

δke
Zkd〈Si, Sj〉 =

n−1∑
j=i+1

δj−1sij
1 + δj−1Sj

d〈Si, Sj〉. (5)

Entering this into (4) we see that

unSi
(t) = −

∫ t

0

n−1∑
j=i+1

δj−1sij(r)
(1 + δj−1Sj(r))si(r)

d〈Si, Sj〉r. (6)

Assume now that the forward swap rates Si satisfy a dynamics of the form

dSi(t) = Si(t)µi(t)dt + Si(t)νi(t) · dWn
t , 0 ≤ i ≤ n− 1, (7)

where Wn
t is a Pn-Brownian motion. Then

d〈Si, Sj〉t = Si(t)Sj(t)νi(t) · νj(t)dt and Si(t)µi(t)dt = d unSi
(t).

Using (6) we can now rewrite (7) as

dSi(t) = −
n−1∑
j=i+1

δj−1sij(t)Si(t)Sj(t)
(1 + δj−1Sj(t))si(t)

νi(t) · νj(t)dt + Si(t)νi(t) · dWn
t . (8)
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This dynamics has been derived under the assumption of the existence of a deflator
ξ for B (giving rise to the numeraire measures Pn, Pi,n) and will therefore be
called the arbitrage free dynamics of the forward swap rate Si under the forward
martingale measure Pn. As in the case of the Libor dynamics we have seen that in
the absence of arbitrage the drift is determined by the volatility.

As in the Libor case the system of equations (8) is triangular: the equation for
i = n− 1 is

dSn−1 = Sn−1νn−1 · dWn
t

while in general the equation for Si only contains the processes Si, Si+1,. . . , Sn−1.
This feature makes these equations amenable to a solution by backwards induction,
a construction to which we now turn.

5.i Swap rate models with prescribed volatilities. Fix a tenor structure 0 =
T0 < T1 < . . . < Tn and set δi = Ti+1 − Ti, i = 0, 1, . . . , n − 1. Let νi(t), i =
0, 1, . . . , n− 1, be any bounded, progressively measurable processes and let us turn
to the construction of a deflatable market B = (B0, B1, . . . , Bn) such that the
associated swap rate processes Si are Ito processes with proportional, Rd-valued,
volatilities νi(t) and fit a given initial term structure

(
S0(0), S1(0), . . . , Sn−1(0)

)
.

Since the process Bi should be thought of as the zero coupon bond B(t, Ti), we also
want to satisfy the zero coupon bond constraint Bi(Ti) = 1.

As in the Libor case the idea is to solve the swap rate dynamics 5.h.eq.(8) recur-
sively starting with i = n − 1 and then to derive the zero coupon bonds Bi from
the forward swap rates Si. In detail, let Wn

t be an Rd-valued Brownian motion
on

(
Ω,F , (Ft)t∈[0,T∗], Q

)
(the measure Q plays the role of the forward martingale

measure Pn of 5.h) and define Sn−1 as the solution of dSn−1 = Sn−1νn−1 · dWn
t ,

that is,
Sn−1(t) = Sn−1(0)Et

(
νn−1 •Wn

)
, (0)

and let, for 0 ≤ i ≤ n− 2, Si be the solution of

dSi = −
∑n−1

j=i+1

δj−1sijSiSj
(1 + δj−1Sj)si

νi · νjdt + Si(t)νi(t) ·Wn
t

= Siµidt + Siνi · dWn
t ,

(1)

where µi = −
∑n−1

j=i+1

δj−1sijSj
(1 + δj−1Sj)si

νi · νj and

sij =
∑n−1

k=j
δk

∏k

u=i+1

(
1 + δu−1Su

)
, si = sii, 1 ≤ i ≤ j ≤ n− 1.

As in 5.h this implies the backward recursion

sn−1 = δn−1 and

si−1 = δi−1 +
(
1 + δi−1Si

)
si, 1 ≤ i ≤ n− 1.

(2)
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Explicitly Si is given by
Si(t) = Si(0)exp

(∫ t

0

µi(r)dr
)
Et(νi •Wn).

This defines the processes Si, sij , si, for all 0 ≤ i ≤ j ≤ n−1 and we now turn to the
definition of the zero coupon bonds Bi. Let Bn be any continuous Q-semimartingale
satisfying

Bn(Ti) =
1

1 + Si(Ti)si(Ti)
(3)

and set Bi = (1+Sisi)Bn in accordance with equation (2) of 5.h. Then (3) ensures
that Bi satisfies the zero coupon bond constraint Bi(Ti) = 1. An easy backward
induction using (2) shows that Si = (Bi−Bn)/Bi,n ensuring that Si is the intended
forward swap rate associated with the zero coupon bonds Bi. To see that the market
B = (B0, B1, . . . , Bn) is arbitrage free, it will suffice to show that the ratios

Bi/Bn = 1 + Sisi

are all Q-martingales. Indeed, from the dynamics (1),

sidSi = −
∑n−1

j=i+1

δj−1sijSiSj
1 + δj−1Sj

νi · νjdt + siSiνi · dWn
t .

As in 5.h (equation (5)) the definition of si implies

d〈Si, si〉 =
∑n−1

j=i+1

δj−1sij
1 + δj−1Sj

d〈Si, Sj〉 =
∑n−1

j=i+1

δj−1sijSiSj
1 + δj−1Sj

νi · νjdt

and so, by addition, sidSi + d〈Si, si〉 = Sisiνi · dWn
t . (4)

Now we claim that dsi = γi · dWn
t (5)

with processes γi ∈ L(W ) satisfying the recursion

γn−1 = 0 and γi−1 = (1 + δi−1Si)γi + δi−1Sisiνi. (6)

Indeed, proceeding by backward induction, (5), (6) are true for i = n − 1 since
sn−1 = δn−1. Assume now that dsi = γi · dWn

t where γi ∈ L(Wn). Then, using the
recursion (2) and the stochastic product rule,

dsi−1 = (1 + δi−1Si)dsi + δi−1sidSi + δi−1d〈Si, si〉
= (1 + δi−1Si)γi · dWn

t + δi−1

[
sidSi + d〈Si, si〉

]
= (1 + δi−1Si)γi · dWn

t + δi−1Sisiνi · dWn
t

= γi−1 · dWn
t ,

where γi−1 = (1 + δi−1Si)γi + δi−1Sisiνi ∈ L(Wn), as desired. Let us now write
this relation as

dsi = siσi · dWn
t , where σi = γi/si. (7)
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We claim that the processes σi are bounded. Indeed σn−1 = 0 and if σi = γi/si is
bounded, then

σi−1 =
γi−1

si−1
=

(
si

si−1
+ δi−1

Sisi
si−1

) (
γi
si

)
+ δi−1

(
Sisi
si−1

)
νi

is bounded also, since si ≤ si−1 and νi, Sisi/si−1 are both bounded; indeed

Sisi
si−1

=
Sisi

δi−1 +
(
1 + δi−1Si

)
si

≤ 1
δi−1

< ∞.

The boundedness of the σi follows by backward induction. Thus the dynamics (7)
implies that si is a square integrable Q-martingale, for all 1 ≤ i ≤ n− 1 (III.6.a.1).
The relation si−1 = δi−1 +

(
1+ δi−1Si

)
si now shows that Sisi is a square integrable

Q-martingale as well. Consequently Bi/Bn = 1 + Sisi is a square integrable Q

martingale, as desired.
Here Q is to be interpreted as the forward martingale measure Pn. Any prob-

ability P equivalent to Q on FT∗ can now serve as the market probability. Setting
N(t) = d(Q|Ft)

/
d(P |Ft) a deflator ξ is given by ξ(t) = NBn

t = N(t)/Bn(t) and Q

then becomes the forward martingale measure Pn (see 3.d.2).
For the valuation of swaptions we will need the dynamics of the forward swap

rate Si under the forward swap measure Pi,n. Since the Bj/Bn are Q-martingales,
the forward swap rate Si = (Bi −Bn)/Bi,n is a Pi,n-martingale (see 5.d.1.(b)). Set

Mt =
d(Pi,n|Ft)
d(Q|Ft)

=
d(Pi,n|Ft)
d(Pn|Ft)

= c
Bi,n(t)
Bn(t)

= csi(t), t ∈ [0, T ∗],

where c is a normalizing constant. Then, using (7),

dMt = c dsi(t) = csi(t)σi(t) · dWn
t = Mtσi(t) · dWn

t .

According to III.4.c.0 it follows that W i,n
t = Wn

t −
∫ t

0
σi(r)dr is a Pi,n-Brownian

motion. Obviously dWn
t = dW i,n

t + σi(t)dt. Entering this into (1) we see that

dSi = Siµ̃idt + Siνi · dW i,n
t ,

for some process µ̃i(t). However, since Si is a Pi,n-martingale, the drift term must
vanish and we obtain

dSi = Siνi · dW i,n
t (8)

as the dynamics of Si under the forward swap measure Pi,n. If the volatility pro-
cesses νi(t) are nonstochastic, then the above market B = (B0, B1, . . . , Bn) is called
the log-Gaussian swap rate model. The forward swap rate Si is then a square in-
tegrable log-Gaussian martingale under Pi,n (III.6.a.1, III.6.d.4).
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5.j Valuation of swaptions in the log-Gaussian swap rate model. Continuing with
the terminology of 5.h and assuming that the volatilities νi(t) are nonstochastic, let
t ≤ T̂ ≤ T = T0. The payoff FST̂ (κ)+ of the forward payer swaption PS(T̂ , κ) at
time T̂ can be written as

FST̂ (κ)+ =
∑n−1

j=0
δjB(T̂ , Tj+1)

(
κ(T̂ , T, n) − κ

)+ = B0,n(T̂ )
(
S0(T̂ ) − κ

)+
.

Using the symmetric numeraire change formula 5.d.1.(d) and B(T̂ , T̂ ) = 1 the
arbitrage price PSt(T̂ , κ) of this swaption at time t ≤ T̂ is given by

PSt(T̂ , κ) = B(t, T̂ )EPT̂

[
B0,n(T̂ )

(
S0(T̂ ) − κ

)+ | Ft

]

= B0,n(t)EP0,n

[(
S0(T̂ ) − κ

)+ | Ft

]
.

(0)

Set Z(t) = log(S0(t)). From the dynamics dS0(t) = S0(t)ν0(t) · dW 0,n
t it follows

that
dZ(t) = −1

2
‖ν0(t)‖2dt + ν0(t) · dW 0,n

t .

Thus, using III.6.c.3,
EP0,n

[(
S0(T̂ ) − κ

)+|Ft

]
= S0(t)N(d1) − κN(d2),

where d1,2 =
log

(
S0(t)/κ

)
± 1

2Σ2(t, T̂ )

Σ(t, T̂ )
and Σ(t, T̂ ) =

(∫ T̂

t

‖ν0(t)‖2dt

)1/2

.

Consequently PSt(T̂ , κ) = B0,n(t)
(
S0(t)N(d1) − κN(d2)

)
with d1,2 as above. Re-

calling that

B0,n(t) =
∑n

i=1 δj−1Bj(t) =
∑n

i=1 δj−1B(t, Tj) and S0(t) = κ(t, T, n)

we can summarize these findings as follows:

Black Swaption formula. Let ν(t) denote the (proportional) volatility of the for-
ward swap rate κ(t, T, n). Under the assumptions of the log-Gaussian swap rate
model the price PSt(T̂ , κ) of the forward payer swaption PS(T̂ , κ) at time t ≤ T̂ ≤
T = T0 is given by

PSt(T̂ , κ) =
n∑

j=1

δj−1B(t, Tj)
(
κ(t, T, n)N(d1) − κN(d2)

)
,

where d1,2 =
log

(
κ(t, T, n)/κ

)
± 1

2Σ2(t, T̂ )

Σ(t, T̂ )
and Σ(t, T̂ ) =

(∫ T̂

t

‖ν(s)‖2ds

) 1
2

.

Remark. This formula is in accordance with our interpretation of the payer swap
PS(T̂ , κ) as a portfolio of δ0, δ1, . . . , δn−1 European calls on the forward swap rate
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κ(t, T, n) with strike price κ all of which must be exercised at the same time T̂ and
have payoffs deferred to times T1, T2, . . . , Tn respectively (see section 5.c).

It is not hard to derive the relation between the forward Libor rates Li(t) and
forward swap rates Si(t): As Bi/Bn = (1 + δiLi)(1 + δi+1Li+1) . . . (1 + δn−1Ln−1)
and consequently

Bi,n/Bn =
∑n

j=i+1
δj−1

Bj

Bn
=

∑n

j=i+1
δj−1

∏n−1

u=j
(1 + δuLu),

and Bi = Bn(1 + Sisi), we obtain

Si =
Bi −Bn

Bi,n
=

Bi/Bn − 1
Bi,n/Bn

=
∏n−1

u=i (1 + δuLu) − 1∑n
j=i+1 δj−1

∏n−1
u=j (1 + δuLu)

and Li = δ−1
i

(
Bi

Bi+1
− 1

)
= δ−1

i

(
1 + Sisi

1 + Si+1si+1
− 1

)
.

It follows that the volatilities of the forward swap rates Si cannot be nonstochastic,
if the volatilities of the forward Libor rates Li are nonstochastic and conversely. In
other words the assumptions of the log-Gaussian Libor and swap rate models are
mutually contradictory.

5.k Replication of claims. So far we have computed the arbitrage price πt(h) of a
European claim h without investigation whether the claim h is replicable. However,
under suitable assumptions on the Libor respectively swap rate volatilities νi, all
relevant claims are in fact replicable. To simplify notation we assume that the time
horizon T ∗ satisfies T ∗ = 1.

Consider a finite market B = (B0, B1, . . . , Bn) on (Ω,F , (Ft)t∈[0,1], P ) with lo-
cal deflator ξ such that ξBn is a martingale and so the equivalent martingale measure
Pn = PBn

is defined. Let unn(t) denote the Pn-compensator of the semimartingale
Bn and set B/Bn = (B0/Bn, . . . , Bn/Bn)′ and B̃/Bn = (B0/Bn, . . . , Bn−1/Bn)′.
Assume that

(i) Wn
t is a d-dimensional Pn-Brownian motion with d ≤ n and that (Ft) is the

(augmented) filtration generated by Wn
t ,

(ii)
∣∣dunn∣∣(t) + d〈Bn〉t = α(t)dt, for some pathwise bounded, measurable process α,

(iii) d
(
B̃/Bn

)
= ρdWn, for some pathwise continuous, Matn×d(R)-valued process

ρ which is of full rank d along Pn-almost every path.

Remark. Note that B̃/Bn is a vector of Pn-martingales. This justifies the driftless
nature of the dynamics in assumption (iii).

5.k.0. For every European claim h such that h/Bn(1) ∈ L1(F1, Pn) there exists a
self-financing strategy θ ∈ L(B) ∩ L(B/Bn) such that h = V1(θ) and V Bn

t (θ) is a
Pn-martingale. In particular the claim h is replicable in B.

Proof. Set c(t) = EPn

[
h/Bn(1) | Ft

]
, t ∈ [0, 1]. Then c(t) is an (Ft)-adapted

Pn-martingale and by assumption (i) and the martingale representation theorem
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III.5.d.0 there exists a process γ ∈ L(Wn) such that

c(t) = c0 +
∫ t

0

γ(s) · dWn
s . (0)

Now let ψ be the pathwise continuous Matn×d(R)-valued process ψ = ρ(ρ′ρ)−1.
Note that the inverse (ρ′ρ)−1 exists along Pn-ae. path by assumption (iii). We have
ρ′ψ = Idd×d. The pathwise continuity implies that ψ is pathwise bounded, that is,

K = supt∈[0,1] ‖ψ(t)‖ < ∞, Pn-as. on Ω.

Set β = ψγ and write β = (β0, β1, . . . , βn−1). Then ρ′β = γ ∈ L(Wn). Recalling
that the stochastic differential β · d(B/Bn) is computed as a dot product of column
vectors (rather than as a matrix product), it follows that β ·d(B̃/Bn) = β ·(ρdWn) =
ρ′β · dWn = γ · dWn (especially β ∈ L(B̃/Bn)) and so

c(t) = c0 +
∫ t

0

γ(s) · dWn
s = c0 +

∫ t

0

β(s) · d
(
B̃/Bn

)
(s);

in other words dc(t) = β(t) · d
(
B̃/Bn

)
(t). (1)

Now let θ = (β0, β1, . . . , βn−1, θn), where

θn(t) = c(t) −Bn(t)−1
[
β0(t)B0(t) + . . . + βn−1(t)Bn−1(t)

]
.

Then θ(t) ·B(t) = Bn(t)c(t). (2)

From β ∈ L(B̃/Bn) and d(Bn/Bn) = 0 it follows that θ ∈ L(B/Bn). Let us now
show that θi ∈ L(Bn), for all i = 0, . . . , n. Since ‖β(s)‖2 ≤ ‖ψ(s)‖2‖γ(s)‖2 ≤
K2‖γ(s)‖2 and γ ∈ L(Wn) we have

∫ 1

0

‖β(s)‖2ds ≤ K2

∫ 1

0

‖γ(s)‖2ds < ∞, Pn-as. (3)

and so
∫ 1

0

θ2
i (s)ds < ∞, Pn-as., (4)

for all i = 0, . . . , n − 1. To verify (4) for i = n we use the inequality (a0 + a1 +
. . . + an)2 ≤ (n + 1)

(
a2
0 + a2

1 + . . . + a2
n

)
(convexity of f(t) = t2) and the pathwise

boundedness of c(t) and Bi(t)/Bn(t) to obtain

θ2
n(t) ≤ (n + 1)

[
c2t + β2

0(t)
(
B0(t)
Bn(t)

)2

+ . . . + β2
n−1(t)

(
Bn−1(t)
Bn(t)

)2
]

≤ D‖β(t)‖2 + (n + 1)c2t ,
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where the random variable D is finitely valued, Pn-as. From this it follows that∫ 1

0
θ2
n(s)ds < ∞, Pn-as. Next we claim that

θi ∈ L(Bn), for all i = 0, 1, . . . , n. (5)

Set M = supt∈[0,1] α(t) < ∞, Pn-as. Then

∫ 1

0

|θi(s)|
∣∣dunn(s)

∣∣ +
∫ 1

0

θ2
i (s)d〈Bn〉s ≤

∫ 1

0

|θi(s)|α(s)ds +
∫ 1

0

θ2
i (s)α(s)ds

≤
(∫ 1

0

θ2
i (s)ds

)1/2 (∫ 1

0

α2(s)ds
)1/2

+ M

∫ 1

0

θ2
i (s)ds

≤ M

(∫ 1

0

θ2
i (s)ds

)1/2

+ M

∫ 1

0

θ2
i (s)ds < ∞, Pn-as.

This shows (5). Since θ ∈ L(B/Bn) it now follows that θ ∈ L(B) (III.3.c.4), that
is, θ is a trading strategy in B. From (2) we have V Bn

t (θ) = c(t) and consequently
V Bn
t (θ) is a Pn-martingale with V1(θ) = h. It thus remains to be shown only that

θ is self-financing. Since θ ∈ L(B/Bn) and the self-financing condition is numeraire
invariant, it will suffice to show that θ is self-financing in B/Bn. Indeed, using (2)
and (1),

d
(
θ · (B/Bn)

)
(t) = dc(t) = β(t) · d

(
B̃/Bn

)
(t) = θ(t) · d

(
B/Bn

)
(t),

as desired. Here the second equality holds since d(Bn/Bn) = 0 and θ and β agree
in all but the last coordinate.

Let us now apply 5.k.1 to the Libor and swap rate models of 5.f, 5.i. Recall that
the probability Q in these models plays the role of the forward martingale measure
Pn. Let νi be the volatility processes of 5.f, 5.i and let ν be the Matd×n(R)-valued
process with columns νi, 0 ≤ i < n (the volatility matrix).

Application to the Libor model. Let Yi = Bi/Bn as in 5.f. Equations (2), (3) of 5.f
show that

d
(
Bi/Bn

)
= ρi · dWn, where ρi =

n−1∑
k=i

Yi
δkLk

1 + δkLk
νk, (6)

0 ≤ i < n. In short
d
(
B̃/Bn

)
= ρ′dWn,

where ρ is the Matd×n(R)-valued process with columns ρi. From (6) we see that
ρ = νA, where A is the triangular Matn×n(R)-valued process with entries

Aki =

{
Yi

δkLk

1 + δkLk
, if i ≤ k ≤ n− 1

0, if 0 ≤ k < i.
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The diagonal elements of A are nonzero and consequently the matrix A is invertible.
It follows that ρ′ is of full rank whenever the volatility matrix ν is of full rank.
Likewise, by continuity of the Lk, the process ρ′ has continuous paths whenever
this is true of the process ν. Recall also that there is considerable freedom in the
choice of the process Bn in the construction of the Libor model of 5.f.

Assume that the process Bn in the Libor market B of 5.f is chosen such that as-
sumption (ii) is satisfied and the volatility matrix ν has continuous, full rank paths,
Pn-as. Then B satisfies the assumptions of 5.k.1. Thus each European claim h

exercisable at time T = 1 such that h/Bn(1) ∈ L1(F1, Pn) is replicable in B.

Application to the swap rate model. In the swap market B of 5.i we have Bi/Bn =
1 + Sisi and consequently equations (4), (5) of 5.i and the stochastic product rule
yield

d
(
Bi/Bn

)
= d

(
Sisi

)
=

(
Siγi + Sisiνi

)
· dWn = ρi · dWn,

where ρi = Siγi + Sisiνi. In other words
d
(
B̃/Bn

)
= ρ′dWn,

where ρ is the Matd×n(R)-valued process with columns ρi. The recursion

γn−1 = 0, γi−1 = (1 + δi−1Si)γi + δi−1Sisiνi

shows that each column vector γi is a linear combination (with stochastic coeffi-
cients) of the column vectors νk, k = i + 1,. . . , n− 1. It follows that

ρi = Siγi + Sisiνi =
∑n−1

k=i
Akiνi

with continuous stochastic processes Aki satisfying Aii = Sisi. Thus ρ = νA, where
the n× n matrix A = (Aki) satisfies Aki = 0, k < i and Aii = Sisi. In particular A
is triangular with nonzero diagonal elements and hence invertible. As for the Libor
model this implies the following:

Assume that the process Bn in the swap market B of 5.i is chosen such that as-
sumption (ii) is satisfied and the volatility matrix ν has continuous, full rank paths,
Pn-as. Then the market B satisfies the assumptions of 5.k.1 and consequently each
European claim h exercisable at time T = 1 such that h/Bn(1) ∈ L1(F1, Pn) is
replicable in B.





Appendix 297

APPENDIX

A. Separation of convex sets. Separation theorems deal with the extent to which
disjoint convex sets in a locally convex space can be separated by hyperplanes,
equivalently by continuous linear functionals. We will limit ourselves to normed
spaces and the separation of a cone from a disjoint subspace. Let X be a normed
real vector space. A subset C ⊆ X is called a cone if it satisfies the following two
conditions:
(a) x ∈ C and λ > 0 implies λx ∈ C.
(b) x, y ∈ C implies x + y ∈ C.
If C and K are cones in X, then so is the set C + K. Each cone is a convex set.
If B is any convex set in X, then ∪t>0tB is a cone in X, in fact the smallest cone
containing B, that is, the cone generated by B.

A.1. Let H ⊆ X be a closed subspace. If dim(X/H) > 1, then the set X \ H is
pathwise connected.

Proof. The quotient space X/H is a normed space of dimension at least two. Let
Q : X → X/H be the quotient map and let a, b ∈ X \ H be arbitrary. Then
the elements Q(a), Q(b) ∈ X/H are nonzero and can therefore be connected by a
continuous path γ in X/H which does not pass through the origin (this is where
we use dim(X/H) > 1). Then the composition γ ◦Q is a continuous path in X \H
connecting a and b.

Let us recall some elementary facts concerning continuous linear functionals
on X. If H ⊆ X is a subspace with dim(X/H) = 1 then H is a maximal proper
subspace of X and since the closure of H is a subspace containing H, H is either
closed or dense in X. Moreover there exists a linear functional π on X such that
ker(π) = H (consider the quotient map Q : X → X/H ∼= R) and π is continuous if
and only if H = ker(π) is closed in X. If A is any subset, C an open subset of X
then the set A + C = ∪a∈A(a + C) is open in X.

A.2. Let C ⊆ X be an open cone and M ⊆ X a subspace such that M ∩ C = ∅.
Then there exists a continuous linear functional π on X such that π = 0 on M and
π > 0 on C.

Proof. We may assume that C is nonempty. From Zorn’s lemma it follows that
there exists a subspace H ⊆ X, which is maximal with respect to inclusion subject
to the conditions M ⊆ H and H∩C = ∅. Since C is open, it follows that H∩C = ∅.
By maximality we must have H = H, that is, H is closed.

The sets C −H and H −C are open, disjoint and contained in the set X \H.
Let x ∈ X \ H. By maximality of H the subspace span

(
H ∪ {x}

)
must intersect

C. Thus there exist h ∈ H and t ∈ R such that h + tx ∈ C. We cannot have
t = 0, since H ∩ C = ∅. If t > 0, then x ∈ C −H. If t < 0, then x ∈ H − C. We
have thus shown that X \H is the union of the two disjoint open sets C −H and
H − C. Thus the set X \ H is not connected. From A.1 it follows that we must
have dim(X/H) = 1.
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Since H is closed, H is the kernel of a continuous linear functional π on X.
Especially then π = 0 on M . The set C does not intersect H = ker(π) and is convex.
From this it follows that π cannot assume both positive and negative values on C.
Thus either π > 0 on C or π < 0 on C. In the latter case replace π with −π to
obtain the desired functional.
If the cone C is not open, then it is much harder to obtain the strict positivity of π
on C (π(x) > 0, for all x ∈ C). If X is a separable Banach space, then the following
argument of Clark yields the desired functional:

A.3 Clark�s Separation Theorem. Let X be a separable Banach space, M ⊆ X a
subspace and C ⊆ X a cone. Then the following are equivalent:
(i) There exists a continuous linear functional π on X such that π = 0 on M and

π > 0 on C.
(ii) M − C ∩ C = ∅.
Remark. Here π > 0 on C means that π(x) > 0, for all x ∈ C, that is, π is strictly
positive on C.

Proof. We may assume that C is nonempty, since otherwise (i) and (ii) are simply
both true. (i)⇒(ii): Since π ≤ 0 on M − C and π > 0 on the set C, we must have
M − C ∩ C = ∅.
(i)⇒(ii): Assume now that M − C∩C = ∅ and let x ∈ C be arbitrary. Then there
exists an open ball B centered at x such that B ∩ (M − C) = ∅. Then the cone
∪t>0tB generated by B is open and thus so is the cone

C(x) = C + ∪t>0tB.

We claim that C(x) ∩M = ∅. Indeed, if y ∈ C(x) ∩M , then y = c + tb, for some
c ∈ C, b ∈ B and t > 0. Then b = t−1(y−c) ∈ M−C contradicting B∩(M−C) = ∅.

Applying A.2 to the subspace M and the open cone C(x) yields a continuous
linear functional πx on X satisfying πx = 0 on M and πx > 0 on C(x). If the cone
C(x) were known to contain C we would now be finished, but in fact there is no
reason to believe that this is true.

As it is, we note that x = 1
2x + 1

2x ∈ C(x) and so πx(x) > 0. Renormalizing if
necessary, we may assume that

∥∥πx∥∥ = 1. Thus we have the subset

P = {πx | x ∈ C } ⊆ X∗
1

of the unit ball X∗
1 of the normed dual X∗. When equipped with the weak∗-topology

this unit ball is compact (Alaoglu’s theorem) and metrizable (since X is separable,
see [Rb, 3.15,3.16]). A subspace of a compact metric space is separable. Thus there
exists a sequence (πxi) ⊆ P which is weak∗ dense in P . Consequently, for each
x ∈ C, there exists an index i such that∣∣πx(x) − πxi

(x)
∣∣ < πx(x),

and so in particular πxi(x) > 0. Now let π be the continuous linear functional
π =

∑
i 2

−iπxi (the series converges absolutely in the norm of X∗). Then π = 0 on
M and π(x) > 0, for all x ∈ C.
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B. The basic extension procedure. Let (Ω,F , P ) be a probability space. A subset
I ⊆ F will be called a family of generators for F if F is the σ-field generated
by I (F = σ(I)). The following problem arises frequently in the development of
probability theory:

We wish to establish some property Q(f) for all nonnegative, F-measurable
functions f on Ω and it is easy to establish this property for all indicator functions
f = 1A of suitably simple sets A forming a family I of generators for the σ-field
F . The extension of the property Q from such f to all nonnegative, measurable f

naturally falls into two steps:

(I) Extend Q from generators A ∈ I to all sets A ∈ F .
(II) Extend Q from indicator functions f = 1A to all nonnegative measurable func-

tions f on Ω.

Usually one also wants to extend Q to suitable measurable functions which are not
necessarily nonnegative, but this last extension is often accomplished by merely
writing such f as a difference f = f+ − f− of the nonnegative functions f+ =
f1[f>0], f− = −f1[f<0]. The purpose of this section is to provide a theorem which
makes this extension procedure automatic in all cases to which it can be applied.

Consider step (I) and let us write Q(A) instead of Q(1A). Since Q(A) is known
to be true for all sets A in a family I such that F = σ(I), it would suffice to show
that the family of sets

L0 = {A ∈ F | Q(A) is true } (0)

is a σ-field, that is, contains the empty set and is closed under complements and
arbitrary countable unions. However one can usually only show that L is closed
under disjoint countable unions. This leads to the following definition:

A family L of subsets of Ω is called a λ-system on Ω, if it contains the empty
set and is closed under complements and countable disjoint unions, that is, if

(i) ∅ ∈ L,
(ii) A ∈ L ⇒ Ac = Ω \A ∈ L,
(iii) If (An) ⊆ L is any disjoint sequence, then A =

⋃
nAn ∈ L.

It is clear from our definition that every σ-field on Ω is a λ-system on Ω. Let us
now return to extension step (I). We wish to show that L0 ⊇ F and it is usually
easy to prove that L0 is a λ-system containing some family I of generators for F .
Consequently L0 contains the λ-system λ(I) generated by I, that is, the smallest λ-
system containing I. Thus the question becomes if λ(I) = F , that is, λ(I) = σ(I).
It turns out (B.2 below) that this is automatically the case, if the family I is closed
under finite intersections. Let us call π-system on Ω any family of subsets of Ω
which is closed under finite intersections.
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B.1. Let L be a λ-system on Ω. Then
(a) E,F ∈ L and E ⊆ F implies F \ E ∈ L.
(b) (En) ⊆ L and En ↑ E implies E ∈ L.
(c) If L is also a π-system, then L is in fact a σ-field.

Proof. (a) If E ⊆ F , then F c and E are disjoint and F \ E = (F c ∪ E)c.
(b) Assume that En ∈ L, for each n ≥ 1, and En ↑ E, as n ↑ ∞, that is,
E1 ⊆ E2 ⊆ E3 ⊆ . . . and E =

⋃
nEn. Then E is the countable disjoint union

E =
⋃
n≥1 Bn, where B1 = E1 and Bn = En \ En−1, for all n > 1. According to

(a) we have Bn ∈ L, for all n ≥ 1. Thus E ∈ L.
(c) Assume now that L is also a π-system. Then L is closed under finite unions
and also under monotone limits (according to (b)) and consequently under arbitrary
countable unions.

B.2. Let I be a π-system on Ω. Then λ(I) = σ(I).

Proof. Let L be the λ-system λ(I) generated by I. Then L contains I. Since the
σ-field σ(I) generated by I is a λ-system containing I, we have L ⊆ σ(I). To see
the reverse inclusion it will suffice to show that L is a σ-field. According to B.1.(c),
it will suffice to show that L is a π-system. We do this in three steps:

(i) E ∈ I and F ∈ I implies E ∩ F ∈ L,
(ii) E ∈ L and F ∈ I implies E ∩ F ∈ L, and

(iii) E ∈ L and F ∈ L implies E ∩ F ∈ L.

(i) If E,F ∈ I, then E ∩ F ∈ I ⊆ L, since I is a π-system by assumption.
(ii) Let L1 = {E ⊆ Ω : E∩F ∈ L, ∀F ∈ I }. We must show that L1 ⊇ L = λ(I).
According to (1) we have I ⊆ L1. Thus it will suffice to show that L1 is a λ-system.

Clearly ∅ ∈ L1, since ∅ ∈ L. Assume now that E ∈ L1, that is, E ∩ F ∈ L,
for all F ∈ I. We wish to show that Ec ∈ L1. Let F ∈ I be arbitrary. Then
Ec ∩ F = F \ E = F \ (E ∩ F ). Here F,E ∩ F ∈ L and E ∩ F ⊆ F . According to
B.1.(a) this implies that Ec ∩ F = F \ (E ∩ F ) ∈ L. Since this is true for every set
F ∈ I, we have Ec ∈ L1.

Finally, let (En) ⊆ L1 be any disjoint sequence and E =
⋃
nEn. We must show

that E ∈ L1, that is, E∩F ∈ L, for each F ∈ I. Let F ∈ I. Then En∩F ∈ L, since
En ∈ L1, for all n ≥ 1. Consequently (En ∩ F )n is a disjoint sequence contained in
the λ-system L. Thus E ∩ F =

⋃
n(En ∩ F ) ∈ L.

(iii) Let L2 = {F ⊆ Ω : E ∩ F ∈ L, ∀E ∈ L}. We must show that L2 ⊇ L =
λ(I). According to (ii) we have I ⊆ L2. Thus it will suffice to show that L2 is a
λ-system. This proof is similar to the proof of (ii) and is omitted.

The following is a convenient reformulation of B.2:
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B.3 π-λ Theorem. Let I be a π-system on Ω and L a λ-system on Ω. If L contains

I, then L contains the σ-field generated by I.

The π-λ-Theorem handles extension step (I) above. All that is necessary is to find a

π-system I of generators for F such that the truth of Q(A) can be verified for each

set A ∈ I and subsequently to show that the family L0 = {A ∈ F | Q(A) is true }
is a λ-system on Ω. Extension step (II) from indicator functions f = 1A to all

nonnegative measurable functions f is then usually straightforward. However it

is convenient to have a theorem which handles both extension steps (I) and (II)

simultaneously. To this end we introduce the following notion:

A family C of nonnegative F-measurable functions on Ω is called a λ-cone on

Ω, if it satisfies the following conditions:

(α) C contains the constant function 1.

(β) If f, g ∈ C are bounded and f ≤ g then g − f ∈ C.

(γ) If fn ∈ C and αn ≥ 0, for all n ≥ 1, then f =
∑

n αnfn ∈ C.

B.4 Extension Theorem. Let C be a λ-cone on Ω. Assume that 1A ∈ C, for each set

A in some π-system I generating the σ-field F . Then C contains every nonnegative

measurable function f on Ω.

Proof. Let L = {A ∈ F | 1A ∈ C }. We claim that L is a λ-system on Ω. From

(α) and (β) above it follows that 0 ∈ C and hence ∅ ∈ L. If A ∈ L, then 1A ∈ C
and so 1Ac = 1 − 1A ∈ C (according to (β)), that is, Ac ∈ L. Finally, if (An) ⊆ L
is any disjoint sequence and A =

⋃
nAn, then 1An

∈ C, for each n ≥ 1 and so

1A =
∑

n 1An ∈ C, that is A ∈ L.

Thus L is a λ-system containing I. Since I is a π-system by assumption, the

π-λ Theorem yields that L ⊇ σ(I) = F . Thus 1A ∈ C, for every set A ∈ F . From

(γ) it now follows that C contains all nonnegative simple functions on Ω.

Let now f be a nonnegative measurable function on Ω and choose a sequence

(fn) of simple functions on Ω such that fn ↑ f pointwise, as n ↑ ∞. Using (γ),

fk+1 − fk ∈ C, for all k ≥ 1, and

f = limn fn = limn

(
f1 +

∑n−1
k=1(fk+1 − fk)

)
= f1 +

∑∞
k=1(fk+1 − fk) ∈ C.

Let us illustrate this extension procedure in several examples:
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B.5 Image measure theorem. Let (Ω′,F ′) be a measurable space, that is, Ω′

a set and F ′ a σ-field on Ω′, and X : (Ω,F , P ) → (Ω′,F ′) a measurable map.
Then the image PX of the measure P under X is the measure on F ′ defined by
PX(A) = P (X−1(A)), A ∈ F ′. This measure is also called the distribution of X
under P .

B.5.0. (a) EPX
(f) = EP (f ◦X), for each measurable function f ≥ 0 on Ω′.

(b) If f is an arbitrary measurable function on Ω′, then f ∈ L1(PX) if and only if
f ◦X ∈ L1(P ) and in this case again EPX

(f) = EP (f ◦X).

Proof. (a) Let C be the family of all nonnegative measurable functions f on Ω′

which satisfy EPX
(f) = EP (f ◦ X). For an indicator function f = 1A, A ∈ F ′,

this equality is satisfied by the definition of the image measure PX . Thus 1A ∈ C,
for all sets A ∈ F ′. Moreover it is easily seen that C is a λ-cone on Ω′. Property
(α) of a λ-cone is trivial and properties (β) and (γ) follow from the linearity and
the σ-additivity of the integral (over nonnegative series). Thus C contains every
nonnegative measurable function on Ω′.
(b) This follows from (a) by writing f = f+ − f−.

B.6 Measurability with respect to σ(X). Let (Ω′,F ′) and X : (Ω,F , P ) →
(Ω′,F ′) be as above and let σ(X) be the σ-field generated by X on Ω, that is, σ(X)
is the smallest σ-field on Ω with respect to which X is measurable. It is easily seen
that σ(X) = {X−1(A) | A ∈ F ′ }.

B.6.0. A function f : Ω → R is measurable with respect to σ(X) if and only if f has
the form f = g ◦X, for some measurable function g : Ω′ → R.

Proof. If f = g ◦X with g as above, then f is σ(X)-measurable since a composition
of measurable maps is measurable. Conversely let C be the family of all functions f
on Ω which can be written in the form f = g◦X, with g : Ω′ → [0,+∞] measurable.
Thus each function f ∈ C is nonnegative.

We want to show that C contains every nonnegative, σ(X)-measurable function
f on Ω. Indeed, if B is any set in σ(X), then B = X−1(A) and so 1B = 1A ◦X, for
some set A ∈ F ′. Thus 1B ∈ C. Moreover C is again easily seen to be a λ-cone on
Ω.

Only property (β) of a λ-cone is not completely straightforward: Let f, h ∈ C
be bounded and assume that f ≤ h. Choose a constant M such that 0 ≤ f ≤ h ≤ M

and write f = g ◦ X and h = k ◦ X, where h, k : Ω′ → [0,+∞] are measurable.
Then f = f ∧ M = (g ∧ M) ◦ X and likewise h = (k ∧ M) ◦ X. Thus we may
assume that g and k are bounded as well, especially finitely valued. In particular
then the difference k − g is defined and we have h − f = (k − g) ◦ X, where the
function k − g is measurable on Ω′ but is not known to be nonnegative. However
h − f ≥ 0 implies that h − f = (k − g)+ ◦ X. Thus h − f ∈ C. Applying B.4
to the probability space (Ω, σ(X), P ) with I = σ(X) shows that C contains every
nonnegative σ(X)-measurable function on Ω.
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If f is any σ(X)-measurable function on Ω write f = f+ − f− and f+ = h1 ◦ X,
f− = h2 ◦ X, for some measurable functions h1, h2 : Ω′ → [0,+∞]. Note that it
does not follow that f = h ◦X with h = h1 − h2, since this difference may not be
defined on all of Ω′.

The sets [f > 0], [f < 0] are in σ(X) and so there exist sets A1, A2 ∈ F ′ such
that [f > 0] = X−1(A1) and [f < 0] = X−1(A2). Then [f > 0] = X−1(A1 \ A2)
and [f < 0] = X−1(A2 \A1) and we may therefore assume that the sets A1 and A2

are disjoint.

Note that 1[f>0] = 1A1 ◦X and so f+ = f+1[f>0] = g1 ◦X with g1 = h11A1 .
Likewise f− = g2 ◦ X with g2 = h21A2 . The measurable functions g1, g2 : Ω′ →
[0,+∞] satisfy g1g2 = 0 and so the difference g = g1 − g2 : Ω′ → R is defined.
Clearly f = g ◦X.

Remark. Let X = (X1, X2, . . . , Xn)′ : (Ω,F , P ) → Rn be a random vector and
σ(X1, . . . , Xn) denote the smallest σ-field on Ω making each Xj measurable. Then
X is measurable with respect to any σ-field G on Ω if and only if each component
Xj is G-measurable. From this it follows that σ(X) = σ(X1, . . . , Xn). Applying
B.6.0 we obtain

B.6.1. A function f : Ω → R is σ(X1, X2, . . . , Xn)-measurable if and only if
f = g(X1, X2, . . . , Xn) for some measurable function g : Rn → R.

B.7 Uniqueness of finite measures. Let I be a π-system on Ω which generates
the σ-field F and contains the set Ω. Then

B.7.0. If the finite measures P, P ′ on F satisfy P (A) = P ′(A), for all sets A ∈ I,
then P = P ′.

Proof. The family L = {A ∈ F | P (A) = P ′(A) } is a λ-system containing I. To
see that L is closed under complements we use Ω ∈ I ⊆ L and the finiteness of P
and P ′. By the π-λ Theorem L ⊇ F . Thus P (A) = P ′(A), for all sets A ∈ F , that
is, P = P ′.

B.8 Fubini’s theorem. Let (Ωj ,Fj , Pj), j = 1, 2, be probability spaces and
(Ω,F , P ) the product space (Ω1,F1, P1)×(Ω2,F2, P2). In other words Ω = Ω1×Ω2,
F = F1 × F2 the product σ-field, that is, the σ-field generated by the measurable
rectangles A1 × A2 with Aj ∈ Fj , j = 1, 2, and P = P1 × P2 the product measure,
that is, the unique probability measure on F satisfying P (A) = P1(A1)P2(A2), for
each measurable rectangle A = A1 ×A2 ∈ F .

For a function f : Ω → R and x ∈ Ω1, y ∈ Ω2 we define the sections fx : Ω2 → R

and fy : Ω1 → R by fx(y) = fy(x) = f(x, y).
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B.8.0 Fubini�s theorem. Let f : Ω → [0,+∞] be measurable with respect to the
product σ-field F . Then the sections fx and fy are F2-measurable respectively F1-
measurable, for each x ∈ Ω1 respectively y ∈ Ω2 and we have

∫
Ω1

EP2(fx)P1(dx) = EP (f) =
∫

Ω2

EP1(fy)P2(dy). (1)

Proof. Let C be the family of all nonnegative measurable functions f on the product
Ω such that the sections fx and fy are F2-measurable respectively F1-measurable,
for each x ∈ Ω1 respectively y ∈ Ω2 and such that equation (1) holds. From the
linearity and σ-additivity of the integral, it follows that C is a λ-cone on Ω. We
wish to show that C contains every nonnegative measurable function f on Ω. Since
the measurable rectangles A = A1 × A2, Aj ∈ Fj , j = 1, 2, form a π-system of
generators for the product σ-field F , it will now suffice to show that C contains
every such measurable rectangle A (or rather its indicator function 1A).

Since 1A(x, y) = 1A1(x)1A2(y), the sections (1A)x and (1A)y are given by
(1A)x = 1A1(x)1A2 and (1A)y = 1A2(y)1A1 , for each x ∈ Ω1, y ∈ Ω2. The measur-
ability claim follows immediately and equation (1) reduces to the definition of the
product measure P .

B.9 Approximation of sets by generators. Let us now show that the sets in
the σ-field F = σ(A) generated by some field of sets A can be approximated by
sets in A in the following sense:

B.9.0. Let (Ω,F , P ) be a probability space and A ⊆ F a field of sets generating the
σ-field F . Then, for each set E ∈ F and ε > 0, there exists a set A ∈ A such that
P (A∆E) < ε.

Proof. Let L be the family of all sets E ⊆ Ω which can be approximated by sets
in A as in B.9.0. We wish to show that L ⊇ F . Since L contains the π-system A
generating F , it will suffice to show that L is a λ-system of subsets of Ω. Indeed,
we have ∅ ∈ A ⊆ L and the equality Ac∆Ec = A∆E shows that L is closed under
complements. It remains to be shown only that L is closed under countable disjoint
unions.

Let (En)n≥1 ⊆ L be a disjoint sequence, E =
⋃
nEn and ε > 0 be arbitrary. As∑

n P (En) = P (E) ≤ 1 we can choose N such that
∑

n>N P (En) < ε/2. For 1 ≤
n ≤ N choose An ∈ A such that P

(
An∆En

)
< ε/2n+1 and set A =

⋃
n≤N An ∈ A.

Then, from the inclusion
A∆E ⊆

⋃
n≤N

(
An∆En

)
∪

⋃
n>N En

we obtain P (A∆E) ≤
∑

n≤N P
(
An∆En

)
+

∑
n>N P (En) < ε. Thus E ∈ L.

B.10 Independence. Let G be a sub-σ-field of F . Recall that an event B ∈ F is
called independent of G, if P (A ∩ B) = P (A)P (B), for all events A ∈ G. Likewise
a sub-σ-field S of F is called independent of G if each event B ∈ S is independent
of G. Finally a random vector X is called independent of G if the σ-field σ(X) is
independent of G.
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B.10.0. If the event B satisfies P (A ∩ B) = P (A)P (B), for all events A in some
π-system generating the σ-field G, then B is independent of G.

Proof. Fix B and let I ⊆ G be a π-system with G = σ(I) such that P (A ∩ B) =
P (A)P (B), for all A ∈ I. We have to show that this equality holds for all sets
A ∈ G. Let L be the family of all sets A ∈ F such that P (A ∩ B) = P (A)P (B).
We have L ⊇ I and want to show that L ⊇ G. By the π-λ Theorem it will suffice
to show that L is a λ-system of subsets of Ω.

Clearly ∅ ∈ L. If A ∈ L, then P (Ac∩B) = P
(
B\(A∩B)

)
= P (B)−P (A∩B) =

P (B)−P (A)P (B) = P (Ac)P (B). Thus Ac ∈ L. Finally, let (An) ⊆ L be a disjoint
sequence and A =

⋃
nAn. Then P (A ∩ B) = P

(⋃
n(An ∩ B)

)
=

∑
n P (An ∩ B) =∑

n P (An)P (B) = P (A)P (B). Thus A ∈ L.

B.10.1. Let A, B, S be sub-σ-fields of F and assume that S is independent of A.
(a) If B is independent of σ(A ∪ S) then S is independent of σ(A ∪ B).
(b) S is independent of σ(A ∪N ), where N is the family of P -null sets.

Proof. (a) Assume that B is independent of σ(A ∪ S). The family I = {A ∩ B |
A ∈ A, B ∈ B } is a π-system generating the σ-field σ(A∪ B). According to B.10.0
it will now suffice to show that P (S ∩ A ∩ B) = P (S)P (A ∩ B), for all sets A ∈ A
and B ∈ B. Indeed, for such A and B we have

P (S ∩A ∩B) = P (S ∩A)P (B) = P (S)P (A)P (B) = P (S)P (A ∩B),

where the first equality uses the independence of B from σ(A ∪ S), the second the
independence of S from A and the third the independence of B from A.

(b) Let B = σ(N ). Then the σ-field B consists of the P -null sets and their com-
plements and is therefore independent of every other σ-field. According to (a), S is
independent of σ(A ∪ B) = σ(A ∪N ).

C. Positive semideÞnite matrices. Let { e1, e2, . . . , en } denote the standard basis
of Rn. Elements of Rn are viewed as column vectors and t′, C ′ denote the trans-
pose of a vector t respectively matrix C. Recall that a real n × n matrix C is
called symmetric if it satisfies C = C ′ in which case it admits an orthonormal basis
{ f1, f2, . . . , fn } ⊆ Rn consisting of eigenvectors of C. Let λ1, . . . , λn be the asso-
ciated eigenvalues and let the eigenvectors fj be numbered such that λ1, . . . λk &= 0
and λk+1 = λk+2 = . . . = λn = 0.

Given that this is the case, let U be the n × n matrix whose columns are
the eigenvectors fj : cj(U) = Uej = fj , j = 1, 2, . . . , n. Then U is an orthog-
onal matrix, that is, U is invertible and U−1 = U ′. We claim that U diago-
nalizes the matrix C in the sense that U−1CU = diag(λj), where diag(λj) de-
notes the diagonal matrix with entries λ1,. . . , λn down the main diagonal. Indeed,
U−1CUei = U−1Cfi = λiU

−1fi = λiei = diag(λj)ei, for all i = 1, 2, . . . , n.

Recall that an n× n matrix C is called positive semidefinite if it satisfies

(Ct, t) = t′Ct =
∑n

i,j=1 Cijtitj ≥ 0, ∀ t = (t1, t2, . . . , tn)′ ∈ Rn.
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By contrast to the case of complex scalars this does not imply that the matrix C is
symmetric, as the example of the matrix C =

(
1
0

2
1

)
shows.

If C is symmetric and positive semidefinite, then λj = λj
∥∥fj∥∥2 = (λjfj , fj) =

(Cfj , fj) ≥ 0 and it follows that λ1, λ2, . . . λk > 0 and λk+1 = λk+2 = . . . = λn = 0.
It is now easily seen that C can be written as C = QQ′, for some n × n matrix
Q. Indeed Q = U diag(

√
λj) yields such a matrix Q: From U−1CU = diag(λj) it

follows that

C = U diag(λj)U−1 = U diag(λj)U ′ =
(
U diag(

√
λj)

)(
U diag(

√
λj)

)′ = QQ′.

Indeed it is even true that C has a positive squareroot (i.e., Q above can be chosen
to be symmetric and positive semidefinite). We do not need this. The relation
C = QQ′ will be the key in the proof of the existence of Gaussian random variables
with arbitrary parameters m ∈ Rn and C a symmetric, positive semidefinite n× n
matrix.

Let us note that the matrix Q = U diag(
√
λj) satisfies range(Q) = range(C).

Indeed, using the equality CU = U diag(λj), we have range(C) = range(CU) =
range(U diag(λk)) = span{Ue1, Ue2, . . . , Uek } = range(Q).

D. Kolmogoroff Existence Theorem.

Compact classes and countable additivity. Let E be a set. A family K0 of
subsets of E has the finite intersection property, if K0 ∩K1 ∩ . . . ∩Kn &= ∅, for
each finite subfamily {K0,K1, . . . ,Kn} ⊆ K0.

A compact class on E is now a family K of subsets of E such that
⋂
K∈K0

K &= ∅,
for each subfamily K0 ⊆ K, which has the finite intersection property, that is,

K0 ⊆ K and K0 ∩ . . . ∩Kn &= ∅,
for each finite subfamily {K0, . . . ,Kn} ⊆ K0, ⇒

⋂
K∈K0

K &= ∅.
In more familiar terms: If we set S = {Kc = E \K : K ∈ K}, then K is a compact
class on E if and only if every cover of E by sets in S has a finite subcover. Thus the
family of closed subsets of a compact topological space E is always a compact class
on E. Similarly the family of all compact subsets of a Hausdorff space E is also a
compact class on E. Here the Hausdorff property is needed to make all compact
sets closed. These compact classes are closed under finite unions.

D.1. Let K be a compact class on the set E. Then
(a) Every subfamily of K is again a compact class on E.
(b) There is a topology on E in which E is compact and such that K is contained

in the family of all closed subsets of E.
(c) There is a compact class K1 on E such that K ⊆ K1 and K1 is closed under

finite unions.
(d) The family of all finite unions of sets in K is again a compact class on E.

Proof. (a) is clear. (b) Set S = {Kc | K ∈ K}, then every cover of E by sets in
K has a finite subcover. By the Alexander Subbasis Theorem E is compact in the
topology generated by S as a subbasis on E. Clearly every set K ∈ K is closed in
this topology. (c) Let K1 be the family of all closed subsets of E in the topology of
(c). (d) follows from (c) and (a).
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D.2. Let A be a field of subsets of E, µ : A → [0,+∞) a finite, finitely additive set
function on A and K ⊆ A a compact class on E. If µ is inner regular with respect
to K in the sense that

µ(A) = sup{µ(K) | K ∈ K,K ⊆ A }, for all sets A ∈ A,

then µ is countably additive on A.

Proof. Since µ is already finitely additive and µ(E) < +∞, the countable additivity
of µ is implied by the following condition:

(Dn)∞n=1 ⊆ A, Dn ↓ ∅ ⇒ µ(Dn) ↓ 0. (0)

To verify (0) consider such a sequence (Dn)∞n=1 ⊆ A and let ε > 0 be arbitrary. For
each n ≥ 1 choose a set Kn ∈ K such that

Kn ⊆ Dn and µ(Dn \Kn) < ε/2n.

As
⋂
n≥1 Dn = ∅ it follows that

⋂
n≥1 Kn = ∅. Since K is a compact class, it follows

that
⋂
n≤N Kn = ∅, for some finite number N . Then n ≥ N implies

Dn ⊆ DN = DN \
⋂N
j=1 Kj =

⋃N
j=1(DN \Kj) ⊆

⋃N
j=1(Dj \Kj)

and so µ(Dn) ≤
∑N

j=1 µ(Dj \Kj) <
∑N

j=1 ε/2
j < ε. Thus µ(Dn) → 0, as n ↑ ∞.

Products. Let E be a compact Hausdorff space, E the Borel σ-field on E and I

any index set. The product Ω = EI is then the family of all functions ω : I → E.
We write ω(t) = ωt, t ∈ I, and ω = (ωt)t∈I . Equipped with the product topology
Ω is again a compact Hausdorff space by Tychonoff’s Theorem.

For t ∈ I we have the projection (coordinate map) πt : ω ∈ Ω → ω(t) ∈ E.
The product σ-field EI on Ω = EI is then defined to be the σ-field σ(πt, t ∈ I)
generated by the coordinate maps πt. It is characterized by the following universal
property: a map X from any measurable space into

(
EI , EI

)
is measurable if and

only if πt ◦X is measurable for each t ∈ I.
More generally, for all subsets H ⊆ J ⊆ I, we have the natural projections

πH : Ω = EI → ΩH = EH and πJH : ΩJ = EJ → ΩH = EH

which are measurable with respect to the product σ-fields and satisfy

πH = πJH ◦ πJ , H ⊆ J ⊆ I.

In this notation πt = πH , where H = {t}. Let H(I) denote the family of all finite
subsets of I. For each set H = {t1, t2, . . . , tn} ∈ H(I) we have

πH(ω) = (ωt1 , ωt2 , . . . , ωtn) ∈ ΩH = EH .
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If H ∈ H(I) and BH ∈ EH , then the subset Z = π−1
H (BH) ⊆ Ω is called the finite

dimensional cylinder with base BH . This cylinder is said to be represented on the
set H ∈ H(I). The cylinder Z = π−1

H (BH) also satisfies

Z = π−1
H (BH) = π−1

J

(
π−1
JH(BH)

)
= π−1

J (BJ),

where BJ = π−1
JH(BH) ∈ EJ . In other words, the cylinder Z = π−1

H (BH) can be
represented on every set J ∈ H(I) with J ⊇ H. Thus any two cylinders Z1, Z2 can
be represented on the same set H ∈ H(I). Since(

π−1
H (BH)

)c = π−1
H (Bc

H) and π−1
H (BH) ∩ π−1

H (CH) = π−1
H (BH ∩ CH)

it follows that the family Z = {π−1
H (BH) ⊆ Ω | H ∈ H(I) and BH ∈ EH } of

finite dimensional cylinders is a field of subsets of Ω. Clearly the finite dimensional
cylinders generate the product σ-field EI .

If we merely need a π-system of generators for the product σ-field EI we can
manage with a far smaller family of sets. A finite dimensional rectangle is a set
Z of the form

Z =
⋂
t∈H π−1

t (Et) =
⋂
t∈H

[
πt ∈ Et

]
,

where H ∈ H(I) and Et ∈ E , for all t ∈ H. Thus Z is the cylinder based on the
rectangle BH =

∏
t∈H Et ∈ EH . The finite dimensional rectangles in EI no longer

form a field but they are still a π-system generating the product σ-field EI .
Indeed, the set H in the definition of Z can be enlarged, by setting Et = E for

the new elements t, without altering Z. Thus any two finite dimensional rectangles
can be represented on the same set H ∈ H(I) and from this it follows easily that
the intersection of any two finite dimensional rectangles is another such rectangle.

Each finite dimensional rectangle is in EI and thus the σ-field G generated
by the finite dimensional rectangles satisfies G ⊆ EI . On the other hand each
coordinate map πt is G measurable and this implies EI ⊆ G. Thus EI = G.

Finite dimensional rectangles are extremely basic events and a σ-field on the
product space EI will not be useful unless it contains them all. In this sense
the product σ-field EI is the smallest useful σ-field on EI . It has the following
desirable property: a probability measure Q on EI is uniquely determined by its
values on finite dimensional rectangles in EI . Usually, when such a measure Q is
to be constructed to reflect some probabilistic intuition, it is clear what Q has to
be on finite dimensional rectangles and this then determines Q on all of EI . If such
uniqueness does not hold, the problem arises which among all possible candidates
best reflects the underlying probabilistic intuition.

The product topology on Ω = EI provides us with two more σ-fields on Ω, the
Baire σ-field (the σ-field generated by the continuous (real valued) functions on Ω)
and the Borel σ-field B(Ω) (the σ-field generated by the open subsets of Ω).

Let us say that a function f = f(ω) on Ω depends only on countably many
coordinates of the point ω = (ωt)t∈I ∈ Ω if there exists a countable subset I0 ⊆ I
such that f(ω) = f(ω̃), for all ω, ω̃ ∈ Ω with ω|I0 = ω̃|I0 .

Likewise a subset A ⊆ Ω is said to depend only on countably many coordinates
if this is true of its indicator function 1A, equivalently, if there exists a countable
subset I0 ⊆ I such that ω ∈ A ⇐⇒ ω̃ ∈ A, for all ω, ω̃ ∈ Ω with ω|I0 = ω̃|I0 .
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D.3. (a) The product σ-field EI is the Baire σ-field on Ω and thus is contained in
the Borel σ-field B(Ω). If I is countable, then B(Ω) = EI .
(b) Every set A in the product σ-field EI depends only on countably many coordi-
nates. Thus, if I is uncountable, then B(Ω) &= EI .
(c) Every function f = f(ω) : Ω → R which is measurable with respect to the
product σ-field EI on Ω depends only on countably many coordinates of the point
ω = (ωt)t∈I ∈ Ω. In particular this is true for all continuous functions on Ω.

Proof. (a) Since each coordinate map πt is continuous, the product σ-field EI is
contained in the Baire σ-field on Ω.

To see the reverse inclusion let Cr(Ω) denote the real algebra of all continuous
functions f : Ω → R. It will suffice to show that every function f ∈ Cr(Ω) is in
fact measurable with respect to the product σ-field EI . This is certainly true of the
projections πt, t ∈ I, and of the constant function 1 and hence of every function
in the subalgebra A ⊆ Cr(Ω) generated by these functions. By the measurability
of pointwise limits, every pointwise limit of functions in A is measurable for the
product σ-field EI on Ω.

Thus it remains to be shown only that every function f ∈ Cr(Ω) can be rep-
resented as a pointwise limit of functions in A. In fact the subalgebra A ⊆ Cr(Ω)
separates points on Ω and contains the constants and is thus even uniformly dense
in Cr(Ω), by the Stone Weierstrass Theorem.

Assume now that I is countable. Then so is the family H(I). The family

G = {π−1
H (GH) | H ∈ H(I), GH ⊆ ΩH open } (1)

is a basis for the product topology on Ω. An arbitrary union of such basic sets
with fixed index set H is a set of the same form. Thus any open set G ⊆ Ω can
be written as a union of basic open sets with distinct index sets H and any such
union is necessarily countable, by the countability of H(I). Thus, if G is any open
subset of Ω, then G is a countable union of basic open sets as in (1). Each such
basic open set is a finite dimensional cylinder and hence in the product σ-field EI .
Thus G ∈ EI and it follows that B(Ω) ⊆ EI .
(b) The family F0 of all subsets A ⊆ Ω, which depend only on countably many
coordinates, is easily seen to be a σ-field containing all finite dimensional cylin-
ders Z = π−1

H (BH), H ∈ H(I), BH ∈ EH (such a cylinder depends only on the
coordinates in the set H) and hence the entire product σ-field EI .

Note now that a singleton set A = {ω} ⊆ Ω depends on all coordinates. Thus,
if I is uncountable, then the product σ-field EI contains no singleton sets. The Borel
σ-field B(Ω) on the other hand contains all singleton sets since these are closed (the
product Ω = EI is again Hausdorff).

(c) The family C of all nonnegative functions f : Ω → R which depend on only
finitely many coordinates is easily seen to be a λ-cone on Ω containing the indicator
function of every finite dimensional rectangle (see (b)). Since these rectangles form
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a π-system generating the product σ-field EI , C contains every nonnegative, EI -
measurable function f : Ω → R (B.4). The extension to arbitrary EI -measurable
f : Ω → R is trivial.

Projective families of probability measures. Let P be a probability measure
on the product space (Ω, E) = (EI , EI). For each subset H ∈ H(I) the image
measure PH = πH(P ) is defined on the finite product (ΩH , EH) = (EH , EH) as
PH(BH) = P (π−1

H (BH)), for all sets BH ∈ EH .
The measures PH , H ∈ H(I), are called the finite dimensional marginal

distributions of P . The relation πH = πJH ◦ πJ implies the following consistency
relation for these marginal distributions:

πJH(PJ) = πJH(πJ(P )) = πH(P ) = PH ,

for all H, J ∈ H(I) with H ⊂ J.
(2)

Conversely assume that for each set H ∈ H(I), PH is a probability measure on the
the finite product (EH , EH). We wonder whether there exists a probability measure
P on the product space (EI , EI) such that πH(P ) = PH , for all H ∈ H(I), that is
such that the finite dimensional marginal distributions of P are the measures PH ,
H ∈ H(I). Clearly such a measure P can exist only if the measures PH satisfy the
consistency relation (2). If this relation is satisfied we call the family (PH)H∈H(I)

projective. The projective property of the measures (PH)H∈H(I) is also sufficient
for the existence of the measure P on EI under very general assumptions. We do
not need this result in full generality. The proof can be simplified greatly if suitable
conditions are imposed on the measurable space (E, E).

D.4 DeÞnition. The measurable space (E, E) is called standard if there exists a
metric on E which makes E compact and E the Borel σ-field on E.

Remark. If there exists a bimeasurable isomorphism φ : (T,B(T )) → (E, E), where
T is any compact metric space and B(T ) the Borel σ-field on T , then obviously
(E, E) is a standard measurable space.

We will now exhibit such an isomorphism φ : (T,B(T )) → (R,B(R)), where
T = [−1, 1]. Such φ induces an isomorphism φd :

(
T d,B(T d)

)
→

(
Rd,B(Rd)

)
. We

will then have shown that
(
Rd,B(Rd)

)
is a standard measurable space, for all d ≥ 1.

Set An = [−1/n,−1/(n+1)[ ∪ ]1/(n+1), 1/n], Bn = [−n,−(n−1)[ ∪ ]n−1, n]
and φn(t) = n(n + 1)t − sgn(t), t ∈ An, n ≥ 1, where sgn(t) = +1, if t > 0, and
sgn(t) = −1, if t < 0, as usual. Note that φn : An → Bn is a bimeasurable
isomorphism, for all n ≥ 1. Moreover T = [−1, 1] is the disjoint union {0} ∪

⋃
An

and R is the disjoint union {0} ∪
⋃
Bn. Set φ =

∑
1Anφn, that is, φ : T → R

satisfies φ(0) = 0 and φ = φn on An. It follows that φ : (T,B(T )) → (R,B(R)) is a
bimeasurable isomorphism.
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D.5. Let T be a compact metric space and P a probability measure on the Borel
σ-field B(T ) of T . Then every Borel set A ⊆ T satisfies

P (A) = sup{P (K) | Kcompact, K ⊆ A }. (3)

Proof. It is not hard to show that the family G of all Borel sets B ⊆ T such that
both sets A = B,Bc satisfy (3) is a σ-field [DD, 7.1.2]. Any open set G ⊆ T is
the increasing union of the compact sets Kn = {x ∈ T | dist(x,Gc) ≥ 1/n } and
consequently P (Kn) ↑ P (G), n ↑ ∞. Thus G ∈ G. It follows that G contains every
Borel subset of T .

D.6 Kolmogoroff Existence Theorem. Let (E, E) be a standard measurable space.
If (PH)H∈H(I) is a projective family of probability measures on

(
(ΩH , EH)

)
H∈H(I)

then there exists a unique probability measure P on the product space (EI , EI) such
that PH = πH(P ), for all sets H ∈ H(I).

Proof. The condition PH = πH(P ), for all sets H ∈ H(I), uniquely determines P on
cylinders and hence on the entire product σ-field EI (the cylinders form a π-system
of generators for EI). To see the existence of P define the set function P0 on the
field Z of finite dimensional cylinders as

P0(Z) = PH(BH), Z = π−1
H (BH) ∈ Z, H ∈ H(I), BH ∈ EH .

It must be shown that P0 is well defined. Indeed if Z = π−1
H (BH) = π−1

K (BK) with
sets H,K ∈ H(I) and BH ∈ EH , BK ∈ EK , set J = H ∪K ∈ H(I) and note that
Z = π−1

H (BH) = π−1
J

(
π−1
JH(BH)

)
and likewise Z = π−1

K (BK) = π−1
J

(
π−1
JK(BK)

)
and

thus
π−1
J

(
π−1
JH(BH)

)
= π−1

J

(
π−1
JK(BK)

)
.

Since the projection πJ is surjective, it follows that π−1
JH(BH) = π−1

JK(BK) and
consequently, by the projective property of the measures PH , H ∈ H(I),

PH(BH) = PJ
(
π−1
JH(BH)

)
= PJ

(
π−1
JK(BK)

)
= PK(BK),

as desired. Clearly P0(Ω) = 1. It will now suffice to show that the set function
P0 : Z → [0, 1] is countably additive, for then it extends to a probability measure P

on the σ-field EI generated by the field Z of cylinders and this extension obviously
satisfies PH = πH(P ), for all sets H ∈ H(I).

Clearly P0 is finitely additive on Z. To see countable additivity, equip E with
a metric with which it becomes a compact space such that E is the Borel σ-field
on E. Then each finite product ΩH = EH is compact and EH = EH = B(ΩH)
is the Borel σ-field on ΩH . Moreover the Borel probability measure PH on ΩH is
automatically inner regular with respect to the family of compact subsets of ΩH

(D.5). Thus for each cylinder Z = π−1
H (BH) ∈ Z, H ∈ H(I), BH ∈ EH , we have

P0(Z) = PH(BH) = sup{PH(KH) | KH ⊆ BH ,KH compact }
= sup{P0(π−1

H (KH)) | KH ⊆ BH ,KH compact }.



312 D. Kolmogoroff Existence Theorem.

This shows that P0 is inner regular with respect to the family

K = {π−1
H (KH) | H ∈ H(I),KH ⊆ BH ,KH compact } ⊆ Z.

If H ∈ H(I) and KH is a compact subset of BH then the set π−1
H (KH) is closed in

the compact product space Ω = EI and hence itself compact. Thus K is contained
in the family of compact subsets of Ω and hence is a compact class. The countable
additivity of P0 now follows according to D.1.
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Borel σ-field 1, 309
Bounded variation

asset, see riskless bond
portfolio 215
process 91, 98

Brownian
functional 187
local martingale 192

Brownian motion 112, 118
augmented filtration 127
martingale characterization 166
quadratic variation 85, 166

Call 221
Cap, interest rate 280
Caplet 280
Change

of measure 170
of numeraire 236

claim (option) 218, 252
replication 218, 257, 265, 269, 271
valuation, see pricing

Clark’s separation theorem 298

Class DL 68
Closed submartingale 42
Compact class 306
Compensator

additive 98
multiplicative 168

Conditional expectation 8
and independence 11, 17
Computation 15
Definition 10
Dominated Convergence 15, 37
Fatou’s lemma 14
Heuristics 8
Monotone Convergence 14

Consistency of finite dimensional
distributions 309

Continuity of Brownian local
martingales 194

Continuous
process 50
version 58, 194

Convergence
modes of 2
Theorems 14, 15, 31-34, 37, 59, 61

Convex
cone 296
function of a martingale 20
sets, separation 298

Countable
dependence on coordinates 309
product 308
σ-field 12

Covariance matrix 104
Covariation process 90, 99
Cylinder sets 308

Decomposition
Kunita-Watanabe 196
semimartingale 98

Deflator 232
Delta hedging 265
Density

process 21, 71, 170
standard normal 103

Derivative security 218
Differentials, stochastic 160
Discretization Lemma 54
Distribution

Gaussian 106
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of a random object 1, 301
standard normal 103

Dividends 225, 271
Doleans

exponential 173
measure µM 135

Dominated Convergence Theorem
for conditional expectation 15, 37
for stochastic integrals 149

Drift process 200
Dynamic portfolio, see

trading strategy
Dynamics

Ito process 200
Libor process 281
Swap rate process 286

Equality of processes 50
Equivalent martingale

measure 212, 227, 235, 238
European option 252

Call, Put 223, 226
of form f(ST ) 221
valuation PDE 267-271

Evaluation functional 116
Exercise set 254
Expected value 1

as a Lebesgue integral 47
Exponential equation 173
Exponential local martingale 173
Extension

basic procedure 299
of positive functionals 240
Theorem 301

Fatou’s Lemma 14
Filtration 19

augmented 19
generated by Brownian
motion 127
right continuous 50
standard assumptions 50

Finite dimensional
cylinders 308
distributions 309
rectangle 308

Forward
cap 280

contract 221, 254
Libor rate 245
martingale measure 245
price 220, 246, 250
swap rate 277
swaption 279

Free lunch with vanishing risk 242
Fubini’s theorem 303
Functional

positive 239, 298
square integrable 187

Gambler’s ruin 25
Gaussian

distribution, random variables 106
process 109

Girsanov’s
formula 170
theorem 175, 178

Harmonic function 169
Hedging strategy, see replicating

strategy
Hitting time 55

Image measure 301
Increments

independent 112, 118
stationary 113

Independence 303
Indistinguishable processes 50
Inequality

Jensen 17
Kunita-Watanabe 97
Lp 48, 64
Maximal 47, 64
Upcrossing 31

Integrability, uniform 3
Integral

representation 187-196
stochastic 91, 137, 141, 147
with respect to a Gaussian law 109

Interest rates 243-245
forward 244
Libor 245
Swap rate 277

Interest rate swap 277
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Isonormal process 111
Ito

formula 157, 159
process 200

Jensen’s inequality 17

Kunita-Watanabe
decomposition 196
inequality 97

Kolmogoroff
Existence Theorem 306
Zero One Law 39

λ-cone 303
λ-system 301
Last element 42
Law of One Price 217, 252
L2-bounded martingale 73, 86
Lp-bounded family 4, 7
Lp-inequality 48, 64
Left continuous process 50, 133
Levi

Characterization of Brownian
Convergence Theorem 36
motion 166

Libor
model 282
rate 245
process dynamics 281

Local martingale 66
Localization 65
Locally equivalent probability 71
Logarithmic transformation 200
Log-Gaussian process 208

Market 228
Market price of risk 247
Markov property 120, 125
Martingale 19

closed 42, 61, 62
convergence theorem 33, 61
convex function of 20
Gaussian 208
last element 42
L2-bounded 74, 87

representation theorems 183-196
right continuous version 58
square integrable 73, 86
uniformly integrable 42, 62

Measurability
properties of processes 131
with respect to σ(X) 302

Monotone Convergence Theorem 14
Multinormal distribution, see

Gaussian distribution

Normal distribution, see Gaussian
distribution

Novikov condition 175, 180, 182
Null sets 17, 19, 127
Numeraire

asset 235
change 236
invariance 231
measure 235

Option 218, 252
digital 263
martingale pricing 218, 253
power 264
to exchange assets 254, 262

Optional
process 134
Sampling Theorem 24, 45, 62
σ-field 134
time 22, 51

Orthogonal martingales 196

Partial differential equations 267-271
Path 50
Pathspace 116, 119
Pathwise properties 56
Payer swap 277
π-λ-Theorem 301
π-system 299
Positive

Brownian martingale 196
functional 239
semidefinite matrix 305

Predictable
process 131
σ-field 131
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Price functional 239
Pricing

assumption 260
cap 285
European puts and calls 223, 225
European options under Gaussian
floor 285
forward contract 254
martingale 218, 253
option to exchange assets 254, 262
PDE 267-271
swap 277
swaption 291

Product
measure 310
σ-field 308
space 307

Progressive
measurability of a process 92
σ-field 131

Projectve family of measures 310
Put 221
Put Call Parity 221, 227

Quadratic variation 73
and L2-bounded martingales 86
and L1-bounded martingales 88
of a Brownian motion 85, 166
of a local martingale 82
of a semimartingale 99

Random time 22
Random variable, vector, object 1
Rates, see interest rates
Receiver swap 275
Reducing a process 66
Reducing sequence 66
Replication 218, 257, 265, 269, 271
Replicating strategy 218, 252
Representation of martingales

as stochastic integrals 192-196
as time change of Brownian
motion 185

Reset date 276
Reversed submartingale 34
Right continuous

filtration 50
version 58

Riskfree rate 211
Riskless

bond 237
portfolio 215

Risk neutral valuation 218, 253

Sampling of a process 22, 53
Scaling 129
Self-financing property 214, 230

numeraire invariance 231
Semimartingale 98

vector valued 153
Separation of convex sets 297
Settlement date 276
Shift operators 119
Short rate process 247
σ-field 1

Baire 309
Borel 1, 309
FT 22, 51
optional 134
predictable 131
product 306
progressive 131

Simple predictable process 132
Square integrable

functional 187
martingale 73, 86

Spot martingale measure 237
Stochastic

differential 160
integral 91, 137, 141, 147
interest rates 243-245, 247
interval 95
process 19
product rule 151

Stock price 165
Stopping a process 65
Stopping time, see optional time
Strike price 221
Strong Law of Large Numbers 38
Strongly arbitrage free market 241
Submartingale 19

closeable, last element 42, 62
Convergence theorem 31, 59

Supermartingale 19
Swap (interest rate) 277
Swap rate model 288
Swaption 280



Index 319

Symmetric numeraire change
formula 236

Tenor 276
Term structure of interest rates
243-245
Time

change for local martingales 183
hitting 55
optional 22, 51
random 22

Trading strategy 213, 229
arbitrage 215, 231
nonnegative 231
replicating 218, 252
self-financing 213, 225, 230
tame 213, 230

Uniformly integrable
family of random variables 3
martingale 42

Upcrossing 29
Lemma 31

Usual conditions for a filtration 50

Valuation, see pricing
Version

of a process 50
right continuous 58

Volatility 200, 203

Wald’s identity 179
Wiener

measure 117
process, see Brownian motion

Zero coupon bond 243
Zero One Law, Kolmogoroff 39
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